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Preface

Quantum information theory has now become a significant and important branch of
scientific research. This is evidenced by its research activities during the last decade
that have resulted in a huge body of literatures. However, a vast majority of these works
have only focused on finite-dimensional and memoryless quantum channels without
addressing increasingly important and yet realistic issues of infinite dimensionality
and memory effects in quantum communication. This monograph is the first in a book
form that addresses these two issues. It aims to give a systematic and mathematically
rigorous treatment and to address the mathematical challenges that these two issues
have posed.

This book is the product of a set of research notes that the author prepared during
his study, learning and research on these two issues. Its content is largely based on
the current account of relevant research results, published or not-yet-published, and
contributed by many prominent researchers. The list of bibliography is certainly not
exhaustive and is likely to have omitted works done by many researchers. The author
apologizes for any inadvertent omissions of their works.

This book is intended to be as self-contained as possible in terms of mathematical
prerequisites. With the exception of a few well-known theorems in functional anal-
ysis and operator theory that are stated in Chapter 1 without proofs, detailed proofs
are provided for most of all other results for the reader’s convenience and for reader’s
preparations in order to familiarize themselves with mathematical and theoretical as-
pects of the quantum information. On the other hand, mathematical topics are pre-
sented only if they will be used either as tools for rigorously treating relevant topics in
quantum information or they will provide insights and motivations for extending the
frontier in the field.

The birth of this book would not have been possible without the contributions of
the following groups of people. The author would first like to thank many prominent
researchers in this subject area who have made tremendous contributions in the liter-
ature. Their research and publications have greatly influenced the style and the pre-
sentation of many topics in this book. The author would also like to thank the readers
of the earlier draft of this book for their suggestions that have led to this much im-
proved final version. Last but not least, the author would especially like to thank Dr.
Damiano Sacco of De Gruyter for his foresight and enthusiasm on this book project and
Karolina Sobanska for her editorial assistance during and throughout publication of
this project.

Raleigh, North Carolina, USA, April 2022 Mou-Hsiung Chang
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Introduction

One of the most common and essential tasks of everyday life is transmission or com-
munication of information. Today’s society is in continuous and permanent communi-
cation: we often exchange messages via a classical communication device such as tele-
phones, mobile phones, the internet, the radio and in many other ways. Convention-
ally communications through classical devices, messages are encoded in a sequence
of bits. In this case, the signals, which carry the information corresponding to voltages
or strong light pulses, the physical device is usually modeled by a classical channel. In
modern day’s communication, we also often communicate through quantum devices.
Quantum messages as well as classical messages can both be transmitted via quantum
communications devices, which incorporate intrinsically quantum mechanics effects.

Traditionally, two main approaches to quantum information processing and
quantum communication have been pursued. On one hand, a “digital” one, accord-
ing to which information, is encoded in systems with a discrete quantum unit (such
as qubits or qudits) with a finite number of degrees of freedom. Typical examples of
qubit implementations are the nuclear spins of individual atoms in a molecule, the
polarization of photons, ground/excited states of trapped ions, etc. In parallel, an
“analog” approach has also been devised, based on quantum information and corre-
lations being encoded in degrees of freedom with a continuous spectrum (continuous
variables). These are often associated with positions and momentum of quantized
particles. This second approach has witnessed considerable success due to its ver-
satility, with implementations often encompassing different physical systems, e. g.,
light quadratures and collective magnetic moments of atomic ensembles, which obey
the same canonical algebra. In either case, laws of quantum mechanics dictate the
behavior of the signals and the underlying device is modeled by a quantum channel.

In both classical and quantum communication scenarios, an immediate question
arises: what is the maximal amount of classical information in the unit of bits (for clas-
sical communication) or of quantum information in the basic unit of qubits or qudits
(for quantum communication) that can be transmitted reliably per channel use? In
other words, what is the capacity of the channel? The answer to this question is quan-
tified by the classical capacity of the classical channel and the classical capacity and
quantum capacity of quantum channels in modern day communication depending
on whether classical or quantum information is transmitted via the quantum channel
and what resources are used in the transmission.

The classical information theory developed by Claude Shannon in his 1948 semi-
nal paper [140] centered around the investigation of the classical capacity of classical
channels and achievability of channel capacity (see also Cover and Thomas [29]). En-
couraged by the success of classical information theory and the need to efficiently
apply quantum resources for modern day information processing and communica-
tion, the creation of quantum information theory began with pioneer works by Holevo
[67, 68] and continued to grow for the last couple of decades (see the monographs by
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Holevo [77], Hayashi [61], Ohya and Petz [121], Watrous [173] and Wilde [178] for sys-
tematic expositions of some topics in mostly finite- dimensional theory).

What is this book all about?

Quantum information theory has now become a significant branch of research during
the last few years. However, most of these works have focused on finite-dimensional
and memoryless quantum channels without addressing increasingly important issues
of infinite dimensionality and memory effects on quantum communication. The pur-
pose of this book is to give a systematic and mathematically rigorous treatment of
these two important and yet realistic issues and to address the mathematical chal-
lenges these two issues have posed.

A. The issues of infinite dimensionality

Why infinite-dimensional quantum information theory? Recently, an important class
of infinite-dimensional Gaussian channels (see, e. g., Holevo and Werner [86] and Gio-
vanneti et al. [54]) have been discovered and created in laboratories that can be im-
mediately implemented in communication. Although many questions for Gaussian
Bosonic systems with a finite number of modes can be solved with finite-dimensional
matrix techniques, a general underlying Hilbert space operator analysis is indispens-
able. Moreover, it was observed recently by Shirokov [141, 142] that Shor’s proof of
global equivalence of different forms of the famous additivity conjecture is related to
weird discontinuity of the y-capacity in the infinite-dimensional case. All of this calls
for a mathematically rigorous treatment involving specific results from the infinite-
dimensional operator theory in a Hilbert space and measure theory.

In addition, it is well known that many relevant quantum properties behave differ-
ently in infinite-dimensional spaces than those in finite-dimensional spaces. For ex-
ample, the properties of the entropy for infinite- and finite- dimensional Hilbert spaces
differ quite substantially. In the latter case, the entropy is a bounded continuous func-
tion on the space of quantum states, while in the former it is lower semicontinuous but
discontinuous at every point, and infinite most everywhere in the sense that the set of
states with finite entropy is a first category subset of the collection of quantum states
(see, e. g., Wehrl [175]).

There are two important features essential for channels in infinite dimensions.
One is the necessity of the input constraints (such as the mean energy constraint for
Gaussian channels) to prevent channels from having infinite capacities, although con-
sidering input constraints was recently shown quite useful also in the study of the
additivity conjecture for channels in finite dimensions. Another is the natural appear-
ance of infinite and, in general, continuous state ensembles understood as probability
measures on the set of all quantum states. By using compactness criteria from proba-
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bility theory and operator theory, one can show that the set of all generalized ensem-
bles with the average in a compact set of states is itself a compact subset of the set of all
probability. Interesting and important features in infinite-dimensional quantum chan-
nels such as y-capacity have been demonstrated in Holevo and Shirokov [80, 82] and
Lindblad [107]. In [158], Shirokov and Holevo developed an approximation approach
to infinite-dimensional quantum channels based on a detailed investigation of conti-
nuity properties of entropic characteristics of quantum channels and operations. Re-
cently, mutual information and coherent information for infinite-dimensional quan-
tum channels are established and discussed by Holevo and Shirokov in [82].

The research works and rationales cited above call for a systematic treatment of
infinite-dimensional quantum information theory, which is emphasized in the book.

B. The issues of channel with memory

Memory effects have appeared in nonquantum systems (such as classical and stochas-
tic systems) as well as quantum systems. Major research efforts devoted to nonquan-
tum systems have resulted in many important breakthroughs (see the monograph by
Chang [21] and references contained therein). However, research on memory effects in
quantum communication has just begun in recent years.

Why quantum channel with memory? We now give rationales for emphasizing
systematic and mathematical treatment of memory effects on quantum channels in
this book. First, the vast majority of the work on quantum communication has been
concerned with the study of memoryless configurations on quantum channels where
sequences of exchanged quantum carriers are supposed to undergo the action of noisy
transformations, which affect them independently and identically. In this scenario,
coding theorems have been derived, which allow one to express the various capacities
of the communication line in terms of rather compact entropic formulas. For instance,
the classical (resp., quantum) capacity of a memoryless quantum channel is char-
acterized in terms of the Holevo (resp., coherent) information (see Barnum, Nielsen
and Schumacher [5], Devetak [37], Holevo [69], Lloyd [109], Schumacher and Nielsen,
[162], Schumacher and Westmoreland [163], Shor [159]). The memoryless assumption
is indeed a useful hypothesis, which simplifies the input-output mapping induced
by the noise. However, in real communication, assumption of independent actions
of multiple uses of the memoryless channel cannot be justified. For instance, with
increasing signal feeding rates, successive transmissions happen so rapidly that the
environment may retain a “memory” of past events, Similarly, in quantum informa-
tion processors, especially in solid-state implementations, qubits may be so closely
spaced that the same environmental degree of freedom will interact jointly with sev-
eral of them (even if they are not nearest neighbors) leading to cross-talks and corre-
lations in the noise (see, e. g., Duan and Guo [43]). The consideration of spatial and
temporal memory effects is therefore becoming increasingly pressing with the contin-
uing miniaturization of information processing devices and with increasing commu-
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nication rates through channels. Moreover, from a fundamental point of view, quan-
tum memory channels provide a general framework, which encompasses the memo-
ryless ones as a special case. Apparently, the interest toward information transmission
through quantum channels with memory spread after a model introduced by Macchi-
avello and Palma [111] and intensive research on memory quantum channels is fol-
lowed and summarized in the review paper by Caruso et al. [18].

This book consists of a total of sixteen chapters, all of which are in an infinite-
dimensional setting and have never been covered elsewhere in book forms. The last
three chapters are devoted to memory channels of various types. While memory effects
on quantum channels is one of the main emphases in this book, they are placed at the
end of the book because memory effects can physically take place only when chan-
nels are used repeatedly and these topics can be presented only after the prerequisite
material is introduced and treated.

While Gaussian states and Gaussian channels provide ample real world examples
of infinite-dimensional theory of quantum information, they are not discussed here
at all due to page limitations of an already lengthy volume of this book. The theory of
Gaussian quantum information constitutes substantial research efforts documented
in the literature and it definitely deserves more serious and thorough treatment in
a separate book by itself. This book also put disproportional emphasis on infinite-
dimensional classical capacities of various types of quantum channels instead of
quantum capacities. This is because, while some results on finite-dimensional quan-
tum capacities have been obtained, developments on infinite-dimensional quantum
capacities are still in their infancy. Concerted research efforts are much needed in
order to achieve significant progress in this important area for modern quantum
communications.
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1 Basic notation and preliminaries

The purposes of this chapter are twofold: (1) to set basic notation that are universal
throughout the book and (2) to review relevant preliminaries from functional anal-
ysis and operators theory that will be used as tools in the following chapters. It is
not intended for readers to dwell too much into this chapter because its details can
be found in most of the standard functional analysis textbooks or monographs. The
readers who are familiar with the topics can use it as a reminder and quickly glance
through them. The readers who are not familiar with the topics and would like to read
the proofs omitted in this chapter are encouraged to consult standard functional anal-
ysis textbooks or reference books such as Rudin [134], Conway [28], Reed and Simon
[128], Yosida [182] and a more recent monograph by van Neerven [171]. To shorten the
presentation of this chapter, other mathematical tools will be presented and mingled
with topics of quantum information when and where they are needed throughout the
book.

— Itisrecommended that readers skip the proofs of the results in this chapter at the

first reading and revisit them when it is needed at a later time.

1.1 Complex Hilbert and Banach spaces

This section serves as a review of complex Hilbert and Banach spaces. Some of the
frequently used theorems and/or propositions are stated without a proof.

Complex Hilbert spaces play an important role in the description of quantum
systems. As mentioned in Chang [24], every quantum system is associated with an
infinite-dimensional separable or a finite-dimensional complex Hilbert space, which
consists of the states of the quantum system. In physics terminology, the Hilbert
space is usually referred to as the space of (pure) states. Throughout this monograph,
the mathematical description of a quantum system shall be based on a certain com-
plex (separable) Hilbert space H and, therefore, the quantum system will simply be
denoted by H.

The quantum system H is said to be a finite-dimensional system if H is a finite-
dimensional complex Hilbert space. Otherwise, the quantum system H is said to be
an infinite-dimensional system.

We first set some basic notation below.

Let R and C denote the field of real numbers and the field of complex numbers,
respectively. If z = x + iy € C, wherex,y € R,letz = x —iy € Cand |z| = \xZ+)? ¢
R, denote the complex conjugate and the modulus of the complex number z ¢ C,
respectively. In this case, x = R(z) is the real part of z and y = J(z) is the imaginary
part of z. Throughout the end, elements in R or C shall be denoted by lowercase letters
such as a, b or ¢ and sometimes lower case Greek alphabets such as A and a.

We also use the following conventional notation throughout the book:

https://doi.org/10.1515/9783110788105-001
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— Nis the set of all natural numbers, positive integers, i.e., N = {1,2,---,n,--}.

— Zis the set of all integers, i.e., Z = {---,-2,-1,0,1,2,---}.

— Z, is the set of nonnegative integers, i.e., Z, = N U {0}.

- R,={ceR]|c=0}.

— For-oc0 < a < b < +oo, we use the usual convention for closed, open and half-
open intervals on the real line R such as [a, b], [a, b[, ]a,b], | — c0,a], ]-c0,al,
[b, +oo[ and b, o], etc.

Let H be a (generic) Hilbert space over the field of complex numbers C and be referred
to as a complex Hilbert space throughout the end. The complex Hilbert space H shall
be equipped with the (Hermitian) Hilbertian inner product {-,-}y; : Hx H — C that
satisfies the following conditions:

(i) (linearity in second argument)

(¢, ap + b))y = alP, )y + b{P,¢)y, Va,b e Cand Ve, p,¢ € H,

(ii) (conjugate-linearity in first argument)

(a + b, (g = alg, Oy + B(‘P’()H Va,b € Cand V¢, p,{ € H.

(iii) (conjugate symmetry)
(D, Q) = (@ P)p» YV, € H, and
(iv) (positive definiteness)
(P, )y =0, V¢ € H, and (¢, p); = Oifand onlyif ¢p = 0.

The Hilbertian norm | - |y : H — R corresponding to the inner product (-, )y is
defined by

Wl = W Py, VP € H.

The complex conjugation ¢ of ¢ € H can be considered as any operation on H
that satisfies the following two properties:
1. a¢p+by =agp+by,Va,b e Cand Ve, € H;
2. ¢=¢,vpeH.

A vector ¢p € H is said to be a real vector if ¢p = ¢. The set of all real vectors forms a
real subspace of H, denoted by 93(H). This is clearly not a complex subspace. In fact,
every @ € H can be written uniquely as ¢ = ¢ + ap with ¢, p € R(H), where 1 = V-11is
the imaginary unit.
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While complex Hilbert spaces are the main framework, we will be working within,
and we occasionally also work with a more general complete normed linear space over
the complex field, called a complex Banach space B equipped with the (Banach) norm
| - ls- Recall that the function || - || : B — R, is said to be a (Banach) norm if the
following conditions are satisfied:

@ lelg=o0forall ¢ € B;

(i) llcplls = Iclllgly forall c € Cand ¢ € B;

(iii) I + @l < IPllg + lplg for all , ¢ € Band

(iv) llelg = 0 if and only if ¢ = 0, where 0 is the zero vector in B.

Recall that a linear vector space X with norm || - [ over a complex field is said to be
complete if every Cauchy sequence converges to an element/vector in the space (see,
e. g., Rudin [134], Conway [28], Reed and Simon [128] and Yosida [182]). A sequence
(@] € Xis said to be a Cauchy sequence if for every € > 0 there existsan N € N
such that ¢, — @, llx < eforallm,n > N.

It is clear that a complex Hilbert space is a special case of a complex Banach space
under the Hilbertian norm | - ||;;. However, the converse is not true, because a Banach
space lacks Hilbertian inner product structure, in general.

Throughout the end, elements (or vectors) of X (here X = H or B) shall be denoted
by lowercase Greek symbols such as ¢, ¢ and ¢ and, occasionally, the lowercase let-
ters such as u, v and w. Using Dirac’s “bra” and “ket” notation (see Dirac [38]), those
vectors in the complex Hilbert space H are also written as ) i, 10) 515 1) irs W pgs [V s
[W)p, (or simply |¢), |@), I(), |u), [v), |w) when there is no danger of ambiguity), etc.
These notation are used interchangeably throughout to the end. We also often write
|P)a = P)w,> P)p = [P}, etc., for vectors in Hilbert spaces H, and Hg with index A
and B, etc.

We review some of the topological concepts and properties of H or B below.

For X = H or B, the closure of A ¢ X in the norm || - || is denoted by A. A sub-
set A ¢ X is said to be dense in X if A = X. In this case, every element in X can be
approximated by elements from A. More precisely, for every i € X there exists a se-
quence (,);9) < A such that lim,,_,, ., I, — Ylx = 0. A subset A ¢ X is said to be
a compact subset of X if every open covering of A has a finite subcovering. That is, if
A = U0y, where 0y, A € A, is an open subset of X, then there exist finite number
of open sets 0y, A; € Afori = 1,2,...,N such that A = UfilO,\i. The above is a for-
mal definition for compactness of a set (see Rudin [134], Conway [28]). However, for
convenience, we often adapt the following definition whenever there are sequences
of elements in A are involved: A is compact in X if every sequence (¢,);5; in A has a
subsequence ((pnk),t‘:xl’ that converges to some vector ¢ in A under the norm | - | . Note
that A ¢ H is said to be relatively compact in H if A (the closure of A) is a compact
subset of X. We say that A ¢ H is weakly compact if every sequence (¢,),;%] in A has
a subsequence, which converges weakly to a vector in A (see (1.4) for the definition of
weak convergence sequence below in a complex Hilbert space).
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The complex Hilbert or Banach space X is said to be separable if it contains a
countable dense subset. Examples of separable Hilbert or Banach spaces are abun-
dant and we often assume that the Hilbert spaces that describe the quantum systems
of interest are separable. Recall that a subset A of X is said to be total in X if span(A)
is dense in X, where span(A) is the space spanned by A. In other words, span(4) is the
space of all finite linear combinations of elements in A and is also referred to as the
linear manifold generated by A.

Two vectors i and ¢ in Hilbert space H are said to be orthogonal if (i, )y = O.
In this case, we denote i) L ¢. A set A c H is called an orthogonal set of vectors if
Y L ¢pforallyp,¢ € Aand Y # ¢. An orthogonal set A ¢ H is an orthonormal set
if [Ylly = 1for all Y € A. An orthonormal basis A for H is a maximal orthonormal
set. That is, if B ¢ H is such that A ¢ B then B is not an orthonormal set. A set of
mutually orthogonal unit vectors in a (possibly infinite-dimensional) vector space is
said to be a complete orthonormal basis if it is contained in no larger such set. In other
words, no other nonzero vector is orthogonal to all the vectors in the set. A complete
orthonormal set is also known as a closed orthonormal set.

If A c H, we set

At ={p cH| . d)y =0,Yp € A}.

If A and B are subsets of H such that A ¢ B, then it is easy to verify that B* ¢ A* and
A** = A (the closure of A).

Hilbert space H is said to be N-dimensional if its orthonormal basis A consists of
N elements (vectors) for some positive integer N. The separable Hilbert space is said to
be infinite-dimensional if its orthonormal basis A consists of infinitely but countably
many elements (vectors).

Definition 1.1.1. Let Hand K be two complex Hilbert spaces with inner products (-, -)
and (-, ), respectively. The Hilbert spaces H and K are said to be isomorphic if there
is a bijective (one-to-one and onto) linear mapping U : H — K such that

<U¢> U(P>]K = <¢: §0>]H, V¢,(p e H.

In this case, the linear mapping U is said to be an isomorphism.

It is clear that every complex Hilbert space H is isomorphic to itself with the iden-
tity operator I; : H — H being an isomorphism. Note that Ij; is the identity operator
ifIyg = pforall p € H.

Some of the widely known and frequently used Hilbert spaces are given below.

Example 1.1. C, the space of N-component complex vectors, is an N-dimensional
Hilbert space equipped with the inner product (-, -)cv : cV x " - C defined by
(a,byen = Zfil ab; foralla = (a;,ay,...,ay)and b = (by, b,,...,by) in CV, where @; is
the complex conjugate of a;.
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Example 1.2. The space of square summable complex sequences,

+00
P(N;C) = <|(an);f(l’|an e Cforall nand Z la,|* < +oo},

n=1

is an infinite-dimensional complex Hilbert space equipped with the inner product

(»9p : P(IN;€) x P(IN; €) — C
defined by ((a);, (b)itp = Y,5 apb, for all sequences (a,):S and (b)) €
(N; C). From a functlonal analysis point of view, all infinite-dimensional separable
complex Hilbert spaces are isomorphic to I>(N; C). Nevertheless, finite-dimensional
(say dimension = N) Hilbert spaces occur in quantum systems as well. In this case,
the N-dimensional complex Hilbert space H can be identified as C".

For notational simplicity, we often write (-,-)p as (-, -),.

Example 1.3. Let (X, B(X),u) be a Borel measurable space, where X is a metric
space, B(X) is the Borel subsets of X and y is a o-finite measure on B(X). Let
LA(X, B(X), 4; C) (or simply LA(X, B(X), ) for notational simplicity) be the space of
complex-valued measurable functions f : X — C such that Jx [f(x)lzy(dx) < co. The
space LZ(X,B(X),]J; C) is an infinite-dimensional separable complex Hilbert space
equipped with the inner product

.8 = j%goou(dx), Vf, g € L(X, BOX), ).
X

For notational simplicity, we often use the same notation as that for I and write
(-,-)p2 as (-, -), when there is no ambiguity that can arise.

The concept of a Borel measurable space and integral of measurable functions
will be briefly introduced later when we define positive operator-valued measures in
Subsection 2.6.1 and their details can be found in [134] and [28], etc.

All of these Hilbert spaces given in Examples 1.1-1.3 are separable.

If (e,,) (or (IeH)H) in Dirac’s notation) is a complete orthonormal basis of an
infinite- d1men510na1 separable Hilbert space H, then every vector i (or [} in Dirac’s
notation) in H can be expanded in terms of (e,),;%} as

Wu=9= Z(z/), eyge VY € H,
n=1

and the following Parsaval equation holds:

IpliEs = Y W ey (1.1)
n=1
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The above expansion also applies to finite-dimensional Hilbert spaces in a trivial
manner.

The following well-known Cauchy—Schwarz inequality in H will be used fre-
quently as well:

(D, @)u| < IPlpllplly, Ve, € H. 1.2)

A sequence (¢,);2] in a complex Hilbert space H is said to converge strongly to
¢ € H (or equivalent converges in | - || ;-norm) and denoted by (s) lim,,_, ., ¢, = ¢ if

Jlim g, — @l = . (13)

+00

and the sequence (¢,),2]

W) limy,_, o, ¢y = P if

is said to converge weakly to ¢ € H and denoted by

Jm (@)= (G or lim Whd)n = by, VPEH (14

It is clear that strong convergence implies weak convergence. That is,

) lim, #n =6 = 0 Jim 90 =9, 15)
or precisely,
1lim g, - gl =0 = lim (¢, ~ )y =0, Vip € H. (1.6)

This is because

Jim (@ e~ (b W] = Jim (B, - 6.9

n—oo

< [Pl im i, - Bles = O,

where the Cauchy-Schwarz inequality (1.2) is applied to the last inequality in the
above.

Next, we state without proof that a weakly convergent sequence in a complex
Hilbert space H is bounded, and gives a useful necessary and sufficient condition
for weak convergence. We recall equation (1.4) for the definition of a weak converge
sequence. The proof of the following two results can be found in Rudin [134].

Theorem 1.1.2. Suppose that (¢,,);5] is a sequence of vectors in a Hilbert space H and
D is a dense subset of H. Then (¢,,);] converges strongly to ¢ if and only if:
1. Ifthere exists a constant M > 0 such that ||, ||z < M foralln = 1 and

2. PPy — (P P) g asn — +oo forall Y € D.
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Proposition 1.1.3. If the sequence (¢,,):>] ¢ H converges weakly to ¢ € H, then

bl < Lim inf by . (17)
If, in addition,
Hm iyl = bl 1.8)

then the sequence (¢,,);°] converges to ¢ strongly.

A proof of the theorem stated below can be found in any standard functional anal-
ysis textbook (see, e. g., Section 3.15, p. 18 of Rudin [134] and Chapter 5, Section 3 of
Conway [28]) and is therefore omitted here.

Theorem 1.1.4 (Banach—Alaoglu theorem). The closed unit ball of a Hilbert space is
weakly compact.

Throughout to the end of this book, we assume that all complex Hilbert spaces are
separable (and hence a countable complete orthonormal basis exists for the space)
without specifically mentioned.

1.2 Linear operators and their adjoints

Let X and Y be two separable complex Banach spaces equipped with Banach norms
|- llxand| - |y, respectively.
A map (or transformation) T : dom(T) ¢ X — Y is said to be linear if

ag + by € dom(T)
and
T(ag + by) = aT(p) + bT(Y), Va,b e Cand Ve, € dom(T),

where dom(T) < X is called the domain of T. Note that dom(T) # X, in general. How-

ever, it is known that dom(T) is a dense subset of X.
The following are some known cases where dom(T) = X:

(i) Tis abounded linear operator (see the following subsection for the definition of
a bounded linear operator);

(ii) X = His a Hilbert space and dim(IH) < +co, where dim(IH) denotes the dimension
of H. In this case, every linear operator is a bounded linear operator (see (1.10)
below for the definition of a bounded linear operator).
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Assuming dom(T) is dense in X or dom(T) = X, the collection of such linear maps will
be denoted by £(X, Y). The linear map T will be called a linear operator if dom(T) ¢
X =Y. The collection of linear operators will be denoted by £(X).

Throughout to the end, linear maps/operators on a complex Banach or Hilbert
space will be denoted by boldfaced letters such as S, T,a,b,X,Y, etc., and a linear
map T € £(X,Y) acting on a vector ¢p € X will be denoted by either T¢ or T(¢).

Let T : dom(T) — range(T) (where range(T) := {T¢p € Y | ¢ € dom(T) ¢ X}
denotes the range of T) be a bijective (one-to-one and onto) linear map. A linear map
S : range(T) — dom(S) is said to be the inverse of Tif So T = Iy and T - S = Iy, where
Ix and Iy are the identity operator on X and Y, respectively. That is, Iy(x) = x for all
x € Xand Iy(y) = y forall y € Y. In this case, we write S = T,

For a linear map T : dom(T) ¢ H — K, where H and K are complex Hilbert
spaces, ker(T) (the kernel of T), range(T) (the range of T) and supp(T) (the support
of T) are defined as:

ker(T) = {¢p € dom(T) c H | T = 0};
range(T) = { € K| i = T¢ for some ¢ € dom(T) c H};
supp(T) = (ker(T))l ={Y e H| (W, P)y = 0,V € ker(T)}.

Alinear map T : dom(T) — K is said to be closed if its graph,
graph(T) = {(¢, T(¢)) e Hx K | ¢p € dom(T)},

is a closed subset of H x K.

1.2.1 Adjoint and self-adjoint operators

Although one can consider adjointness of a linear map from one Banach space to an-
other, we consider for simplicity in the following adjoint map of the linear map T,
when H and K are complex Hilbert spaces with inner products (-, )y and (-, ")k, re-
spectively.

If dom(T), the domain of T, is dense in H, i. e., dom(T) = H. Let dom(T") be the
subset of K defined by

dom(T") = {¢p € K | ¢ € H such that (T, P}k = ({, P}y, V¢ € dom(T)}.

For each such ¢ € dom(T"), we define T*¢ = ¢. We call the operator T* : dom(T*) ¢
KK — H the adjoint of T. In this case,

(T¢, ) = ({. T"P)y; V¢ € dom(T) and ¢ € dom(T"). (1.9)
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IfS, T € £(H) (i. e., S and T are linear operators on Hilbert space H), then:
@ T :=(T")" =T,
(i) (cT+S)* =¢T* +S" and
(iii) (ST)" = T*S™, where (ST)¢p := (S - T)¢p = S(T¢h), V¢p € H.

The linear operator T € £(IH) is said to be symmetric if dom(T) ¢ dom(T*) and T{ =
T*{ forall { € dom(T). Equivalently, T is symmetric if and only if (T{, @)y = ({, To)
for all {, ¢ € dom(T). The linear operator T € £(H) is called self-adjoint if T = T, i.e.,
T is symmetric and dom(T) = dom(T").

The collection of linear self-adjoint operators will be denoted by £, (H).

Example 1.4. We consider the N-dimensional complex Hilbert space CN. Every linear
operator T : CV — €V can be represented as an N x N complex matrix denoted by

all a12 e alN

a21 azz NN azN
T=

aNl aN2 e aNN

(i) T*, the adjoint of T, can be expressed as

T

all alz Y alN all a21 Y aNl

" azl a22 EICIRY aZN alz a22 IS aNZ
T = = ,

aNl aNz e aNN alN azN e aNN

where aj; is the complex conjugate of a; and AT denotes the transpose of the ma-
trix A.
(ii) T is said to be a Hermitian if it is self-adjoint, i.e., T = T".

1.2.2 Bounded linear operators

Let X and Y be complex Banach spaces (or Hilbert spaces) equipped with the norm
|- lx and | - [ly, respectively.

Alinear map T : dom(T) ¢ X — Y is said to be a bounded linear map if T(B) is a
bounded subset of Y for every bounded B ¢ dom(T) ¢ X. Equivalently, T is a bounded
linear map if there exists a constant K > 0 (that depends on T only) such that

ITly < KIly, Vi € dom(T) c X. (1.10)
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In this case, it can be proved (see, e. g., Reed and Simon [128] and Rudin [134]) that
dom(T) = X. The collection of bounded linear maps from X to Y will be denoted by
B(X,Y). If X = Y, then B(X,Y) can be written as B(X) and T € B(X) will be called
a bounded linear operator.

The following is a Banach—-Schauder theorem, which is also known as an open
mapping theorem. A proof can be found in standard functional analysis texts such as
Rudin [133] and is omitted here.

Theorem 1.2.1 (Banach-Schauder theorem). If X andY are complex Banach spaces or
complex Hilbert spaces and T : X — Y is a surjective (or onto) bounded linear operator,
then T is an open map (i. e., if U is an open set in X, then T(U) is openinY).

We have the following corollary.

Corollary 1.2.2. If X and Y are complex Banach or Hilbert spaces and T € £(X,Y)
is invertible (i. e., a bijective linear map), then the inverse map, T, is bounded, i.e.,
T € B(Y, X). (Note that T™! is automatically linear.)

If T € B(X), we define the operator norm | T, of T as

T
[Tllo = sup 1Tl = sup [T¢lx. (1.11)
o0 Plx o=

There are two trivial bounded linear operators O (the zero operator) and I (the iden-
tity operator) that will appear often throughout the book. The zero operator O is the
operator that maps every vector ¢ € X to the zero vector 0 in X (i. e., 0x¢ = O for all
¢ € X) and the identity operator Ij; is the operator that maps every vector ¢p € X to
itself (i.e., Iy = p forall p € X.)

A bounded linear operator T on H is said to be a contraction if there exists a pos-
itive constant ¢ < 1 such that

IAQll < cldlly, VP € H. (1.12)

In this case, A, < 1.

Recall that if H is finite-dimensional then all linear operators on IH are bounded
linear operators. However, if H is infinite-dimensional, then there are linear opera-
tors that are not necessarily bounded. As noted earlier that if the linear operator T is
unbounded, then T is normally not defined on the entire Hilbert space H and we de-
note its domain by dom(T) as indicated in the previous section. In this case, dom(T)
is normally a dense subset of H.

The following polarization formula (1.13) can be easily obtained by expanding the
right-hand side of the equation.

Lemma 1.2.3 (Polarization formula). Let A € B(IH) be a bounded linear operator on a
complex Hilbert space H. Then the following polarization formula holds:
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(A0 = 7 (A + 0§+ )y — (A - 9). (D~ )y
— (AP + 1), D +190) 1 + 1{A(P — 190), P — 10} (1.13)

for all ¢, € H, where 1 = V-1 denotes the imaginary unit.

Proposition 1.2.4. Let A € £(IH) be a linear operator on a Hilbert space H that satisfies
(AQ, YY)y = (¢, AY)y for all p,p € H. Then A is bounded.

Proof. Suppose to the contrary that A is unbounded. Then there is a sequence (,,);;%]
in Hsuchthat [, [l = 1and yet |Ay, [l — +o0o. Consider the sequence of functionals
(fn);Sl’ defined by f,(¢p) = (A, P,,) ;. Foreach ¢ € H, f,,(¢) is bounded for each n, since

(@] = [(Ad, Yr)u < IAPIInllps = 1API, VN

By the uniform boundedness theorem 2.3.2, the sequence (Ilfnlloo);‘:f is bounded.

That is, there exists a ¢ > 0 such that ||f, ||, < c for all n. Finally, note that ||A7,bn||§{ =
(A, AY )y = If (Al < cllAY,lly for all n, and thus [|AY, |l < ¢, a contradiction
to the assumption that |Ay, [y — +co. Therefore, A € B(H). This proves the propo-
sition. O

Lemma1.2.5. IfA : H — H is a bounded linear operator on H, then (ker(A*))* is a
closed subspace of H.

Proof. Let (¢,):3 < (ker(A*))* be a sequence that converges strongly to ¢ € H (i. e.,
lim,_,,, ¢, — ¢liy = 0). We want to show that ¢ € (ker(A*))*. For any { € ker(A*),
we have for all n,

0= (pn A" )y = Adn Y.

This shows that

(B A W)y = (Ap Y}y = lim (A, Py =0,

since A is a bounded linear operator and (¢,,),.5; is strongly convergent (which implies
weak convergence by (1.6)). Consequently, ¢ ¢ (ker(A*))*. Therefore, (ker(A*))" is a
closed subset of H. It is easy to show that by linearity that ¢, ¢ € (ker(A*)* anda,@ € C

imply that a¢p + El(;l) e (ker(A*)*. Therefore, (ker(A*)* is a closed subspace. O

The following theorem can be found in Rudin [134], Yoshida [182], van Neerven
[171], etc.

Theorem 1.2.6. IfA : H — H is a bounded linear operator, then

range(A) = (ker(A*))L and ker(A) = (range(A))L. (1.14)
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Proof. 1. We first want to prove that range(A) c (ker(A*))*.If € range(A), then there
isa ¢ € H such that i = A¢. For any ¢ € ker(A*) (i. e., A*¢p = 0), we then have

(Y, )y = (AD, @)y = <¢»A*§0>]H =0.

This proves that € (ker(A*))*. Consequently, range(A) ¢ (ker(A*))*. Since (ker(A*))*
is closed by Lemma 1.2.5, it follows that range(A) ¢ (ker(A*))*. On the other hand, if
P € (range(A))*, then for all ¢ € H we have 0 = (A, Y)y; = (¢, A" ). Therefore,
A*Y = 0, and hence § € ker(A*). This means that (range(A))* ¢ ker(A*). By taking
the orthogonal complement of this relation, we get

(ker(A*))" c (range(A))™" = range(A),

which proves the first part of (1.14).
2. To prove the second part, we apply the first part to A*, instead of A, use (A*)* =
A*" = A and take orthogonal complements. This proves the theorem.

An equivalent formulation of this theorem is that if A is a bounded linear operator
on H, then H has the orthogonal direct sum H = range(A)@ker(A*) (see Theorem 1.6.2
for the definition of direct sum).

Lemma 1.2.7. If A is a bounded self-adjoint operator on a Hilbert space H, then

Al = ;up (A, p)| = ;up (¢ AB) .

=1

Proof. Let |||y =1and

a= sup [(Ap,)y| = sup [(p,AP)y]|.

lplle=1 |l =1

The inequality a < ||A|., is immediate, since

[(Ap, P | < APl Pl < 1Al Pl

where the first inequality above is by the Cauchy—Schwarz inequality (1.2), and the sec-
ond inequality is by the fact that |[A®|ly; < Al Il To prove the reverse inequality,
we use the definition of the operator norm || - ||,

IAleo = sup (Al
Ipler=1

For any ¢ € H, we have

ol = ||;up [<¥, @)p)-

=1



1.3 Positive operators = 13

It follows that

1Al = sup{[(Ad, Yy | 1@l = 1, Ilg = 1}- (1.15)

The polarization formula (see (1.13)) implies that

(Ad, )y = %{A(qb +0) (D + P — (Al —0), (- Py,
-~ (AP + 1), P + 1), + (AP — 1), D — 19) 1 }.

Since A is self-adjoint, the first two terms are real, and the last two are imaginary. We
replace ¢ by e‘efp, where 0 € Rischosen so that (e‘9<p, Ag¢); isreal. Then the imaginary
terms vanish, and we find that

|(Ad. @] = [ Ag)|
1
= @+ 9. M@+ 9))y; - (b - 0. - 0)).[

1
< (I + @l + 16 - 917,)”

1
- Zoﬂ(<¢>+qo,¢>+<p>]H +H{P-9.0-9n)

1

- Z0(2(<¢,, D e+ (@ Op)’

1 2 1
= 2 (Iplg; + loliyy)" = @21+ 1) = o,
4 4
where we have used the definition of @ and the parallelogram law. Using this result

and (1.15), we conclude that |A|,, < a. This proves the lemma. O

We recall the following closed graph theorem (see, e.g., Rudin [134]) without
proof. This theorem will be useful later on.

Theorem 1.2.8 (Closed graph theorem). Let X be a complex Banach space. If T : X —
X is a bounded linear operator on X, then the following two statements are equivalent:
1. If the sequence (x,);5] ¢ X converges in | - ||x-norm to some element x € X, then
the sequence (T(x,,) ;2‘1’ converges to T(x) e Xin | - |x-norm.
2. For every sequence (xn);i"l’ in X, if the sequence (xn);Sl’ converges in || - |x-norm to
o0

some element x € X and the sequence (T(xn));:1 converges to some elementy € X
in | - [x-norm, theny = T(x).

1.3 Positive operators

A linear (but not necessary bounded) operator T € £(IH) on a complex Hilbert space
H is said to be positive and to be denoted by T > 0 if (T, ¢); > O for all ¢ € dom(T).
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Let T, T, € £(H). Wesay that T, > T, if T, - T, := T; + (-T,) > 0, where -T is the
linear operator such that T + (-T) = O.

The set of all positive linear operators (resp., positive bounded linear operators)
on H will be denoted by £, (H) (resp., B, (H)). Both £, (H) and B, (H) are positive
cones in the sense that T € £, (H) (resp., B, (H)) and ¢ > 0 imply that cT ¢ £, (H)
(resp., B, (H)).

A sequence of bounded linear operators (A,)
strongly to A € B(H) if

+00

nei € B(H) is said to converge

ngglm A, — Adllzy =0, V¢ € H. (1.16)
We will use the following monotone convergence theorem of a sequence of non-
decreasing positive bounded linear operators.

Theorem 1.3.1 (Monotone convergence theorem for operators). Let (A,).S] be a
bounded monotone sequence of bounded linear operators on H. Then the sequence
(A% is strongly convergent.

Proof. Assume, for example, that (A, is such that

Aj<A)<-- <A< <M

for some M € B(H). Since sup, Al < M|, < +00, we obtain that for any ¢ € H
the sequence (A, @, ¢) is convergent. Therefore, due to *polarization” (1.13),

A ) = 1A+ ).+ D)y — (A b= 16— )y
(A + 00§+ )y, = (A~ p). &~ )

We have that lim,_, ., (A,¢, ¥)y exists for any ¢, € H. Such a limit defines a self-
adjoint bounded operator A on H. Denote by ¢ = sup,, A, — Ally,- Then forall ¢ € H,

1A, — Al < c[(Ay, )y — (A, )] — O,V € H.

This shows that the sequence (A,);°] converges strongly. This proves the monotone
convergence theorem. O

Positive operators play a role similar to that of the positive real numbers in polar
decomposition (see Theorem 1.8.11). Note that for any T € £(H), the operator T*T is
positive, since for all ¢ € H,

(T* T, P)yy = (T, T)y = TPl > 0. 1.17)

Lemma1.3.2. IfT € B, (H), then for each S € B(H), it follows that STS* € B, (H).
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Proof. LetT = A*A for some A € B(IH). Then
STS* = SA*AS" = (AS*)"AS"* > 0
This proves the lemma. O

Riesz proved (see Riesz [129]) that every bounded positive self-adjoint operator
has a unique positive square root that has certain commutative properties below. The
proof of the Riesz lemma below is omitted.

Theorem 1.3.3. Let A be a positive self-adjoint operator in the real or complex Hilbert
space H. Then there exists a unique positive self-adjoint operator S such that S* = A.
Furthermore, DA c AD implies DS c SD for any bounded linear operator D.

1.4 Resolvent set and spectrum

Definition 1.4.1. Let X be a complex Hilbert space or complex Banach space. Let T ¢
B(X) and A € C. Then Ais said to be in the resolvent set p(T) of T if the linear transfor-
mation T - Al is a bijection (i. e., one-to-one and onto), where I is the identity operator
on X. In this case, its (bounded) inverse (T — AI)"! is called the resolvent of T at A. If
A € o(T) := C\p(T), then A is in the spectrum o(T) of T.

Note that if T — Al is surjective (one-to-one and onto), then the open mapping
theorem implies that (T-AD)!is bounded. Hence, A ¢ p(T) and both T-AI and (T-AD7!
are surjective bounded linear operators.

As in the finite-dimensional case, a complex number A is called an eigenvalue of
T if there is a nonzero vector u € H such that Tu = Au. In that case, ker(T — AI) # {0},
so T — Al is not one-to-one, and A € o(T). This is not the only one, however, that a
complex number can belong to o(T). We further decompose the spectrum, o(T), of a
bounded linear operator T as follows.

Definition 1.4.2 (Spectrum of bounded linear operator). Let T € B(H). Then
0(T) = 0,(T) U 0.(T) U 0,(T),

where:

L 0,(T), the point spectrum of T, consists of all A € o(T) such that T— Al is not a one-
to-one map. In this case, A is called an eigenvalue of T and any nonzero u € H
such that Tu = Au is called an eigenvector corresponding to the eigenvalue A.

2. 0.(T), the continuous spectrum of T, consists of those A € ¢(T) such that range(T -
Al) is a proper dense subset of H.

3. 0,(T), the residual spectrum of T, consists of the spectrum A € C that are neither
an eigenvalue nor a continuous spectrum of the operator T.
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Proposition 1.4.3. IfA : H — H s a self-adjoint bounded linear operator, then its point
spectrum a,(A) C R, i. e., all eigenvalues of a self-adjoint operators are real.

Proof. If A € 0,(A), then there is 0 # ¢ € H such that A¢ = A¢. In this case,

/1<¢> ¢>]H = <¢’A¢>]H = <¢> A¢>]H = <A¢> ¢>]H = <A¢’¢>]H = Z(‘;b) ¢>1H~
This shows that A = A. Therefore, A is a real number. O

Some of the bounded linear operators relevant to quantum communication are
presented below.

1.5 Unitary operators

A unitary transformation in quantum mechanics is obtained by applying an operator
U to a state that leaves the square modulus of the state (i. e., the probability density)
unchanged. We can write this condition as the following.

Definition 1.5.1. A bounded linear operator U on a complex Hilbert space H is said to
be a unitary operator if it satisfies the following relations:

range(U) = H (1.18)
and

(Up, Uy = (DY), Vb tp € H. (1.19)

We have the following equivalent definition of a unitary operator.

Definition 1.5.2. A unitary operator is a bounded linear operator U : H — Hon a
complex Hilbert space H that satisfies U*U = UU* = I, where U* is the adjoint of U,
and I: H — H is the identity operator.

The weaker condition U*U = I in the above defines an isometry. The other con-
dition, UU* = 1, defines a coisometry. Thus, a unitary operator is a bounded linear
operator, which is both an isometry and a coisometry (see Section 127 of Halmos [58])
or, equivalently, a surjective isometry (see Proposition 1.5.2 of Conway [28]).

We have the following proposition.

Proposition 1.5.3. A linear operator U : H — H is an isomorphism and range(U) = H
if and only if U is an unitary operator.

To see that the above two definitions are equivalent, notice that U preserving the
inner product implies U is an isometry (thus, a bounded linear operator). The fact that
U has a dense range ensures it has a bounded inverse UL, It is clear that U™ = U*.
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IfU: H — H is a unitary operator with an eigenvalue A € C, then (i) U], =1
and (ii) |A| = 1 (i. e., all eigenvalues of U lies on the unit circle of complex plane). This
is because U*U = I implies that |[U*U||, = ||U||f)o = Il = 1. Hence, |U||, = 1.IfAis
an eigenvalue of U, then it has an eigenvector x € H with |x|iz = 1 such that Ux = Ax.

In this case, [Uxlly; = Illxlg;. Since [Ully, = 1, we have 1 = sup,o ‘pii = Al As a

consequence, all eigenvalues A of U are of the form A = €%, 0 € R. In fact, on the vector
space C of complex numbers, multiplication by a complex number of modulo 1, that
is, a number of the form e for0 e R, is a unitary operator, where 0 is referred to as a
phase, and this multiplication is referred to as multiplication by a phase. Notice that
the value of 8 modulo 2 does not affect the result of the multiplication, and so the
independent unitary operators on C are parametrized by a circle.

The unitary operator U is a bijective and surjective map on H. This is because
range(U) = H. Therefore, U™ (the inverse of U) exists and U™ = U*.

Note that a unitary operator on an infinite-dimensional Hilbert space may not
have eigenvalues at all.

The following are some examples of unitary operators.

Example 1.5. An n x n real matrix Q is orthogonal if Q" = Q! and an n x n complex
matrix U is unitary if U* = U™}, where U* is the complex conjugate of U™

Example 1.6. If T is a bounded self-adjoint operator, then

0 n
e 3 1D
n=0 n!

is unitary, since (¢'T)* = e™T = (')}, where 1 = V-1.

1.6 Projection operators

In this section, we begin by describing some algebraic properties of a projection oper-
ator. If M and IN are subspaces of a complex Hilbert space H such that every { € H can
be written uniquely as { = ¢+1p with p € Mand i € N, then we say that H = Mo N is
the direct sum of M and N, and we call N a complementary subspace of M in H. The
decomposition ¢ = ¢ + 1) with ¢ € M and ¢ € N is unique if and only if M n IN = {0},
where 0 is the zero vector in H. A given subspace IM has many complementary sub-
spaces. For example, if H = R? and M is a plane through the origin 0 ¢ R?, then
any line through the origin that does not lie in IM is a complementary subspace of M.
However, every complementary subspace N of M has the same dimension, and the
dimension of N is called the codimension of M in H.

If H = M & N, then we define the projection p : H — M of H onto M along N by
p¢ = ¢, where { = ¢ +1p with ¢ € M and € N. This projection is a bounded and
linear operator on H with range(p) = M and ker(p) = N, and satisfies p*> := pop = p.
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It can be shown that the property p? = p characterizes projections. We therefore give
its definition as follows.

Definition 1.6.1. A projection on the Hilbert space H is a bounded linear operator p :
H — H such that

p’=p. (1.20)

The collection of projections on H will be denoted by B proi(H) € B(H).
Any projection operator is associated with a direct sum decomposition.

Theorem 1.6.2. Let H be a complex Hilbert space. The following two properties hold:

1. Ifp:H — His aprojection, then H can be uniquely decomposed as H = range(p)®
ker(p).

2. IfH = Mo N, where M and N are linear subspaces of H, then there is a projection
p : H —» H with range(p) = M and ker(p) = N.

Proof. (1). To prove (1), we first show that { € range(p) if and only if { = p{. If { = p{,
then clearly { € range(p). On the other hand, if { € range(p), then { = p¢ for some
¢ ¢ H, and since p? = p, it follows that p¢ = pZ{ = p¢ = (. This concludes that
¢ e rangle(p) if and only if { = p{.

Now assume that ' € range(p) N ker(p). Then { = p{ (from the conclusion from
the previous paragraph) and p{ = O (since { € ker(p)). Consequently, { = 0 and
range(p) N ker(p) = {0}. If { € H, then we have

¢{=p¢+(-po),
where p{ € range(p) and ({ — p{) € ker(p), since
P( - p¢) =p¢ - p*¢ =p{ -p{ = 0.

Thus, H = range(p) @ ker(p). This proves (1).

(2). To prove (2), we observe that if H = M N, then { € H has the unique decom-
position { = ¢ + 1 with ¢ € M and ¢ € N, and p{ = ¢ defines the required projection
p. This proves (2). O

If S c H, recall that S* is defined by

St={peH|(p,P)y=0VpeS}

Let \/ S denote the linear span of S, i. e., span(S) is the space of all finite linear combi-
nations of elements of S. Then it is clear that span(S), the closure of span(S) under the
Hilbertian norm || - ||, is the smallest closed subspace of H, which contains S.
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Let (p;);c; be a family of projections or a complex Hilbert space H, where I is an
index set. Denote by \/;; p; the projection onto \/; p;(IH), the closure of the linear sub-
space of H generated by the ranges of the p;’s.

Suppose M is a closed subspace of a Hilbert space H. Then by Theorem 1.6.2, we
have H = M @ M*. We call the projection of H onto M along M™ the orthogonal
projection of Honto M. If { = g+ and {’' = ¢' +1', where ¢, ' € Mand i), )’ € M*,
then the orthogonality of M and M~ implies that

<p(’ (,>]H = <¢»¢’ + l/)’>1H = <¢) ¢’>]H = <¢ + l/J,(P’)IH = <(’p(,>]H- (1-21)

This equation states that an orthogonal projection is self-adjoint. As we will show,
properties (1.20) and (1.21) characterize orthogonal projection. We therefore have the
following definition of orthogonal projection.

Definition 1.6.3. An orthogonal projection on a complex Hilbert space H is a linear
operator p : H — H that satisfies

p’=p and (p(,&)y =Py V(& eH.

The collection of projection operators on H is denoted by %8, (IH) and the collec-
tion of orthogonal projection operators is denoted by B, (IH).

Note that it is trivial that an orthogonal projection is necessarily bounded. We
therefore have the following result.

Proposition 1.6.4. Ifp : H — H is a nonzero orthogonal projection, then ||p|,, = 1.

Proof. 1f { € H and p{ # 0, then the use of the property of orthogonal projection and
the Cauchy-Schwarz inequality implies that

1Bl = ®POu _ € P°0n _ &POu _ ISlulpSly i<l
S Y T Py~ Ip¢ly o

Therefore, |pl,, < 1. If p # O, (i. e., p is a nonzero operator), then thereisa { € H
with p¢ # 0, and [Pl IP¢ Nl = 1P = PS¢y, so that [plly, = 1. This proves that
Pl = 1. O

There is a one-to-one correspondence between orthogonal projections p and
closed subspaces M of H such that range(p) = M. The kernel of the orthogonal
projection is the orthogonal complement of M.

Theorem 1.6.5. Let H be a complex Hilbert space. The following two statements hold:
1. Ifpis an orthogonal projection on H, then range(p) is closed, and

H = range(p) @ ker(p)

is the orthogonal direct sum of rangle(p) and ker(p).
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2. IfMis a closed subspace of H, then there is an orthogonal projection p on H with
range(p) = M and ker(p) = M*.

Proof. (1). To prove (1), we assume that p is an orthogonal projection on H. Then by
Theorem 1.6.2, we have H = range(p) @ ker(p). If { = pé € range(p) and ¢ € ker(p),
then

€@ = (PS. ) = (. PPy = 0,

so range(p) L ker(p). Hence, we see that H is the orthogonal direct sum of range(p)
and ker(p). It follows that range(p) = (ker(p))*, so range(p) is closed.

(2). To prove (2), we suppose that M is a closed subspace of H. Then Theorem 1.6.2
implies that H = M @ M. We define a projection p : H — H by

p{ =¢, where{=¢+pwith¢pc Mandy ¢ M.
Then range(p) = M, and ker(p) = M. The orthogonality of p was shown in (1.21). O

If p is an orthogonal projection on H, with range(p) = M and associated orthog-
onal direct sum H = M @ N, then I — p is the orthogonal projection with range N and
associated orthogonal direct sum H = N & M.

The following are some examples of projections and/or orthogonal projections.

Example 1.7 (One-dimensional projection p¢). Let ¢ € H. We define the operator py :
H — H by

Py = (P, P)up VY € H.

This operator, called the one-dimensional projection along the vector ¢, projects a
vector orthogonally onto its component in the direction ¢. In this case, the Hilbert
space H has the following orthogonal direct sum decomposition:

H = range(py) @ ker(py) = Ch @ (Ch)",

where C¢ = {c@ | ¢ € C} is the one-dimensional subspace of H generated by ¢.

Example 1.8. The space H = L(R) is the orthogonal direct sum of even functions
M and odd functions IN. The orthogonal projections p and q of H onto M and N,
respectively, are given by

f) +f(=x) f) - f(=x)
2 2 ’

pf(x) = ,» and gf(x) =

respectively. Note thatI - p = q.
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1.7 Finite rank and compact linear operators

1.7.1 Finite rank linear operators

A linear map, T € £(H, K), is said to be a map with rank n, if range(T) (the range of T)
is an n-dimensional subspace of K.

One can visualize that finite-rank maps/operators are matrices (of finite size)
transplanted to the infinite-dimensional setting. As such, these maps/operators may
be described via linear algebra techniques. From linear algebra, we know that a rect-
angular matrix with complex entries, M € C™™, has rank 1 if and only if the n x m
matrix M is of the form

M = auv”,

where u = (Up Uy, -+, U,) € C"and v = (v;,vy,---,V,) € C" are unit vectors, v* =
(V1,V,++,V,) " and a > 0. Exactly the same argument shows that a linear operator T
on a Hilbert space H is of rank 1 if and only if

TY = a, Py, Vi € H,

wherea > 0, ¢ and @ are unit vectors in H. The above representation of rank 1 operator
T can be easily extended to the operator of rank n as follows.

If T is a linear operator of rank n on H, then it has the following representa-
tion:

Ty = Zai@/)) bdmp;, VP eH,

i=1

where {¢;}1, and {¢;}]", are orthonormal bases of range(T) c H.

The linear map T is said of finite rank, if it is a map of rank n for some n € N. The
collection of linear maps of finite rank from H to K will be denoted by £¢(H, K) and
collection of finite rank linear operators on IH will be denoted by £¢(IH).

It is clear that every linear map of finite rank is bounded. Therefore, £;(H, K) ¢
B(H, K) and £¢(H) ¢ B(H).

The following result states that the collection of finite rank operators form a closed
(under the operator norm | - ||,,) two-sided ideal in operator algebra (see, e. g., Rudin
[134], Conway [28] and Bratteli and Robinson [15]).

Proposition 1.7.1. If H is a complex Hilbert space, then £(H) is a closed two-sided
ideal in the Banach algebra *B8(H) of bounded linear operators on H. That is, AT ¢
£r(H) and TA € £¢(H) forall A € £¢(H) and T € B(H).
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1.7.2 Compact linear operators

Consider a linear map T € £(H, K). Let B ¢ H and let T(B) ¢ K denote the image of
Bc HunderT,i.e.,

T(B)={Ty e K| € BC H}.

Alinear map T € £(H, K) is said to be a compact map if T(B) is relatively compact
in K (i.e., T(B) (the closure of T(B) under | - ||) is a compact subset of K) for any
bounded subset B ¢ H.

The collection of all compact linear maps from H to K will be denoted by £.(H, K)
and the collection of compact linear operators on H will be denoted by £.(H). It is
clear that a compact linear map/operator is bounded. Therefore, £.(H, K) ¢ B(H, K)
and £.(H) c B(H).

Proposition 1.7.2. Let (T,),.) be a sequence of compact linear maps from H to K that
converges to T in the operator norm. Then T is a compact linear map from H to K.

Proof. Given € > 0, let N > 0 be a sufficiently large integer such that | T, - T|., < €/2
foralln > N. Let B ¢ H be a bounded set. Since Ty/(B) is relatively compact (i. e., its
closure Ty(B) is a compact subset of K), there are finitely many points y;,¥s,. ..,V
in K such that for any x € B there is i such that |Tyx — y;[lx < €/2. By the triangle
inequality,

ITx - yillk < ITx = Tpxllx + 1Tyx - yillk
STy = Tloo Xy + ITpx = yillk
<€f2+e€/2=¢.

This proves that T(B) is covered by finitely many balls of radius € in K. Therefore, T(B)
is compact in K. This proves the proposition. O

The following result states that £.(IH) is also a closed two-sided ideal of B(H) just
as £¢(H) is. A proof can be found in Rudin [134] and is therefore omitted here.

Proposition 1.7.3. If H is a complex Hilbert space, then £.(H) is a closed two-sided
ideal in the Banach algebra ®8(H) of bounded linear operators.

Remark 1.1. We recall the following facts (without proofs) regarding £.(HH) below:
1. If A is a compact linear operator on H, A € C and A # 0, then A(H) = rangle(A)
(the range of A) is closed and

dim(ker(A — Aly)) = dim(ker(A - Aly)") < oo.

This is often referred to as the Fredholm alternative theorem in functional analysis
(see Conway [28], Rudin [134] and Bratteli and Robinson [15]).
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2. The linear operator A is compact if and only if its adjoint A* is compact.

3. Let T be a compact operator on Hilbert space H and let A be the unique positive
square root of T*T. Then (a) ||Ah|y = |Th|y for all h € H. (b) There is a unique
operator U such that |[Uh|y; = ||l when h L ker(T), and Uh = 0, when h € ker(T)
and UA = T. This is the so-called polar decomposition of a compact operator,
which will be used frequently later on. A proof of the polar decomposition theorem
will be provided in Theorem 1.8.11.

The proof of the following theorem can be found in Rudin [134], Conway [28] and
Reed and Simon [128] and is omitted here.

Theorem 1.7.4 (Spectral theorem for self-adjoint compact operator). Let T be a self-

adjoint compact operator on a complex Hilbert space H. Then:

1. One or the other of the two values +|T| ., is an eigenvalue of | T| -

2. W = H, where 0,,(T) is the point spectrum (i. e., the set of all eigenvalues)
of T and H,, is the subspace of H generated by the eigenvectors of T corresponding
to the eigenvalue A. That is, there is a basis of T that consists of eigenvectors of T.

3. The eigenspaces H, are finite-dimensional subspaces of H.

4. The only possible accumulation point of the set of eigenvalues of T is 0. If dim(HH) =
+00, then 0 is the accumulation point of the set of eigenvalues of T.

Corollary 1.7.5. For every compact self-adjoint operator T on a complex separable
infinite-dimensional Hilbert space H, there exists a countably infinite orthonormal basis
{e, 3] of H consisting of eigenvectors of T, with corresponding eigenvalues {1,};%] c R,
such that A, — O.

Example 1.9. Let H = L?([0,1]; C), the space of squared integrable complex-valued
functions on [0, 1]. The multiplication operator M : H — H defined by

Mf)(x) =xf(x), VYfeH, xc¢€l0,1]

is a bounded self-adjoint operator on H that has no eigenvector, and hence, by the
spectral theorem 1.7.4, cannot be compact.

Example 1.10. Let K(x,y) be square integrable on the unit square [0, 1] *2.=[0,1]x[0,1]
and define Ty on H = L*([0,1];C) by

1
(Tef)(x) = jK(x,wf(y)dy.
(0]

Then Ty is a compact operator on H. Suppose that the kernel K(x, y) satisfies the Her-
miticity condition

K(y,x) =K(x,y), Vx,y €[0,1].
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Then Ty is compact and self-adjoint on H; if {¢,,} /] is an orthonormal basis of eigen-
vectors, with eigenvalues {A,}, it can be proved that

+00 +00
Y Ar<oo, KOGY) =) Apn(0)@,(),

n=1 n=1

where the sum of the series of functions is understood as L-convergence for the
Lebesgue measure on [0, l]xz.

While every bounded and closed set in a finite-dimensional space is compact
(see the Heine—Borel theorem 1.7.6), the conclusion, however, is not true in infinite-
dimensional spaces.

We state the Heine-Borel theorem below without proof for a later use (see, e. g.,
Rudin [133] and Wheeden and Zygmund [177]).

Theorem 1.7.6 (Heine—Borel theorem). For a subset S of a finite-dimensional space X,
the following two statements are equivalent:

1. Sis a bounded and closed subset of X;

2. Sisacompact subset of X.

Remark 1.2. A closed ball of radius r > 0, B(0;r) := {¢p € H | ||¢pllz < r}, is not rela-
tively compact if dim(IH) = co. This is because if {en};‘:’j’ is an orthonormal basis of the
infinite-dimensional Hilbert space H, then {re,},% is a sequence with no convergent
subsequence, since all these points are distance rv2 apart, i. e., for all i + Js

Ire; — rejllyg

=rlle; - el =r/{e; — e e - ey

= T\/<ei>ei>H — (e € — (€ €)m + (€ €)n

le;liF; + ||ej||2]H (since (e;, €;)y; = (), €;)yy = O fori # j)

This confirms the remark.

Remark 1.3. If the Hilbert space is infinite-dimensional, then a compact operator T €
B (IH) cannot be invertible. Consequently, o(T) (the spectrum of T) always contains 0.
The spectral theorem 1.7.4 shows that o(T) consists of the eigenvalues {4,,};,%) of T,
and of 0 (if 0 is not already an eigenvalue). We first verify that T is not invertible if
dim(H) = +oo. If the compact operator T € B(IH) were invertible when dim(H) = oo,
then T™!'T = TT ™' = I (I is the identity operator on H) would be a compact operator.
But I;(B(0;1)) = B(0;1), where B(0;1);= {¢p € H | |¢llg < 1} is the unit closed ball
in H. When dim(H) = oo, the closed unit ball B(0; 1) is not relatively compact (see
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Remark 1.2). Therefore, B(0; 1) is not relatively compact and Iy is not compact, con-
tradicting the supposition that T is invertible. That is, T — Al is not invertible and so
A =0isin o(T).

The following result gives a characterization of compact operators T € £.(HH) (see
Conway [28]).

Proposition 1.7.7. A linear operator T on an infinite-dimensional Hilbert space H is
compact if and only if it can be written in the form

T=) Adp Y (1.22)
n=1

where {¢,};%) and {,};S are orthonormal sets (not necessarily complete) of H and
(A is a sequence of positive numbers with limit zero, called the singular values of
the operator.

It can be shown that the singular values can accumulate only at zero. If the se-
quence becomes stationary at zero, that is, Ay,; = O for some N € N, and every
k =1,2,..., then the operator has finite rank, i. e., a finite-dimensional range and can
be writtenas T = Zﬁ’;l Ay, ), The sum on the right- hand side of (1.22) converges
in the operator norm | - |Io,-

Now that we know £;(H) ¢ B(IH) and £.(H) ¢ B(H). The following result gives
the relation between £¢(IH) and £.(H).

Proposition 1.7.8. Let H be a complex Hilbert space. Then £e(H) = £.(H) under the
operator norm || - || o-

1.8 Trace-class and Hilbert-Schmidt operators

1.8.1 Trace-class operators

Let {¢,}.5] be an orthonormal basis of the complex Hilbert space H. For each positive
linear operator T € £, (H), define tr[T], the trace of the operator T, as

tr[T] == ) (P, Thy) s < +00. (1.23)

n=1

Proposition 1.8.1. The following statements hold:

1. The quantity tr[T] is independent of the choice {¢,,};;>] of orthonormal basis of the
Hilbert space H.

2. tr[S+T] = tr[S] + tr[T], for all S, T in £, (H).

3. tr[cT] =ctr[T], forallc = 0 and forall T € £, (H).
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Proof. 1. For a given orthonormal basis {¢,};5], to distinguish the trace of T under

this orthonormal basis we define try[T] = Z;‘:"l’ (> T, ) z- Using the result (see The-
orem 1.3.3) that every positive operator has a unique square root that is necessarily
self-adjoint, we have

trg[T] = ) (P Tdas = ) (VT VT)ys = 3 INThylg,. (1.24)
n=1 n=1

n=1

If {1,,};2] is another orthonormal basis of H, we can expand | VT, for each n in
terms of this orthonormal basis and have

tl’¢[T] = io ” \/T¢n||21H = f( i0|<l/)m> \/Td)n)]le)
n=1

n=1 \m=1

= f( §|(ﬁ¢m,¢n)ﬁ|2> (since VT is self-adjoint)

n=1 \m=1
= Z<Z|<ﬁ¢m,¢n>]ﬂ|2> = Y INTPllf; = try[T). (1.25)
m=1\ n=1 m=1

Therefore, tr[T] defined in equation (1.23) is independent of the choice of an orthonor-
mal basis.
Parts 2 and 3 are trivial by the definition of tr[-]. This proves the proposition. [

Given a linear operator T € £(H), define |T| := VT*T, the (positive) square root
of T*T, where T* is the adjoint of T. It is clear that if T € £(IH), then for any ¢ € C,
|cT| = |c||T|. However, we remark that: (i) VT*T is usually not the same as VIT"; (i) it
is not true in general that |ST| = |S||T| or that |T| = |T*| and (iii) it is not true in general
that S+ T| < |S| + |T|.

Definition 1.8.2. T ¢ £(H) is a trace-class operator if |T||; := tr[|T|] < co. The collec-
tion of all trace-class operators will be denoted by T(H).

The map || - [l; : ¥(H) — R, defined in Definition 1.8.2 is indeed a Banach norm.
That s, it satisfies: (i) | cT|l; = |c||Tll; forallc € Cand T € T(H); (ii) [S+T|; < ISl;+ITl;
forall S, T € T(H); and (iii) |T|, = 0 if and only if T = 0 € T(H).

It will be shown in Corollary 2.3.7 that the space of trace-class operators T(IH) is a
complex Banach space under | - ||;-norm.

Lemma 1.8.3. If T is a self-adjoint trace-class operator, then its positive and negative
parts, T, and T_, are also trace-class operators.

Proof. If T is trace class, then tr[|T|] < co. But tr[|T|] = tr[T, + T_] = tr[T,] + tr[T_] for
T, and T_ are positive operators. Hence, tr[T,] and tr[T_] are both finite quantities.
The operators T, and T_ are thus trace class. This proves the lemma. O



1.8 Trace-class and Hilbert-Schmidt operators =— 27

The following result follow easily from the definition of trace-class operators
T(H).

Proposition 1.8.4. The following results follow easily from the definition of trace-class
operators T(H):
1. The trace is linear functional over T(H), i. e.,

tr[aS + bT] = atr[S] + btr[T], Va,b € CandVS,T € T(H).

2. %(H) forms a two-sided ideal of B(H). That is, if S € B(H) and T € T(H), then
ST, TS € T(H). Furthermore,

ISTIl; = tr[ISTI] < ISl IITll; and TS|y = tr[ITS|] < [Slloo I Tll;
Moreover, tr[ST] = tr[TS] for all S € B(H) and T € T(H).

The proof of the following result is a consequence of Young inequality for a com-
pact operator (see Erlijman—Farenick-Zeng [46]). The proof is rather lengthy and is
omitted.

Proposition 1.8.5. Young’s inequality for trace-class operators Let A,B ¢ ¥, (H), we
have

tr[|AB|] <

p q
tr[;\ ], ulB] (1.26)

q

The equality holds if and only if for all positive real numbers p, q satisfying 111 + (11 =1
Moreover, the equality holds only if B! = AP,

Proposition 1.8.6. Let H be an infinite-dimensional complex Hilbert space. Assume
that A € T(H) and (Tn);j}’J c B(H). If lim,_, ., IT, — Tyllso = O for some T, € B(H),
thenlim,_,,  tr[T,A] = tr[TyA].

Proof. We first note from Part 2 of Proposition 1.8.4 that tr[T,A] = tr[AT,] < +co and
tr[TyA] = tr[AT,] < +00. As T, converges to T, under the operator norm | - ||, there
is a constant d > 0 such that sup,, | T,ll,, < d. For any € > O, there exists a finite rank
projection P, such that |[A-P_AP,|; < €/(2d+1) because A € T(H). Since P, is of finite
rank, this together with the fact that lim IT, - Tollo, = O, imply that

n—+oo
lim|[P(T, - To)Pe, = O.

So, for above € > 0, there exists some N such that

€

||P€(Trl - TO)P€||00 < (Zd + 1)"A"1
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whenever n > N. Thus, we have
[r{(T, — To)A]| < [tr[(T, — To)(A - PAP)]| + | r[(T, — To)P,AP,]|
< ”Tn - TO”oo"A - PeAPelll + "Pe(Tn - TO)Pe”(X)"Alll

€ 2de €
< 2d||A - P_.AP, < =€.
| € €"1+2d+1 2d+1  2d+1

Therefore, lim,,_, ,, tr[T,A] = tr[TyA]. This proves the proposition. O

Lemma 1.8.7. Let A}, A € B(H) such that

sup |Ayllee < +00  and klim lAcp — Al =0, V¢ € H.
k —+00

Let T € T(H). Then
lim |A,T-AT|;=0 and lim |TA,-TA|,=0.
k—+00 k—+00

Proof. We only need to prove limy _,, , [A;T — AT|l; = 0. The proof of the second con-
clusion is similar. We first note sup; |Axll, < +0o0 and lim;_,,, |1Ax® — Ad|y = O for
all ¢ € H imply that lim;_, ., [IA; — All, = 0. In this case,

lim AT -AT|, < lim [A; - Al[Tl, =O.
k—+00 k—+00

This proves the lemma. O

Corollary 1.8.8. If (P;);°] is a sequence of projectors on H that converges in the strong
operator topology to the identity, and if p € T, (H), then

lim_[PP; - pl; = O.
k—+o00

It turns out that there is a simple connection between trace-class operators and
compact operators. The following result states that every trace-class operator is com-
pact and every compact operator is a trace-class operator if all of its singular values
(see (1.22) for the definition of singular values) are finite.

The proof of the following theorem can be found in Reed and Simon [128] and is
omitted here.

Theorem 1.8.9. Every A € ¥(H) is compact. Conversely, a compact operator A is in
T(H) ifand only if Y ; A; < +00, where {A;} are the singular values of A.

Denote £, ), (H) ¢ £.(H) as

Lepcroo(H) = {A € £.(H) | all singular values are finite}.
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The following corollary serves to provide one with an intuitive understanding of
the size of T(H), and thus allows for the application of approximation arguments in
what follows.

Corollary 1.8.10. The finite rank operators are dense in T(H) under the | - ||;-norm. That
is, 2f(1H)"'”1 = T(H), where {-- -}| I denotes the closure of {---} under the || - |;.

Summarizing from all our presentations on all different classes of hounded linear
operators such as projection operators, finite rank operators, compact operators and
trace-class operators, we have the following relationship among them:

7l

£r(H) ¢ &(H) ~ = T(H) = £cpci00(H) € £.(H) = £¢(H)

Illoo ¢ B(H).
We have following duality relation between T(IH) and 23 (H) through (-, -)) : T(H)x
B(H) — Cas

{p,A)) = tr[pA], Vp e S(H) and VA € B(H). (1.27)

An element p € S(H) is called a quantum state (see Definition 2.4.1 and Chap-
ter 3 for a definition of quantum state and its properties), which is the counterpart
in probability distribution in classical/noncommutative probability theory. A positive
bounded linear operator A € B(IH) represents an observable in the quantum system.
The quantity ((p, A)) := tr[pA] represents the expectation of the observable A when the
quantum system is under the quantum state p.

1.8.2 Hilbert-Schmidt operator

Given an orthonormal basis (¢,,);;5] of the complex Hilbert space H and a bounded
linear operator T € B(H), we put the Hilbert-Schmidt norm ||T||z5 as follows:

1/2

ITlys = (Z ||T¢n||§{> < +00. (1.28)
n=1

It can be shown that |T|lgs = |IT"|lys. An operator T € 9B(H) is said to be a Hilbert—
Schmidt operator if it has a finite Hilbert-Schmidt norm (i. e., | T||yg < +00). The space
of all Hilbert-Schmidt operators will be denoted by $S(H). Note that HS(H) is itselfa
Hilbert space under the Hilbert—-Schmidt inner product (., -)ys : HS(H)x HGS(H) — C
defined by

(8, T)ys = ) (S TPy, ST € HS(H).

It appears that both the Hilbert-Schmidt norm | - |5 and the trace defined above
are expressed in terms of an orthonormal basis (¢,,);). However, a further analysis
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(which we shall omit here) shows that they are both independent of the orthonormal
basis chosen.

For a finite-dimensional Hilbert space H = C", the polar decomposition of an nxn
real or complex matrix A is a factorization of the form A = UP, where U is a unitary
matrix (a rotation matrix) and P is a positive-semidefinite Hermitian matrix (a scaling
of the space along a set of n orthogonal axes), both of size n x n. The polar decom-
position of a square matrix A always exists. In fact, if A is invertible, the decomposi-
tion is unique, and the factor P will be positive-definite. In that case, A can be written
uniquely in the form A = UeX, where Uis unitary and X is the unique self-adjoint log-
arithm of the matrix P. The polar decomposition can also be defined as A = PU where
P and U have the same properties as above (but are different matrices, in general, for
the same A).

The polar decomposition of a matrix can be seen as the matrix analog of the polar
form of a complex number as z = ur, where r is its absolute value (a nonnegative real
number), and u is a complex number with unit norm (an element of the circle group).

For the infinite-dimensional Hilbert space H, the polar decomposition of a
bounded linear operator A € B(IH) can roughly be stated as follows. If A is a bounded
linear operator, then there is a unique factorization of A as a product A = UP where U
is a partial isometry, P is a nonnegative self-adjoint operator and the initial space of
U is the closure of the range of P.

A bounded linear operator U € B(H) is said to be an isometry if [U¢|ly = |ply
for all ¢ € H, a partial isometry if its restriction to (ker(U))* is an isometry.

The polar decomposition is formally stated and proved as follows (see, e. g., Hall
[56]).

Theorem 1.8.11 (Polar decomposition). Let A € ®B3(IH). Then there exists a partial isom-
etry Usuch that A = U|A|, where |A| = VA*A. The operator U is uniquely determined by
the condition that ker(U) = ker(A).

Proof. Let U : range(|A|) — range(A) such that U(|A|¢p) = A¢ for all ¢ ¢ H. This
implies that

[U(AI)| 5 = IAQlE, Ve € H.

Then

lIAIBI, = (A, |AIB)s;
= (¢, IAp)y;  (since |A]" = |A])
= (¢, A"Ad)y = (Ap, Ad)y = AP},

The definition of U and the above equality together imply that

[U(AIP)]: = 1APls = [IAIp]y, V¢ € range(A).
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Consequently, U is an isometry on range(|A|) = range(A). Clearly, |[A|¢ = O is equiv-
alent to A¢ = 0 and, therefore, ker(JA|) = ker(A), and thus, ker(U) = ker(A). There-
fore, the restriction of U to (ker(U))* (= (ker(A))* = range(A) by Theorem 1.2.6) is
an isometry, and hence, U is a partial isometry. This proves the polar decomposition
theorem. O

The properties of polar decomposition is used in the proof of the following theo-
rem.

Theorem 1.8.12. A bounded linear operator is a product of two Hilbert—Schmidt opera-
tors if and only if it is a trace-class operator.

Proof. (<) Let us assume tr[|a]] < +co (i.e., a € T(H)) and let b = +/[a. We note
that b = +/|a| is self-adjoint by Theorem 1.3.3 and claim that b is a Hilbert-Schmidt
operator. To prove the claim, we choose any orthonormal basis (¢,,),;; of H and have

||b||]2—15 = Z <b¢n’b¢n>]H = z <¢n’b*b¢’n>]H
n=1 n=1

=S by = S (b laldhy) = tr]jal] < +oo.
n=1 n=1

In this case, by Theorem 1.8.11, a = uja| = (ub)b is a product of two Hilbert-Schmidt
operators.

(=) Conversely, let a = hk be a product of two Hilbert-Schmidt operators h and
k on H. Then |a| = u*a = (u*h)k and gives

tr[lal] < [lu"h|ylKigs < Ihllgskiys < +oo,

since ||lull,, < 1. Therefore, a is a trace-class operator. This proves the theorem. O






2 Formulation of quantum systems

In this chapter, we give a concise and yet rigorous mathematical formulation of a
generic infinite-dimensional quantum system based on the following set of postu-
lates originated from von Neumann [172] (see also Chang [22—24]). These postulates
are commonly accepted by quantum probabilists and quantum physicists alike as the
starting point for a systematic study of quantum systems.

Postulate 1. With every quantum system, there is associated a separable complex
Hilbert space H on which a C* or von Neumann algebras of linear operators A is
defined. This complex Hilbert space H is called in physics terminology the space
of states. The Hilbert space of a composite quantum system can be represented as a
tensor product of Hilbert spaces of the component systems involved.

Postulate 2. Givena C* or von Neumann algebra of operators .4 on H for the quantum
system, the space of quantum states S(.A) of the quantum system then consists of all
positive trace-class operators p € A with unit trace, tr[p] = 1. The pure states are
projection operators onto one-dimensional subspaces of H. A state p will be called
the density operator or density matrix if tr[pa] = tr[a] forall a € A.

Postulate 3. An observable of the quantum system is a positive operator-valued mea-
sure a defined on a certain Borel measure space (R, B(RR)). Specifically, for each Borel
set B € B(R), a(B) is a self-adjoint linear (but not necessarily bounded) operator on
the Hilbert space H.

Postulate 4. A process of measurement in a quantum system is the correspondence
between the observable-state pair (a,p) and the probability measure u, on the real
Borel measurable space. For every Borel subset E € B(R), the quantity 0 < p,(E) <
1 is the probability that when a quantum system is in the state p, the result of the
measurement of the observable a belongs to E. The expectation value (the mean value)
of the observable a in the state p is

(alp) = jAdya<A>,

where y,(A) = p,((—00,1)) is the distribution function for the probability measure y,.

While these postulates are widely-known in the quantum physics community, a
detailed and rigorous mathematical formulation for each of the above postulates for
infinite-dimensional quantum systems is needed. This will be beneficial to all readers,
especially to those mathematical inclined readers who are not familiar with quantum
physics and to those who desire to place quantum physics in a rigorous mathematical
framework. In addition, the topics in this chapter will serve as the foundation upon
which the subsequent chapters are built. Interested readers are also referred to Chang

https://doi.org/10.1515/9783110788105-002
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[24], Brattellie and Robinson [15] and Takesaki [168] for a further reading in this area.
Unless otherwise stated, we shall assume that H is an infinite- dimensional (separa-
ble) complex Hilbert space (and hence the quantum system it represents is an infinite-
dimensional system), unless otherwise stated. The notation, definitions and the pre-
liminary functional analytic results introduced or outlined in Chapter 1 are applicable
in this chapter in order to describe the quantum system H mathematically.

Let H be a complex Hilbert space that presents a quantum system. The notation,
definitions and the preliminary functional analytic results introduced or outlined in
Chapter 1 are applicable in this chapter in order to describe the quantum system H
mathematically.

2.1 Operator topologies

This section is devoted to the studies of some operator topologies, including strong/
norm, weak, o-strong, o-weak topologies that play an important role in describing
a quantum system. Details of these treatments can be found in Chang [22-24] and
Bratteli and Robinson [15].

We first recall that the operator norm ||a||, for abounded linear operatora € B (HH)
is defined by

2@y _ up Ja@)y,, va e B,

lall, := sup
7 pe0 Pl el

In the norm topology, all open sets are generated by the open set of the following
form:

{aeBM) | laly, < e}

Let a,b € B(H); we say that a < bif b — a > 0. Recall that a bounded linear
operator a is a positive operator (denoted by a > 0) if there exist ab € 9(IH) such that
a=b'b:=b"oh.

The following definitions and remark can be found in Chang [23].

Definition 2.1.1. A subset of operators (@,),c; € B(H) is said to be a net if L is a to-
tally ordered set with the order relation “<.” The net (a,),¢;. (or simply (a,), if there
is no danger of ambiguity) is said to be increasing if a < & implies that a, < a;. The
increasing net (a,), is said to be bounded above if there exists an a € B(H) such
that

a,<a, Vacel.

Definition 2.1.2. Let (a,),; be a net of operators in B(H) and let a € B(H). We say
that:
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(a4)qer, converges to a in norm-topology if (|la, — all,), converges to 0.

(a,)qcr, converges strongly to a if a,(¢p) converges to a(¢) in || - ||;-norm for every
¢ e H.

(ay)qer cOnverges to a in strong™ topology if the net (la, ()l + lay (), con-
verges to |a({)lly + la* ()l forall { € H.

(ay)qer, converges weakly to a if (p,a,(¢))y converges to (p,a(¢p))y for every
¢, p € H.

(Ag)qer cOnverges o-strongly to a if the sum Y2, ll(a, - a)qbnllzH converges to O for
every sequences (¢,), in H such that 72, ||<;bn||§{ < 0.

(Ag)qer cOnverges g-weakly toaifthesum Y2 (@, a,(¢,)) i convergesto Y 2, (@,
a(¢,))y for every pair of sequences (¢,),, (¢,), in H such that Y2, ||(;l>n||2]H < 00
and Y2, gyl < oo

The increasing net (a,),;, converges to a in weak™ topology if for every trace-class
operator b € T(H) the sequence (tr[ba,]), converges to tr[ba].

The following remark can be found in Chang [23].

Remark 2.1. Let (a,), be an increasing net of operators in B(H), and let a ¢ B(H).
We have the following observations:

1.

Theincreasing net sequence (a,), converges strongly to aif and only if it converges
in operator norm, i. e., (|la,—al|, ), converges to O. This is because (a,), converges
to a in operator norm if and only if (||(a,, — @)@|;;), converges to O for all ¢ € H.
(a,), converges g-weakly to a if and only if it converges to a in weak™ topology.
The weak” topology (or o-weak topology) is the weak topology arising from the
operator pairing (a,b) — tr[ab] of B(H) with the trace-class operators. That is,
it is the weakest topology that makes the map a +— tr[ab] continuous for the all
trace-class operator b € T(H).

The weak” topology is finer than the weak operator topology but the weak and
weak” topology coincide on bounded subsets of H.

The positive cone B, (H) is sequentially closed in the weak operator topology, i. e.,
for (Tk),t‘:xl’ c B, (H) such that (Tk);‘:xl’ converge to T € B(H) in the weak operator
topology. It follows that T > 0.

Werecall Zorn’s lemma (see Zorn [184], Rudin [133, 134] and Reed and Simon [128])

as follows. A totally ordered subset A of a partially ordered set S with an ordering
inequality < will be called a chain. The chain A is said to have an upper bound if there
exists a u € S such that x < u for all x € A. The element m € S is said to be a maximal
element for S if m < x implies x = m.

Zorn’s lemma is stated below without proof.

Lemma 2.1.3 (Zorn’s lemma). Suppose a partially ordered set S has the property that
every chain has an upper bound. Then the set S contains at least one maximal element.
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The following result, which can be considered as a special case of Zorn’s lemma
(Lemma 2.1.3), shows that if the increasing net (a,),e; € 9B, (H) is bounded above,
then it has the least upper bound that belongs to 8 (H).

The following result can be found in Chang [23].

Proposition 2.1.4. Let (a,),e; be an increasing net in 5, (H) with an upper bound in
B, (H). Then the net (a,),c; has a least upper bound (1. u. b) to be denoted by V¢ a,.
In this case, the net converges o-strongly to V¢ a,.

Proof. Let A, be the weak closure of the set {ag | B > a}. Since the closed unit ball,
B(0:1) = {a € B(H) | |ally, < 1} ¢ B(H),

is weakly compact by the Banach-Alouglu theorem (see Theorem 1.1.4), there exists
an element a in n,4,. For all a,, the set

{ce B, (H) | c>a,}

is o-weakly closed and contains A,; hence, a > a,. Consequently, a > a, for all « and
lies in the weak closure of {a, | a € L}. If b is another operator majorizing {a, | « € L},
then it majorizes its weak closure; thus, a > a and a := v,a, is the least upper bound
of {a, | « € L}. Finally, if { € H then

Ia—-a)dlZ < la-aglyl@-ay ¢l
< ”alloo((’ (a - aa)(>]H

— 0 asagoesto + co.

This proves the proposition. O

2.2 Operator algebras

This section is devoted to studies of some algebras of operators on H, including C*-
algebra and von Neumann algebra, that play an important role in describing a quan-
tum system.

As usual, the addition a + b, the multiplication ab and the involution a* on £(IH)
are defined as follows. Foralla, b € £(H), ¢ ¢ Hand a, b € C:
L (a+b)(¢) = a(¢p) +b(¢d);
2. (ab)(¢) = a(b(¢)) = (a~b)(¢);
3. (aa+bb)* =aa® + bb*, (a*)" = a, and (ab)* =b*a*.
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2.2.1 C*-algebras

Definition 2.2.1. A complex algebra A is a vector space of operators .4 over C, which
is closed under operator addition “+” (i.e.,a+b € A forall a,b € .4) and under vector
multiplication/convolution “-” (i.e., ab := a- b € A for all a,b € A) and satisfies the
following distributive and associative laws:

1. (aa+ bb)c = aac + bbc and c(aa + bb) = aca + bcb;

2. a(bc) = (ab)c; foralla, b, cin Aand a, bin C.

Definition 2.2.2. A Banach algebra is a complex Banach space of operators .4 under
anorm || - ||, where A is a complex algebra of operators (see Definition 2.2.1) and the
norm | - || is a Banach norm that satisfies the inequality [|ab|| < |a|||b| for allaand b
in A.

Recall that || - || : A — R, is said to be a Banach norm if (i) |la]l > O for all a € A;
(ii) llcall = |c||la] for all ¢ € C and a € A4; (iii) |a + b|| < ||a]| + [|b]| and (iv) |al| = 0 if and
onlyifa =0.

Definition 2.2.3. Let A be a complex algebra of operators. A map a — a* is called an
involution on A if it satisfies:

1. @) =a;

2. ab* =b*a";

3. (aa+bb)" =a@a” +bb",

forallaand bin 4, and all a, b in C. A complex algebra equipped with an involution *
is called a *-algebra.

It is clear that the adjointness of an operator a — a* defined is an involution as
defined in Definition 2.2.3. For convenience, we shall treat a*, the involution of a, as
the adjoint of the operator a € £(H).

Definition 2.2.4. A C*-algebra of bounded linear operators on H is a Banach algebra
A under the operator norm || - ||, (see (1.11)) equipped with an involution “*” (which
is taken to be the adjointness) if it satisfies the condition

[a*a|, = ||:;|||i0 vae A 2.1)

Let A be a C*-algebra of bounded linear operators on IH. Then A is said to be:

1. unital if it contains the unit operator 1j;, where 1;a = aly; = a for all a € A. Note
that 1y = 13, with [15lle = I15lle = 1.

2. Abelianifab =baforalla,b € A.

We assume throughout the end of this book that all C*-algebras are unital because it
can expanded to a larger C*-algebra that includes the identity operator (see Arveson
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[2] for such detail). Therefore, due to the remark above we can and will assume all
C*-algebras involved are unital throughout the end of this book.
The following are some examples of C*-algebras (see Chang [22, 23]):

1. First, it is clear that both £(IH) and B (IH) are complex vector spaces of operators
under pointwise addition and scalar multiplication (by complex numbers) and
they are complex algebras under additional operation of composition (i. e., ab =
aob = a(b)foralla,b € £(H)). Adding the involution a — a* of taking adjoints,
both £(H) and B(H) are *-algebras. Furthermore, B(H) is a C*-algebra, since it
is complete with respect to the operator norm | - ||, and satisfies the basic axiom

la*a|, = lal2,, Va e B(H).

To prove the above assertion, we note that 6(H) contains the identity operator
I; and adjoint * as an involution, and it is certainly complete with respect to the
operator norm || - ||, since $B(1H) is a Banach space under this operator norm. It
remains to show that

la*a], = lal2, Va e B(H).

We first note that [a*al,, < ||a||f>0, since la*all,, < 2%l lalle = ||a||fx). On the
other hand,

lal%, = sup [a@)|z; = sup (ag,ad)y = sup (a*ad,d)y < |aal,.

I$ll<1 IPle<1 Iplle<1

Since a is bounded so are a* and a*a. Therefore, [|a*a(¢)|y < la*al Pl for all
¢ € H and the last inequality of the above expression holds true.

2. (C*-algebras are noncommutative analogues of the algebra C(K) of continuous
complex-valued functions over a compact space K with uniform topology, the
complex conjugation as involution, and the constant function 1 as unit. Thus,
bounded linear functionals on C*-algebras are the non-commutative analogues
of (bhounded) complex measures on a compact space K.

3. Let.AbeaC*-algebra with unit1andleta,b € A.

(1) Ifais self-adjoint then a < [|a] 4, 1.
(2) Ifo<acx<hb,then|aly < Iblly-
(3) Ifa,b € A,, then |la - b|, < max{|ally,, [bll}-

Definition 2.2.5. A bounded linear map 7 : A — B between two C*-algebras A ¢
B(H) and B ¢ B(K) is called a *-homomorphism, if for any a,b € Aand a,b € C,

ni(aa + bb) = an(a) + br(b),
n(ab) = n(a)r(b),
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and
n(@*) =n@)".

The following remark and definition can be found in Chang [23].

Remark 2.2. It can be shown that any =-homomorphism 7 between two C*-algebras
isnonexpansive, i. e., [|77]| 4 5 := SUPja_ -1 I7(@)ll < 1. Therefore, a *-homomorphism
between x-algebras is isometry due to the norm condition.

Definition 2.2.6. Let 4 and B be two C*-algebras of bounded linear operators (but not
necessarily acting on the same Hilbert space). A bijective (i. e., one-to-one and onto)
*-homomorphism 77 : A — B is called a *-isomorphism, in which case .4 and B are
called isomorphic. A *-isomorphism is a *-automorphism if it maps a C*-algebra onto
itself.

2.2.2 von Neumann algebras
For each subset A c B(H), define A’, the commutant of A, as
A'={beB(H)|ab=ba Vac.Al}

Clearly, A’ is a complex algebra of operators containing the identity operator I;. If A is
invariant under the *-operation, i. e.,ifa € Aimplies thata® € A, then the commutant
A’ isa C*-algebra of bounded linear operators acting on H, which is closed under any
of the topologies defined in Definition 2.1.2.

As shown in Chang [22], there are at least two equivalent ways to define a von
Neumann algebra. The first and most common way is to define them as weakly closed
*-algebras of bounded linear operators (on a Hilbert space) containing the identity I.
In this definition, the weak (operator) topology can be replaced by many other com-
mon operator topologies. The *-algebras of bounded linear operators that are closed
in the norm topology are C*-algebras, so in particular any von Neumann algebra is a
C*-algebra.

We present the first definition of von Neumann algebra below (see Takesaki [168],
Dixmier [39], Bratteli and Robinson [15] Sakai [137] and Chang [22-24]).

Definition 2.2.7 (von Neumann algebra 1). AvonNeumann algebra Aisa *-subalgebra
of B(H) that contains the identity operator I and is strongly closed. That is, if

a; € Aand lim a;(¢p) = a(¢) V¢ € H,

thena € A.
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Note that a subalgebra A of B(H) is called a sub*-algebra if it is invariant under
the involution *. That is,

a“ c Aforalla e A.

The second definition is that a von Neumann algebra is a subset of the bounded
linear operators that is closed under the involution * and equal to its double commu-
tant, or equivalently

Definition 2.2.8 (von Neumann algebra 2). A von Neumann algebra of bounded lin-
ear operators on H is a *-subalgebra .4 of B(H) such that A4 = A"

The von Neumann double commutant theorem (von Neumann [172]) states that
these two definitions are equivalent. A proof is included here for the sake of complete-
ness and can be skipped from the first reading.

Theorem 2.2.9 (von Neumann bicommutant theorem). . Let A be a sub™-algebra of
B(H) containing the identity operator Iy;. Then the bicommutant A" is exactly the
strong (= weak) closure of A. In particular, A is a von Neumann algebra if and only if
A=A".

Proof. 1t is clear that the closure of .4 under strong convergence (see Definition 2.1.2)
is contained in .A". We must prove conversely that, for every a € A", every e > 0 and
every finite family x, . . ., x,, of elements of H, there exists b € .4 such that |[bx;—ax;|; <
¢ for all i. We begin with the case of one single vector x. Let K = {bx | b € A} be the
closed subspace in H generated by bx, b € A. In this case, K is closed under the action
of A, and the same is true for K*. That is, A(K) ¢ K and A(K") c K*. This is because
if (y,bx)y; = O for every b € A, we also have for ¢ € A (cy,bx); = (y,c"bx); = 0.
This means that the orthogonal projection p on K commutes with every b € A. That
is,p € A'. Then a € A" commutes with p, so that ax € K. This implies that there exist
a sequence (a,),s; in A such that lim,,_,, la,x — ax|ly; = 0. We now extend the above
result to n vectors. Let IH be the direct sum of n copies of H. A linear operator on H can
be considered as a nxn matrix of operators on H, and we call A the algebra consisting
of all operators a repeating a € .4 along the diagonal (a(y; @...®y,) = ay;®...ay,). It
is easy to see that A is a von Neumann whose commutant consists of all matrices with
coefficients in .A’, and whose bicommutant consists of all diagonals a witha ¢ A".
Then the approximation result for nvectors (xy, .. ., x,,) in A follows from the preceding
result applied to x; @ ... ® x,,. This proves the theorem. O

Remark 2.3. As mentioned in Chang [23] that if H is finite-dimensional (say H = CV
for some positive integer N), then every *-subalgebra .4 of B(HH) is also a von Nue-
mann algebra. This is because in finite-dimensional space H, normal topology and
Euclidean topology coincide. However, there are *-algebras that are not a von Nue-
mann algebra as shown in the following example, when H is infinite-dimensional.



2.2 Operator algebras =— 41

The following example can be found in Chang [23].

Example 2.1. Let H = L%([0,1]), the space of Lebesque square integrable functions
defined on the interval [0,1] and let A = C([0,1]), the commutative algebra of con-
tinuous functions on the unit interval. We can consider A € A as an operator on H
under pointwise multiplication, i. e., (A)(x) = A(x)i(x) for every ip € H. Then A is a
*-algebra but is not closed under normal topology, and hence it is not a von Neumann
algebra. Indeed, we can construct a sequence of increasing functions {A4,},2, ¢ A that
converges pointwise to the indicator function y;9;/; ¢ .A. For example, we can let
A, € Abe defined by

1 forx e [O,%— %),
_ 1.1 1 11
A,(x) = -nx-5+3)+1 forxe[i—;,i),
0 forx e [3,1].

It is a well-known fact that a net (a,),¢;, in A is o-weakly convergent to a € A if
and only if tr[p(a,, —a)] —» 0asn — +oo for all p € T(H).

Definition 2.2.10. Given any S ¢ 8B(H) that is invariant under the involution “x”, we
call vN(S) = S” the von Neumann algebra generated by S.

This construction of a von Neumann subalgebra vN(S) has been used frequently
in treatment of quantum stochastics and control (see, e. g., Chang [24]).

Definition 2.2.11. Let .4 be a von Neumann algebra of bounded linear operators on
some Hilbert space H. Let T be a self-adjoint operator defined on a dense domain D(T)
of H. T is said to be affiliated to A if (T — 1I)"! is an element of A, where: = V—1.

Let A, be the subset of self-adjoint operators in .A.

Definition 2.2.12. Let A and B be von Neumann subalgebras of ®8(IH) and B (K), re-
spectively. A positive linear map Y : A — B is said to be normal if, for each bounded
monotone increasing net (a,),¢; in Ay, with a = v, a,, the net (Y(a,)),; increases
to Ve Y(@,) = Y(a) € By,.

Definition 2.2.13. Alinear map Y : B(H) — B(H) is called ultra-weakly continuous if
Jim tr[pY(X,)] = tr[pY(X)]
whenever

Jlim tr[pX,] = tr[pX] for all trace-class operator p in B(H).
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2.3 Bounded linear functionals

Let X be a Banach or Hilbert space over the complex field C.
1. Afunctionp : X — Cis said to be a linear functional if

plax + by) = ap(x) + bp(y), Va,b e CandVx,y € X.

2. The linear functional p : X — C is said to be bounded (or continuous) if there
exists a constant K > 0 such that

lox)| < Klxllx, Vx €X.
3. Afunction p : X — Ris said to be a sublinear functional if
plax) =ap(x)and p(x +y) < p(x) +p(y), VaeR,andVx,y e X.

Note from Section 1.1 that every seminorm (in particular, every norm) | - [x : X — Ris
a sublinear functional since

llexlx = lellxllx, Vc e CandVx € X,

I +ylx < Ixlx +lyllx,  vxyeX

If p : X — Cis a bounded linear functional, we define the (operator) norm

X
1o = sup L _ sup Jpo)]|. 22)
x#0 IXIx  pxi=t

The space of bounded linear functionals on X will be denoted by X*, which will be
referred to as the topological dual space of X.

Let X = H. The space H*, the space of bounded linear functionals on H, is often
referred to as the topological dual space of H and can be identified with H through the
following celebrated Riesz representation theorem due originally to Frechet [51] and
Riesz [129].

Theorem 2.3.1 (Riesz representation theorem). The map F : H — C is a bounded lin-
ear functional on a complex Hilbert space H if and only if there is a unique { € H such
that

F(p) = (Y, Pp)yy, Ve € H.

In this case, |F| s, = Pl where ||F||., is the operator norm of F defined in (2.2).

The Riesz representation theorem implies that H*, the topological dual of H, can
be identified with the Hilbert space H itself. We frequently use Dirac’s notation (| :
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H — C for a bounded linear functional, where ) € H is the Riesz representation of
F ¢ H* and write

F(p) = WYlPp)y = Y, P)yy, VP € H.

For notational simplicity, we often write (| as (Y| and (PY|@)y as (P|¢p) when
there is no danger of ambiguity.

If D c Hisdense and if F : D — C is a bounded linear functional, then F can
be extended as a bounded linear functional on H. This is because if ¢ € H, then
there exists a sequence (¢,,);%) in D such that (s) lim,,_,, o, ¢, = ¢ (. e., lim,,_, ., I, -
¢llz = 0). In this case, we define its extension F : H — C by F(¢p) = lim,,_, ., F(¢,,).
One can easily prove the extended F : H — C is a bounded linear functional.

The following uniform boundedness theorem (or Banach-Steinhaus theorem) is
one of the fundamental results in functional analysis. In its basic form, it asserts that
for a family of bounded linear functionals on a Banach space, pointwise bounded-
ness is equivalent to uniform boundedness in operator norm. The theorem was first
published in Banach and Steinhaus [4]. The proof is omitted here.

Theorem 2.3.2 (Uniform boundedness theorem). Let X be a complete normed linear
space equipped with the norm | - ||, where X = B or H. Suppose that (F,,);% is a se-
quence of linear functionals on X such that the set {F,(u)},,%} is bounded in C for each
u € X. Then the sequence (||F o) is bounded in R, where ||F .||, is the operator norm
of F,, defined in (2.2).

We recall one of the important tools, the Hahn—-Banach theorem, on bounded lin-
ear functional X* below. The Hahn-Banach theorem is a central tool in functional
analysis. It allows the extension of bounded linear functionals defined on a subspace
of some vector space to the whole space, and it also shows that there are “enough” con-
tinuous linear functionals defined on every normed vector space to make the study of
the dual space “interesting.” Another version of the Hahn—-Banach theorem is known
as the hyperplane separation theorem, and has numerous uses in convex geometry.

Let us recall the Hahn-Banach theorem (in a general form) as follows (see Theo-
rem 3.2 of Rudin [134]).

Theorem 2.3.3 (Hahn-Banach theorem). If A : X — R s a sublinear functional on the
real vector space X and ¢ : U — R s a linear functional on a linear subspace U of X,
which is dominated by N on U,

PX)<NKX), ¥xeU

then there exists a linear extension { : X — R of ¢ from U to the whole space X, i. e.,
there exists a linear functional i such that

YPx) =), VxeU and Pix)<N(Kx), VxeX
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The Hahn-Banach separation theorems are the geometrical versions of the Hahn—
Banach theorem. The separation theorem is derived from the original form of Theo-
rem 2.3.3.

Let X be a real vector space, A and B nonempty subsets of X, f # 0 a real linear
functional on X, s € R a scalar, and let V = f‘l({s}) ={x € X | f(x) = s}bea
hyperplane. We also define the lower (resp., upper) half-space to be {x € X | f(x) < s}
(resp., {x € X | f(x) = s}). We define the strict lower (resp., strict upper) half-space to
be {x € X | f(x) < s} (resp., {x € X | f(x) > s}).

We say that the hyperplane V (or f) separates A and B if sup f(4) < s < inff(B) or
equivalently, if f(a) < s < f(b) foralla e Aand b € B.

Note that A and B are separated if and only if {0} and B\A are separated.

If a, € A and V separates A and {a,}, then V is called a supporting hyperplane
of A at ay, a, is called a support point of A, and f is called a support functional. If A
is convex and a, € A, then we call a, a smooth point of A if there exists a unique
hyperplane V such that a, € An V. We call a normed space X smooth if at each point
x in its unit ball there exists a unique closed hyperplane to the unit ball at x.

The Hahn-Banach separation theorem is stated below without proof.

Theorem 2.3.4 (Hahn-Banach separation theorem). Let A and B be nonempty and
convex subsets of a real normed vector space X. Furthermore, assume that A and B are
disjoint and that A has an interior point. Then there is a hyperplane that separates A
and B.

2.3.1 Bounded linear functionals on H

Recall that 8(IH) and ¥(H) represent, respectively, the space of bounded linear oper-
ators (under the operator norm | - ||,) and the space of trace- class operators (under
the trace norm | - ||;) on the complex Hilbert space H.

A bounded linear functional Y : B(IH) — C is said to be real if

Y(a*)=Y(@), Vae B(H),

where Y(a) is the complex conjugate of Y(a). Y is said to be positive if
Y(b*b) >0, Vb e B(H),

and has mass 1if Y(Iy) = 1, where Ij; € ®B(HH) denotes the identity operator on H,
i.e, Ig¢ = ¢ for all ¢ € H. A bounded linear functional Y : B(H) — C is said to be
self-adjoint if Y = Y*, where Y* denotes the adjoint of Y as defined in Chapter 1. It is
known that every linear functional on B (1H) can be uniquely represented in the form
Y =Y, +1Y, (2 = V-1), where Y;, Y, are real self-adjoint linear functionals. In fact, we
may simply let
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1

Y,

Note that if Y is positive (denoted by Y > 0), it is automatically self-adjoint.

Lemma 2.3.5. Foreach ¢,y € H, defineS,, ;, : H — H by

Spyp® = W, P)u@ = [P u(Ylp)y, V¢ € H (23)

Then S(p)l/, is a rank-one operator on H. Furthermore, S;;,w = Sl/up’ where S;;,,‘b is the
adjoint of the operator S, y, and S, Sy, , = ||¢||§{S(p)q,.

Proof. ltis clear that§,, , is a rank-one projection from H to the one-dimensional sub-
space Co = {cp | c € C} of H.
To show that S, , = S, ,, we let 1,1, € H. Then

(S:;;,Ip‘l’l, Vo)u

= (Y1, Spp)m (by the definition of adjoint operator)
= (Y1, 0, Yy) i)y (by the definition of S, )

= (W, Y)Y, o)y (because (-,-)y is linear in second argument)

= W, @)Y, Y,y (because complex numbers are commutative).

On the other hand,

(Sy,p¥1, ¥o)m
= (Y@, Y1)y, o)y (by the definition of Sy )
= (@, Y)Y, Y0 (because (-, -)y is conjugate linear in first argument)

= (Y, @Y. o)y (because (-, )y is conjugate symmetric).

Therefore,

<S:;J,¢I!)b1’ ll)2>]1-1 = <S¢,(p§b1, l,b2>]H, Vl,[)l,l,bz e H.

This shows that S, , = Sy,
To show that s(p,l,,s!,,,w = ||l/)||2]HS(p,(p, we let ¢ € H. Then

(S¢,¢S¢,¢)¢
=8y 4(SyP) (by composition of two operators)

=S,,((p.®)p) (by definition of S )

= (P, P)uSyyyP (sinceS, , is alinear operator)
= (@, P) (Y, Y)up) (by definition of S,, )
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= WI20¢p. @)y (because (i, Yy = [Pl
= IYl3;Sy,¢ (by definition of S, ).

Therefore, S,, S, = [PI3;S,,,- This proves the lemma. O

We consider the special case of one-dimensional projection P¢(-) = S¢’¢(~), which
will be used quite often throughout this book. Using Dirac’s “bra” and “ket” notation,
P;, the one-dimensional projection along ¢, can be expressed as |¢)(¢p|. For illus-
tration purposes, we write

Py(¥) = (b, 0)ud = (1) ()Y = |9)(PIY)y = (PIY) ),

where |¢) = ¢ is a vector in H as mentioned earlier and (¢| : H — C is the bounded
linear functional on H defined by

(Pl = (PlY) = (DY)

The following proposition shows that the space of trace-class operators, T(H),
under the o-weak topology, is the predual of B(IH) in the sense that the topological
dual of T(H) equals to B(H). We write B,(H) = (H). In this case, (B,(H))" =
B (H).

Recall from Remark 2.1 that (a,), converges o-weakly to aif and only if it converges
to a in weak” -topology. The weak™ topology (or o-weak topology) is the weak topology
arising from the operator pairing (a,b) — tr[ab] of B(IH) with the trace-class opera-
tors. That is, it is the weakest topology that makes the map a — tr[ab] continuous for
all trace-class operator b ¢ T(IH). The weak™ topology is finer than the weak operator
topology but the weak and weak™ topology coincide on bounded subsets of H.

Proposition 2.3.6.

1. The space ®B(H) is the (topological) dual of T(H).

2. T(H) is the predual of B(H) (i. e., T*(H) = B(H)) by the duality
@, T) € B(H) x T(H) —»< a,T >»:= tr[aT].

3. The weak” topology on B(H) arising from this duality coincide with the o-weak
topology on B(H).

Proof. (1) First, we want to show that £*(H) := (T(H))* = B(H). Let (a, T) € B(H) x
T(H). From the inequality,

| <a,T>|=|tr[aT]| < [all«ITl;

it shows that < a,- >: T(H) — C is a bounded linear functional on T(IH). Therefore,
a € T*(H). This shows that B(H) is a subspace of T*(IH). Conversely, we want to
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show that T*(H) ¢ B(IH). Consider the rank one operator Sy,p on H defined by (2.3)
forall g,y € H. It follows from Lemma 2.3.5 that S, , = S, , and S, Sy, , = ||¢||§{S(p)(p.
Hence,

[P
= tr[ISyyl] (by definition of || - [l;)

= tr[\/S(’;’ lI)SM,] (by definition of |S,, )
= tr[/Sy,¢Se,p] (by Lemma 2.3.5)
= tr[\l9lFSyy] (by Lemma 2.3.5)

= |l (te[ SIM,]) (by linearity of the trace operator)
1/2

< ||‘P||]H<z<l/)<l/)> ei)]Hei>1H> ’

i=1
(where (e;);- is any orthonormal basis of H)
12

= ||¢||H<Z<1p, e,~)§{> (by linearity of the second argument in (-, -)y;)
i1
= [Yllgll@ls

It follows that

lw(Spp)l < 1WloolSyplly < lwllol@lplply, Vo € T (H),

where |lwl|,, denotes the operator norm of w. This implies that w is a bounded linear
operator on the space of rank-one projection operators {S, 4 | ¢,¢ € H}. Hence,
there exists, by the Riesz representation theorem (Theorem 2.3.1), an a € B(H) with
lalls < llwls, such that

W(Syy) = (W ap)y.
Consider w, € T*(H) defined by
wo(T) =< a,T >»= tr[aT}];
then

Wo(Syyp) = tr[as,,]
= (Y, ap)y
= w(S(p)ll,)
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Now for any T € T(H) there exist bounded sequences (i,,),, and (¢,,),, and a sequence
of complex numbers such that

Z|an|<oo
n

and
T= ;ans%wn.
The latter series converges with respect to the trace norm, and hence,
w(T) = ;anw(s%,l,,") = ;anwo(swn) = wy(T) = tr[aT].

Thus, B(H) is just the dual of T(H).
(3). The weak™ topology on B(H) arising from this duality is given by the semi-
norms

a ¢ *B(H) — | tr[aT]|.

Now for

T= Z :Sp,,p,
n

one has
tr[aT] = Z ay tr[s<pn,¢u"a] = Z (Y, APy -
n n

Thus, the seminorms are equivalent to the seminorms defining the o-weak topology.
This proves the proposition. O

We have the following easy consequence of Proposition 2.3.6.

Corollary 2.3.7. The space of trace-class operators T(H) is a complex Banach space
under trace norm | - |;.

232 A"and A,

Let A ¢ B(H) be either a C*-algebra or a von Neumann algebra of bounded linear
operators on H.
We define normal and o-weakly continuous linear functionals below.
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Definition 2.3.8. A positive linear functional p : A ¢ B(H) — C is said to be nor-
mal if p(v,a,) = v,p(a,) for any upper-bounded increasing net {a,},; of positive
elements in A ¢ B(H), where V,(-) denotes the least upper bound of the net (see
Definition 2.1.1 and Zorm’s lemma 2.1.3).

Definition 2.3.9. Let p be a positive linear functional on A ¢ B(H). We say that p is
o-weakly continuous if for every increasing net of (a,) c .4 that converges toa € B (IH)
in o-weakly topology (see Definition 2.1.2 for the definition of o-weakly convergence),
we have

liglnp(aa) = p(a).

It is well-known fact (see (2) of Remark 2.6) that a net (a,), in .A is o-weakly con-
vergent to a € A if and only if tr[p(a, — a)] — 0 for all p € T(H).

We state the following useful Beppo Levi theorem (also better known as monotone
convergence theorem) below without proof.

Theorem 2.3.10 (Beppo Levi theorem). Let (X, %, u) be a measure space. Let (f,),; 5] be
an increasing sequence of positive E-measurable functions, f,, : X — [0,00] forn > 1.
Then

i(sntigfn(X))u(dX) = Sﬁ?(i fn(X)u(dX)>.

The following equivalent fundamental properties of states on a von Neumann al-
gebra are well-known (see Bratteli and Robinson [15] Theorem 2.4.21 on p. 76 and also
Chang [24]).

Theorem 2.3.11. Let A be a von Neumann algebra of bounded linear operators on a

Hilbert space H and let w be a bounded linear functional on A. The following conditions

are equivalent:

1. wis normal, i.e., w(Vaa,) = Vaw(a,) for any upper-bounded increasing net of
bounded operators (a,) e, € B(H), where v, a, := sup, a,;

2. wis o-weakly continuous, i. e., lim, w(a,) = w(a) for any net (a,),; that converges
to a in g-weak topology;

3. there exists a density operator p (i.e., a positive trace-class operator on H with
tr[p] = 1) such that w(a) = tr[pa] for alla € A.

4. w(Qier Pi) = Yier w(P;) for every family {p;, i € I} of pairwise orthogonal projections
in A.

Proof. (3) = (2). Suppose there exists a positive p € T(H) with tr[p] = 1 such that
w(a) := tr[pa] foralla € A. Then the functional w : A — C defined above is continuous
under the weak™ topology. This shows that the functional w is continuous under the
o-weak topology by Proposition 2.3.6.
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(2) = (1) follows from Proposition 2.1.4.

(2) = (3). If w is o-weakly continuous, there exist sequences ({,);2), (6,)5S] of
vectors in H such that Z ||(n||IH < +00, Z ||(n||]H < +oo and w(a) = Z E(ON: TS
Define H = P, H, (see (2.8) for the deﬁmtlon of direct sum of Hilbert spaces),
where H, = H for aln > 1, and 1ntroduce a representation 7 of .4 on H by

(@) (D Yn) = D @hy). Let § = ;% ¢ n = D 1, and then w(@) = (¢,

m(@n) - Slnce w(a)isreal forae A4,, we have

4w(a) = 2(¢, m(@n)y + 2(¢, m(@a*)n)y
=2({, m(@n)y + 2(n, m@)¢ )y
= (¢ + 1@ + M)y — (§ - n71@& - 1)y
<({+nm@FE+n)y

Hence, by Proposition 2.5.2 there exists a positive T ¢ 7' (A4) with 0 < T < I/2 such that

(¢ m@m)y = (T +n), 7@TQ + 1))y
= <§b’”(a)’p>]}{‘

The right-hand side of this relation can be used to extend w to a g-weakly continuous
positive linear functional @ on B (H). Since w(Iy;) = 1, by Proposition 2.3.6 there exists
a trace-class operator p with tr[p] = 1 such that

w(a) = tr[pa].
Let p be the rank one projection operator with range . Then
(¢.p$)w = trlppp] = trpp] = @(p) > 0.
Thus, p is positive.
(1) = (2). Assume that the positive bounded linear functional w is normal on A.
Let (b,) be an increasing net of elements in .4, such that ||b,| ., < 1 for all « and such

that a — w(ab,) is o-strongly continuous for all a. We can use Proposition 2.3.6 to
define b by

b = v,b, = (0-strong) lign b,.
Then 0 <b <Iandb € A. But for all a € A, we have

lw(ab — ab,)[* = |w(a(b - by)/*(b - by)"?)|
w(a(b -bya")wd -b,)
< laJ2, w(b - by).
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Hence,

|w(b) - w(by)|., := sup lw(ab - ab,)| < (w(b - by))"”.

lall=1

Since w is normal, w(b - b,) — 0 and w(-b,) tends to w(-b) in | - [|,,-norm. As A, is
a Banach space, w(-b,) € A,. Now, applying Zorn’s lemma (see Lemma 2.1.3, we can
find a maximal element P € A, n{a € A | ||a]l,, = 1} such that a — w(aP) is o-strong
continuous. We consider the following two cases: i) P = Iand (ii) P # LIf(i) P = I,
then the theorem is proved. If (ii) P # I, we put P’ = I - P and choose an { € H such
that w(P') < ({,P'{)y. If (b,) be an increasing net of elements in A, such thatb, < P/,
w(B,) = ({,by{)y and

b =v,b, = (0-strong) lig(n b,

thenb € A,,b < P'and w(b) = sup w(b,) > sup({,b{)y,. Hence, by Zorn’s lemma (see
Lemma 2.1.3), there exists a maximal b € A, such that b < P’ and w(b) > ({,b{)y.
PutQ =P -b.ThenQ € A,, Q # 0 (since w(P') < ({,P'{)y), and ifa € A,,a < Q,
a + 0, then w(a) < (¢,af)y by the maximality of b.

For any a € A, we have

Qa*aQ < |la?,Q’ < Jal2,[lQll,, Q.

Hence,

(Qa*aQ)

a, = @ ®(Qa*aq) < ({,Qa*aq(),;.

Combining this with the Cauchy-Schwarz inequality (see (1.2)), one finds

lw@Q)l* < w(lw(Qa*aQ) < ({,Qa"aQ),, = [aQ¢|;;.

Thus, both a —» w(aQ) and a — w(a(P + Q)) are o-strong continuous, since P+ Q < 1.
This contradicts the maximality of P. Therefore, P = I.

(1) © (4). This follows easily from the definition of the normality of w and the
Beppo Levy Theorem 2.3.10) This proves the theorem. O

We recall that a bounded linear operator T : H — H is said to be diagonalizable if

+00

there exists an orthonormal basis (e;); ]’ consisting of eigenvectors of T. An equivalent
+00

definition of diagonalizable operator T is that there exists an orthonormal basis (e;);
of H and a sequence of complex numbers (4;){ 5 ¢ C such that

T(@) = ) Ald.e)pe;, Vo € H.
i=1
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Corollary 2.3.12. If w is a normal bounded linear functional on A, then there exists
an orthonormal part (e,);%) of H and a sequence (A,); such that lim,_,, A, = O,

Yooy =1and

w(a) = tr

ZAn|en)H(en|a], Va e A.

Proof. This is a trivial consequence of Theorem 2.3.11 since any trace-class operator
is compact and any normal compact operator is diagonalizable (see, e. g., Reed and
Simon [128]). O

Let A, be the predual of the von Neumann algebra .4 of bounded linear operators
on the complex Hilbert space H, and let (A4,), be the collection positive operators
inA,.

For the following theorem, I denotes a linearly ordered net under relation “>,”
a net (w;);¢; is said to be a decreasing net if w; > w; whenever j > i.

Theorem 2.3.13. If (w;);; is a decreasing netin (A, )., then (w;);¢; is weakly convergent
in(A,),.

Proof. Notice that, for x € A,, (w;(X)); is a decreasing and positive net of real num-
bers and, therefore, is convergent. Therefore, given a € A, a = b + 1c (Where 1 = V-1)
withb,ce A,,b=b, -b_andc=c, -c_,b,,b_,c,,c_ e A,, wecandefine

w(a) := lim(w;(b,) — w;(b_)) + 1 lim(w;(c,) - w;(c_)) = lim w;(a).

We have to show that w is normal. By (4) of Theorem 2.3.11, it is sufficient to prove that
w(}; py) = X; w(p)), where (p;); is a sequence of pairwise orthogonal projections. But

w<z p]-> = lilm wi<z p]-> = lilmz w;(p)) = Z lilm wi(p;) = Z w(p;)
] ] ] ] ]

by the Beppo Levi Theorem 2.3.10. This proves the theorem. O

We comment here that the weak”- topology on A is nothing but the relative o-weak
topology on A. Indeed, since .A is o-weakly closed, it is enough to show that anet (a,),
in A converges g-weakly to a € A if and only if w*-lim, 6(a,) = 6(a) on (A, )", where
O(b)(w) = w(b) forallw € A,, b € A. But w*-lim, 6(a,) = 6(a) on (A,)" if and only if
w(a,) — w(@)forallw € A, ifand only if tr[pa,] — tr[pa] forallp € £}(H) if and only
ifa, — a, o-weakly.

We shall often use a consequence of the equivalence of (1) and (2) in Theo-
rem 2.3.11.

If A ¢ ®B(H) is a von Neumann algebra, the subspace A, of all 0-weakly continu-
ous functionals in ¥(IH) is said to be the predual of A. Since any o-weakly continuous
functional clearly is also norm continuous, A, is the subspace of A*, where A" is the
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space of bounded linear functionals on .4 under the operator norm. It follows by The-
orem 2.3.11, if

A" = {p e I(H) | tr[pa] = 0 Va € A},

we have a well-defined linear bijection T(H)/A* — A, defined by p + A* — w, where
w(a) = tr[pa] for all a € A. It is easy to check that this map is isometric. Therefore, A,
can be identified with the Banach space T(H)/.A* endowed with the quotient norm.
Therefore, we have the following.

Proposition 2.3.14. The predual A, of A is a Banach space in the norm of A*, and A
is the dual of A, with respect to the pairing A x A, by defining (a,w) — w(a) € C.

Proof. Fora e A, let

lallguas =  sup  |w(a)]
we A, |wl=1
denote the norm of a for the duality expressed in the statement of the proposition.
Then |allgya < llallo,. On the other hand, if we denote by w,,,, the linear functional
B(H) given by w,,,,(a) = (v,au)y, u,v € H, we have

lalew = sup  [(v,au)y| < lallgyal,
lullg=vig=1

since the restriction of w,, ,, to A is 0-weakly continuous. Thus, .A can be identified iso-
metrically to a linear subspace of (A4, )*. We simply have to prove that this identifica-
tion is onto. Let ¥ be a norm continuous functional on A, . Since A, ¢ 9B, (H) = T(H),
by the Hahn-Banach theorem (Theorem 2.3.3) we can extend ¥ to a norm continuous
functional on B, (H). Therefore, there exists a € B(IH) such that ¥(w) = w(a) for all
w € B, (H). Therefore, if x is a self-adjoint element of A’ (A’ is the commutant of A),
we have in particular

(v,axu)y = V(wyyyla) = Y(wyxla) = Xv,au)y = (v, Xau)

for all u, v € H. Therefore, we havea € 4" = A. O

Interested readers are referred to Chang [24] for further reading on A and A, .

2.4 Quantum states

In the following, an important ingredient in quantum communication is a quantum
state, which summarizes the status of a physical system H and permits the calcula-
tion of statistical quantities (such as probabilities, expectations, correlations) of ob-
servables. This section addresses the formulation of von Neumann’s postulate 2.



54 —— 2 Formulation of quantum systems

In the following, we assume that the C*-algebra .4 = B(IH). In this case, A, =
T(H), where T(IH) denotes the Banach space of trace-class operators under the trace-
class norm | - ||;.

The mathematical definition of a quantum state of a quantum system H is given
below.

Definition 2.4.1. A (quantum) state on a complex Hilbert space H is a positive (and
hence self-adjoint) trace-class operator p on H that has unit-trace, i. e., tr[p] = 1.

The set of quantum states on H will be denoted by S(IH). That is,
S(H) ={p € T(H) | p = 0, tr[p] = 1}. (2.4)

We have the following property (see Chang [23]) regarding the set of quantum
states S(H).

Proposition 2.4.2. Let H be a complex separable Hilbert space. Then:

1. The set of quantum states S(IH) on H is a compact convex subset of the real vector
space T(H).

2. If¢ € Hisaunitvector (i.e., |plly = 1), then the one-dimensional projection (along
the vector ¢),

Py = |P)u(P|: H— H,

is a quantum state.

Proof. (1) First, we prove that S(H) is a convex subset of T(H). Let p, w € S(H). That
is, p,w : H — C are bounded linear functionals such that tr[p] = tr[w] = 1. For any
0 <a < l,itisclearthatap + (1 - a)w : H — C is a bounded linear functional.
Furthermore,

tr[ap + (1 - a)w] = tr[ap] + [(1 - @)w] = atr[p] + 1 - a) trw] = 1.

This shows that ap + (1 - a)w € S(H). Therefore, S(H) is convex. Now S(H) ¢ T(H) =
B, (H) is a closed unit ball (because |pl; = tr[p] = 1for all p € S(H)). Therefore,
S(H) is weakly compact in the space T(IH) by the Banach—Alaoglu theorem (see The-
orem 1.1.4).

(2). It is clear that any one-dimensional projection is a positive trace-class opera-
tor. Therefore, to show that the one-dimensional projection Py := |¢) iy (¢| : H — His
a quantum state it is sufficient to note that tr[Pg] = 1. O

Definition 2.4.3. A quantum state p € S(H) is a pure state if it is a projection operator
onto a one-dimensional subspace of H, i.e., p = P, := @)y (¢| for some ¢ ¢ H. All
other states are called mixed states.
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Therefore, a state is a pure state if it can be written as a projection P, : H — Cg for
some ¢ € H with || = 1, where Co := {ce | c € C} is the subspace of H generated
by the vector ¢ € H. In the convex analysis terminology (see Rockfellar [131]), the set
of all pure states constitute extr(S(IH)) (i. e., the set of all extreme points of S(IH)).

The following result characterizes the pure states.

Lemma 2.4.4. A quantum state p € S(H) is a pure state if and only if it cannot be rep-
resented as a nontrivial convex linear combination of elements in S(IH).

Proof. Suppose that P, is a convex combination of w;, w, € S(H). This is,
Py=aw +(1-adw, 0O<ac<l

and let H = Cy & H; be the orthogonal sum decomposition of H. Since w; and w, are
positive operators, for each ¢ € H; = (Cy))" we have

a{w19, Pl < (Pyp, @)y =0,

so that (w9, p); = 0 for all ¢ € H; and by the Cauchy-Schwarz inequality, we get
wily, = 0, where w, |, denotes the restriction of w; on the space H;. Since w; is self-
adjoint, it leaves the complementary subspace Cy invariant, and from tr[w,;] = 1it
follows that w; = Py,. Therefore, w, = w, = Py,. O

The following result can be found in Chang [23].

Theorem 2.4.5. A quantum state p € S(H) has a canonical convex decomposition re-
ferred to as a spectral decomposition of p of the form

p=) AP, (2.5)

where {A;} is a sequence of nonnegative numbers with Z]T:Olo A; = 1 summing to one and
(Pj);;olo is an orthonormal sequence of one-dimensional projections. If there are infinitely
many nonzero terms, then the sum converges with respect to the trace norm | - |;.

Proof. This follows from Lemma 2.4.4 and the fact that any convex combination of
quantum states is again a quantum state. This proves the theorem. O

In the following example, we construct a quantum state, which is not normal.

Example 2.2. Let H = L,(IN; C) be the collection of all square-summable sequences of
complex numbers, i. e.,

+00
H= {q) = )iy | X, € C,¥n € N, and z X, |* < oo},

n=1
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and let A = I (N; C) be the collection of all bounded sequences of complex numbers,
i.e.,

A={a=(a);3 |l a, € C,VneN,> |a], <K for some K > 0}.

+00

Fora = (a,);% € Aand @ = (x,);2] define ap = (a,x,);.], i.e., ap is a pointwise
multiplication of a acting on ¢. One can easily show that .4 is a commutative von Neu-
mann algebra of bounded linear operators on H. Now introduce a state p on .4 given
by the expression

1
p(a)zA}l—rgo]TI;a"’ acBCA,

where
B = {ae A | 3c € Csuch that Y}Lrgloan :c}.

It is easy to show that the state p constructed above is not normal.

The following lemma repeats some of the result in Proposition 2.4.2. We omit its
proof here.

Lemma 2.4.6. The state space S(H) is a compact convex subset of T(IH) under the
weak”™ topology.

2.5 GNS representation

In the following, let A be a C*-algebra of bounded linear operators on a nonspec-
ified complex Hilbert space. The purpose of this section is to explore the Gefand-
Naiman-Seagal (GNS) representation of .A on some specified complex Hilbert space H
(see, e. g., Chang [23, 24] and Bratteli and Robinson [15] and Takesaki [168].

Definition 2.5.1. A representation of A is a *-homomorphism 7 : A — B(H) for
some complex Hilbert space H such that 77(ab) = m(a)7(b) and m(a*) = m(a)”, for
alla,b € A. In this case, H is called the representation space. In order to specify the
representation space together with a representation, we write (7, H) or H,,. Two rep-
resentations (r;, H;) and (71,, H,) of A are said to be unitarily equivalent if there exists
an isometry U of H; onto H, such that

Um(a)U” =m(a), acA

In this case, we write (71}, H;) = (11, H,) or simply 1; = m,. If m(a) # O for every nonzero
a € A, then 7 is called faithful. The set of all representations of a C*-algebra A is
denoted by I1(A, B(H)).
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The following result can be found in Takesaki [168] (see also Chang [23, 24]).

Proposition 2.5.2. Let (71, H) be a representation of the C*-algebra A. Then the follow-

ing statements are equivalent:

1. The closed subspace [n(A)H] spanned by the set {m(a){ | a € A, { € H}, coincides
with the whole space H.

2. For any nonzero { € H, there exists an element a € A with n(a){ + 0.

Proof. (1) = (2). Suppose that (1) holds. Assume that there exists a nonzero { € H
such that 7(a){ = 0 for all a € A for contradiction purpose. For any n € H, we have

(m@n, )y = (Mm@ )y = (n-m(@*)); =0, sinceae Aimpliesa™ € A.

Hence, { is orthogonal to [77(.4)H]. By the assumption that [7(A)H] = H, this means
that { = 0. This is a contradiction. Hence, (2) follows.

(2) = (1). Conversely, suppose that (2) holds. Let { be a vector of H orthogonal to
[r(A)H]. We then have

0= (¢, n(@"a))y = ({,n(@")n@7q)y
=({, " @nr@){)y = (@], m@)7¢)y, acA,

so that ||(a)¢ ||2]H = 0 for every a € A. By assumption, { = 0. Therefore, ([7(A)H])* =
{0}. This implies that [71(A)H] = H. Thus, (1) follows. This proves the proposition. [

Definition 2.5.3. Let (71, H) be a representation of a C*-algebra .A.

1. The representation (;7, H) is said to be nondegenerate if for every nonzero vec-
tor v € H, there exists a € A such that 7(a)(v) # O or equivalently by Propo-
sition 2.5.2 [m(A)H] = H. Otherwise, the closed subspace [7(A)H] is called the
essential space of m and denoted by H(m).

2. The representation (7, H) is called cyclic if there exists a vector v, € H such that
n(A)v, := {n(@)v, | a € A} is dense in H. Such a vector is called a cyclic vector for
the representation (77, H). In this case, the triple (77, H, v,;) will be called a cyclic
representation of A.

3. Let (m;, H;) for i € I be a family of representations of C*-algebra .A. Define a repre-
sentation €p; 71; on the direct sum €p; H; by

@ni(a)v = Zﬂi(a)vi forv = Z v;anda € A,

where the direct sum of Hilbert spaces and operators can be found in Subsec-
tion 2.7.2.
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2.6 Quantum observables and measurements

The presentation of topics in this section is largely based on results obtained in Chang
[22, 23].

2.6.1 Positive operator valued measures

Let X be a certain locally compact Hausdorff space. Let H be a complex Hilbert space
that represents a certain quantum system, and let 95, (IH) be the collection of positive
bounded linear operators on H, i. e.,

B, (H) ={a e BMH)|azx0}.

Definition 2.6.1. The set function v on the measurable space (X, B(X)), v: (X, B(X)) —

B, (H), is said to be a positive operator-valued measure if it satisfies the following

conditions:

1. V(E) <v(F) <v(X)forall E,F € B(X)with E C F;

2. V(Up En) = X050 V(E,) for any sequence (E,);2 in B(X) such that E; N E; = 0 for
alli #j.

The collection of all positive operator-valued measures on the measurable space
(X, B(X)) with values in %B_(H) will be denoted by POVMy (X, B(X)) or simply
POVM(X).

Definition 2.6.2. If v e POVMy (X, B(X)) satisfies v(X) = I}; € B, (H) (I is the iden-
tity operator on H), then v is said to be a positive operator-valued probability measure
on (X, B(X)) with values in B_ (H).

A positive operator-valued probability measure will sometimes be called a quan-
tum probability measure. The class of positive operator-valued probability measures
on (X, B(X)) with values in 8 (H) is denoted by

POVM],(X) = POVM, (X, B(X)).

If v € POVMy(X), then v induces a finite Borel measure y = y, on (X, 5(X)) defined
by

u(E) = tr[v(E)], VE € B(X),

where tr[-] : B(H) — C is the trace functional. If v ¢ POVM}H(X), then v induces a
probability measure defined on (X, B(X)).

If M(X, B(X)) denotes the space of finite measures on (X, B(X)), then we can iden-
tify M (X, B(X)) with the subset
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Iy | u e M(X,B(X))} ¢ POVMp(X).
In particular,
(U Ty | p e M(X, B(X)), u(X) = 1} ¢ POVM,(X),

so that we can consider ordinary probability measures as scalar-valued positive
operator-valued probability measures.

In summary, the triple (X, B(X), v) is a quantum probability space while (X, B(X), u)
is a classical probability space . Note that v induces a finite Borel measure y = p, on
(X, B(X)).

2.6.2 Quantum observables

To formulate von Neumann’s postulate 3, we now give a formal definition of a quantum
observable below (see Chang [23]).

Definition 2.6.3. The triple (X, B(X), a) is said to be a quantum observable if (i) X is a

locally compact Hausdorff space; (ii) B(X) is the Borel o-algebra of subsets of X and

(iii) a is a positive self-adjoint operator valued measure a : (X, B(X)) — B, (H) such

that a(E) is a positive self-adjoint operator on the complex Hilbert space H for every

E e B(X) that satisfies:

1. O0<a(E)<alXx);

2. a(X) =1, where 7 : H — Cis a bounded linear functional on H such that 7(¢p) =
Plgs

3. a(U;‘:Xl’ E,) = z;g;’ a(E,) for any sequence {E,,n = 1,2,.. .} of pairwise disjoint sets
in B(X), where the summation in right-hand side is the o-weakly convergence.

In this case, the measurable space (X, B(X)) is said to be the value space of a.

The collection of bounded quantum observables will be denoted by O (X, B(X)).
As described in Chang [22], a “quantum observable” is the quantum physicist’s word
for real random variable that describes a physical quantity (such as position, velocity,
momentum, angular momentum, energy, etc.) of a quantum system that plays a cen-
tral role in quantum mechanics. They are mathematical representations of physical
quantities that can (in principle) be measured. However, arbitrary nonreal elements
(or nonself-adjoint operators) do not represent in general complex random variables.
Nonreal (i. e., complex) quantum random variables correspond to normal elements
a € A, which commutes with their adjoint, i. e., a(E)a* (E) = a*(E)a(E) forall E € B(X).
To avoid unnecessarily confusion, we often take X to be R for simplicity. In this case,
all quantum observables are assumed to be real-valued.

The definition of quantum probability space is given below.
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Definition 2.6.4 (Quantum probability space). A quantum probability space is a pair
(A, p), where A is a von Neumann algebra of bounded linear operators on a complex
Hilbert space H and p is a normal (i. e., 0-weakly continuous) state. The events in (A4, p)
are the orthogonal projections p € .A. The probability that p occurs is p(p).

2.6.3 Quantum measurements

Formulation of von Neumann’s postulate 4 is as follows. Recall that a quantum state
p is a positive trace-class operator such that tr(p) = 1 and a quantum observable a is a
self-adjoint operator-valued map defined on the real measurable space (R, B(RR)). By
the von Neumann spectral theorem (Theorem 1.7.4), there exists a projection-valued
measure p, on (R, B(R)) such that a(E) = IE Ay, (dA) for all E € B(R). The probability
P(p, a, E) that in the quantum state p the quantum observable a should take values in
E € B(R) is given by P(p, a, E) = tr[pp,(E)].

A measurement of the real quantum observable (R, B(R), a) (or simply a) is a phys-
ical procedure or experiment that produces numerical results related to a. A process
of measurement is the map (a,p) — pu, from A x S(A) to P(R) (where P(R) is the
space of probability measures on (R, B(R)), which to every observable a € .4 and state
p € S(A) assigns a probability measure u on the Borel measurable space (R, B(R)).
For every Borel subset E € B(R), the quantity O < p,(E) < 1is the probability that for a
quantum system in the state p the result of a measurement of the observable a belongs
to E. The expectation value (the mean-value) of the observable a € A is f;o Adp,(A),
where p,(A) = p,(]J—o0, A[) is a distribution function for the probability measure p,.

In any given measurement of the observable a, the allowable results a take val-
ues in o(a), the spectrum of a. Given the state p, the value a € g(a) is observed with
probability tr(pPy,)), where Py, or simply P, is the one-dimensional vector space
generated by the eigenvector y(a) associated to the eigenvalue a of a. Consequently,
the expectation of the observable a is given by E,(a) = tr[pa].

Suppose that a measurement of the observable a gives rise to the observation a €
o(a). Then we must condition that state in order to predict the outcomes of subsequent
measurements, by updating the state p using

PapPq 26)

prplal = tr(oP,)"

This is the so-called back-action of a quantum measurement.

Let B(R) be the g-algebra of Borel subsets of R (see Wheeden and Zygmund [177]
for a definition of Borel g-algebra). Recall that £,(H) is the collection of projection op-
erators on H (see Section 1.6 for the definition and properties of projection operators).
In the following, we explore the concept of projection-valued measures.
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Definition 2.6.5. A projection-valued measure on the Borel measurable space (R,

B(R)) is a mapping P : B(R) — £,(H) satisfying the following properties:

1. Forevery E € B(R), P(E) is an orthogonal projection, i. e., P(E) = P*(E) := (P(E))?
and P(E) is self-adjoint, i,e., P(E) = P*(E) := (P(E))".

2. P(0) = Oy (the zero operator on H) and P(R) = Ij; (the identity operator on H).

3. For every disjoint sequence (E,);>, < B(R) such that E, N E,, = @ for all n + m, we
have

, V¢ eH.
H

P(Up,En)p — ) P(E)

i=1

lim ‘
n—.oo

Remark 2.4. We make the following observations for extension of projection-valued

measures to (IRN , B(IRN )), N € N, as follows:

1. A projection-valued measure on B(]RN ) is a mapping P : B(]RN ) — £,(H) satisfy-
ing conditions similar to properties (1)—(3) in Definition 2.6.5.

2. If follows from Definition 2.6.5 that

P(E))P(E,) = P(E,nE,), VE,E, ¢ BR").

Definition 2.6.6. LetP : B(R) — SP(IH) be a projection-valued measure. We associate
P with a projection-valued function P : R — £,(IH) defined by

P(A) =P(]-00,A]), VAeR

The projection-valued function defined above will be called the projection-valued res-
olution of identity.

Remark 2.5. A projection-valued resolution of identity P : R — £,(IH) can be charac-
terized by the following properties:

1. PA)P(u) = P(min{A, u}).

2. lim,,_P@A)=0andlim,__ . PA) =1L

3. limyg P() = PQ)

For every ¢ € H, the projection-valued measure P : B(R) — £,(H) (resp., the
resolution of identity P : R — £,(H)) define a real-valued measure (P(-)p, ¢)y; on
B(R) (resp., a nondecreasing function (P(-)@, @)y defined on R). In the case where
lolg = 1, the real-valued measure (P(-)p, @)y becomes a probability measure de-
fined on B(R) and the nondecreasing function (P(-)¢p, ¢); becomes a (probability)
distribution function defined on R. The real-valued measure (P(-)@, @)y (resp., the
nondecreasing function (P(-)@, ¢)y;) can be extended to a complex-valued measure
(a complex linear combination of measures) defined on B(R) (resp., complex-valued
function on R) by the following polarization identity:
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(PO, )y = %{<P(-)(<p +0), 0+ )y — (POP-h. 0 - b))y
+I(PC) (@ +id), @ + i)y — I(PC)(p — i), @ — ip) )}

A measurable function f defined on the Borel measurable space (R, B(RR)) is said
to be finite almost everywhere (a. e.) with respect to the projection-valued measure P if
it is finite a. e. with respect to all measures (P(-)@, @)y, @ € H. If the Hilbert space H is
separable, a theorem of von Neumann states that for every projection-valued measure
P: B(R) — £,(H) there exists ¢ € H such that a function f is finite a. e. with respect
to P if and only if it is finite a. e. with respect to the measure (P(-)¢, ).

2.7 Tensor products and direct sums

In the following subsections, we review the concepts of tensor products and direct
sums of Hilbert spaces and operators, which will be used in the remainder of this
chapter and beyond.

2.7.1 Tensor products of Hilbert spaces and operators

In the following, we illustrate the concept and construction of tensor product Hy ® Hg
for only two Hilbert spaces H, and Hp. For notational simply, we often write H, ® Hp
as Hyg, (- ')IHA as () (- '>1HAB as (-, ") ap, etc. The concepts and constructions can be
easily extended to more than two Hilbert spaces.

Recall that the algebraic tensor product of H, with Hy and to be denoted as H, ®
Hj consists of elements ¢ ® ¢ (¢ € Hy and ¢ € Hg) and is equipped with the inner
product

<', .>]HA®]HE : (]I_IA O] HB) X (HA © ]I‘IB) - C
defined by

(D1® 01, P2 ® P2)p, 01, = (D1 P2) (@1 @2, P; € Hyand ¢; € Hpfori=1,2.

Note that H, © Hp is not yet a Hilbert space with respect to the inner product defined
above. The completion of H, ® Hp under the norm

|| . ”]HAO]HB = V('; '>]HA@HB

will be denoted by H, ® Hp (or H,5 for notational simplicity). It can be easily proved
that the composite space H,y is a complex Hilbert space equipped with the inner prod-
uct
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048 = (Y H,0H,

and the Hilbertian norm || - |45, etc. The elements ¢ ® ¢ of the tensor product Hy ® Hp
are linear with respect to both arguments and satisfy the following distributive law:

c(@op)=(chp)®p=pa(cp),
(r1+P)ep=0, 20+, ®0,
PR (P1+Pr) =P + D0,

for every ¢, ¢y, ¢, € Hy, @, 91, ¢, € Hpand c € C.

It is clear that if {¢;};7” and {¢;};7 are orthonormal bases of H, and Hg, respec-
tively, then {¢; ® ¢;};7] is an orthonormal basis for H,p := H, ® Hg. Every { € Hyg
can be expanded in terms of {¢; ® (p]-};;-‘fl as { = Y;; Gi(¢; ® @) with §; = (¢; ® ¢}, {) 4.
This procedure works for an arbitrary number of tensor factors. However, if we have
exactly a twofold tensor product, there is a more economic way to expand {, called the
Schmidt decomposition in which only diagonal terms of the form ¢; ® ¢; appear. The
Schmidt decomposition will be explored in detail in Section 10.2.2.

Definition 2.7.1 (Tensor products of linear operators). The tensor product A®B of two
linear operators A € £(IH) and B € £(K) is the unique linear operator on H® K defined
by

(Ae®B)(¢poY)=A(p)®B(p), V¢ e HandVy € K.

The tensor product A; ® A, ® --- ® A, of A; € £(H;) fori = 1,2,...,n can be similarly
defined.

Definition 2.7.2 (Tensor products of vector spaces of linear operators). Let A and B
be two vector spaces of operators over C. The tensor product of A and B, denoted by
A ® B, is the vector space spanned by the elementary tensorsa®b,a € Aand b € 5,
satisfying the following relations:

(a+a')eb=acb+a ob;
as(b+b')=aeb+asbh’
(Aa)eb=a® (Ab) =A(a®b), 2.7

foralla,a’ € A,b,b’ e Band A ¢ C.

Remark 2.6. We have the following results regarding tensor products:

1. (Tensor products of complex algebras). Let .4 and B be two complex algebras of
linear operators. Then the vector space A ® B becomes a complex algebra if we
define
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(a®b)(@a’ ®b') = aa’ ® bb’

and extend linearly to A ® B.
2. (Tensor products of *-algebras). Let A and B be two *-algebras. Then the complex
algebra A ® B becomes a *-algebra if we define

Z(ai®bi)* = Zal* ®bl*

3. (Tensor products of C*-algebras). Let A ¢ B(H,) and B ¢ B(IHp) be C*-algebras
of bounded linear operators. Then an element ) ; a; ® b; of the *-algebra .A® 3 can
be viewed as an operator on the inner product space H,p if we set

<Z a ®bi)(2xf ®Y;‘> =Y axeby,;
i j ij

With respect to the operator norm | - ||, on B(Hyg), A ® B becomes a *-algebra
with the operator norm (also denoted by | - |,) satisfying

* 2
[uvly < lulllvlie and fu™uly, = ulg,.
Hence, the completion of .4 ® B becomes a C*-algebra.

The following provides an example of the tensor product of two bounded linear
operators.

Example 2.3. Consider the nx n matrix A (considered as a linear operator on H, = C"
the m x m matrix B (considered as a linear operator on Hg = C™, which are explicitly
written as

ap dap o Qi by by - by

ay Aayp - 4y by by - by
A= . . . . and B= .

(1"1 anz e ann bml brn2 e bmm

Then A® B is an nm x nm matrix (considered as a linear operator on Hyp := Hy ® Hg =
C™) and can be written as

ayB apB - ayB
ayB apB - ap,B

A ® B = . 5
anip anZB T annB

where a;B (an m x m matrix) is the scalar product of a; and B.
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2.7.2 Direct sum of Hilbert spaces and operators

In this section, we briefly review direct sum of Hilbert spaces and operators, which
will be involved in proofs of many results in this and the next chapter.

Consider a family of complex Hilbert spaces {H;};.;, where I is a finite or countably
infinite index set. We define the direct sum of this family of Hilbert spaces as

PH; = {(lpi)ien € [TH; I h; € Hyi eI and ) Il < +00}, (2.8)
i€l iel i€l

where [ [;; denotes the Cartesian product and ) ;.; denotes the generalized sum. The
direct sum ;. H;ey is a complex Hilbert space equipped with the inner produce
)., m, defined by

(@Dier Wien) gy, 1, = 2P0 ¥dup Y @Dier @i € PH;. (29)
iel iel
If H; = Hforalli € I, one can easily prove that for each k € N, the k-fold direct
sum

HP* —HeHe.-.0oH
k folds

is isomorphic to C* ® H. The isomorphism between H® and C* ® H is relevant in the
context of superpositions of quantum states and entanglement.

Let (H,)+% be a sequence of complex Hilbert spaces. Let (B, H,, be the direct
sum of (H,);% (see (2.8) and (2.9) for the definition of direct sum of Hilbert spaces and
related properties).

For eachn € NN, let T,, € B(HH,,) be a bounded linear operator on H,,. We define
the direct sum T = 0, T, : D, H,, — P, H, by
+00
n=1’

T(p) = (T,(9,) Yo = (@)nes (2.10)

where ¢, € H,.
We have the following result regarding T : ;% H,, — ,2] H,,.

Theorem 2.7.3. Assume that T, € B(H,,) for each n € N such that

sup [T,lle, < +00,
nelN

where |T, |, is the operator norm of T,. Then the operator T defined in (2.10) is a
bounded linear operator on B, 2] H,, with the operator norm also denoted by | - |, (for
notational simplicity) and defined by

Tl = sup [Tyl o-
nelN
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Proof. 1t is clear that the operator T : (P, H,, — P, H, is a linear operator. To
show that T is bounded on @ H,, we let ¢ = suppen ITnllo- By @assumption, ¢ <
+00. Let @ = (¢,),:5] be an arbltrary vector in (B, H,. Then

||T§0||69+oo]H = |(Tpp )i ”@“’"H (by the definition of T)

_ z ||Tn‘Pn||§{n (by the definition of || - [|)
w

< z 1Ty loolPn g,
n=1

T 2 2 v 2 2
< Y Clpalliy, = Y Ioaly, = Clolgyey -
n=1 n=1 -
In summary, we have ||Tg0||€B+oo]H | < c||go||EB+oo]H forall ¢ = (9,)S € D, H,. There-

fore, the operator T is a bounded linear operator on 5, °H,,. From the above deriva-
tion, it is clear that the operator norm [T, defined by

ITlo = SUp  IT@lgyoy; < CIT@lgyrooy, -
"(p"@;f‘l’]]{n:l n=1""n n=1""n

Onthe other hand, |T|,, = ¢ := sup,en I Thllo bY choosing ¢, as a unit vectorin H; and
¢, =0forn =23, Therefore, |T|, = suppen ITnlloo- This proves the theorem. O

The following example gives an explicit computation of the direct sum of the two
matrices A and B.

Example 2.4. Consider the nxn matrix A (considered as a linear operatoron H, = C")
the m x m matrix B (considered as a linear operator on Hg = C™), which are explicitly
written as

ap ap - Ay by by -+ by

an ap - Gy by by - by
A= . . . . and B=

an Ay - 4y bml bmz e bmm

Then A ® Bis an (n + m) x (n + m) matrix (considered as a linear operator on H,p :=
H, ® Hg = C"™) and can be written as the block matrix

A 0
AoB = ,
® [OB]

where 0 above mean zero matrices of appropriate sizes.
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2.8 Composite quantum systems

This section is devoted to formulation of von Neumann’s postulate 1, where a compos-
ite quantum system is to be expressed as tensor products of its component systems.

2.8.1 Composite system as tensor products

The Hilbert space H representing a composite quantum system that consists of n sub-
systems can be written as tensor product of n Hilbert spaces of its component systems
described by Hy,...,Hy,i.e., H = H; ®...® H,. In particular, for a bipartite quantum
system H that consists of component systems H, and Hp, we write H = H, ® Hp or
simply H 45 where the rules/properties of tensor product of Hilbert spaces and opera-
tors reviewed in Subsection 2.7.1 are applicable.

2.8.2 Partial traces

In this subsection, we are interested in computing partial traces of a bounded lin-
ear operator defined on a composite Hilbert space over each of its component Hilbert
spaces.

Recall from (1.23) that tr[T], the trace of T € T(H), is defined as tr[T] = Y T (¢;,
T¢;)w, where {¢;}{} is any orthonormal basis of H.

Assume that a quantum system A interacts with another quantum system B. In this
case, the composite Hilbert space H can be decomposed in the form H = H, ® Hp :=
H,p, where subsystems A and B are represented by the complex Hilbert spaces Hy
and Hjp, respectively. The partial trace operators trg, [---] + T(Hyp) — T(Hp) and
trg, [+« T(Hyp) — T(H,) can be defined abstractly as

tr]HB [TA ® TB] = TA tr[TB] and tr]HA [TA ® TB] = tr[TA]TB,

forall T, € T(H,) and for all Tz € T(Hgp).

For notational simplicity, we often write try [---] as try[-], try [---] as trg[- -], etc.

For any trace-class operator T € T(IH,p), we are interested in computing its par-
tial trace try[T](e T(Hp)) taken over the Hilbert space H, and partial trace trz[T](e
T(H,)) taken over Hg. The concept of partial trace of trace-class operators on the sys-
tem that consists of any finite number of subsystems can be similarly extended.

We illustrate how to compute trg[T] below (note that the partial trace tr,[T] can
be similarly computed). Let (;);’ be an orthonormal basis for Hz. We consider the
following isometric isomorphism:

+00

@(H‘IA ® (Cl/)l) [and HAB = H_IA ® H_IB,
i=1
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where H, ® Ci; is defined as
HA ®(Cl/)i = {¢®C¢i|¢ € HA,C € (C}

and P, 5] (H, ® Cy;) is the direct sum of (H, ® C;);2], where the definition of direct
sum of Hilbert spaces and related properties are given below.
Under this decomposition, any operator T € T(IH,5) can be regarded as an infinite

matrix of operator on H, written by

Tll T12 cee Tl)’l
T21 Tzz cee Tzn
T= A ,

Tu T ... Tn

where T;; € T(IH,). First, suppose that T is a nonnegative operator. In this case, all the
diagonal entries of the above matrix are nonnegative operators on H,. If the sum ) ; T;;
converges in the strong operator topology of T(IH,), it is independent of the chosen
basis of Hp.

In this case, the partial trace trz[T] can be computed as follows, where

bj j

The partial trace of a self-adjoint operator is defined if and only if the partial traces
of the positive and negative parts are defined.
We have the following result.

Proposition 2.8.1. Let H, and Hg be two complex separable Hilbert spaces. Then
trg[R®S] =Rtr[S], and try[R®S]=Str[R], (2.12)

for allR € T(H,) and for all S € T(Hp).
Proof. Let {h;}{S be a basis for H, and {ej}j*:‘f’ be a basis for Hg. For i,j = 1,2,..., let
E; : Hy — H, be the map defined by

h, ifh=h;

0, otherwise.

E; (h) = {

Fork,1=1,2,..,letFy : Hp — Hp be the map defined by

e, ife=e,
0, otherwise.

Fu(e) = {
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Since {h; ® €; | i,j = 1,2,...} form a basis for Hyp, {E; ® Fjy [ 1,j =1,2,..5k1=12,..}
form a basis for T(IH,). Based on the definition of partial trace (see (2.11)), we have

trg[R®S] = Rtr[S], VR e T(H,) and VS € T(Hp).

The second equality
try[R®S] =Str[R], VR e T(H,)andVS ¢ T(Hg) (2.13)
can be similarly proved. This proves the proposition. O

Proposition 2.8.2. LetS € T(Hyp), T4 € T(H,), and I be the identity operator on Hp.
Then

tl‘[S(TA ® IB)] = tI‘A [SATA] and tr[(TA ® IB)S] = tI‘A [TASA]’ (2.14)

where S, = trg[S] is the partial trace of S taken over B.

Proof. To prove the proposition, we just need the definition of the partial trace:
trp[S] = Y;(ilSli)p, where {Iz')B}l.+:°10 is a basis of Hy and the fact that tr[S] = tr,[[tr5(S]].
The second statement of (2.14) can be proved similarly. This proves the proposi-
tion. O

The above statement provides a quantum physics explanation below (see Chang
[24]). If M is an observable on the subsystem A, then the corresponding observable on
the composite system is M ® Iz. However, if one chooses to define a reduced state p,
there should be consistency of measurement statistics. The expectation value of M
after the subsystem A is prepared in p, and that of M ® Iz when the composite system
is prepared in p should be the same, i. e., the following equality should hold:

tr[Mp,] = tr[(M ® Ip)p]. (2.15)

This physical interpretation of partial trace will be useful in chapters to follow.






3 Probability measures and convex functions
on S(H)

The purpose of this chapter is to investigate probability measures on the set of quan-
tum states S(IH) as a subset of the Banach space of trace-class operators T(IH). Studies
of probability measure and convex functions on S(HH) are essential in computation
of Holevo y-capacity (and hence of classical and quantum capacities) in an uncon-
strained and constrained quantum channel in later chapters.

Let H be a complex Hilbert space (finite- or infinite-dimensional) and let T(IH) be
the Banach space of trace-class operators on H under the trace norm | - |; defined by
ITl, = tr[|T|] for T € T(H), where |T| = VT*T. Recall that T, (H) = {p € T(H) | p > 0}
is the positive cone in T(H) and S(H) = {p € T, (H) | tr[p] = 1} is the space of quantum
states on H. We also define T_;(H) = {p € T,(H) | tr[p] < 1}.

We have the following simple observations:

1. S(H)and T_;(H) are closed convex subsets of T(H);

2. S(H) and T_;(H) are complete separable metric spaces with the metric defined
by the trace norm | - |13

3. S(H) is compact in T, (H) if dim(H) < +co. However, S(IH) is not compact in
general but only weakly compact in T_ (H) if dim(H) = +oo.

3.1 Probability measures on S(H)

3.1.1 Support of Borel measures

Consider the Borel measurable space (X, B(X)), where X is a locally compact Haus-
dorff space (for the purpose of this book, we can simply assume that X is either a
separable Banach or Hilbert space or a closed subset of a Banach or Hilbert space)
and B(X) is the Borel g-algebra of open subsets of X.

We also recall some basic definitions in measure theory (see, e. g., Halmos [58]
and Rudin [133]) as follows.

If u: B(X) — [0, +c0] is a function such that (i) u(B) > 0 for all B € B(X); (ii)
u(®) = 0 and (iii) p(U; T4y = Y3 u(4;) for any sequence (4;);3 of pairwise disjoint
Borel sets (i.e., 4; N A; = @ if i # j), then p is called a Borel measure on (X, B(X)). In
this case, the triplet (X, B(X), u) will be referred to as a Borel measure space.

A Borel measure y on (X, B(X)) is said to be inner regular if

U(B) = sup{u(F) | compactF ¢ B}, VB € B(X),
is said to be outer regular if

u(B) = inf{u(G) | open G2 B}, VB € B(X).

https://doi.org/10.1515/9783110788105-003
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The Borel measure y is regular if it is both inner regular and outer regular. The Borel
measure y is said to be a Radon measure if it is both inner regular and locally finite
(i.e., u(F) < +oo for all compact Borel set F). If the Borel measure y is such that
U(X) =1, then u is called a Borel probability measure and the triplet (X, B(X), u) is
called a Borel probability space. The collection of all Borel probability measures on X
will be denoted by P(X).

Without further mention, all Borel measures discussed in this book are assumed
to be regular Borel measures.

Definition 3.1.1. Let u be a Borel measure on (X, B(X)). Then supp(u), the support
(or spectrum) of y, is defined to be the set of all points x in X for which every open
neighborhood N, of x has positive measure. In other words,

supp(u) = {x € X | u(N,) > 0 for all open set N, containing x}.

We have the following results regarding supp(u).

Proposition 3.1.2. Let (X, B(X), 1) be a Borel measure space. Then supp(u) has the fol-

lowing properties:

1. A measure u on (X, B(X)) is strictly positive (i. e., u(B) > 0 for any nonempty open
subset B ¢ X) if and only if supp(u) = X.

2. supp(u)is a closed subset of X.

Proof. 1.(=)Itisclear that supp(u) < X. If uis strictly positive and if x € X is arbitrary,
then any open neighborhood of x has positive measure, since it is a nonempty open
set. Hence, x € supp(u), this shows that X ¢ supp(u). Therefore, supp(u) = X.

(<) Conversely, assume that supp(u) = X. Then every nonempty open set (be-
ing an open neighborhood of some point in its interior, which is also a point of the
support) has positive measure. Hence, u is strictly positive.

2. supp(p) is closed in X, because the complement of supp(X) is the union of the
open sets of measure 0. That is, (supp(X))€, the complement of supp(u) in X, is open.
Therefore, supp(X) is closed. This proves the proposition. O

For the remainder of this section, we concentrate our attention on the case X =
S(H), where S(HH) is the collection of quantum states (i. e., all positive bounded linear
operators with unit trace) on the Hilbert space H and also when X = P(S(H)), the
space of Borel probability measures on S(H).

A (Borel) probability measure u on the Borel g-algebra of subsets of S(H) is said to
be an atomic (or discrete) measure if its support supp(u) consists of countably infinite
or finite number of elements {pi}f\il, where N < +o0o, in S(H). In this case, each of these
elements p; is called an atom in the Borel probability space (S(H), B(S(H)), u). Denote
PUS(S(H)) be the subset of P(S(H)) consisting of atomic (or discrete) measures.

We often use the following terminologies.
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(A) Discrete ensembles

For convenience, an atomic (or discrete) measure u ¢ PdiS(S (H)) can normally be
represented as u = {p;,p;}, where p; € S(H) (p; # p; fori # j) denotes an atom and
p; > 0 denotes the probability mass assigned to the atom p;, where ); p; = 1. In this
case, {p;,p;} will be referred to as a discrete ensemble.

As described in Oreshkov and Calsamiglia [120], the concept of ensemble of states
can be used to describe situations in which a system takes a state p; at random with
probability p;. The statement that a system takes the state p, means that there exists
classical information x about the identity of the state. This is to be distinguished from
the situation in which no information about the identity of the state exists or can be
obtained. In the latter case, for all practical purposes, the average density operator of
the ensemble, p = }; p;p;, provides a complete description of the state of the system.
An example of an ensemble of states is the output of a nondestructive generalized
measurement (see Linblad [106], Bratteli and Robinson [15] and Shirokov [150]). Under
the most general type of quantum measurement, a density operator p transforms as

pp;= % with probability p; = tr[90;(p)], (3.a)
where () = 3, Mij(~)Mi’} is the measurement superoperator corresponding to
outcome i. (The operators M; : S(H) — S(H) satisfy the completeness relation
2 M;M; =1)

(B) Continuous ensembles

A Borel probability measure u € P(S(H)), which is not a discrete ensemble (atomic
measure), will be referred to as a continuous ensemble. The subset of P(S(IH)) that
consists of continuous ensembles will be denoted by P°"(S(H)). Therefore, the space
P(S(H)) can be decomposed as

P(S(H)) = PUS(SH)) U P (S(H)).

The concept of support of a Borel measure (see Definition 3.1.1) and that of spectrum
(see Definition 1.4.2) of a self-adjoint linear operator on a Hilbert space are closely
related (see Proposition 1.4.3).

Concepts of discrete ensemble and continuous ensembles in quantum states
was first introduced in Oreshkov and Calsamiglia [120] and applied to the context of
infinite-dimensional quantum information by Holevo and Shirokov [81].

Example 3.1. To explore the relation between the support of a probability measure
and the spectrum of a self-adjoint linear operator on a Hilbert space, let u be a regular
Borel measure on the Borel measurable space (R, B(RR)). Consider the multiplication
operator (Af)(x) = xf(x) on its natural domain
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dom(A) = {f € LA(R, B(R), u) | xf(x) € LA(R, B(R), u)}.

The multiplication operator A defined is a self-adjoint operator on the complex Hilbert
space L*(R, B(R), u) equipped with the inner product (-, -) 12 (see Example 1.3). Indeed,

(f.Ag)> = meg(X)y(dX)
R

= Jxmg(x)u(dx)

R
= (Af.8)p2  Vf.g € LA(R,B(R), p).

Thus, A is a self-adjoint linear operator on L’ (R, B(R), 1) and its spectrum coincides
with the essential range of the identity function, which is precisely the support of p.

3.2 Some compactness criteria

Let X be a complex Banach or Hilbert space equipped with Banach or Hilbertian norm
[I- - Recall our discussion of topological properties of X from Section 1.1 that a closed
subset K ¢ X is compact if every open covering of K has finite subcovering. That is, if
K < UpeaOn> where {O), A € A} is a family of open sets in X, then there exists a finite
subfamily {0, ,i = 1,2,...,N}, where A; € Afori =1,2,...,N, such that € ¢ ULOAI,.
Equivalently, the compactness of K in X can also be characterized as follows. Every
sequence (¢,);27 in K has a subsequence (<pnk);g;> that converges to some ¢ € K under
the norm || - k-

In the following two subsections, we give characterization of compactness subset
of S(H) and of P(S(H)), respectively. The presentation of this section is based on the
results in Shirokov [144-146] and Protasov and Shirokov [127].

3.2.1 Compactness criteria on S(H)

We have the following compactness criterion, due originally to Holevo and Shirokov
[81] for closed subsets of S(IH) (see Holevo and Shirokov [81] and Chang [22, 24]).

Theorem 3.2.1 (Prohorov’s compactness criterion). A closed subset K ¢ S(H) is com-
pact (in the trace-class norm) if and only if for every € > O there is a finite-dimensional
projection P, on H such that tr[pP.] > 1-€ forallp € K.

Proof. (=). We follow the proof provided in Chang [22] for necessity condition as fol-
lows. Let K be a compact subset of S(IH). We want to show that for every € > 0 there
is a finite-dimensional projection P, on H such that tr[pP.] > 1 - € forall p € K. Sup-
pose this were not true for contradiction purpose. Then there is an € > 0 such that
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for any arbitrary finite rank projection operator P there exists a state p € K such that
tr[pP] < 1-e€. Let (P,),.5} be a sequence of finite rank projections on H monotonically
converging to the 1dent1ty operator Ij; on H in the weak operator topology. That is,

Jim (P = (@) = DY), VP € H.

Let (p,),.5] be the corresponding sequence of states in £ such that tr[p,P,] < 1 - € for
alln>1. Smce K is compact, there exists a subsequence (o, Drey of (pp)52] converging
to a state p, € K. Therefore, by construction, we have

tr(p, Pyl < trlp, Py 1 <1-€,  Vk>1
Hence,

trlp,] = trlp, Iyl = 11m trjp, Py ] = hm lim tr[p, Pyl <1-e€.
+00 k—+00

This contradict the fact that p, € KX ¢ S(H) since all elements in S(IH) have unit trace.

(). We follow the proof provided by Holevo and Shirokov [81] for sufficiency con-
dition as follows. Suppose K is a subset of S(IH) satisfying the compactness criterion.
Let (p,);2] be an arbitrary sequence in K. Since the closed unit ball B(0;1) := {A ¢

B(H) | ||A|| < 1} is compact in the weak operator (see the Banach—Alaoglu Theo-

rem 1.1.4), there exists a subsequence (pnk) of (p,);S] converging to a positive oper-
ator p, in the weak topology or equivalently in the trace norm || - ||;. We have

tr[p,] <liminftr[p, ] = 1.
k—+00 k

Therefore, to prove that p, is a state it is sufficient to show that tr[p,] > 1. Lete > 0
and P, be the corresponding projector. Then

trlp,] = tr[p, Iy] = tr[p,P.] = kliinmtr[pnkPe] >1-¢,

where the equality follows from the finite dimensionality of the space P.(H). Thus, p,
is a state. The proof given above implies that the subsequence (p,,k),tfl’ converges to
the state p, in the trace norm | - ||;. This shows that K is compact in trace norm. This
proves the theorem. O

Recall the notation that T (H) = {p € T(H) | p = 0, tr[p] < 1}.
The following compactness criterion for subsets of T_; (IH) can be proved by a sim-
ple modification of arguments used in the proof of Theorem 3.2.1.

Proposition 3.2.2. A closed subset A of T_,(IH) is compact if and only if for an arbitrary
€ > 0 there exists a finite rank projector P, such that tr[(I; — P.)A] < € forall A € A.
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Consider quantum systems A and B represented by Hilbert spaces H, and Hg, re-
spectively. In the following, we explore compactness criteria of subsets in S(H,z) as
well as of T_;(Hp). Recall that S(IH ) is the space of quantum states on the compos-
ite quantum system Hyp := H, ® Hy defined by

S(Hyp) = {v € T(Hyp) | v =0, tr[v] =1}
and
TSl(HAB) = {U € S(HAB) | V2> O,tI[U] < 1}

Let A and B be subsets of T_;(H,) and T_,(Hp), respectively. Let A ® B be the
subset of T_;(H,p) defined by

A®B={CeT_(Hyp) | trg[C] € Aand tr, [C] € B}.

The following corollary can be found in Holevo and Shirokov [81].

Corollary 3.2.3. A®Bis acompact subset of ¥_;(H,) ® T_,(Hp) if and only if A and B
are compact subsets of T_,(Hy) and T_,(Hp), respectively.

Proof. (=). The compactness of the set A ® B implies the compactness of the sets A
and B due to continuity of the partial trace.

(). Let A and B be compact. By Proposition 3.2.2, for an arbitrary € > 0 there
exist finite rank projectors P, and Q, such that

tr[P.A] > tr[A] —€, VA € A, and tr[Q.B] > tr[B] — ¢, VB € 5.
Since C, = trz[C] € A and Cp = tr,[C] € B for an arbitrary C € A ® B, we have

tr[(P, ® Q,.)C]
= tr[(P, ® I)C] — tr[(P. ® (I; - Q,))C]
> tr[P.C,] - tr[(Iz - Q.)Cg] > tr[C] - 2¢,

where I := Iy, is the identity operator on Hg. Proposition 3.2.2 implies the compact-
ness of the set .4 ® 5. This proves the corollary. O

Definition 3.2.4. An unbounded positive linear operator H on H is said to be an
$-operator if it has a discrete point spectrum (eigenvalues),

O<AhsAh< A <

Let Q,, be the spectral projector of H corresponding to the lowest n eigenvalues. That
is,
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Q(h) = Y Al o), Vo € H,
i=1

where @; € H is the eigenvector corresponding to A; fori = 1,2,....

We have the following observations/comments on §)-operators:

1. An $-operator H can be interpreted as a quantum observable (or Hamiltonian) on
the quantum system H with energy levels A; <A, <--- <A, <---.

2. If {p;}{ is an orthonormal set of eigenvectors corresponding to the collection
of eigenvalues {A,},;%] of the $-operator H. Then H has the spectral representa-

tion

H= ) Ao el
i=1

on the domain of H, dom(H), defined by

dom(H) = 14} e span({|p) (@il ) Y. Ae. u < +oo},

i=1

where span(...) is the closure under || - |z of the span of the set (- ).

3. Let(Qy);2] be the increasing sequence of spectral projections for an $)-operator H
on the Hilbert space H, then (Q,),%] converges to the identity operator Iy; under
the operator norm || - || -

4, Following Holevo [72, 73], we define

tr[pH] = nl—i>IPoo tr[pQ,H], Vp € S(H), (3.2)

where the sequence on the right-hand side of the above equation is monotonously
increasing.

Example 3.2. An important example of an $)-operator is H = —log A, where A is any
operator that is represented as A = Y A;l@;) i (@;] in T (H) (where T_;(H) = {A €
T (H) | tr[A] < 1}) with infinite sequence of positive eigenvalues (4; > 0,i = 1,2,...),
which has the representation

+00
H=-logA= Z(—log/\i)|(Pi)m((Pi|
i1

on the domain

dom(-1logA) = {d) € supp(A)

Y. (log A)*[(p;, ¢>]H|2 < +0°l }

i=1



78 —— 3 Probability measures and convex functions on S(IH)

Note that for any operators A € T;(HH) and B € ¥;(K) the following identity holds:

—log(A®B) = (-logA) ® Iy + Iy ® (-1og B),

“_»

where means the operators coincides on

dom(-log(A ® B)) < supp(A) ® supp(B).

Let Kyx(h) ¢ S(H), the set of quantum states under which the observable H has
expected values less or equal to h, be defined by

Kg(h) = {p € S(H) | tr[pH] <k}, heR,, (33)

where H is an $)-operator.
The following result is due to Holevo [72].

Theorem 3.2.5 (Characterization of compact subsets of S(IH)). K ¢ S(H) is compact
under trace norm | - |y if and only if there exist an $)-operator H and an h > 0 such
that

K ={p € S(H) | tr[pH] < h}. (3.4)

Proof. (=) Assume that £ ¢ S(H) is compact under the trace norm | - ||;. Since K ¢
S(H) is compact, Theorem 3.2.1 implies that for any natural number n there exists
a finite rank projector P, such that tr[pP,] > 1-n" for all p € K. Without loss of
generality, we may assume that \/;%) P, (H) = H, where \/ denotes closed linear span
of subspaces. Let P, be the projector on the finite-dimensional subspace Vieeq P (H).
Thus, H= Y, n(P,,, - P,) is an $-operator satisfying

+00

tr[pH] = Zntr[p(Pn+1 Zntr[p(I]H P)l<Yn?=h

n=1

for arbitrary p € K.

(&) Without loss of generality, we assume that the eigenvalues {A,};% of the
$H-operator H is monotonously increasing and denote by P,, the finite-dimensional
projection onto the eigenspace corresponding to the first n eigenvalues, then P,, T I ;.
By a general criterion, a weakly closed subset S of density operators is weakly com-
pact if and only if for every € > 0 there is a finite-dimensional projection P such that
tr[Sdy — P)] < eforallS € S ¢ S(H). However, the weak convergence of density
operators is equivalent to their trace-norm convergence. Since A,,,;(I; - P,) < H, we
have tr[S(Iy - P,)] < }ln L tr[SH] < A, +1h for S € Kyx(h). This shows that the set Ky (h)
is a compact subset of S(H) for each h > 0. This proves the theorem. O
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3.2.2 Compactness criteria on P(S(H))

Let A be a closed subset of S(H) under trace-norm || - ||;. We equip P(A), the space of
Borel probability measures on .4, with the topology of weak convergence (see Billings-
ley [11] and Parthasarathy [122]). Recall that a sequence of Borel probability measures
(yn);fl’ c P(A) is said to converge to u € P(A) weakly if

lim [ F@n(do) = [ FlpI(dp). ¥ € C(A) (3.5)
A A

where C,(.A) is the space of bounded continuous real-valued functions on A.

Since A is a closed subset of S(H), it is a complete separable metric space under
the trace-norm | - ||;. In this case, P(A) can be considered as a complete separable
metric space under the topology of weak convergence (see Parthasarathy [122]).

Definition 3.2.6. A set P of Borel probability measures P(S(H)) on S(H) is said to be
tight if, for each € > 0, there is a compact set £ ¢ S(IH) such that

uK)>1-€, VueP. (3.6)

The proof of the following Prokhorov theorem can be found in Billingsley [11] or
Parsatherathy [122] for any general metric space.

Theorem 3.2.7 (Prokhorov theorem). A subset P of P(S(H)) is tight if and only if it is
relatively compact under weak convergence.

In the following, we explore compactness properties of probability measures de-
fined on a closed subset K of S(IH).

Proposition 3.2.8. The set P(K) is a compact subset of P(S(H)) if and only if the set K
is a compact subset of S(H).

Proof. (=) Assume that the set P(K) is a compact subset of P(S(IH)). The set K is the
image of the set P(K) under the continuous mapping u — p(u) (see Proposition 3.3.5
in the next section); hence, it is compact.

(&) Assume that K is a compact subset of S(H). By Theorem 3.2.5, there exists an
$-operator H and a positive h > 0 such that tr[pH] < h for all p € K. For arbitrary
U € P(S(H)), we have

| ot

S(H)
= I(HEIPOOU[PQnH])u(dp) (by (3.2)
S(H)

:nl—i>rPoo< J tr[anH]}l(dP))

S(H)
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(by the monotone convergence theorem)

| (o)
S(H) i
(by linearity of trace of the finite-dimensional operator)
—uf im | (pQHup)
S(H)

(by continuity of the finite-dimensional trace-class operator)

—u| [ lim (pQ,Hu(dp)
Lo ]
(by the monotone convergence theorem)

(] o)

S(H)
= tr[p(H] < h.

= lim tr
n—-+oo

=t

=

Let K. = {p € S(H) | tr[pH] < he‘l}. The set K, is a compact subset of S(IH) for any €.
For any measure y in P(K,), we therefore have

MEEN) = [ pd e’ [ (elpHup) < e (37)
SE\K, SH)\K,

By the compactness criterion (Theorem 3.2.1), the closed set P(K) is compact. This
proves the proposition. O

3.3 Barycenters

Concept of barycenter plays an important role in infinite-dimensional quantum in-
formation theory. The presentation of materials in this section is largely based on the
results obtained by Holevo and Shriokov [81], Shirokov [146] and Shirokov and Holevo
[158].

3.3.1 A brief review of convex analysis

We recall some facts about the convex analysis that are relevant to development of
quantum information theory below. Readers are referred to Rockafellar [131] for de-
tailed accounts on convex analysis.

Let Abe a subset of X, where X is some locally convex Hausdorff topological space
such as S(H) and P(S(IH)) or all other spaces related to quantum information consid-
ered in this book.



3.3 Barycenters = 81

Recall that A ¢ X is said to be convex if for any x,y € Athen px+(1-p)y € Aforall
p € [0,1]. For any A ¢ X, co(A) denotes the convex hull (i. e., the smallest convex set
that contains .4) and co(A) is the closed convex hull (i. e., the smallest closed convex
set that contains .A4). For any x,y, z € A, we say that z lies between x and y if x # y and
there exists a 0 < p < 1such thatz = px + (1-p)y. z € Ais said to be an extreme point
of A if it does not lie between any two distinct points of .A. That is, if there does not
existx,y € Aand O < p < 1such that x # y and z = px + (1 - p)y. The set of all extreme
points of A is denoted by extr(A).

We have the following theorem regarding a convex and compact set A ¢ X. Its
proof can be found in Rockafellar [131] and is therefore omitted.

Theorem 3.3.1 (Krein—Millman theorem). If A ¢ X is convex and compact, then A has
extreme points. Furthermore, A is the closed convex hull of its extreme points extr(A),
i.e., A = co(extr(A)).

Note that when A = S(H) (the space of quantum states on H), extr(S(IH)) consists
of all pure quantum states on the system represented by H, since any pure state cannot
be expressed as a nontrivial convex combination of any other quantum states by its
definition.

3.3.2 Properties of barycenter

To define barycenter centers of a Borel probability measure on a closed set A ¢ S(H),
we need to explore the concept of the Bochner integral. In mathematics, the Bochner
integral, named for Salomon Bochner [13] extends the definition of Lebesgue integral
to functions that take values in a Banach space, as the limit of integrals of simple
functions.

The following definition (Definition 3.3.2) and proposition (Proposition 3.3.3) serve
as an introduction to the construction and properties of Bochner integral for readers
who are not familiar to them.

Definition 3.3.2. Let (X.Z, ) be a measure space and let B be a complex Banach space

under the Banach norm | - ||.

1. A functionf : X — B is said to be Z-measurable if f !(B) € X for all Borel subsets
B of B, where

f(B) = {x eX|f(x) € B}.

2. A ¥-measurable function f : X — B is said to be a simple function if it can be
written as

f00 = Y 15,(0b;, (3.8)
i=1
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where E; € X are disjoint sets, b; are distinct elements in B and 1 is the character-
istic function of the set E € £ (i.e., 15(x) = 1if x € E and 1z(x) = 0if x ¢ E).

3. Ifu(E;) < +oo for b; # 0, then the simple function f(x) = Z?:l 15, (0b;, is said to be
Bochner integrable and its Bochner integral is defined to be

jf (Ou(dx) = j

X X

Z 1g, (x)bi]y(dx) = z b;u(E;).
i=1 i=1

4. AZX-measurable function f : X — Bis said to be Bochner integrable if there exists
a sequence of Bochner integrable simple functions (f;);} such that

Jim jILf(X) ~ i) pu(dx) = 0.
X

In this case, its Bochner integral (with respect to y) is defined as

[ eontan = 1im [ Foouca.
X

X

Many of the familiar properties of the Lebesgue integral continue to hold for the
Bochner integral. Particularly useful is Bochner’s criterion for integrability, which
states that if (X, X, ) is a measure space, then a Bochner-measurable function f :
X — Bis Bochner integrable if and only if

J"f(x)]l]By(dx) < +00.

X

We state the following proposition without a proof, since we use the concept
Bochner integral as a tool only for our exposition of infinite-dimensional quantum in-
formation. Interested readers are referred to Bochner [13] and Cohn [27] for the details.

Proposition 3.3.3. Let (X, X, u) be a measure space and let f : X — B be a Bochner

integrable function (with respect to ). Then the following properties hold:

1. IfT is a bounded linear operator on B, then Tf : B — B is Bochner integrable.
Moreover,

T(if(X)yMX)) - X[ T/ (Op(d).

2. (Dominated convergence theorem). If (f,);5), f, : X — B, is a sequence of
X-measurable function on the complete measure space (X, Z, u) converges almost

everywhere to a limiting function f : X — B and if

[f ()| < g(x) for almost every x € X,
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where g : X — R is some Bochner integrable function, then

im JIIf(X) —fa®)||pu(dx) = 0

X

and

+00

[ oou@0 = tim_ [ fucou@o, vEez
E E

3. The following inequality holds:

‘Uf(x)y(dx) < J||f(x)||]By(dx), VE € X.
E Bog
In particular, the set function
Ev | foou@o
E

define a countably additive B-valued vector measure on X, which is absolutely con-
tinuous with respect to p.

Definition 3.3.4. The barycenter p(u) of u € P(S(H)) is the Bochner integral defined
by

Bl = j pu(dp). (3.9)
S(H)

In particular, if u = {p;,p;}, then p(u) = }; p;p; is the average state of the discrete
ensemble {p;, p;}.

Let A ¢ S(H) be a convex subset and let P 4(S(IH)) be the collection of Borel
probability measures u € P(S(H)) such that their barycenters p(u) € A. In particular,
if A = {p} for some p € S(H). We write, for notational simplicity,

Pp(S(H)) = Py (S(H)) = {u € P(S(H)) | p(w) = p}.

The following result regarding the barycenter map is due to Holevo and Shirokov
[80].

Proposition 3.3.5. The barycenter map
P(S(H)) > p = p(u) € S(H) (3.10)

is continuous and surjective.
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Proof. Let (u,)+S ¢ P(S(H)) be a sequence of Borel probability measures on S(H)

that converges weakly to y, € P(S(H)). For each n € N, let p(u,,) = js(]H) pu,(dp) €
S(H) be the barycenter of y,,. We consider

im [15Ga,) - o),

=nﬁr+nootr[ j PHn(dp) = j pﬂo(dp)H
S(H) S(H)
= lim J tr(lol]un(dp) - J tr(lpl]uo(dp) = O,
S(H) S(H)

since tr[| - |] is a bounded continuous real-valued function on S(H) and (u,,);;°] con-
verges to p, weakly. This shows that the barycenter map p(-) : P(S(H)) —» S(H) is a
continuous mabp. It is clear that the barycenter map is an onto map because for eachp ¢
S(H) is a barycenter of a point mass measure at p. To show that the barycenter map p(-)
is a one-to-one map by assuming that p(u) = p(v), we want to show that y = v. Note that

= | pudp)= | pvide) =pw)
S(H) S(H)

implies that u = v almost everywhere on S(H). This proves the proposition. O

First, we have the following lemma regarding relationship between the support
of u € P(S(H)) (see Definition 3.1.1 for a definition of support of a measure) and its
barycenter p(p).

Lemma 3.3.6. Let uy ¢ P(S(H)). If U is a closed convex subset of S(H) such that
supp(u) c U, then

pw = | putdp) € U. (3.11)
S(H)

Proof. (i) We first assume that supp(u) is a finite set, i.e., there exists a finite set
{P1,P2>-.»py} € U such that p; == u({p;}) > 0 and Y}, p; = 1. In this case, p(u) =
Yo, pip; € U, since p(u) is a convex combination of a finite set {p,p,,...,p,} of ele-
ments in U.

(ii) We define the set A by

A= {peP(S(H)) | supp(u) c U = p(p) € U}. 3B12)

We claim that the set A is dense in P(S(IH)). Suppose the claim were false for contra-
diction purposes. Then there exists

Uo € P(S(H))\A = A°
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and an open neighborhood © ¢ P(S(H)) of y, such that O n A = 0. This implies
that supp(y,) is a finite set contained in U, and hence p(y,) € U from (i). This is a
contradiction.

(iii) We note that p(A) is dense in S(H), since it is the image of the continuous
map u — p(u) of a dense subset A of P(S(H)). Therefore, p(A) can be extended to
p(P(S(H))). This proves the lemma. O

For A ¢ S(H), we define co(A), the convex hull of A, the smallest convex set
containing .4 and co(.A), the convex closure of the set .4, as the smallest convex closed
subset containing .A.

Lemma 3.3.7. Let A be a closed subset of S(IH). Then co(A) coincides with the set of
barycenters of all Borel probability measures supported by A.

+00

Proof. Let py € co(A). Then there is a sequence (p,,),,o; < co(A) converging to p,,
so that (p,,);;] is relatively compact in S(H). The density operator p,, is barycenter of
Borel probability measure 7, finitely supported on .A. By the compactness criterion
of Theorem 3.2.1, the sequence (7,,),%; is weakly relatively compact, and thus has a
partial limit 77, which is supported by the set .4 due to Theorem 3.2.7. Continuity of
the map

T p(m) := J on(do)
S(H)

implies that the state p, is the barycenter of the measure 7. Conversely, let 7 be an
arbitrary probability measure supported by .A. This measure can be weakly approx-
imated by a sequence of measures (7,);>; finitely supported by .A. Since p(r,) is in
co(A) for all n, we conclude that p(rr) is in co(.A) due to continuity of the map 7 — p(m).
This proves the lemma. O

The following can be found in Lemma 1 of Shirokov [144].

Lemma 3.3.8. Let A be a closed subset of S(H). For any arbitrary state p in co(.A), there
exists a measure u in P(A) such that p(u) = p, where P(A) is the collection of Borel
probability measures on A.

Proof. Let p € co(A) (where co(A) denotes the convex hull, i. e., the smallest convex
set that contains .4, and co(.A) is the closed convex hull, i. e., the smallest closed con-
vex set that contains A). Let (p,,);,2; < co(A) be a sequence converging to the state p
under the | - [l;-norm. For each n € N, p,, € co(A) implies that p,, = Z;Z(I") PniPn; for
some {p,;}"" and {p, ™" c Awithp,; > 0and Y™ p,; = 1, where m(n) is a pos-
itive integer that depends on n. That is, p,, = p(u,), where p, = {p,;,pn;} € Af.e.,
M, is a discrete ensemble in P(A)). By the compactness of the set P(A), the sequence
(M)52] has a subsequence (ynk),ti"l’ that converges weakly to u € P(A). Continuity of

the map p — p(p) implies
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lim = lim p =p(u) =
Jm py, k%oop(unk) p()

where the limit is taken under the || - ||;. This proves the lemma. O

Let u € P(S(H)). Recall from Definition 3.1.1 the support of u denoted by supp(u)
is defined by

supp(u) = {p € S(H) | U(N,) > 0 for every open neighborhood of p}.

Lemma 3.3.9. The subset of Borel probability measures with finite support is dense in
the set of all measures with given barycenter. That is, there exists a p € S(H) such that

weak
{u e P(S(H)) | §(supp(p)) < oo} = Py (S(H)),

where #(supp(u)) denotes the cardinality (i. e., the number of elements of supp(u)) and
——weak ,
{1 is the closure of {- - -} under the weak convergence topology.

Proof. We follow the proof given in Lemma 1 of Shirokov and Holevo [158] as follows.
We first notice from Lemma 3.3.6 that supp(y) ¢ U, where U is a closed convex subset
of S(H), implies that

pw = | pudp) € U. (3.13)
S(H)

Now let p be any arbitrary measure in P(S(H)). Since S(H) is separable, foreachn € N
there exists a sequence (A"):r . of Borel subsets of S(H) of diameters (in trace norm)
less than 1/nsuch that S(H) = [ J; AT, AT nA" = ¢ provided thatj + i. Let m = m(n) be
a positive integer such that ;5 , ;u(A") < 1/ n. Consider the finite collection of Borel

sets {Al,i=1,...,m}, where AT = A" fori =1,...,mand A%, = | Ji<,,A". We have

+00 m+1 m+1

(W) = J pu(dp) = ) qu(dp) =y qu dp) = Z Hipi (3.14)

SH) i1 4o i=1 ir

where if' := tr[ [, pu(dp)] = u(A}) and p}' = (U(A}))™" [;, pu(dp). Without loss of gener-
ality, we can ass{lme that ' > 0. Let " be the probabifity measure on S(IH) ascribing
the value y to the set {p}'}. Equality 3.14 implies that p(u") = p(u). Since the measure
U™ has finite support for each n, to prove the assertion of the lemma it suffices to show
weak convergence of the sequence of measures (")) to the measure p. By the defi-
nition of weak convergence of probability measures (see (3.5)), it is sufficient to show
that

dm [ fewde) = | feude)

S(H) S(H)
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for all bounded uniformly continuous function f : S(H) — R. Let My = SUPpes(H) If (o).
For arbitrary € > 0, let n. > 0 be such that en, > 2M; and

sup f(p) —peilgl(ge)f(p) <e

peln,)

for the arbitrary closed ball U(n,) of diameter 1/n.. By construction, the set lef’ is con-
tained in some ball U;(n) for each i = 1,...,m. By (3.13), the state plf’ lies in the same
ball U;(n). Hence, we have

] | fowran- | f(p)u(dp)‘
S(H) S(H)
m+1

<y jwp)—f(pi)iu(dp)

Al

i

m
<€) u(AY)+2Mu(Ay,, ) <2, Vnzn.
i1

This proves the lemma. O

Let A ¢ S(H) be a convex subset. That is, if p,o € Aand p # o, then pp +
(1-p)o € Aforall p € [0,1]. Recall that P 4(S(IH)) denotes the collection of Borel
probability measures u € P(S(H)) such that their barycenters p(u) € A.

We have the following p-compactness result due originally to Holevo and Shirokov
[80].

Theorem 3.3.10. The set P 4(S(H)) ¢ P(S(H)) is compact if and only if the set A ¢
S(H) is compact.

Proof. (=) Let P 4(S(H)) be a compact subset of P(S(H)). The set A is the image of
P 4(S(H)) of the continuous barycenter map p(-) : P(S(H)) — S(H) (see Proposi-
tion 3.3.5) and is therefore compact.

(<) Conversely, let A be a compact subset of S(H). Then by Theorem 3.2.5, there
exists an $)-operator H and some h > 0 such that tr[pH] < h for all p € A. For arbitrary
U € P4(S(H)), we have

| tlou@p) = | tim_ oK)

S(H) S(H)
- Jim tr[anH]u(dp)=nEI+nootr[ | anH]u(dp)
S(H) S(H)
:tr[ J pp(dp)ngglw(qnﬂ)] _ tr[pH] < h. (315)

S(H)
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The existence of the integral on the left-hand side and the first equality follows from
the monotone convergence theorem (see part 2 of Proposition 3.3.3).

Let £, = {p € SM) | tr[pH] < he‘l}. The set K, is compact for each € > O (see
Theorem 3.2.5). By (3.15) for any p € P 4(S(H)), we have

MSEWK) = | <en [ wlpHludp) <e. (316)
S\, SH)\IC,

Therefore, P 4 (S(IH)) is compact by the Prokhorov Theorem 3.2.1. This proves the the-
orem. O

3.4 Convex functions on S(IH)

Throughout the end of this section, .A will be a closed convex subset of S(IH), unless
otherwise specified.

3.4.1 o-convexity and p-convexity

We first define the convexity and concavity of a function f on .A below.
If the function f : A € S(H) — [-00, +00] does not take the value —co, then its
convexity means that

f<zi:PiPi) < Zi:pif(pi))

for all finite discrete ensemble {p;,p;} in .A. On the other hand, if f : A ¢ S(H) —
[-00, +00] does not take the value +co then its concavity means that

f<;pipi> 2 gpif(pi)’

for all finite discrete ensemble {p;, p;} in A.

Therefore, a real-valued function f : A ¢ S(H) — Ris concave if —f is convex and
vice versa.

A function f : A € S(H) — [~00, +00] is said to be upper bounded (on A) if there
exists a real number M such that f(p) < M for all p € A. The function f is said to be
lower bounded (on .A4) if there exists a real number m such that m < f(p) for all p € A.
The function f is said to be bounded (on A4) if it is both upper and lower bounded
(on A). Itis called semibounded if it is either upper bounded or lower bounded (on .A).

Definition 3.4.1. A semibounded function f on A ¢ S(H) is said to be g-convex on A
if
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f<Zpipi> <2 pif () (3.17)

for all countable (discrete) ensemble {p;, p;}; of states in .A. The function f is said to be
o-concave on A if —f is o-convex on A.

Definition 3.4.2. A semibounded Borel measurable function f on A ¢ S(H) is said to
be u-convex on A if

f(l putdp)) SJf(p)u(dp) (318)

for all probability measure p € P(S(H)). The function f is said to be u-concave on A,
if —f is y-convex on A.

Example 3.3. Letf : S(H) — [—00, +00] be the lower-bounded Borel measurable func-
tion defined by

0 if p is a state of finite rank;
+oo if pis a state of infinite rank.

o) - |

Then f is convex but neither g-convex nor u-convex.

In the following, we review sufficient conditions for validity of Jensen’s inequal-
ity (in discrete and integral forms) for convex functions on Banach spaces X taking
values in [—co, +00]. As a simple example showing importance of the conditions in
the below propositions one can consider the affine Borel function on the simplex of
all probability distributions with countable number of outcomes taking the value 0
on finite rank distributions and the value +co on infinite rank distributions. By using
Jensen’s inequality for finite convex combinations and a simple approximation, it is
easy to prove the following assertion.

The following results on Jensen’s inequalities regarding convex functions in the
setting of S(IH) can be found in Shirokov [143] and [146].

Proposition 3.4.3 (Integral Jensen’s inequality). Letf : A ¢ S(H) — R be a convex
function on a closed bounded convex subset A of S(H), which is either lower semicontin-
uous or upper bounded and upper semicontinuous. Then for arbitrary Borel probability
measure u on the set A the following inequality holds:

f(l putdp)) sif(p)y(dp) (319)

Proof. Let p, be an arbitrary probability measure on the set .A. Let f be an upper-
bounded and upper-semicontinuous function. Then the functional P(A4) > u +—
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j A f(p)u(dp) € R is upper semicontinuous on the set P(.A) of Borel probability mea-
sures on A endowed with the weak convergence topology (see Billingsley [11]). Let
(Mp)52] be a sequence of measures with finite support and with the same barycenter
as the measure p, and weakly converging to the measure . By convexity of the func-
tion f inequality (3.19) holds with u = p, foreach n = 1,2,.... By upper semicontinuity
of the functional P(A) > u — f A f(p)u(dp) € R passing to the limit n — +co in
this inequality implies inequality (3.19) with u = p,. Let f be a lower semicontinuous
function. By using the arguments from the proof of Lemma 3.3.7, one can show that
the function f is either lower bounded or does not take finite values. It is sufficient to
consider the first case. Suppose that j 4 f(p)u(dp) < +oo. By applying the construction
used in the proof of the same lemma, it is possible to obtain a sequence ()5} of
measures on the set A with finite support such that

linrg sup Jf (P)un(dp) < Jf (P)Mo(dp)
A A

and

timsup [ F(pa(dp) = [ FiPIo(dp).
A A

By convexity of the function f inequality (3.19) holds with p = p,, foreachn =1,2,....
By lower semicontinuity of the function f passing to the limit n — +oco implies in-
equality (3.19) with u = . This proves the proposition. O

Proposition 3.4.4 (Discrete Jensen’s inequality). Let f be a convex upper-bounded
function on a closed convex bounded subset A of S(H). Then for arbitrary countable
set {p;,i = 1,2,...} ¢ A with the corresponding probability distribution {p;,i = 1,2,...}
the following inequality holds:

f( > piPi) < Y pf(py).
i=1 i1

Proof. This is the discrete version of Proposition 3.4.3. To prove the proposition, we
simply consider the discrete measure p with atomsat x;,i = 1,2,... withp; = u({x;}) > 0
fori=1,2,...with Y7 p; = 1. This proves the proposition. O

The following corollary is a consequence of Proposition 3.4.3.

Corollary 3.4.5. Let f be an affine lower semicontinuous function on a closed bounded
convex subset A of S(H). Then for arbitrary Borel probability measure u on the set A
the following equality holds:

([ o)) = [ oy (3.20)
A

A
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3.4.2 Convex hull and convex closure

General theory of convex and variational analysis can be found in the classic mono-
graphs by Rockafellar [131] and Rockafella and Wets [132]. Shirokov [143] and [146] has
applied these general theory to the setting of convex functions on S(H). In particular,
he developed characterizations of -convex hull on these functions.

Recall that a function f : A € S(H) — [-00, +00] is said to be a closed function
if {(p,f(p)) | p € A}is a closed subset of A x [-00, +00], where A is a closed convex
subset of S(IH). Consider the subset

epi(f) = {(p,A) € Ax [-00,+00] | A = f(p)} (3.21)

of the set A x [-00, +00]. Note that the function f is uniquely determined by the cor-
responding set epi(f). Such a function f is called convex if the set epi(f) is a convex
subset of A x [-00, +00] and it is called closed if the set epi(f) is a closed subset of
A X [-00, +00]. Each closed function f is lower semicontinuous in the sense that the
set defined by the inequality f (o) < Aisaclosed subset of A for arbitrary A € [—co, +00],
and conversely, each lower semicontinuous function f is closed. It is possible to show
that the lower semicontinuity of a function f means that

lim inff(py) > f(po)

for arbitrary sequence (p,,); converging to p, under | - |;.
The convex hull, co(f), and the convex closure, co(f), of the function f on a closed
convex subset A of S(H) are defined as follows.

Definition 3.4.6. For functionf : A ¢ S(H) — [-00, +00], define

co = inf A,
) (pA)eco(epi(f))

where the symbol co(epi(f)) on the right-hand side means the convex hull of (or the
smallest convex set containing) the set epi(f) defined by (3.21). The convex closure
co(f) of the function f is defined by

epi(co(f)) = co(epi(f)),

where the symbol co in the right-hand side means the closure of the convex hull of a
set. It follows that co(f) is the greatest convex and closed function majorized by f. This
implies

co(f)(p) < co(f)(p) < f(p), VYpe AcS(H).
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Intuitively, we can say that (i) co(f), the convex hull of f on A, as the maximal
convex function on A majorized by f; and (ii) co(f), the convex closure of function f
on A, as the maximal closed (lower semicontinuous) convex function on .4 majorized
by f.

The definition of co(f)(p) above is equivalent to having the following representa-
tion:

co(f)(p) = 5 Iijr;f_prif(pi), where p; > O’ZPI' =1 (3.22)
iPiPi=P i

If f is a continuous function on compact convex set A ¢ S(H), then co(f) = co(f).
For arbitrary real valued function f on ¥, (H), the Fenchel transform f* is a func-
tion on the dual space T (H)(= B8, (H)) defined by

f*(A) = sup (t[Ap]-f(p). A B, (H).
peS(H)

By Frenchel theorem (see Rockafellar [131]), it can be easily proved that the function
co(f) coincides with the double Frenchet transform of the function f. That is,

co(f(p) =f""(p) = ,Sup (tr[Ap] - f*(A)), Vp € S(H).

€3, (H)

This implies that in this case co(f) coincides with the upper bound of the set of all
affine continuous functions majorized by f. We also note that the convex closure
co(f)(-) of a lower-bounded function f(-) on the set S(H) is defined as the greatest
convex lower semicontinuous (closed) function majorized by f(-).

Equivalently, the convex hull co(f) of a semibounded function f on the set S(IH)
is defined as the greatest convex function majorized by f (see, e. g., Rockafellar [131]).
Therefore,

- inf Fop) ).p € S(H), 3.23
colf)(p) {n,.,,i?ep{fp,@”ﬂp))pe (H) (3.23)

where the infimum is over all finite discrete ensembles {r1;, p;} of states with the average
state ) ; m;p; = p.

The o-convex hull, denoted by o-co(f), of a semibounded function f on the set
S(H) is defined as

o-co(f)(p) = inf Y mf(py),  Vp € S(H), (3.24)

{mpi}eP, (S(H))

where the infimum is over all countable ensembles {7;, p;} of states with the average
state p.
We have the following immediate observation.
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The function o-co(f)(-) : S(H) — [-00, +00] is o-convex. This is because for any
countable ensemble {A;, 0;} with the average state 0 and any family {{rz, p;;};}; of count-
able ensembles such that o; = }; 7;;p;; for all i the countable ensemble {A;7y;, p;;}; has
the average state 0. Thus, g-co(f)(-) is the greatest o-convex function majorized by f ().

The u-convex hull of a Borel semibounded function f(-) on the set S(IH), denoted
by u-co(f)(:), is defined as

pcof)(p) = _inf (jf(o)u(dm), vp € S(H), (3.25)

HEPpy(s )
S(H)

where the infimum is over all probability measures y with the barycenter p.

If the function p-co(f)(-) is Borel measurable and u-convex, then it is the greatest
u-convex function majorized by f ().

Stability of the set S(H) implies the following result.

Proposition 3.4.7 (Shirokov [143, 146]). Let f(-) be an upper-semicontinuous function
on the set S(H). Then the convex hull co(f)(-) of this function is upper semicontinuous.
If, in addition, the function f(-) is upper bounded then

co(f)(-) = a-co(f)(-) = u-co(f)().

Proof. Upper semicontinuity of the function co(f)(-) can be proved by using the as-
sertion of below, since for an arbitrary sequence (p,);<] of states in S(H), converg-
ing to a state p,, this implies existence of such §)-operator H in the space H that
Sup,s tr[Hp,] < +co. Coincidence of the functions co(f) and u-co(f)(-) under the con-
dition of upper boundedness of the function f is easily proved by using upper semi-
continuity of the functional y — jS(H) f(p)u(dp) on the set P(S(H)) and density of
measures with finite support in the set of all measures with given barycenter. This
proves the proposition. O

However, the following example shows that the condition of Proposition 3.4.7
does not imply coincidence of the function co(f)(-) with the function u-co(f)(-) =

0-co(f)(-) = co(f) ().

Example 3.4. Letf(-) : S(H) — [-00, +00] be the indicator function of a set consisting
of one pure state. Then p-co(f)(-) = f(-). Furthermore, co(f)(:) = O.






4 Completely positive maps

While it is adequate to describe classical physical systems using appropriate positive
maps, it is known, however, that these type of maps are not sufficient to describe
quantum communication channels. In this chapter, we give a definition of com-
pletely positive maps from one C*-algebra of bounded linear operators to another.
Characterizations and relevant properties of completely positive maps in terms of
the Stinepring theorem and Kraus representation are also given. It is shown that
the positivity condition of maps is weaker than the complete positivity condition
in general. However, these two positivity conditions coincide when one of the C*-
algebra is finite-dimensional or when the map under consideration is commutative or
*-homomorphism.

4.1 Definitions and properties

Consider the quantum systems A and B represented by separable complex Hilbert
spaces H, and H, respectively.

Recall that a linear map Y : B(H,) — B(Hp) is said to be positive if Y(A*A) > 0
in B(Hjp) for every A € B(H,), where A* is the adjoint of A. While a map being posi-
tive is useful in describing many relevant quantities in commutative physical systems
including classical ones, it however fails to do so in quantum physics. Specifically,
the map Y just being positive on B(IH,) is not sufficient in describing the transfor-
mation of quantum states from system A to system B, because the open quantum sys-
tem often interacts with an external quantum system. In the following, we first show
the inadequacy of positivity of Y. Imagine that outside of the system A, there is of-
ten another quantum system, that is often referred to environment E, which is rep-
resented by Hilbert space Hy that interacts with H,. Consider the composite system
H, := H, ® Hg and the extended transformation Y, which consists in applying the
transformation T to H, and ignoring Hg. That is, applying the transformation Y to
the H,-part and the identity to Hg-part. In other words, this means considering the
mapping

Y=Y®J;: B(H, ® Hp) — B(H, © H),
defined by
YA®E) = (Y®J5)(A®E) = Y(A) ® J5(E) = Y(A) ® E,

forall A € B(H,) and E € B(Hg), where Jf := j]HE is the identity operator on B(Hp),
i.e., Jg(E) = E for all E € B(Hp). Even though the mapping Y is positive, but sur-
prisingly enough, the extended mapping Y = Y ® J; does not necessarily preserve
positivity as shown in the following example.

https://doi.org/10.1515/9783110788105-004
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Example 4.1. Let H, = Hy = Hand let Y : B(H) — B(H) be defined by of linear
operator A, i. e.,

Y(A) = A*, VA ¢ B(H),

where A* is the complex conjugate of the adjoint operator of A. We claim that Y is a
positive operator by showing that Y(A*A) > O for every A ¢ ®B(H) as follows:

Y(A*A) = (A*A)" = A*A = Y*(A)Y(A) > 0.

To illustrate that Y is not a positive-preserving map on B(H ® E) in a specific
example, we let E = C? and consider the algebra B(H ® E) as the algebra of 2 x 2
matrices with coefficients in 9 (H). Then the mapping Y acts as follows:

Y( Ag | A >< Y(AD) | Y(Ao) )
1 1 - 1 1 :
Al | Al Y(A}Y) | YD

In particular, if H = C?, then

1
0
0
1

0
0
0
0

is not positivity preserving.

This property is clearly physically unsatisfactory to consider state transforma-
tions, which are not state transformations anymore when considered as part of a larger
world, even though one does not interact with the environment. Therefore, a concept
stronger than that of “positivity” such as “complete positivity” is required in order to
adequately describe the phenomena in a quantum world.

To explore the concept of complete positivity, we first assume that A ¢ £(H,) and
B < £(Hp) are two *-algebras of linear (but not necessary bounded) operators on Hy,
and Hp, respectively. Recall that a collection of linear operators on a Hilbert space is a
*-algebra if it contains the identity operator and is closed under operator addition “+,”
operator multiplication/convolution “-” and operator involution “*,” which is taken
to be the adjointness of the operator.

While there are other equivalent definitions (see Chang [24] or Bratteli and Robin-
son [15]), we give the formal definition of completely positive maps below.

Definition 4.1.1. Let .4 and B be *-algebras of linear operators on H, and Hp, respec-
tively. A linear map Y : A — B is said to be n-positive if for any n pairs of operators
(@;,b;) € Ax B (i =1,2,...,n) the following inequality holds:
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> biY(aja;)b; > 0, (4.1)

where a] and b; are adjoint operators of a; and b;, respectively, and 0 is the zero op-
erator in B. Themap Y : A — B is said to be completely positive if it is n-positive for
alln>1.

Recall from Definition 2.2.5 that a linear map 7 : A — B is a *-homomorphism
if, for any a,b € A, m(ab) = m(a)r(b), n(@*) = m(@)* and n7(Iy) = Iy. The *-
homomorphism 7 is often referred to as a representation of A into B (see Defi-
nition 2.2.5). The representation 7 is said to be a normal representation if the *-
homomorphism is o-weakly continuous (see Definition 2.1.2 for its definition and
Remark 1.6 for the characterizations of g-weakly continuity). Note that in the case
where A = B there exists a trivial representation of .4 on B (or simply of B(H) when
H, = Hp) = H given by 1(A) = A for all A € .A. We shall call it the standard represen-
tation of A.

The following are some important completely positive linear maps.

Proposition 4.1.2. LetY : A — B be a *-homomorphism. Then Y is a completely posi-
tive and continuous map.

Proof. 1. For each n > 1 and every n pairs (a;,b;) € Ax B,i = 1,2,...,n, we need
to show that }I', b; Y(a; a;)b; is a positive operator on Hp. Through the definition of
*-homomorphism and positivity of operators, we have

n n
> b;Y(aja;)b; = > b Y(a;)Y(ay)b;
i=1 i=1
1 ln . )
= Y b Y(@) Y(@yb; = ) (Y(a)b;) Y(ayb; > 0.
i=1 i=1

Therefore, Y is n-positive for any n > 1. This shows that the *-homomorphism Y :
A — Bis completely positive.

2. We now want to prove that Y is a continuous map from A to B. If A is a self-
adjoint element of A then, for *-homomorphism Y : A — B, Y(A) is a self-adjoint
element of B. In particular,

IY(A)lls = sup{lAl | A € 0,(Y(A))},

where 0,(Y(A)) is the point spectrum (or the set of all eigenvalues) of Y(A) € B. But
note that if r belongs to the resolvent set p(A) of A then A —rl, is invertible in B(IHy);
hence, Y(A-rI,) = Y(A) — rIg is invertible in B(Hjp) (see Subsection 1.4 for the defini-
tion and properties of resolvent sets). This is to say that r belongs to the resolvent set
p(Y(A)). This proves that 0,(Y(A)) C 0,(A) and this gives the estimate

IY(A)] 4, < sup{lAl | A € 0,(A)} = Al
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Now if A is any element of A ¢ *B(H,), then
IY@IZ, = I @Y@)],, = [Y(A°A)],, < IA"Al, = AL,

This proves the continuity of the map Y : A — B. Therefore, the proposition fol-
lows. O

For the remaining part of this section, it is assumed that .4 and B are two uni-
tal C*-algebras of bounded linear operators on complex separable Hilbert spaces H,
and Hg, respectively. Recall from Definition 2.2.4 that a C*-algebra is a *-algebra of
bounded linear operators that is complete under the operator norm | - ||, and satisfies
la*all,, = ||a||2Oo for all a € A. The unit operators of .4 and B are to be denoted by I,
and I, respectively.

While the results represented in this chapter are obtained for general C*-algebras
A € B(H,) and B ¢ B(Hp), however, for applications to quantum communication,
we often assume that A = B(H,) and B = B(Hp).

We give an alternate and yet easier way to verify definition of complete positive
maps as follows. For every integer n € N, let M, be the collection of all n x n complex
matrices. Recall an n x n matrix A = [ai]-];szl € M,, is said to be positive (or positive
definite) if the quadratic form (x, Ax)c» > O for all nonzero vectors x € C", where
(X,¥)en = x - y is the inner product on C" defined by

n
XY)en =Xy = Z)_(i)’i VX = (X1 X055 XY = (V1 Y25+ Yn) € C.
i=1

Let A € B(H,) be a C*-algebra. Let M, (A) be the collection of nx n matrices with
entries in A.

Explicitly, the space A ® M, (similarly for B ® M,) consists of all n x n matrices
a= [aij]ijp whereay; € Aforalli,j =1,2,...,n. With the obvious matrix multiplication
and the *-operation, A ® M,, is an involutive algebra, i. e.,

n
(Aa + }’lb)l} = Aal] + ],lbi]', (ab),] = z alkbk} and (a* )U = a;:, (4.2)
k=1

foralla = [aij]{szl, b= [b,-]-];f]-:1 inA® M,and A, u € C.
The following result certifies that we can identify M, (.A) with the tensor product

A® M,

Proposition 4.1.3. Let A be a C*-algebra of bounded linear operators on Hy. Then
M, (A) is a *-algebra and M, (A) and A ® M, are *-isomorphic via the mapping

n
n
(@l — ) 8y @ Ej,
ij=1

where E’s are the matrix in M, with ij entry equals to 1 and O everywhere else.
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Proof. Clearly, the map is linear and it is multiplicative, since for [a;; ]1 j=1> and [bu]
in M, (A), we have

i,j=1

n n n
(217521 ;1521 = [Zazkbk]] - Z(Z aikbkj>®Eij
ij=1

ij=1\k=1

n n n
= Z (Z aikbkj Q EikEk]'> = z (aikbsj) ® EikES}

ij=1\k=1 ij,ks=1

n
= ( Z aij ®El]>< z bl] ®EU>
i,j=1 i,j=1

We also have

*

n n
([al] ij= 1) = ]Ulea ® 'i:Za)';;@E;:(Zail’@Eﬁ) :

ij=1 ij=1 ij=1

This means that the map is a *-homomorphism. Surjectivity of the map follows from
the fact that any element of .A® M,, is of the form szzl a; ® E; for some a;; € A. To see
the injectivity of the map, let ZZ;=1 a; ® E;; = 0. Then

n

(b ®Ekr)< Z aij ®Eij>(c ®Esm) = bakmc ®Ekm =0
ij=1

Hence, ba;,,c = 0 forallb,c € Aand 1 < k,m < n. Hence, a,, = 0 and so [a,-]-];f]-:1 =0
(the zero matrix). This proves the proposition. O

Explicitly the above result (Proposition 4.1.3) states that the space A ® M, can
be canonically identified with all n x n matrices a = [ai]-]gjzl, where a; € A for all
,j=12,...,n

The algebraic tensor product C*-algebras A ® M,, (resp., B ® M,) can be repre-
sented as the C*-algebras of n xn complex matrices with entries in A (resp., B). In fact,
every element x of A ® M,, can be written in the form

Xll X12 .. Xln
le X22 “ e in
Y Xy ®FE; = S . , (4.3)
1<ij<n : : T :
Xy Xp .. X

where Ej; denotes the n x n matrix with all the entries equal O except the ijth, which is
equalto 1, and x; € Aforalll1<i,j<n.

LetY : A — B be alinear map. For each n € N, we define the linear map Y,, that
maps n x n matrices in .A ® M,, to n x n matrices in B ® M,, in the following fashion:
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a; ap ... ay Y(@;) Y@p) ... Y@y
ay ay ... ay Y(ay,) Y@y ... Y(@y,)

: - . . : (44)
a; ap ... Y@, Y@y ... Y@u)

In order to give a useful condition equivalent to complete positivity by means of
the maps Y,,, we prove a simple fact on positive elements of A ® M, in the case when
Ais a C*-algebra of bounded linear operators on H,.

Proposition 4.1.4. Let A be a C*-algebra of bounded linear operators on H, and let
X= [xij]{szl be an element of A ® M, The following conditions are equivalent:

1. xis positive,i.e., X = y*y for somey = [yij]zjzl €A M,,.

2. xis finite sum of matrices of the form 3., a;a;® Ejwitha,,...,a, € A

3. Foralla,,...,a, € A, wehavey; ,a;x;a; > 0.

Proof. (1) = (2). Since X is positive, it can be written in the form y*y withy € A® M,,.

Writing y in the formy = }, ;. V;; ® Ej;, we have

*

X=Y*V:< Z Yij®Eij> < Z Yij®Eij>

1<i,j<n 1<i,j<n
n
k=11<iy

<t<

n
ViV ®Ej= ) D ViVy®E;j= ) ajaeE;,
n

1<ij<n k=1 1<i,j<n

where af = Y}, y;; and a; = Y;_, Vj;. Therefore, X can be written as finite sum of
matrices of the form ¥, a;/a; ® E;; with a,, ..., a, € A.

(2) = (3) is trivial.

(3) = (1). By representing A (see Proposition 2.5.2) as a sub-C*-algebra of B(H 4),
(where H 4 is the Hilbert space that represents A in GNS representation) and decom-
posing H 4 into cyclic orthogonal subspaces (see part 3 of Definition 2.5.3), we may
assume that there exists a cyclic vector u € H 4 for the representation (i, H 4). That
is, [m(A)u] = H 4, where 7 : A — B(H 4) is the *-homomorphism defined by (a) = a
for all a € A. Condition (3) then implies the inequality

Y (au xzau)y , > 0.
1<ij<n

Therefore, since the vector u is cyclic, we have

Z <Vi,xijVj>]HA >0

1<i,j<n

forallvy,...,v, € H. This completes the proof. O

We are now in a position to prove the following proposition.
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Proposition 4.1.5. Let A and B be C*-algebras of bounded linear operators on Hy
and Hg, respectively. Let Y : A — B be a linear map. The following conditions are
equivalent:

1. Yis completely positive.

2. Foreveryintegern > 1,themap Y, : A® M, — B® M, defined by (4.4) is positive.

Proof. The second condition implies the first by parts (2) and (3) of Proposition 4.1.4.
Since the operator x = };;a;a; ® Ej; in A ® M, is positive, we have that Y, (x) =
Y, (Y;;a/a;® Ey) = 3, Y(a; a;) ® Ej; is positive.

Conversely, the first condition implies that }'; ; Y(af a;)®E; is positive. Therefore, Y
is positive because of conditions (1) and (2) of Proposition 4.1.4. This proves the propo-
sition. O

Proposition 4.1.6. LetY : A — B be a linear map, where B = B(Hp) is the C*-algebra
of all the bounded linear operators on a Hilbert space Hg. Then Y is completely positive
ifand only if for everyn > 1 and every a, ...,a, € A, u,...,u, € Hg,

Y (upY(aja)uy)y, > 0.

1<i,j<n

Proof. Notice that the C*-algebra B ® M, can be represented as the C*-algebra of all
bounded linear operators on the n-fold direct sum Hy @ - - - @ Hg. Therefore, the above
condition is clearly equivalent to positivity of the map Y,, on A ® M,, for every n > 1.
This proves the proposition. O

The above proposition can be parallel and rephrased as follows: A linear map
Y : A — Bis called completely positive if, for every n > 1, the map Y,, on the algebra
A®M,, of A-valued nxn matrices to B-valued nxn matrices defined below are positive,
i. e., it maps positive n x n operator-valued matrices to positive n x n operator-valued
matrices defined by (4.4).

The above results (Proposition 4.1.5 and Proposition 4.1.6) indicate that we can
use the following equivalent definition for complete positivity of the linear operator Y
on B(H), where Hy = Hgp = H.

Definition 4.1.7. Alinear operator Y in B(IH) is completely positive if, for everyn € N,
the natural ampliation Y,, on B(H) ® C" given by (4.3) is a positive operator.

Recall that a completely positive operator Y on B(H) is said to be a completely
positive normal operator if it is o-weakly continuous.

The following result indicates that a positive linear map Y : A — B is in fact
completely positive when at least one of the C*-algebras .4 and B is commutative. The
result when 3 is commutative is due originally to Arveson [2] and the result when A is
commutative is due originally to Stinespring [167]. The proofs are omitted here.
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Theorem 4.1.8. LetY : A — Bis a positive linear map. If either A or BB is a commutative
C*-algebra of bounded linear operators, then the positive linear map Y is completely
positive.

The following simple properties of completely positive maps turn out to be useful.
Its proof is trivial and is therefore omitted.

Proposition 4.1.9. LetY; : A —» BandY, : A — B be two completely positive maps.
Thenthe map Y, + Y, : A — Bis completely positive.

Proposition 4.1.10. Let A;, A,, A; be C*-algebras of bounded linear operators and Y :
A — Ay and Y, : A, — A; be two completely positive maps. Then the map Y, - Y; :
A; — Aj is completely positive.

Proof. It suffices to notice that, for every integer n > 1, themap (Y, Y;),, : 4,0 M,, —
As ® M, coincides with the composition Y, o Y; ,, where Y;,, : A; — A;® M, is
the map defined by equation (4.4) for i = 1,2. The positivity of Y; , and Y, ,, imply the
positivity of Y, ,, o Y; , = (Y; o Y;), forall n > 1. Hence, Y, o Y; : A} — Aj is completely
positive by Proposition 4.1.5. O

Proposition 4.1.11. Let A be a C*-algebra of bounded linear operators on H, and let
(Y(k));‘:"l’ be a sequence of completely positive linear maps YR 4 $B(Hp). Suppose
that, for every a € A, the sequence (Y(k)(a));;xl’ converges weakly, i. e.,

klim (u,Y(k)(a)v)]HB exists foralla € A and allu,v € H.
—+00

Then the linear map Y : A — B(Hp) defined by

Ya) = lim Y®@), vacA,

k—+00
is completely positive.

Proof. By Proposition 4.1.6, it suffices to note that

* . k *
Z <u1‘, Y(ai aj)u]->]HB = kETw z (ui,Y( )(ai aj)Uj>HB >0,

1<ij<n 1<ij<n

for every integer n > 1, every u, ..., u, € Hg and every a,, ..., a, € A. This shows that
themap Y : A — B(Hjp) is completely positive. O

4.2 Some technical results

We now present some technical results regarding the implications of various conver-

gence of an infinite series, Y, MM, of operators. These results will be used to en-
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sure the good convergence of the series of operators associated with a specific type of
mappings that are important in the sections that follow and in Chapter 5.
The proofs of the technical results presented in this section can be found in At-
tal [3].
— It is recommended that readers skip the proofs of these technical results at the
first reading and revisit them when they are needed at a later time. The reader can
consult the lecture notes by Attal [3] for proofs omitted.

Lemma 4.2.1. Let M and X be any bounded linear operators on separable Hilbert
space H, where X is self-adjoint. Then we have

M*XM < |X|| ,)M"M.

Proof. Since X is self-adjoint, (¢, X¢); is real for all ¢ ¢ H. By the Cauchy-Schwarz
inequality (see equation (1.2)), we have

(D, X) < IXll oo IPlIZ,

for all ¢ € H. Let ¢ = Myp, we have from the above inequality

(Y, M" XMy, = (M, XMy) gy = (¢, X) g
< IXllo Pl = IXlloo My = 1Xllo (tp, M* M) .

This implies that

(), M"XMY) 1, < [ Xlloo (o, M"Mt)

for all Y € H. The lemma follows immediately. O

We first describe some conditions below.
- Condition (weak-M). The sequence (M,));% < B(H) is such that the series
o) MM, converges weakly to some bounded linear operator X on H. That is,

lim <¢,i(M;M,, - X)<p> =0, V¢, peH.
H

n—+oo 4
i=1

- Condition (|M||,,). The sequence (M,)'% ¢ B(H) is such that the series

n=1
o) MM, converges in operator norm | - ||, to some bounded linear opera-

tor X on H. That is,

lim
n—+oo

n
Z MM, - XH =0.
i=1

(o]
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It is easy to see that Condition (|M]|,) implies Condition (weak-M).
We now state some technical results that will be used for the remainder of this
chapter below.

Proposition 4.2.2. Let (M,));% ¢ B(IH) be a sequence of operators that satisfies Con-
dition (weak M). Then the following conclusions hold:
1. IfT € T(H), then the series Y ;% M,, TM;, is trace-norm convergent and we have

tr[ioMnTM;] = tr[TX].

n=1

2. IfY € B(H), then the series Z;Sl’ M; YM,, converges strongly.

Furthermore, if the sequence (M,,);%] ¢ B(HH) satisfies condition (|M||,,), then the series
o M ZM,, is operator-norm convergent for any Z € B(H).

Proof. 1. We prove part 1 in the following steps.

(Step 1) As a first step, we assume that T is positive. We claim that each of the
operators M,,TM;, is positive and trace class. To prove this claim, we note that since T
is positive, T = A* A for some operator A. In this case,

M, TM; = M,A*"AM; = (AM}) AM; > 0.

Therefore, M,,TM;, is a positive operator. Now M,,TM, is a trace-class operator due to
Proposition 1.8.4. This is because T(IH) is a two-sided ideal in B(IH) (see Chang [24] or
Bratteli and Robinson [15]). That is, TA € T(IH) and AT ¢ T(H) forall T € T(IH) and
A € B(H). Hence, M,;, M; € B(H) and T ¢ T(H) imply that TM;, and M,,T are in T(H).
The claim that M,,TM;, is a trace-class operator follows with a repeated application of
Proposition 1.8.4. Also,

tr[M, TM ] = tr[TM, M ] = tr[TM’ M,,].

Now putY, = ¥, M;TM;, foralln € N. For alln < m, the operator Y,, - Y,, is positive
and trace class. Put X,, = YL, M M;. Then, for all n < m we have

1Y, - Y,ll; =te[|Y,, - Y,|] = tr[Y,,, - Y,]

= Y tu[MTM;]= ) tr[TM;M;] = tr[T(X,, - X,)].

n<ism n<ism

Since T is a positive trace-class operator on H, it can be decomposed as

+00
T=) Aleuleil,
i1
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where {A;};3 is the eigenvalues of T with Y7 A; < oo, and {le;)y;};3 are the corre-
sponding eigenvectors. In this case,

t1'[T(Xm - Xn)] = z Ai<ei’ (Xm - Xn)ei>]H'

ieN

As the sequence (X)) converge weakly to X, its Cauchy sequence converges weakly.
Hence, each of the terms (e;, (X, — X,)e;)z converges to O as n and m go to +co.
Each of the sequences (X,¢;);:°] is bounded, since every weakly convergent sequence
is bounded. Hence, the terms (e;, (X, — X,,)e;)z are all bounded independently of n
and m. By Lebesgue’s convergence theorem (see, e. g., Rudin [133]) |Y,,, - Y, l; tends to
0 when nand mtend to +co. In other words, the sequence (Y,,);%} is a Cauchy sequence
in T(H), hence it converges to some trace-class operator Y. Now,

n—+oo

n
tr[Y] = tr[ lim Y,|= nl_i)r}l(x) tr[Y,] = ngrpm tr[ZMI‘TM;k ]
i=1

n n
lim Zl tr[M;TM;] = lim zl tr[TM;M; |
1= 1=

n n
(e ) - s (o

= tr[T ngglm X,,] = tr[X].

We have thus proved the proposition for positive trace-class operators T.

(Step 2) As a second step, if T is a self-adjoint trace-class operator, then T can
be decomposed as T = T, — T_, where T, and T_ are positive trace-class operators
(see Lemma 1.8.3). It is then easy to extend the above result to self-adjoint trace-class
operator T. Finally, if T is any trace-class operator, one can then decompose itas T =
A +iB, where A = (T +T*)/2, B = —«(T - T*)/2 (1 = ¥~1) are both self-adjoint and trace
class. The conclusion of part 1 of the proposition now follows very easily.

2. We first assume that Y is a positive bounded linear operator on H. Put X,, =
YL MM; and S,(Y) = Y, M YM,. Note that S, (Y) is a positive operator, and even
more, all of the operators S,,(Y) — S,(Y) are positive operators, for all n < m. Thus,
for all ¢ € H, all n < m, we have, using functional calculus and Lemma 4.2.1 several
times

(S - 8,0
= (\S(Y) ~ S, (V). (Sn(¥) - S,(V))\/S,u(Y) ~ S, (V)p)
< Y lloo{ YSm(¥) = S5 (), (X = X)) YSm(Y) = S5 (V))
< ¥l (Sm(¥) ~ S, (¥)b, XS, (¥) — S, (V)
< ¥l (¢ \Sm(¥) — S, (VXS (Y) — S, (V)eb)
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< Yl I Xl o (b5 (S (Y) = $,,(Y))h)
< IVI2, 1K Lo (B (Ko = X)) gy

By hypothesis, this term converges to 0 as n and m tend to co; hence, we have proved
the strong convergence of (S,,(Y)). In the same way as for part 1 of Proposition 4.2.2 we
then easily extend this property to bounded self-adjoint operators and then to general
bounded operators.

3. The last part of the proposition is proved as follows. Consider the polar de-
composition (see Theorem 1.8.11) Z = U|Z| of the bounded linear operator Z, where
|Z| = VZ*Z. We then have

m
Y M ZM;

i=n |

m
=1y M;‘U|z|M,-” ) (4.5)

i=n

(o]

But we have, for all ¢, p € H with |@|lg = [Pl =1,

(s(mumm)) |

m

Y UM, |ZIM; ) |

i=n

Z U Ml ZIM; by

3

m 1/2 m 1/2
< (Z ||U*Mil/1||§{> (Z |||Z|Mi¢||§{>

i _ 1/2 m 1/2
(Z(x/; M UU sz>]H> <Z<¢,ME‘IZI2MI¢>H>

1/2 1/2

m
<¢ Y M;UU'Mp <¢,ZM;‘|Z|2M,.¢>
H i=n H
12, 1/2
Y M;|ZI°M;

oo lli=n

< iM{‘UU*Mi

i=n

(o]

This shows the following particular form of the Cauchy-Schwarz inequality in opera-
tor norm | - [|:

m 1/2
> M UUM, *1ZI°M

i=n

m
Z M;‘U|Z|MiH <
o0

i=n

When applied to equation (4.5), this gives
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1/2 1/2

m m m
ZM{‘ZMI-” <Y Mjuurm| |y M;IZIPM;
i=n 0 i=n oo lli=n o
But, using Lemma 4.2.1 again, we get
m m
ZMI-*UU*MI-“ = sup <¢,ZM1-*UU*M1-¢>
i O L A= H
= sup Z(¢ M;UU*M;¢), < [UU*|, sup Z<¢ M/ M;¢),,
l#l=1i=n llli=1j=n
m
= |UU" |, sup <¢,Z(M?Mf)¢> Iue, ZM M”
Iphs=1 \ iz H
This gives finally
m
ZM;‘ZMil < [Ullo 1 Zll oo ”
i=n 00 00

By hypothesis, the last term tends to 0 when n and m tend to +co. This means that the
sequence (Z? 0 M;ZM; )+ is a Cauchy; hence, it converges in operator-norm | - |,
This proves the proposition. D

We state the following propositions without a proof to avoid repetition of the same
type of argument by proving each of those series (treated as sequences of partial sums)
is a Cauchy sequence in their norms. Their proofs are quite similar to the one above
and are left to the readers.

Proposition 4.2.3. Let K be an infinite-dimensional separable complex Hilbert space
and let (e,) %] be a given orthonormal basis of K, and let (M,,);:%} ¢ B(HH) be a sequence
of operators that satisfies Condition (weak(M)). Then:
1. the series Y27 (M,, ® Ig) ® |e,) converges strongly to a bounded linear map M :
H — H ® K. Furthermore, the operator M satisfies the following properties:
+00

M(h) = ) M,(h)®le, )y, VheH.

n=1

In particular, we have M, = (e,|xM. This operator M satisfies M*M = X and the
series M* = Y %7 (e, |x (M}, ® I), where the series converges weakly.
2. Conversely, let M be any bounded linear operator from Hto H® K. Foralln € N,
put M, = (e,lxM. Then the M,,’s are bounded linear operators on H, the sum
o) MM, converges strongly to M*M and the operator M is given by

+00

M=) (M, ®Iy)le,)k,

n=1

where the sum is strongly convergent.
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3. Finally, in any of two cases above, the mapping

+00
T AT) = )’ M,TM;,

n=1

on T(H), is given by A(T) = trg [MTM™].
In particular, the mapping A is a bounded linear operator on T(H) with |All,, <
[M* M|

Note that part 3 of Proposition 4.2.3 states that the map A : T(H) — ¥(H) defined
by the series A(T) = Y% M,,TM;; can be expressed as A(T) = trg[MTM*].

In the following, we define its associated bounded linear operator Y on 8(HH) and
note that it is the adjoint of A.

Proposition 4.2.4. Let (M,));% ¢ B(IH) be a sequence of operators that satisfies Con-
dition (weak(M)). Let Y be a bounded linear operator on H and consider the linear
map Y on B(H) defined by

+00
Y- Y(Y) = ) M, YM,.

n=1

ThenY is a bounded linear operator on B(H), with |Y| o, < Xl - The operator Y is the
dual of the operator A = tr [MTM*] defined in the preceding proposition. In particular,
the operator Y is *-weakly continuous on B(H) and A is the predual map of Y. Finally,
using the same operator M : H — H®K as in Proposition 4.2.3, the operator Y is given by

Y(Y) =M (Y®Ix)M, VY ¢ B(H). (4.6)

4.3 Stinespring representation

Let A be a C*-algebra of bounded linear operators (but not necessarily on any specifi-
cally known complex Hilbert space). Recall from GNS representation of A (see Defini-
tion 2.5.1 and Proposition 2.5.2) that if there exists a *-homomorphism 77 : A — K and
avector { € K such that m(A){ spans K (i. e., span{rr(a){ | a € A} = K), then the pair
(7, K) is called a GNS representation of .4 on K and the vector { € K is called a cyclic
vector.

The following result due to Stinespring [167] gives a representation of completely
positive maps. Although the result holds true for any C*-algebra of bounded linear
operators A on H, however, for representation simplicity of the material, we assume
that A = B(H) below.

Theorem 4.3.1 (Stinespring [167]). A linear map Y : B(H) — B(H) is completely pos-
itive if and only if it has the form
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Y(@) = V'@V, VacA, (4.7)

where (11, K) is a GNS representation of B(IH) on K for some Hilbert space K, and V is
a bounded linear operator from H to K. If the map Y is normal, then the representation
71 can be chosen to be normal.

Proof. (&) We first assume that Y be a linear map of the form (4.7) and let [aij]zjzl be
a positive matrix in B(H) ® M,,. For all vectors (u]-)?:1 in H, we have then

> Y@y = Y (un V@)V,

1<ij<n 1<ij<n

= Z (Vui,ﬂ(aij)Vu]->H > 0,

1<ij<n

because 7 : B(H) — B(K) is a *-homomorphism and, therefore, is completely pos-
itive by Proposition 4.1.2. This shows that the map Y : B(H) — B(H) is completely
positive by Proposition 4.1.6.

(=) Conversely, suppose that the linear map Y : B(H) — 2B(H) is completely
positive and consider the vector space B (IH)®H, the algebraic tensor product of 2B (IH)
and H. On space B(H) ® H, we define the bilinear form (-, -)3g)ep : (BH) ® H) x
(B(H)® H) —» Chy

(X, V)3 #H)en = z <ui’Y(ai*b]')V]'>]H

1<i,j<n

forx =),a;®9u;andy = ) ; b;®v; in B(H)® H. Since Y is completely positive, we have

(X, X) 3 (H)oH = Z (up, Y(a7 @j)uy)y; 2 0

1<ij<n

forall x = }; a; ® y; in B(HH) ® H. Hence, the bilinear form (-, -) o3 31)p defined above
is positive.

Consider the algebraic homomorphism m, defined on B(HH) with values in the
space of linear transformations on B(H) ® H,

i=1

n n
no(a)<2ai ®u,-> =Y (@) eu;, Vva,a; € B(H)y; € H
i1

It can be easily shown that 7y(ab) = my(a)m,(b) and 7y(@*) = my(a)* for all a,b ¢
9B(H). That is, the map n; : B(H) — B(K) is a *-homomorphism, where K is the
Hilbert space defined in the following paragraphs.

Notice that, for all X,y as above, we have

(%, ﬂo(a)Y)q;(]H)@]H = (mp(@)"x, y)%(H)gﬂH = (mo(a*)x, V)fB(JH)@]H-
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It follows that, for every x € 8B(IH) ® H, the linear map
w:B(H) - C, w@)=(x 710(21))()%(]1{)69]H
is a positive linear functional on 2B3(IH). Therefore, we have

||7To(a)x||2s3(n-1)®]1-1 = (mp(a)x, no(a)x)%(]H)«&]H

(
(%, 70 (@)" o (@)X) g3 (ypps = (X To(@7 )0 (@)X) o3 (p11pms
(

X, (2" a)X) g3 e = @("al) < [la"all,w(D)

2 2
a1 gy (4.8)

where | - [, and || - [l ) denote the operator norm in H and 25(H) ® H, respec-
tively. Let A be the linear subspace of operators x in B(IH)®H such that (X, X)e (1)1 =
||x||§B(H)®]H = 0. Since . is invariant under m1,(a) for every a € B(H) because of (4.8),
we can consider the quotient pre-Hilbert space B(H) ® H/N. Define the prescalar
product on B(H) ® H/N by

X+ NV + Ngmen = X V)s@men-

Let K be the Hilbert space obtained by completion of (B (IH) ® H)/N. By the above
construction, the *-homomorphism 77, extends to a representation 77 of B(H) on B(K)
such that

n@)x+N) =my@x+N
fora € B(H) and x € B(H) ® H. Consider the linear operator V: H — K,
Vu=Iou+N.
This operator is bounded because of the inequality
IVullg = (u YMu)y < YD, Il

A straightforward computation yields (4.7). This proves the theorem. O

A minimal Stinespring representation (see Chang [24] or Bartteli and Robinson
[15]) is defined below.

Definition 4.3.2. A triple (KK, 1, V) satisfying (4.7) is called a Stinespring representa-
tion of the completely positive map Y : B(H) — B(H). It is called a minimal Stine-
spring representation if

-l

K={m@VulaecAueH} , (4.9)

— Mk

where {---}' " denotes the closure of {-- -} under | - |-
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Completely positive maps describe the dynamics of open quantum systems and
Stinespring’s dilation theorem is the basic structure theorem for such maps. It states
that any completely positive linear map Y : B(IH) — B(H) between two C*-algebras
can be written as a concatenation of two basic completely positive linear maps: a *-
homomorphism 7 : B(H) — B(K) into a larger (dilated) C*-algebra B(K) of the
bounded operators on some Hilbert space K, followed by a compression V*(-)V into
the range algebra B (H):

Y(a) = V'm(a)V, Va e B(H).

The Stinespring’s theorem provides an excellent characterization of the set of per-
missible quantum operations (see Definition 5.1.2 for a definition of quantum opera-
tion) and is also among the most useful tools in the theory of open quantum systems
and quantum information. In a way, the increased system size is the price one has to
pay for a simpler description of the map Y in terms of basic operations V, 7 and V*.

Note that every completely positive linear map admits a minimal Stinespring rep-
resentation. In fact, with the notation of the proof of Theorem 4.3.1, it suffices to con-
sider as Hilbert space K the closure K; of the vector space generated by Theorem 4.3.1.
The restriction mr; of 7t to K; also satisfies (4.9).

The minimal Stinespring representation is unique in the following sense.

Proposition 4.3.3. Let m; and m, be two representations of B(IH) on Hilbert spaces K;
and K, andletV; : H — K;, (i = 1,2), be two bounded linear operators such that

{m(@Vu|aeBMH),uecH}

isthetotalinK; fori =1,2,i.e.,

I,

{m@VulaeB(MH),ueH =K,
and such that
Y(a) = V/n(a)V;
fori=1,2. Then there exists a unitary map U : K; — K, such that
UV, =V,, Um(a)=m(a)l, Vae B(H). (4.10)

Proof. LetU: K; — K, be the densely defined linear map defined by

U(Z nl(aj)vlu,) =Y m(@V,y
j=1 j=1
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for every integern > 1and a,,...,a, € B(H), uy,...,u, € H. A straightforward com-
putation shows that

(Umy(b)V,v, Uy (a)Vyu),
= (1. Y(ba)u)y,
= (Vyv,m(b"a)Vyu),
= (m(b)Vyv,m(a)Viu),, Va,beB(H)andu,veH,

where (., )j denotes the Hilbertian inner product in K; for i = 1,2, and naturally (-, )
the Hilbertian inner product in H. Therefore, U is an isometry and can be extended
to K; by an obvious density argument. In a similar way, one can prove that also U* :
K, — K, is an isometry. Thus, U is unitary. Finally, since

for every u € H, (4.10) follows. O

The Stinespring representation of a completely positive map Y : B(H) — B(H)
can be considered to be a dilation of Y. What is a dilation? To explain this concept, let
K be a Hilbert space and H be a Hilbert subspace of K. If U is in B(K), then Py;U|y; €
$B(H), where Py is the projection onto H and Ul is the restriction of U to H. Set
T = PyU|y. Then U is said to be a dilation of T and T is said to be compression of U.
Certainly, any T € B(HH) has many dilations in % (K). For example, it can be shown
that a contraction has an isometric dilation and a isometry has a unitary dilation.

We summarize Theorem 4.3.1 and Proposition 4.3.3 and obtain the following Stine-
spring theorem.

Theorem 4.3.4 (Stinespring dilation theorem). Let H be a separable complex Hilbert
space. If Y : B(H) — B(H) is a completely positive operator, then there exists a
Stinespring triple (K, m, V), where K is a complex Hilbert space, V. : H — K a
bounded linear operator with ||V||f)O = YD)l and m : BMH) — B(K) a *-homo-
morphism satisfying V*r(-)V = Y(-) on B(H). If triple (K, r, V) is minimal, i.e., K =
{m@)Vu|aeBMH),ue ]H}"'"'K, then the triple (K, m, V) becomes unique up to unitary
equivalence.

Remark 4.1. If 7 : B(H) — B(K) is a unital *-homomorphism and V ¢ B(H, K), then
themap Y : B(H) — B(H) defined by ®(a) = V*n(a)V is completely positive. So, the
Stinespring’s dilation theorem characterizes the completely positive maps.

Remark 4.2. Let Hy and Hy be two complex Hilbert spaces. If Y : B(H,) — B(Hjp)
is a completely positive map, and if Y is unital, we may assume that Hy contains Hy
as a sub-Hilbert space. Indeed, the identity operator Iy on Hg can be written as

Ip =1y, = Y(I,) = VI,V = V'V,
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where I, := Iy, (the identity operator on Hy). This implies that V is an isometry. So,
instead of Hy = V(H,) ® V(IH,)" we may consider Hg = H, ® V(IH,). Thus, we have
Y(a) = Py, (a)ly, foralla € B(IH,). That is, any completely positive unital map is a
compression of a unital *-homomorphism.

Remark 4.3. When the C*-algebra A and the Hilbert space H are separable, then we
may assume that K is separable. Similarly, when .4 and H are finite-dimensional then
KK may be taken finite-dimensional.

Remark 4.4. Given a Stinespring representation (K, 7, K) for Y : A — B(H), it is pos-
sible to make it minimal. Let K, be the closed linear span of 7(A)V(H) in K. Since 7 is
unital, V(IH) lies in K; so we may assume that V : H — K;. Also, m(a)(K;) lies in K;
forall a € A since mis closed under multiplicative and continuous. Som; : A — B(K;)
defined by r1;(a) = n(a) I]Kl is well-defined and still a unital *-homomorphism. It is easy
to see that (K;, 7y, V) is a minimal Stinespring representation for Y.

4.4 Kraus representation

In this section, we explore and prove the Kraus version of the Stinespring theorem (see
Kraus [98]). Kraus representation provides a characterization of o-weakly continuous
(i. e., normal) completely positive maps.

The presentation of Kraus representation in this section is largely based on the
lecture note by Attal [3].

Recall that amap Y on a von Neumann algebra A is said to be normal if Y(v,a,) =
VY (a,) for all increasing net (a,),¢; that is bounded above where v,(-) denotes the
least upper bound.

We first need the following preliminary result.

Lemma 4.4.1. Letm be anormalrepresentation of B(IH) on a separable Hilbert space K.
Then there exists a direct sum decomposition of KK,

where the subspaces K, are invariant under n (i. e., n(K,,) c K,,) and ”|11<n1 the restric-
tion of m to each K,, is unitarily equivalent to the standard representation of 5 (H).

Proof. If ¢ is a unit vector in H, then the projection P = 71(|¢p)5(¢|) is nonzero. This
is because if U, are unitary operators in B (HH) such that ¢, = U,¢ form a maximal
orthonormal set in H and if P = 0 then

1(|$pn) 11 (Pnl) = 7(U,)P(U,) = 0

and, by normality of 7,
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(M) =Y w(Idn)si(¢nl) = 0

n

instead of being equal to I as it should be. Therefore, P # 0. If i is a unit vector in K
such that Py = 1), then

(W, X)) = (PP, aX)PY) = (W, (1)1 (PIXID) 11 (PP
= (0. X)) 1> (Y, 1(1P) 1 (PP = (. Xp)y.

Consider the sub-Hilbert space of KK,

K; = {n(X)¢ | X € BH)}.

It is clear that K; is stable (i. e., closed) under all the operators 77(A). Hence, so is the
space K. Consider the map U : 1(X)y — X¢, it is easy to see that U is isometric, and
hence extends into a unitary operator from K, to H. Computing Uz(Y)U" on elements
of the form X¢, shows that Un(Y)U* = Y. We have decomposed K into KK; ® ]KIL, where
K; is stable under 7 and on which 7 is unitarily equivalent to the standard represen-
tation of H. We are left with a normal representation on K; . We can apply the same
procedure repeatedly and generate a sequence of subspaces (K, ):5; of subspaces of K.
By Zorn’s lemma (see Lemma 2.1.3), there exists a maximal class of subspaces K,, of K
with unitary maps U, : K,, — H such that K,, is invariant by 7 and X = U,n(X)U,, for
all X € B(H). This maximal family must satisfy

+00
K =PK,
n=1

for otherwise we can repeat the same construction as for K; inside the space

(&)

and contradict the maximality. This proves the lemma. O

The following Kadison—-Schwarz inequality (also known as multiplicative inequal-
ity) is a generalization of Cauchy-Schwartz inequality (1.2) to the completely positive
linear maps on C*-algebra.

Lemma 4.4.2 (Kadison-Schwarz inequality [96]). A, B are unital C*-algebras and Y :
A — B s a completely positive linear map with Y(I) = 1, then we have the following
Schwarz inequality:

Y(a*)Y(a) < Y(a"a), Vace A (4.11)
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Proof. Let A be defined as

Then A*A > 0 and

a* a‘a
Now
(Y®L)(A™A) =[ Y‘Eﬁ.‘»?) Y]({;?;) ]20’
where

I 0
IZ=|:0 I:|

Now for any vector U in the tensor space we have that (U*(Y ® L,), (A*A)U) > 0. Now
if Y(I) = [Y(D| . I = al, then pick

al

(]

Substitute U in the inner product above to get the result. This proves the Kadison—
Schwarz inequality. O

Lemma 4.4.3. Let A and B be von Neumann algebras of bounded linear operators on
H, and Hg, respectively. A normal completely positive map Y : A — B can be written
in the form

Y(a) = V'r(@)V, Vac A,

where V is a bounded linear operator from Hg to a Hilbert space H, and m is a normal
representation of A in B(1Hy,).

Proof. Let (71, V) be the minimal Stinespring representation of Y with bounded lin-
ear operator V : Hy — H, and 7 is a *-homomorphism from A to B(H,) such that
Y(a) = V*r(a)V for all a € A (see Definition 4.3.2). We just need to check that the
*-homomorphism 77 : A — B(H,) is normal. Let (x,), be a nondecreasing net of ele-
ments of .4 converging to x € A in the o-weak topology. For all vectors u,v € Hp and
operators a, b € A, we have

lign(n(b)Vv, n(xa)n(a)Vu)]HA
= liOrYn<Vv, n(b)*n(xa)ﬂ(a)Vu)IHA
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= lim(Vv, n(b"x,a)Vu)y, = liyl(v,V*n(b*xaa)Vu)HA
= lim(v, Y(b x,@)u)y = (v.Y(b'xa)u),  (sinceY is normal)

= (n(D)Vv, i) m(@)u)y .

Thus, 77 is normal. O

Theorem 4.4.4 (Kraus theorem). Let H be a separable complex Hilbert space, and let Y
be a *-weakly continuous linear map from $8(H) to B(IH). Then Y is completely positive
if and only if it is of the form

Y(A) = fY;;AY,,, VA € B(H), (4.12)

n=1

for a sequence (Y,))+% of bounded linear operators on H such that the series ;% Y; Y,
is strongly convergent.

Proof. (=) Assume that Y is completely positive. By the Stinespring’s theorem (see
Theorem 4.3.4), there exists a Stinespring representation (K, 77, V) of Y with 77 being
normal. By Lemma 4.4.1, there exists a decomposition K = (P, K, such that each K,,
is stable under 7t and such that 7 restricted to IK,, is unitarily equivalent to the standard
representation. Let P, be the orthogonal projectors from K onto K,, let U, : K, —» H
denote the unitary operator ensuring the equivalence. The operators P,, commute with
the representation 1. Hence,

Y(X) = V*(X)V = §V*Pnn(X)PnV

n=1

+00 +00
= Y V'P,U,XU;P,V = ) Y, XY,

n=1 n=1

where Y,, = U; P, V. Therefore, if Y : B(H) — B(H) is completely positive, then Y can
be represented as (4.12).
(<) Assume that Y is of the form

Y(A) = iOY:AYn, VA e B(H), (4.13)

n=1

for asequence (Y,))1% of bounded linear operators on H such that the series Y 1% Y Y,
is strongly convergent. By part 2 of Proposition 4.2.2, Y(A) defined by the series in (4.13)
converges strongly. By the Stinespring Theorem 4.3.1, Y, AY,, is completely positive for

each n, so is Y(A). This proves the theorem. O



5 Quantum channels and operations

Consider a quantum communication or information process scenario in which Alice,
the sender, wishes to transmit quantum or classical information to Bob, the receiver,
via a quantum device. This chapter explores the mathematical theory of basic ingre-
dients in quantum communication and information processing including the notion
of quantum channels that describes the quantum devices through which storage or
transmission of information takes place. Any quantum information process, be it stor-
age or transfer, can be represented as a quantum channel. Roughly speaking, a quan-
tum channel is defined as a specific type of completely positive trace-preserving op-
erator from the set of states of the input quantum system H, into the set of states of
the output quantum system Hp. Such operators describe discrete time evolution of an
open quantum system interacting with an environment.

In the quantum information theory literature, the vast majority of attention up to
now was paid to study of finite-dimensional memoryless systems (see, e. g., popular
quantum information theory books by Holevo [77], Hayashi [61], Watrous [173] and
Wilde [178] and references given therein). However, interest in infinite-dimensional
systems has been increasing in recent years. Many aspects of quantum information
theory have been recently extended by M. E. Shirokov, A.S. Holevo and their collab-
orators to infinite dimensions. Without explicitly listing their contributions, readers
are referred to their works listed in the bibliography section at the end of this book.

This chapter systematically explores the concept and properties of quantum chan-
nels and quantum operations in infinite dimensions.

5.1 Quantum operations

Quantum operations are formulated in terms of the quantum state or density opera-
tor description of a quantum mechanical system. Rigorously, a quantum operation is
a linear, completely positive and trace-nondecreasing map from the set of quantum
states of one system into that of another.

To define quantum operations, we recall from Definition 1.8.2 that T(H) is the Ba-
nach space of trace-class operators T on the complex Hilbert space H under the trace-
norm | T|;, defined by | T|; := tr[|T|] = tr[VT*T].

A linear map @ : ¥(H,) — T(Hp) is said to be trace nonincreasing if

tr[®(p)] < trlpl, Vp € T(H,), (5.1)
and @ : T(H,) — T(Hp) is said to be trace preserving if

tr[®@(p)] = tr[p], Vp € T(Hy). (5.2)

https://doi.org/10.1515/9783110788105-005
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Definition 5.1.1. A linear completely positive trace-nonincreasing map
@ : S(H,) — S(Hp)

is called a quantum operation from system A to system B.

Definition 5.1.2. A linear completely positive trace-nonincreasing map
@: T, (Hy) — T, (Hp)

is called an extended quantum operation from system A to system B.

The collection of quantum operations from A to B will be denoted by QO(A, B)
and the collection of extended quantum operations from system A to system B will be
denoted by ¢0QO(A, B). When H, = Hp, Q9D(A4,B) and ¢Q9O(A, B) will be written as
NO(A) and EQO(A), respectively.

Trace-preserving and trace-nonincreasing positive linear maps between T (H,)
and ¥, (Hp) can be considered noncommutative analogs of Markov and sub-Markov
maps in the classical probability theory.

5.2 Quantum channels

Roughly speaking, a quantum channel is a specific type of map from one quantum sys-
tem to another, which will be described mathematically in Schrodinger and Heisen-
berg pictures in the next two subsections. In the Schrodinger picture, the quantum
channels will be presented as being the resulting transformation of a quantum state
of H, after a contact and an evolution with some environment to a quantum state
of Hg. As usual, for all quantum evolutions there is a dual picture, an Heisenberg
picture, where the evolution is seen from the point of view of observables instead of
states.

To explore the relationship between the Shrodinger picture and Heisenberg pic-
ture of a quantum system represented by a separable Hilbert space H, consider the
Banach spaces of trace-class operators ¥(IH) under trace-norm || - [l; and the Banach
space of bounded linear operators %(H) under the operator norm | - ||.,. It has been
shown in Proposition 2.3.14 that T(H) is a predual of B(IH) via the bilinear relation
() : B(H) x T(H) — C defined by

(a, T) =tr[aT], Va e B(H)andVT € T(H).
In other words, T*(H), the topological dual of T(IH), equals B(IH). Moreover, for any

T € B(H), its operator norm | T| ., is related to its trace-class norm || T|; via the follow-
ing relation:
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Tl = sup [Tpl;. (5.3)
lloll; <1

In particular, if T is such that |T||; = 1, then ||T|,, = ITl; = 1.

5.2.1 Quantum channels in the Schrodinger picture

Let S(H,) and S(IHp) be the collections of quantum states on IH, and Hp, respectively.
The definition and basic properties of quantum channels in Schrodinger picture
are given below.

Definition 5.2.1. A linear completely positive trace-preserving map

@ : S(Hy) —» S(Hp), pg = P(p,), is called a quantum channel from system A to
system B. In this case, p, € S(lH,) will be called an input state and pp € S(Hjp) will be
called the output state of the channel.

The collection of quantum channels from system A to system B will be denoted by
QC(A, B). When H, = Hpg, we will simply write Q¢(A, B) as Q&(A).

In functional analysis, a partial isometry (see also Theorem 1.8.11 for a description)
is a linear map Y between Hilbert spaces H and K such that Y is an isometry between
(ker(Y))* ¢ H and range(Y) c K, where (ker(Y))* (the orthogonal complement of
its kernel) is called the initial subspace and range(Y) (the range of Y) is called the
final subspace of the map. The concept of partial isometry can be defined in other
equivalent ways. If U is an isometric map defined on a closed subset H, of a Hilbert
space H, then we can define an extension W of U to all of H by the condition that W
be zero on Hy (the orthogonal complement of Hy). Thus, a partial isometry is also
sometimes defined as a closed partially defined isometric map.

Definition 5.2.2 (Isometrical equivalence). Let A, B and B’ be quantum systems rep-
resented by the separable complex Hilbert spaces H,, Hp and Hp/, respectively. The
(extended) quantum channels ® : T,(H,) — T,(Hg) and ®' : T,(H,) — ¥, (Hg)
are said to be isometrically equivalent if there exists a partial isometry W : Hg — Hp
such that

D' (p) = WD(0)W*, ®(p) = W'D ()W, Vp e T(H,). (5.4)

The notion of isometrical equivalence is very close to the notion of unitary equiv-
alence. Indeed, the isometrical equivalence of the channels ® and @' means unitary
equivalence of these channels with the output spaces Hy and Hp: replaced by their
subspaces ]Hg) = Vpes,) SUPP(P(p)) and IH%’,' = VpeS(H,) supp(®’ (p)). We use the no-
tion of isometrical equivalence, since dealing with a given representation of a quan-
tum channel @ it not easy in general to determine the corresponding subspace IH%’.

Some examples of quantum channels are given below.
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Example 5.1 (Isometric channel). Let Y : S(H,) — S(Hp) be an isometric mapping
and let Y* : B(Hg) — B(H,) be its adjoint operator. We claim that the map @ :
S(H,) — S(Hp) defined by

D) = YpY*, Vp e S(H,), (5.5)

is a quantum channel. To prove this claim, we first note that ® : S(H,) — S(Hp) is
completely positive. This is because for u;, u,, ..., u, € Hy and a;, a,,...,a, € B(Hg),
we have

Z <ui>®*(a;aj)uj>n{,4= Z (ui’Yaiaj*Y*ui>]HA

1<i,j<n 1<i,j<n

n n
= Y Yauy, Yau)y, > Y (Yau, Yau)y, = Y IYaul,

1ij<n i1 i1

> 0.

By Proposition 4.1.6, ®* : B(Hg) — B(H,) is completely positive. Hence, @ :
S(Hy) — S(Hp) is completely positive. Second, we note that @ is trace preserving.
This is because

tr[@(p)] = tr[YpY™] = tr[YY"p] = tr[p].

Therefore, @ is a quantum channel. The channel defined by (5.5) will be referred to as
an isometric channel. If Hy, = Hp = H, then U is a unitary operator and the channel
@ : S(H) — S(H) is called a unitary channel.

Since S(H,) is a closed convex subset of T, (IHy), the quantum channel @ can be
easily extended from S(H,) to T, (H,) by linear extension. In this case, the extended
map @ : T,(Hy) — T,(Hp) is also a linear completely positive map, which may not
preserve its trace in general (see Shirokov [155]).

We denote the class of quantum channels (resp., extended quantum channels)
from system A to system B by Q€ (A4, B) (resp., €Q¢(A, B)). As usual, we write Q¢(A, B)
as QC¢(A) and ¢QCE(A, B) as ¢Q¢(A) when A = B.

5.2.2 Quantum channels in the Heisenberg picture

Without loss generality, we can and often consider the extended version of channel
@ : T (Hy) — ¥,(Hp) in place of the channel ® : S(H,) — S(Hjp) itself. In this
case, @*, the adjoint of the (extended) quantum channel @ is a map from B (Hjp) to
$B(IH,). This is because T(H,) and T(Hjp) are preduals of B(IH,) and B(Hjp), respec-
tively.
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Definition 5.2.3. Let ®: T (H,) — T, (Hp) be an (extended) quantum channel from
A to B. The adjoint operator of ®, ®* : B(Hz) — B(H,) is called the dual channel
of .

The class of dual channels is denoted by ¢Q¢" (B, A), and similarly ¢Q¢* (B, A) as
¢OC*(A)if A = B.

The (extended) quantum channels @ : ¥, (H,) — %, (Hpg) implicitly assume the
Schrodinger picture in which the states of the system are evolved while the observables
of the system are kept fixed. On the other hand, the dual channel ®* : B(Hg) —
B(H,) is in the Heisenberg picture and it implies that the states of the system are
fixed and the observables evolve in time. The (extended) quantum channel @ and its
associated dual channel ®*, however, satisfy the following duality relation:

tr[@(p4)05] = tr[p,@*(0p)], Vp, € T(Hy) and YO € B(Hp). (5.6)

Notice also that in the duality relation the concatenation of channels goes in reversed
order in the Schrodinger picture. That is, given (extended) channels @ : T, (H,) —
T,.(Hp)and ¥ : T _(Hp) — T, (H.), we have

(Pod)" =@ o P,

A physical interpretation of the dual quantum channel ®* : B(Hg) — B(Hy)
is the following: when the system is initially in the state p € ¥, (IHy), the expecta-
tion value of the measurement of the observable B € 5 (IHp) at the output side of the
channel is given in terms of @ by tr[p®* (B)].

The following result characterizes the dual channel ®* of ®, which can be viewed
as the quantum channel @ in the Heisenberg picture.

Proposition 5.2.4. The dual channel ®* : B(Hg) — B(H,) of the (extended) quantum
channel ® : ¥ (H,) — ¥, (Hp) is a unital completely positive map.

Proof. The dual channel ®* is completely positive because the topological dual of a
completely positive map is completely positive but not necessarily trace preserving.
However, @ is unital, i. e., ®* (I5) = 1. This is because for all p € T, (Hy),

trlp] = (p. 1) = trlply] = [ (p)Ig] = te[pd* (Ip)] = (p, D" (Ip)).

This implies that @*(I5) = 1. This proves the proposition. O

Example 5.2. In this example, we briefly visit a special case of quantum channels
@* : B(Hp) — B(H,) in the Heisenberg picture that converts classical information to
a certain type of quantum information. A channel in the Heisenberg picture convert-
ing classical information to a type of quantum information is a channel ®* : B — C(X)
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with some finite set X = {x;,x,,..., Xx} (the symbol |X| denotes the cardinality of or
the number of elements in the set X) that represents a codeword of classical infor-
mation, where B ¢ B(Hjp) is a C*-algebra of bounded linear operators on Hy and
C(X) denotes the class of continuous real-valued functions defined on X. To interpret
C(X) as an algebra of operators acting on a Hilbert space H,, we choose an arbitrary
but fixed orthonormal basis |x), (x € X) in Hy and identify the function f € C(X)
with the operator f = Y, f,Ix) (x| € B(Hpg) (we use the same symbol for the function
and the operator, provided confusion can be avoided). Most frequently we can choose
Hp = Cjxxx| and the canonical basis for |x). Hence, C(X) becomes the algebra of diag-
onal |X] x |X| matrices. Since C(X) is finite-dimensional and admits the distinguished
basis |x) (x|, x € X, and it is naturally isomorphic to its dual C* (X). The channel ®*
can be given by the decomposition

IX|
©*(B) = ) py(Be,, VBeB, (5.7)

i=1

where foreachi = 1,2,...,]|X]|, Px; B~ pxi(B) := ®*(B)(x;) is a positive normalized
functional on B(Hjp), i. e., a state in the sense of Definition 2.4.1. Hence, a channel of
this type describes a parameter-dependent preparation, or preparator. If in addition
the output system is likewise classical, i. e., ®* : C(X) — C(X), in this case the channel
®* is completely specified by the (|X| x |X|) matrix (Ti)-)l.?:'l with

Tj = @y, = D (@)X Vij=12...,IX],

describing the probability to receive the symbol x; when the symbol x; was sent. In

f‘]'X' equation (5.7) can be rewritten as follows:

terms of the transition matrix [®;; ije1

X

(@) = ). Ty (5.8)
j=1

for any f € C(X), where fxl_ =f(x)andj = 1,...,|X|. Dually, a measurement is simply
achannel T : A — B with classical output algebra A = C(X), for some finite set X.
Then T is completely specified by its values E, := T(e,) on the basis {ex}fill of A, via

x=1,
IX|

T(f) = Z fxEx>
x=1

and any such map T is a channel if and only if the maps E, : A — B are positive and
{E,}’X| forms a basis of B.
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5.3 Representations and dilations of channels

5.3.1 Stinespring representation

Recall that if ® : T ,(H,;) — T, (Hp) is an extended quantum channel from sys-
tem A to system B, then its dual channel ®* : B(Hg) — B(H,) is a unital (i.e.,
@ (Ip) = 1) completely positive map (see Proposition 4.2.2). Application of the Stine-
spring theorem (see Theorem 4.3.1 for Stinespring representation of completely posi-
tive maps) to the dual channel ®* yields existence of an environmental quantum sys-
tem E represented by the Hilbert space Hy and of an isometric (i.e., V*V = I,) map
V: Hy — Hp ® Hg, such that ®* can be written as

O (B)=V'(BoI;)V, VB e B(Hp), (5.9)

where I, is the identity operator on Hp.
The duality relation tr[®(p)B] = tr[p®*(B)] between ® and ®* yields

tr[D(p)B] = tr[p®* (B)] = tr[pV* (B ®I;)V]
=tr[V*(B®I;)Vp] (by Part 2 of Proposition 1.8.4)
- t]trg [V (B & 1p)Vp]] = tftr[VpV* (B o 1p)]]
= tr[tr;[VoV*]|B], Vp € T(H,) and B € B(Hp).

Therefore, the quantum channel @ : ¥, (H,) — ¥, (Hp) have the following represen-
tations in Schrodinger picture:

D(p) = trg[VpV™], Vp e T, (Hy). (5.10)

Either one of the two representations, (5.10) of @ and (5.9) of ®*, will be called a
Stinespring representation and be denoted by (Hg, V). The Stinespring representation
(Hg, V) is called minimal if the subspace

M = {(B®IE)V|()0>A | (p € ]I_IA,B € %(HB)} (5.11)

is dense in Hpg. Stinespring’s representation is not at all unique. In fact, if (Hg, V)
is a representation for the channel ®*, then it is easily seen that a further represen-
tation for ®* is given by (Hg, (I; ® U)V) with any unitary U € B(Hg). However, it is
straightforward to show that the minimal Stinespring representation is unique up to
such unitary equivalence: Assume that the dual quantum channel ®* has a minimal
Stinespring representation (Hg, V) as well as a not necessary minimal one (IHE-,V).
That is,

®"(B) = V*(BeI;)V, VB e B(Hp)
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for an isometric map V : H, — Hp;; and for a possibly different dilation space Hg.
Since (Hg, V) is chosen to be minimal, we can conclude that dim(Hg) < dim(Hg).
Define the map U : Hpg — Hp; by setting

UBeIp)Ve:= Balz)Vp, VB e B(Hp)and Vo € Hy. (5.12)

It can be easily shown that the map U defined above is a well-defined isometry. In
particular, by choosing B = I in (5.12), we see UV = V. From the definition of U, we
immediately have the following interwinding relation:

UBel;) = (Bol)U, VB e B(Hp). (5.13)

Hence, U must be decomposable as U = B® U for some isometry U : Hy — Hj. If both
representations (Hg, V) and (Hj, V) are minimal, then dim(H) = dim(Hg), and U is
unitary as suggested.

We offer a physical interpretation of Stinespring’s representation as follows. The
dilation space Hf represents the environment and the Stinespring’s isometry V trans-
forms the input state p into the state VoV* on Hgg, which is correlated between the
output and the environment. The output state ®(p) = trg[VpV*] € T(Hp) is then ob-
tained by tracing out VpV* over the environment Hy. Physically, one would expect
in the above Stinespring representation of the channel ® (or its dual channel ®*), a
unitary operation U instead of an isometric V. However, the initial state of the envi-
ronment in this case can be considered fixed, effectively reducing U to an isometry,
Vi = U(y ® 0,,) for some fixed initial pure state |o,); of the environment system.

5.3.2 Unitary dilation

This subsection explores different type of dilations of quantum channels as com-
pletely positive and trace-preserving maps from T, (Hy) to ¥, (Hp) in the Schrodinger
picture and its dual channels as unital completely positive maps from 2B (Hp) to B (1H,)
in the Heisenberg picture.

In the following, we explore unitary dilation (a special case of Stinespring di-
lation) and Kraus representation for quantum channels that are described in the
Schrodinger picture.

The general version of unitary dilation of (extended) quantum channels from sys-
tem A to system B holds (see Remark 5.2 below). Unfortunately, the proof is rather
involved and only the case when Hy = Hyz = H will be illustrated in the following
result (see, e. g., Attal [3]).

Theorem 5.3.1 (Unitary dilation). Let H be a complex separable Hilbert space and let
® be quantum channel from H to H. Then there exists a complex separable Hilbert
space K, a quantum state w on K and a unitary operator U on H ® K such that
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O(T) = trg[U(T® w)U*], VT € T,(H). (5.14)

Furthermore, it is always possible to choose K, U and w in such a way that w is a pure
state.

Proof. Let ® : T, (H) — %,(H) be an extended quantum channel. Then the Kraus
theorem (see Theorem 4.4.4) implies that @ can be expressed in the form

O(T) = ) M;TM;,
iel

in the strong convergence sense, where the M;’s are bounded linear operators on H
and Y;.; M{M; = I;. We consider the Hilbert space K with some orthonormal basis
{Y;}icp indexed by the same set I that contains O (which may be finite or countably
infinite). Define the linear operator V: He® Cly)x — H x K,

V(o) = ) (Mjgh) & .

jel

We claim that V is an isometry. To prove the claim, we use Proposition 4.2.3 and note
that

VG & o) e = (S &, Y@ o)

iel jel
= . 2 = . .
- ]GZH IM; I3, <]€Zﬂ M]¢,%M]¢>H
~(BYMMB) =191 = 166 Yol
jel H

We now wish to extend the operator V into a unitary operator from H ® K to H ® K.
We consider following cases:

Case (1): Assume first that H is finite-dimensional, then the range of V is a finite-
dimensional subspace of H® KK, with same dimension as H. If K is finite-dimensional,
then H® (Ko C|p,) k) (Where KeCly, ) is the subspace of K such that (KeClyy) k) ®
Cly)g = K) is of the same dimension as (range(V))"; if K is infinite-dimensional, then
H ® (K e Cliy)k) and (range(V))" are both infinite-dimensional separable Hilbert
spaces. In both cases, the space (range(V))* can be mapped unitarily to H ® (K &
Cliho) ) through a unitary operator W. The operator V from H® K to itself, which acts
asVon He C|p,)k and as W* on H ® (K e C|i,) ) is then unitary and extends V.

Case (2): If H is infinite-dimensional, it may happen that range(V) is the whole of
H ® K, so we cannot directly extend V into a unitary operator on H ® K. We embed K
into a larger Hilbert space K’ by adding one new vector, 1_; say, orthogonal to all K.
The space (range(V))* in H ® K’ is then infinite-dimensional (separable), as is H ®
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(K" © Clipg) k). Once again one can unitarily map H® (K’ © C|y,)k) onto (range(V))*
and this way obtain an extension of V into a unitary operator V from H® K’ onto itself.

We conclude from the above that we have obtained: (i) a Hilbert space, which we
denote by K, with an orthonormal basis {i;};c; where the index set J contains the
original set I and (ii) a unitary extension V of V from H ® K onto itself.

We want now to prove that they provide the announced quantum channel. Let
T be a trace-class operator, which we first assume to be a pure state |@)y(¢p|. If we
compute

trg [V(T ® o) (Wlo)V* ],

we obtain, by considering the orthonormal basis {ll)j}jEJI of K as described above,

try [V(T ® [0) i (o )V ijl’ (T ® o) Wol) V" Py)

i€J
= IEZH«/JI, (1) E1¢p1 ® o) (Wol) V" ;)
—IEZH(IIJP (19 ® 10 1ok (@ ® Yo )V i) ¢
= %k%n@i’ (IM @ ® Y1) o (M ® Yy )1 )
= ZH Ii\ﬂi<p>H<Mi<p| = %M,-TMI.*.

This proves the result when the operator T is a pure state on H. Extending this result
to general trace-class operator is now easy. The last remark at the end of the theorem
is now obvious for w and is a pure state in our construction above. This proves the
theorem. O

The above unitary dilation is clearly the most general possible transform for the
state of a quantum system H, such as a quantum channel @ from H to H, one could
think of for a quantum system, where a quantum channel can be constructed accord-
ing to Theorem 5.3.1 as follows:

— starting from an initial state p € S(H), couple it to an initial state w of any kind of

environment, say system K, that results in the coupled state p ® w € S(H ® K),

— let the coupled state p ® w evolve in H ® K driven by any unitary operator U ¢

B(H & K) that results in the quantity U(p ® w)U*,

— finally, we ignore the environment K and look at the resulting state for H by par-

tially tracing out U(p ® w)U™ and obtain the expression try [U(p ® w)U"].

Remark 5.1. Unitary dilations of quantum channels can also be derived from Stine-
spring dilation as follows. By using the Stinespring dilation (5.10), it is easy to show
that any quantum channel @ from A to itself (i. e., B = A) can be represented as



5.3 Representations and dilations of channels =— 127

D(p) = trg[Ug(p ® 05)Ug ], (5.15)

where g, is a pure state in S(IHg) and Ug, is a unitary operator on Hg. Representa-
tion (5.15) allows one to consider any channel from a quantum system A to itself as a
reduction of some unitary (reversible) evolution of the larger quantum system AE.

Remark 5.2. The unitary dilation for the general case for a given quantum channel @
from A to B, where B # A, states (see Shirokov [156]) that one can find such quantum
systems D and E’ that

D(p) = try [Up(p ® 0,)US), (5.16)

where 0y is a pure state in S(IHp) and Uy is an unitary operator from Hyp to Hgg.
For an infinite-dimensional channel ® with representation (5.10) such that dim(Hgz o
range(Vg)) = +00, one can always take E = E'. This follows from the fact that any
partial isometry W such that dim(ker(W)) = dim(ker(W*)) = +oo can be extended to
an unitary operator (see Reed and Simon [128]).

Remark 5.3. Fora given extended quantum channel ® : ¥ (H,) — ¥, (Hp), the Stine-
spring theorem (see Theorem 4.3.1) implies existence of an environmental quantum
system E represented by the Hilbert space Hy and of an isometry V: H, —» Hp ® Hg
such that

@(p) = trg[VpV™], Vp e T,(Hy). (5.17)
For instance, taking for simplicity A = B, one can write
@(p) = trg[Ugp(pa ® wp)Upg), (5.18)

where wy, is a fixed state of system E, Uy, is the unitary transformation coupling the
latter to the input system A, and tr; denotes the partial trace over the environment E.
The representation (5.17) is not unique. Nonetheless, by enlarging the environment E
to describe the environment state as a pure state, wy = |w)z{(w| (see Section 5.5 for a
proper definition of this purification mechanism), the choice of U, can be shown to be
unique up to a local isometric transformation on E. Under this condition, the dilation
(5.17) provides what is generally known as the Stinespring representation for ®@.

5.3.3 Kraus representation

Recall that the quantum channel ® : S(Hy) — S(Hjp) and its dual channel ®* :
B(Hp) — B(IH,) satisfy the following duality relation:

tr[@(p,)0p] = tr[p,®* (0p)],  Vp, € S(Hy), 05 € B(Hp). (5.19)
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The dual channel ®* is linear and completely positive, but in general not trace pre-
serving. However, it is always unital, i. e., it maps the identity operator Iz on Hp into
the identity operator I, on H,. In this case, operator sum representation (Kraus rep-
resentation) of ®* can be easily derived from the Kraus representation (see equation
(5.19)) of

D(pa) = Y KipK;',  Vp € S(H,) (5.20)
j

as

®*(0p) = ) K 0gK;, Op € B(Hyp). (5.21)
j

We also recall that the Stinespring representation a quantum operation ®@ : T, (H,) —
%, (Hp) can be written as ®(A) = trg[VAV*] forall A € T _(H,), where V: Hy — Hpg
is an isometry. There is a relation between the isometry V and operator K; in the Kraus
representation (5.20) as follows:

(pIKip)g = (@ @kIVP)pgp, @ € Hp, ¢ € Hy,

where {|k)£};S] is a particular basis of Hg.

5.4 Structural properties of quantum channels

The class of extended quantum channels €Q¢€(A, B) satisfy the following composition
rules and structural properties.

5.4.1 Convexity of channels

If O,V € €QE(A,B) and p € [0,1], then p® + (1 - p)¥ € EQC(A, B), where

(p®+(1-p)¥)(p) =pP(p) + 1-p)¥(p), Vp €T, (Hy).

5.4.2 Concatenation of channels

Given @ € ¢QC(A,B) and ¥ € ¢Q¢(B, C), then their composition (or concatenation)
Yod e EQC(A, B), where ¥ o @ is defined by

Wo D(p) = V(D). Vp €T, (Hy).
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The composition ¥(®) := ¥ o ® € EQE(A,C) is called concatenation of ® with V.
It physically means a serial application of channel @ on states of system A followed
by an application of the channel ¥ on the output state of ®@ in system B to a state in
system C.

Channels concatenation allows one to introduce a relation of equivalence be-
tween channels. In particular, two channels ®,¥ ¢ ¢Q¢€(A) are said to be unitarily
equivalent if there exist unitary channels 4(: T_(H,) — ¥, (H,) such that

Y(p) = (Lo @oU™)(p), VpeT,(Hy),

where 4" is the adjoint of & and {* = U*4 = J. Note that J denotes the identity
operator acting on either ¥, (H,) or ¥, (Hp).

5.4.3 Tensor product of channels

Given two quantum channels @ : ¥, (Hy) —» T, (Hg) and ¥ : ¥, (Hy) — T, (Hp).
Their tensor product ® @ ¥ : T, (Hyy) — T, (Hpg) is a mapping from the composite
system AA’ to composite system BB’ and is defined as

(DPeV)(pew)=0(p)e¥(w), VpeF, (Hy) andVwe T, (Hy), (5.22)

where Hy 4 = Hy ® Hys, etc.

As mentioned in Caruso et al [18], concatenations and tensor products of quan-
tum channels represent two alternative ways of composing quantum channels, which
to some extent, mimic respectively the in-series and in-parallel composition rules of
electrical circuit elements. In particular, channel concatenation is naturally suited to
characterize the temporal correlations of a single quantum system (the sequential ap-
plications of quantum channels corresponding to different stages of the system evo-
lution). On the contrary, the tensor product described above allows to describe spa-
tial correlations, which might be present in the evolution of composite quantum sys-
tems. Also, tensor products can be employed to describe the transformations that a
sequence of information carriers encounters when transmitted through a communi-
cation line.

5.5 Purification

Let p, € S(H,) be a given quantum state on H, with the spectral decomposition (see
Theorem 2.4.5)

+00
pA = Z /lilei>A<ei|, Ai (S (Candi = 1,2,.. . (523)
i=1
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where {le;)4};7 is an orthonormal basis of H, that consists of eigenvectors of p, with
corresponding eigenvalues {A;}; 5.

Definition 5.5.1 (Purification). A purification of p, is a pure bipartite state )z, On
a reference system R and the original system A. The purification state [))z, has the
property that the reduced state on system 4 is equal to p, in equation (5.23):

pa = trg[[P)ra (Il (5.24)

where try[- - -] is the partial trace of [- - -] taken over the reference system R represented
by the Hilbert space Hg.

Any quantum state p, has a purification [)) 4. The following is an example of the
purification of a quantum state.

Example 5.3. Assume that the quantum state p, has a spectral decomposition equa-
tion (5.23). Consider the bipartite pure state [))g, described by

Wra = Y VAl ® leia), (5.25)
i=1

where (le;)z); is an orthonormal basis for the reference system R represented by Hp.
In this case,

Wlra = Y. VA (Celr) ® Cela). (5.26)
j=1

Then |y), is a purification of p,, because
trg (1Y) ra (PI]

- trR[.Z \/}Ti\/)T]-(lei)R ® le;a)((ejla® (ej|R):|

ij=1
= tfR[z A(ledr(el) ® (|ei>A<ei|):| =) Alealeil = pa.
i=1 i=1

We note that any two purifications i)z, and |@) 4z of p4 are related by some local
unitary Uy on the reference system R by

[P ra = (Ug @ L) [Y)Ra-

5.6 Reversible quantum channels

Following Jencova [94], Ogawa et al. [119] and Shirokov [148], we introduce the follow-
ing definition of reversible quantum channels.
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Definition 5.6.1. A channel ®: T (H,) — ¥, (Hjp) is reversible with respect to a fam-
ily S ¢ S(H,) if there exists a channel ¥ : ¥, (Hg) — %, (IH,) such thatp = ¥ - ®(p)
for all p € S. In this case, the channel ¥ will be called a reversing channel.

Note that the reversibility property of the channel ® defined above is also called
the sufficiency property of @ (see Jencova and Petz [95] and Petz [125]).

Definition 5.6.2. A family S of states in S(H) is called complete if for any nonzero
operator A in B, (H) there exists a state p € S such that tr[Ap] > 0.

Remark 5.4. A family {|@;) (11} 1ca Of pure states in S(H) is complete if and only if
the linear hull of the family {|¢;) 1} 1ca i dense in H.

We have the following result.

Lemma5.6.3. Let @ : T, (H,) — T,(Hp) and ®' : T,(H,) — T,(Hp) be quantum
channels isometrically equivalent in the sense of Definition 5.2.2. If the channel ® is re-
versible withrespectto a family S ¢ S(H,), then the channel @' is reversible with respect
to this family S and vice versa.

Proof. Let ¥ be a reversing channel for the channel ®,i.e., ¥ - ®(p) =pforallp € S.
Consider the channel (-) = W*(-)W + o tr[Iy — WW*](:) from S(Hp/) into S(Hp),
where W is the partial isometry in (5.4), Ig := I]HB’ is the identity operator on Hp and
o is a given state in S(Hp). It is easy to see that ¥ - O is a reversing channel for the
channel @'. This proves the lemma. O

Definition 5.6.4. A channel @ : S(H,) — S(Hjp) is called perfectly reversible on a
state p € S(H,) if there exists a channel ® : S(Hg) — S(H,) such that ¥ - ®(0) = 0
for all states ¢ with supp(o) < L := supp(p).

The subspace IL mentioned in Definition 5.6.4 can be interpreted as a quantum
code correcting errors of the channel @ (see Nielsen and Chuang [116]).
Introduce the reference system Hy and consider a purification

PaR = Par) ar{Parl = |Par) 1, (Parl € S(H, ® Hy)

of the state p € S(Hy).
We have the following lemma.

Lemma5.6.5. A channel ® : S(H,) — S(Hjp) is perfectly reversible on a state p ¢
S(H,) if and only if there exists a channel ¥ : S(Hg) — S(Hy) such that

(Yo @) ®Tg)(0ar) = Par- (5.27)

Proof. LetY = ¥ o ®. Consider the following set of conditions:
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Y(IP)a(l) = [Py aipl,  VIp)a € supp(p) € Hy; (5.28)
Y([)al@l) = )@l VIp)a.lp)4 € supp(p); < Hy (5.29)
Y(lei>A<ej|) = Ie,-)A(e}-I, Vi,j, (530)

(00

where {|e;) 411 is the set of eigenvectors of the state p in H, corresponding to nonzero

eigenvalues. The following equivalences can be proved readily:

(i) Definition 5.6.4 < (5.28) follows from the spectral representation;

(i) (5.28) & (5.29) follows from the polarization formula (1.13);

(iii) (5.29) & (5.30) is obvious;

(iv) (5.30) & (5.27) follows from the following purification formula of the state p €
S(Hy):

o) ar = 1Pper,, = \/A_i(le»A ®le))r) € Hyg, (5.31)
i=1

where trg(l¢,) ar] = Yi7 VAile;) 4 = p. This proves the lemma. O

5.7 Complementary channels

The concept of complementary channels between the output and the environment of
the quantum channel was first introduced by Holevo [74].

Definition 5.7.1. Let ® : T,(H,) — ¥, (Hp) be an extended quantum channel with
Stinespring representation

D(A) = trg[VpAVg ],

where Vg, : Hy — Hp ® H is an isometry and Hg, is the Hilbert space representing
the environment system E. Then the channel d:3 +(Hy) — T, (Hg) defined by

T,(Hy) 3 p > D(p) = trg[VepVy] € T, (Hg) (5.32)

is called the complementary channel to the channel @.

The complementary channel is uniquely defined up to isometrical equivalence,
i.e.,if ' : A — E'isthe channel defined by (5.4) via some other Stinespring isometry

VCD’ : IHA — ]I_IB ®]HEI,
then there exists a partial isometry W : Hy — Hg, such that
D' (p) = WD()W* and D(p) = W D(p)W

forall p € S(Hy).



6 Approximation and convergence of quantum
channels

This chapter explores different types of convergences and compares various topologies

on the space of quantum channels or extended quantum channels from system A to

system B. These include uniform, strong and strong™ convergences as well as topolo-

gies generated by (unconstrained and energy constrained) diamond norms, (uncon-

strained and energy constrained) Bures distance, and completely bounded norm.

—  With the exceptions of Sections 6.1, 6.5 and 6.6, it is recommended that readers
skip the rest of this chapter at the first reading and revisit it when it is needed at a
later time.

6.1 Distinguishability of quantum states

In the following, we study various quantities, such as fidelity and Bures distance, to
measure the distinction and degree of distinction between quantum states in S(H),
where H is a separable infinite-dimensional Hilbert space. For simplicity of exposition
of these measures, we assume that the C*-algebra .4 to be the whole space of bounded
linear operators on H, i.e., A = B(H).

6.1.1 Fidelity of quantum states
The fidelity between quantum states p and o, denoted by F(p, 0), is defined by

F(p,0) = tr[\p20p'?] = tr[\pVo]. (6.1)

We can use either one of the above two formulae as the definition of F(p, g). This
is because

o{1vBVl] = [ \(VpVo)* (Vo Vo))

- [ VG \B" VB8] = tr1\Vapa]

by Proposition 1.8.4.

As shown in the following proposition, it is easy to see that 0 < F(p,0) < 1is
a measure of degree of distinguishability of the quantum states p from the quantum
state o, in which F(p, 0) = 1 means p is not distinct from ¢ and F(p, ) = 0 means that
p is totally distinct from o, in the sense that p and o are orthogonal (and denoted by
p L owhenpo =0p=po* =p*c=0).

https://doi.org/10.1515/9783110788105-006
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Proposition 6.1.1. The fidelity F(p, o) between the quantum states p and o satisfies the
following properties:

1. F(p,0) =F(0,p)forallp,o € S(H);

2. 0<F(p,0)<lforallp,oe S(H);

3. F(p,0)=0ifandonlyifp L o;

4. F(p,0)=1ifandonlyifp = 0.

Proof. 1. Let w = \/p+/o. Since tr[w] = tr[w*], we have

F(p,0) = tr[ypVo] = tr[(vp Vo) "] = tr[ (Vo) " (vp)"]
= tr[Vop] = F(o,p).

In the above, we have used the fact (see Theorem 1.3.3) that the square root of a positive
self-adjoint operator is self-adjoint, i.e., (1p)* = ypp and (v/o)* = Vo.
2. It is obvious that O < F(p, g). On the other hand, we get

tr[p] + tr[o]

F(p,0) = tr[\pVo] < >

=1,
where we have used Proposition 1.8.5 to obtain the inequality above.

3. Using functional calculus, we can easily prove that vp L voifand onlyifp 1 o.
Hence, by the definition of fidelity, F(p, 0) = tr[p+v0o] = O ifand only if p L 0.

4. The sufficiency of the statement (4) is obvious from the definition of fidelity. For
the converse part, let us assume F(p, o) = 1. Then we obtain

tr[p] + tr[o]

1=tr[ypVo] = 5

which is a case of equality in the arithmetic-geometric mean inequality of Proposi-
tion 1.8.5. Hence, we get p = 0. This proves the proposition. O

Recall that an operator V € 9B(H) is called an isometry if V*V = Ij; and V is
called a coisometry if VV* = I. If dim(H) = +co and T € B(H), then by the polar
decomposition (see Theorem 1.8.11), there exists an isometry or a coisometry V such
that T = V|T|, where |T| = VT*T. Generally speaking, V may not be unitary (see Defi-
nition 1.5.1 for definition of unitary operators). In fact, there exists a unitary operator
U such that T = U|T| if and only if dim(ker(T)) = dim(ker(T")). However, the follow-
ing lemma says that this is the case if T = AB is a product of two positive operators A
and B.

The presentation of the remainder of this subsection is largely based on results
obtained in Hou and Qi [90].

Lemma 6.1.2. Let H be a (separable) complex Hilbert space and A,B € B(H).IfA > 0
and B > 0, then there exists a unitary operator V € B(H) such that AB = V|AB|.
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Proof. To prove that AB = V|AB|, we only need to show that
dim(ker(AB)) = dim(ker(AB)*) = dim(ker(BA))

if both A and B are positive operators. Note that, since A > 0 and B > 0, we have
ABp = 0 if and only if Bp = 0 or Ap = 0 and By # 0. In addition, ker(B) n (ker(A) n
ker(B)*) = {0}. Therefore, we can write

ker(AB) = ker(B) & (ker(A) n ker(B)L) (6.2)
and similarly
ker(BA) = ker(A) @ (ker(B) n ker(A)*). (6.3)

Obviously, if dim(ker(A)) = dim(ker(B)) = +00, then dim(ker(AB)) = dim(ker(BA)) =
+00; if A (or B) is injective, then

dim(ker(AB)) = dim(ker(BA)) = dim(ker(B))
or
dim(ker(AB)) = dim(ker(BA)) = dim(ker(A)).

Assume that dim(ker(A)) < +oco and dim(ker(B)) = +oo. By (6.2) and (6.3), we need
only to check that dim(ker(B)nker(A)*) = +o0. This is equivalent to show the following
claim.

Claim: 1f B > 0 and dim(ker(B)) = +oo0, then for any subspace M ¢ H with dim(IM) <
+00, dim(ker(PyBPy|p1)) = +00, where Py, is a projection of H onto M and Py BP) |
denotes the restriction of the operator Py;BP;, to M ¢ H. In fact, by the space decom-
position H = M & M™*, we may write

B, B
B = < P >
B, By

where By; = P BPyl- Since B > 0, there exists some contractive operator D such
that B, = B}{zDBééz (see, e. g., Conway [28]). Thus,

ker(B) = ker(By;) ® ker(B,,) © L,
where

L={))g@y)u | Xy € ker(By)™", y)y € ker(By,)",
B 1x) i + Bply)y = 0 and By, [x) + By, ly)y = O}



136 —— 6 Approximation and convergence of quantum channels

Note that dim(ker(By)) < +oo and dim(L) < dim(ker (B,)") < +co, we must
have dim(ker(B;;)) = +oco. Finally, assume that both ker(A) and ker(B) are finite-
dimensional. With respect to the space decomposition H = ker(A)* & ker(A), we

have
A:<A1 0) and B=<Bil Bry )
0 0 B, By

As A, is injective with dense range,

AB = < AlBll AIBIZ > and BA = < BllAl 0 >)

0 0 BLA, O
we see that
ker(AB)
= {|X>]H 1Y) | Xy € ker(A)*, ly)p € ker(A), By 1x)y + Bply)y = 0}

@ {IX) @y | 1X) € ker(Byy)™", y)y € ker(Byp)*, By [x) g + Byyly)y = 0}
and
ker(BA) = ker(A) @ {|x)y | Ix); € (ker(A)" nker(By;)} = ker(A) @ ker(By;).
Since

dim({PxX) ® [y g | 1X) g € ker(Byy) ™, [y) € ker(Byy)™, By [x)y + Byyly) g = 0})
< dim(ker(B;,)"),
ker(BA) = ker(A) @ {|x)y; | [x)y; € ker(A)* nker(By;)} = ker(A) @ ker(By;),

and dim(ker(By,)) + dim(ker(B;,)*) = dim(ker(A)), one gets dim(ker(AB)) <
dim(ker(BA)). Symmetrically, we have dim(ker(BA)) < dim(ker(AB)) and, therefore,
dim(ker(AB)) = dim(ker(BA)). This completes the proof of the lemma. O

Lemma 6.1.3. Let H be any separable complex Hilbert space and A,B € B(H). If A,B
are positive and AB € T(H), then

I|AB|; = tr[|AB|] = max{tr[ABU] | U € &(H)}, (6.4)

where $(H) is the unitary group of all unitary operators in B(H).

Proof. For any unitary operator U € {(IH), we have

|tr[ABU]| < [|U]l,|ABJ; = ||ABJ; = tr[|AB]].
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On the other hand, by Lemma 6.1.2, there exists a unitary operator V such that AB =
V|AB|. Thus,

|AB| = \(AB)*AB = \(V*AB)’ = V*AB
and
IABJ|; = tr[|AB|] = tr[V*AB] = tr[ABV*].

Hence, (6.4) holds. This proves the lemma. O

Lemma 6.1.4. Let H and K be separable infinite-dimensional complex Hilbert spaces
and A € B(H), B € B(K). Let (|i)y);5, and (li)){ be any orthonormal bases of H
and K, respectively, and U : H — K be the unitary operator defined by Uli)y; = |i). For
each positive integer N, let |my ) yex = Zfil i) ® i) k- If A or Bis a trace-class operator,
then

lim (my|A ® Bjmy)pex = trf[UA*U*B].
N—+oo

Proof. Clearly, UA*U"B ¢ %(K) and
+00 +00
tr[UA"U"B] = ) (i[UA"U" |j) i (jIBlidy = ). GIA” g (Bl
ij=1 bj=1
which is absolutely convergent. Hence,

N

lim Z (i|A* ) (jIBli)k = tr[UA*U"B]. (6.5)
N—-+oo =1
On the other hand,
N
(my|A @ Blmy)yek = Z (Gl ® (lg)(AeB)(li)y ® li)k)
ij=1

N N
= Y (GlAl g GIBliy = Y (ilAl g (1 Bli)k.

ij=1 ij=1
So, by (6.5), one obtains that
lim (my|A ® Blmy)yex = trf[UA"U"B]
N—-+oo

as desired. This proves the lemma. O
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The following is the infinite-dimensional version of the Uhlmann’s theorem (see
Uhlmann [169, 170] for the original Uhlmann’s theorem). Recall that a unit vector
[Y) ek is said to be a purification of a state p on H if p = tr[|{)) ex (P

The infinite-dimensional version of Uhlmann’s theorem was proved by Hou and
Qi [90].

Theorem 6.1.5 (Infinite-dimensional Uhlmann’s theorem). Let H and K be separable
infinite-dimensional complex Hilbert spaces. For any states p and o on H, we have

F(p,0) = max{|[(Y|P)pek | V) Hex € Pp» [P) 1ok € Pols (6.6)

where

Py = {1 mex | W) pex is a purification of p}

and

Py = {|9) e | 10) ek is a purification of o}.

Proof. Assume that p,0 € S(H). Then, by spectral decomposition of quantum states,
there exist orthonormal bases of H, (|i)y); and (Ij)]H)]f:’l0 such thatp = Y p;li) g (il
and 0 = Y7 gilj)ul(jl withp; > 0,q; > Oand Y Tp; = ¥/ 7 q; = L If 1) g
[P nex € H ® K are purifications of p, g, respectively, then there exist orthonormal
sets (1)) and (Ij)k)iS in K such that [) ek = Yig VPl H ® [k and [¢) ek =
Z]f;olo \/@jli)m ® i)k Pick any orthonormal bases (1) p)sy of Hand (1k))3o; of K. Let
Uy, Uk, Vi and Vi be partial isometries (see Definition 5.2.2 for definition of a partial
isometry) defined by

Uylk)y = D Ukllok = 1Dk, Vulkg =Dy and  Vilkk = Hk.
respectively, for each i,j,k = 1,2,.... For any integer N > 0, let
N
My ) Hex = z ko ® 1K)k
k=1
Then
N N
owdex = ) VPl © k) = Y. VPi(Unlk)n) ® (Uklk)k)
i=1 i=1

N
= Z VP(Uy ® Ug)([k) s ® k) ) = vP(Upy ® U Imy) prexc
k=1

and
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N N
b mex = D NG e @ ) = Y. VG (Verlkog) ® (Viclkdg)
j=1 j=1

N
k=1

It follows from Lemma 6.1.4 that

[(Plp)p| = NETOO (nldN) 1|
= Jim [(my[Ugvp VoV @ UxViImy) ek
= |tr[UV};vpVoULU UL V]| < tr[|Vavpl] = tr[p?0p'?] = F(p,0), (6.7)

where U : H — K s the unitary operator defined by U|k)y; = |k)k. Therefore, we have
proved that

F(p,0) = sup{[(Y|) pex| | W) pixx € Pps 1) ek € PO}

Now, to complete the proof, it suffices to find [Y) gk € P, and |P) gk € P, such
that [(Y|p)pex! = F(p,0). By applying Lemma 6.1.2, we see that v/o+/p has a polar
decomposition vop = Uy|+o /p| with Uy a unitary operator.

Let (|i)g)i be an orthonormal basis of K and let [Y) ek = Y1 VPildu ® [k

and |[k)g = |i)g fori,k = 1,2,.... Then Uy = Iy, Ux = Iy, V is a unitary operator
determined by Vyli)y = Ij)y. Take |j)k so that Vi = UU;VU. Then for such choice

of |l/)>]H®]K and |¢>]H®]K we have
(1) pex| = Nli{{loo [(Ynldn) ekl

NETOOKmNWﬁ\/E(VH ® Vi)IMy) pe| = [tr[UVi VP VoU V]|
- [6[U" ViUV, Uy 1B all| = [t]1vBVE]] = Fip,0)

This completes the proof of the theorem. O

By checking the proof of the above theorem, it is easily seen that the following
holds.

Corollary 6.1.6. Let H and K be separable infinite-dimensional complex Hilbert spaces.
For any quantum states p and o on H, we have

F(p,0) = max{|(Yold) pex| | 1P Hex € Po}
= max{[(Pldo) pex| | V) 1ex € Pols
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where |, nex IS any fixed purification of p of the form [g) = Y15 VPili)y ® i)k with
{li)k}iS an orthonormal basis of K and | ¢ ) e IS any fixed purification of o of the form
o) Hek = Z;;cf’ \/q_jlj)]H ® |j)x with {Ij)K}]-*:‘f’ being an orthonormal bases K.

The fidelity F(-,-) : S(H) x S(H) — [0, 1] is not a distance/metric because it does
not meet the triangular inequality. However, like the finite-dimensional case, by use
of Theorem 6.1.5 and Corollary 6.1.6, one can show that the arc-cosine of fidelity is a
distance/metric.

Corollary 6.1.7. A(p, 0) := arccos F(p, 0) is a distance/metric on S(H). That is,
(i) 0<A(p,0)forallp,o € S(H);

(ii) A(p,0) =A(o,p) foralla,p € S(H);

(iii) A(p,0) = O ifand only if p = 0;

(iv) A(p, w) < A(p, 0) + A(0, w) for all p,0, w € S(H).

The following proposition states that the fidelity F(-,-) : S(H) x S(H) — [0,1]
satisfies strong concavity condition.

Proposition 6.1.8 (Strong concavity of fidelity). Let {p;};c; and {q;};c; be probability
distributions over the same index set 1, and let p; and o; be quantum states on H also
indexed by the same index set. Then

F<Zpipi’ Z ‘Jiffi> > Y \DidiF (i, 0)- (6.8)

i

Sketch of proof. We only outline the proof, using Uhlmann’s theorem (see Theo-
rem 6.1.5), as follows. (i) Use the Uhlmann theorem to prove monotonicity of the
fidelity under partial trace. (ii) Let p (resp., o) denote the density operator corre-
sponding to an ensemble of states {pi,pi};ﬁl (resp., {g;, 0,-}1721). Foreachie {1,2,...,m},
let |¢p,.> (resp., Il,bgi )) denote a purification of p; (resp., o;). (iii) Find a purification [¥,)
of p (resp., [,) of 0) in terms of the ¥, (resp., |l/)Ui)). (iv) Using the above, we can
prove joint concavity of the fidelity, i. e.,
m m m

F(Zpipb > Qi0i> > Y \PiaiF (o, 0.
i=1 i=1

i=1

This provides an outline for the proof. Interested readers are invited to fill in the details
of the proof. O

The corollary below follows from the above proposition by choosing p; = p, = 1/2
and q; = g, =1/2.

Corollary 6.1.9 (Superadditivity). Let p;, w; € S(H) fori = 1,2. Then

F(p; + py, wq + W) = F(py, wy) + F(py, w,).
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The following computational formula for infinite-dimensional fidelity will be use-
ful later on.

Theorem 6.1.10 (Hou and Qi [90]). Let H be a separable infinite-dimensional complex
Hilbert space. Then, for any states p, o € S(H), we have

+00
F(p,0) = {iEnf}F Om> ) = {lélf} VPmNGm> (6.9)
m m m=1

where the infimum is over all POVMs {E,},* defined on H, and p,, = tr[pE,],
qn = tt[oE,,] are the probability distributions for p and o corresponding to the POVM
{E,.}. Moreover, the infimum attains the minimum if and only if the operator M =

pl21p112gp112pl=12) s diagonal.

Proof. We follow the proof provided by [90] below. Let {E,,};> be a POVM defined

on H. Then E,, > 0y and Y, E,,, = I;; here, the series converges under the operator

topology ||-||,- By Lemma 6.1.2, there exists a unitary operator U such that \/p'/20p'/2 =
U+/0+/p. Thus, by the Cauchy-Schwarz inequality and Proposition 1.8.6,

F(p,0) = (UG p] = itr[Uﬁ@ VE. VBl
tr[pE,,] tr[oE,,] = im = F(p, qy)- (6.10)
Hence, we have
F(p,0) < inf F(py ).

Next, we show that the equality holds in the above inequality, i. e., equation (6.9)
holds. By the spectral decomposition, there is an orthonormal basis {|i)};] of H
such that p = ), r;|i)y (il with };r; = 1. For any positive integer n, let H,, be the
n-dimensional subspace spanned by {|i);}1"; and P, be the projection from H onto H,,.
Define p, = a,'P,pP, and g, = B,'P,0P,, where a, = tr[P,pP,] and 8, = tr[P,0P,].
Clearly, lim,_, .o, &, = 1, lim,_,, o B, = 1, lim,_,_ ., o, — plow = O @and lim,,_,,, lloy, —
Ol =0.

Consequently, we see that lim,,_,,, llp,, - pll; = 0 and lim,,_,,, g, - all; = 0. It
follows that

tim |[\p¥20,0 - \p20p2], = 0,

n—+oo

which implies that lim,,_, ., F(p,. 0,) = F(p, 0). So, for any € > 0, there exists some N;
such that
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IF(p,0) ~ auB.F (P 0)] < €2 (6.11)

whenever n > N;.
On the other hand, note that

hIP vaB,trlpP,] =1 and nEer apfBatrloP,] =1
Thus, for the above € > 0, there exists some N, such that whenever n > N,.
[1- \a,Bntr[pP,]| < €/2 and [1-ya,B,tr[oP,]| <€/2 (6.12)

whenever n > N,. Now, consider p, and o,, for n > max{N;, N,}. With respect to the
space decomposition H = H, ® H;,, we have

po O o O
p"=< 0 o ) and U"=< 0 o )
where pg, 0, € S(H,,). Applying (6.9) to p, and 0, there exists POVM {E], }7._; < B(H,,)
with ¥, E; =1, where I, is an identity operator on H,, such that

n
F(py, 0p) = Z tr[poEy,] tr[ooE, |-
m=1

LetE,, = E! @ {0} and E,,, = I - P,. It is obvious that ¥"*"" E,, = I and

n+1

F(p,,0,) = F(pg,0y) = z \/tr[pOE’ |tr[ogE!,] = Z \/tr [0,E,] tr[0,E,,].

Now define F,,, = va,8,PE, P, form=1,2,---,n+1and Fy =1 - va,,P,. It is clear
that {F,,,} is a POVM. Furthermore,

n+1 n+l
Z tr[oF,, ] tr[oF,,] = Z By, tr[P,oPE, ] tr[P,0P,E, ]
m=1 m=1

n+l
=y a B\t E,] trlo,E,] = a,B,F(p,, 0,) (6.13)
m=1
Hence, by (6.11)-(6.13), we get

n+l

tr[pF,,] tr[oF,,]

‘ (p,0) -

n+1

<|F(p,0) = Y tt[pF,,] tr[oF,,]
m=1

+ tr[pFo] tr[oF]
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= |F(p> o) - anﬁnF(pm Un)l

+ \/(1 — B, tr[pP, (1 - \a, B, tr[oP,]) < €/2 +€/2 = €.

Thus, we have proved that, for any € > 0, there exists some POVM {F,,} such that

Fomqm) <Fp,0) +¢,

where p,, = tr[pF,] and g,, = tr[oF,,] are the probability distributions for p and o
corresponding to the POVM {F,,}. So, (6.9) is true. It is clear that the infimum of (6.9)
attains the minimum if and only if there exists a POVM {E,,;} such that the Cauchy-
Schwarz inequality is satisfied with the equality for each term in the sum of (6.10),
i.e.,

\EnvP = A \EppU° (6:14)

for some set of numbers A,,, > 0. Note that

\p20p"? = UVop = \pVoU"

we get that the range(p!/20p!/2) c rangle(p*/?), and hence

Jou* :p[—l/Z] }p1/20p1/2_ (6.15)

Substituting (6.15) into (6.14), we find that

VEn B = A \Ep! 2 12012 (6.16)

for each m. It follows that E,,/p # 0 implies that A,, # 0. While, if \E,,,p = 0, one
may take A,,, = 0. Let

H,, = span({range(\[E,, | E,vB = O)}).

and Py, be the projection onto H,. Then (6.16) implies that (6.14) is equivalent to
VE (I-Py —A,M) = 0 (6.17)

holds for all m, where M = p{=/214/p1/2gp1/2pl=1/2 (may be unbounded). Now it is easily
seen that the closure of range(+/E,,) reduces M to the scalar operator A, if vE,, v # O,
and ker(M) = H,,. Thus, O,/l;,lop (M), the point spectrum (i. e., eigenvalues) of M. Since
Y m Em =1, we see that P, range(E,,,) = H and the spectrum of M,

oM) c {0l =0

(V).
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So, M must be diagonal. Conversely, if M is diagonal, say M = Y, y,,,Im)y(m| with
{lm)} an orthonormal basis of H. Let A, = y,‘n1 ify,, # 0; A, = 0ify,, = 0. Then the
POVM {E,, = |[m)(m|} satisfies (6.17), and thus (6.16). Hence,

F(p,0) = Y \tr[pE,,] tr[0E,,] = F(y» Gyn)-

This completes the proof of theorem. O

The following result reveals that the trace distance and the fidelity are topologi-
cally equivalent measures of closeness for quantum states of infinite-dimensional sys-
tems.

Theorem 6.1.11. Let H be an infinite-dimensional separable complex Hilbert space.
Then

1
1-F(p,0) < Ellp -0l <\1-F(p,0)?, Vp,0 € S(H). (6.18)

Proof. 1. We first prove that %Ilp -0l; < y1-F(p,0)?forall p,o € S(H).
(A). Assume that both p = |a);{al and o = |b)y;(b]| are pure states.
Then

Slo =0l = 3l - B)aly < V1= F(@u 1b)er) = \1 - Fip. 0"

(B). Let p and o be any two states, and let |)) yex and |0)yex be purifications chosen
such that F(p,0) = [(Y|¢)pex| by Theorem 6.1.5. Since the trace distance is nonin-
creasing under the partial trace, we see that

S1p=0h = 31 siaxch = V1= F(¥sorc |#rox)” = \1 - Fip. 0

This establishes the inequality

%Hp -0oll; < \1-F(p,0)2 (6.19)

2. To see the other inequality (6.18) is true, Theorem 6.1.10 is needed.
For any given € > 0, by Theorem 6.1.10, we may take a POVM {E,,} such that

F(p,0) < FOydm) = ), \Pmlm < F(p.0) + €, (6.20)

where p,, = tr[pE,,] and g,,, = tr[0E,,] are the probabilities for obtaining outcome m for
the states p and o, respectively. Observe that, for both finite- and infinite-dimensional
cases, we have
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1 1
illp -ol, = 1{1]13%( Elpm =gl (6.21)

where the maximum is over all POVM {E, }. It follows from (6.21) and that
z(\/p_m - \/ﬂ)z = me + ZQm = 2F(Pp, Gm) = 2(1 - F(pm’qm))>
m m m
that
21-F(p,0)) = 2€ < 21 = FP ) = ) (\Pm — V)’
m
< Y NP = Nl (VP + V) = ). 1P — Gl < I = 0.
m m
Thus, we have proved that
1
(1-F(p,0))-€e< §||P—U||1
holds for any € > 0. This forces that
1
1-F(p,0) < Ellp -0l

which, combining the inequality (6.16), completes the proof of the theorem. O

6.1.2 Bures distance

The Bures distance between p and o, denoted by S(p, 0), is defined as

Blp,o) = \j2(1 - \F(p,0)), (6.22)

where F(p, 0) is the fidelity of p and ¢ defined in (6.1).
We have the following proposition, which is a direct consequence of Theo-
rem 6.1.11.

Proposition 6.1.12. Forp,o € S(H), we have

1
illp -0l <Bp,0) < +llp - ol (6.23)

6.2 Channel fidelity

Based on the concepts developed in Subsection 6.1.1, we now investigate the fidelity
of the channel output of the quantum states p,o € S(Hy), F(®(p), ®(0)), where © is
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a quantum channel from S(H,) to S(Hg). The channel output fidelity F(D(-), D(-)) :
S(Hy) x S(H,) — [0,1] will be referred to as channel fidelity.

6.2.1 Monotonicity of channel fidelity

Several remarkable properties of channel fidelity in the finite-dimensional case are
still valid for infinite-dimensional case. For instance, the following monotonicity of
the fidelity holds for both finite- and infinite-dimensional systems.

Proposition 6.2.1 (Monotonicity of channel fidelity). Let ® € Q¢(A, B). Then
F(®(p),®(0)) = F(p,0), Vp,0o € S(Hy). (6.24)

Proof. We use the Uhlmann Theorem 6.1.5 by defining a purification of the states; one
can easily prove that the fidelity can be rewritten as the following semidefinite pro-
gramming problem (SDP):

X (g )=l
F(p,0) = -tr[X+X . >0¢,
(p,0) m)z(;lx{z r[X + ]|<X "
where the above maximum is taken over all X € *B(IH). Now let @ € Q¢ (4, B) and let
X € *B(IH,) be any feasible point of the above SDP. As @ is a complete positive map,
we have

(x o)== (ox) o )20

Furthermore, tr[X + X*] = tr[®(X) + ®(X*)] as @ : S(H,) — S(Hp) is trace preserv-
ing. Thus, we can show that for every feasible point X of the SDP for F(p, o), we can
define a feasible point ®(X) of the SDP for F(®(p), @(0)), which has the same objec-
tive value. As we are taking a maximization point over all feasible points, we have
F(p,0) < F(®(p), @(0)). This proves the proposition. O

6.2.2 Ensemble average and entanglement fidelities

For the finite-dimensional case, ensemble average fidelity and entanglement fidelity
are two kinds of important fidelities connected to a quantum channel. In this subsec-
tion, we give the definitions of ensemble average fidelity and entanglement fidelity
connected to a quantum channel for an infinite- dimensional system, and discuss their
relationship.

The presentation in this subsection is largely based on results obtained by Hou
and Qi [90].
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Let H be an infinite-dimensional separable complex Hilbert space and let a quan-
tum channel @ : S(H) — S(H) be a quantum channel. As in the finite-dimensional
case (see, e.g., Wilde [178]), for such quantum channel ® and a given ensemble
{p;.p; ;;010, one can define ensemble average fidelity F({p;, p;}, ©) by

F(1pipih ®) = Y pif (01 D(pp)’, (6.25)

where F(p;, @(p;)) denotes the fidelity between the input state p; and its channel output
state @(p;), which are both on the same Hilbert space H.

Similarly, for a state p, one can define the entanglement fidelity F(-,-) : S(H) x
Q¢(H) — [0,1] by

Fer(p, @) = F(1) 1> (@ @ D ([0) o W)
= (Y@ ) (1) g1t W)Y g1 (6.26)

where |Y) € H® H is a purification of p. Note that the definition of F.;(p, ®) does not
depend on the choices of purifications. To see this, let [) ygu = 2; \Pjlim ® 1) w1 be
any purification, where {|j);} is an orthonormal basis and {|y;)} is an orthonormal

set of H. By Kraus representation (4.12), there exists a sequence of operators (Ei);;olo C
B(H) with }; E]E; = I; such that
®(0) = ) EoE;, Vo € S(H).
i
Thus,
Fet(p, @) = ) (PI(E; ® (1) o (W) (EF @ DI g
i
= Z<¢| Z VPP E @ D(I)w ® 1) 1)) Hen
i jik
x ((kl @ (il )(Ef ® D) prop
=3 Do GIEl) i (kIE] 1K) gy = Y tr[E;p], (6.27)

ik i

which is dependent only on p and @ but not on its purification.

In the sequel, we will give some properties of entanglement fidelity for infinite-
dimensional systems. First note that, by monotonicity of the fidelity (6.24), it is easily
checked that

For(p, @) < FX(p, D(p)),  V(p, D) € S(H) x QE(H). (6.28)

We have the following result regarding the convexity of the function Fy(:, ®).
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Proposition 6.2.2. Let H be an infinite-dimensional separable complex Hilbert space.
Assume that ® : S(H) — S(H) is a quantum channel. Then the entanglement fidelity
F(-, @) : S(H) — [0, 1] is a convex function.

Proof. Take any states p;,p, € S(H). Define a real function f : R — R by
F0) = Fye(xp; + (1 = x)p5, @), Vx e R
By using (6.27) and elementary calculus, one sees that the second derivative of f is

00 = Yl oy - p)E;]

1

Hence, f"(x) > 0, which implies that F(-, ®) : S(H) — [0, 1] is convex, as desired. [J

Proposition 6.2.3. Let H be an infinite-dimensional separable complex Hilbert space.
Assume that @ : S(H) — S(H) is a quantum channel. Then for any given ensemble
{pj, p;}, we have Fo((Y; pip;, @) < F({p;, pi}, @)

Proof. Forany k € N, let A, = Zjl-;l p;- Then, by Proposition 6.2.2 we have
Fef(ijpj:(D>
j
k ;b +00 Fﬁ
Mz in) 0w E o)

j=1 j=k+1
k p] +00
< AkFef<z A—Pj,q3> +(1- Ak)Fef< > Pjpj,q3>
j=1"% j=k+1

k +00
D;
< Ak z /l_]Fef(pj, (D) + (1 - Ak)Fef< Z p]p], (D>
j=1 "k j=k+1

k +00
p.
= Y DiFer(p;, @) + (1 —Ak)Fef( > ﬁpj,CD)- (6.29)
j=1

j=k+1

Note that 0 < F(p, @) < 1and

+00
lim A = i=1
k—+co k 2; by

So limy_,, (1 - Ak)Fef(Z;f,f’H pj» @) = 0. Thus, for any € > 0, there exists some N such
that whenever k > N. It follows from (6.29) that

+00
Fef(ijPj»(D> < Z DiFes(p;, D) + €.
j Jj=1



6.3 Norms on unconstrained channels = 149

By the arbitrariness of € and (6.28), we obtain that

100 1o +00
Fef( IR <D> < ) DiFer(pp ®) < Y iF (0, @(0y) < F(ipy ik, @).
j=1 j=1

j=1

This complete the proof of the proposition. O

6.3 Norms on unconstrained channels

In this section, we explore various norms or metrics on (A4, B), the space of quantum
channels from S(H,) to S(Hp).

6.3.1 Diamond norm

For any quantum channel ® : S(H,) — S(Hp), we define the diamond norm | ®]|, of
®das

Dl = sup [[(@®Tr)P); (6.30)
peS(Hyg)

where R is any reference quantum system represented by the Hilbert space Hg, Hyp :=
H, ® Hy, and Jy, is the identity operator on S(Hp).

The diamond-norm metric between quantum channels is widely used in finite
dimensions as a measure of distinguishability between these channels. But the
topology (convergence) generated by the diamond-norm metric on the set of infinite-
dimensional quantum channels is too strong for analysis of real variations of such
channels (see Shirokov [152, 153]).

6.3.2 Complete boundedness norm

Recall from Proposition 4.1.5 that a linear map Y from C*-algebra 4 to another C*-
algebra B is completely positive if and only if Y : A ® M, — B ® M, is positive for
eachn € IN.

The concept of complete boundedness to be defined below is closely related to
completely positivity characterized in Proposition 4.1.5. The norm of complete bound-
edness for a linear map between two C*-algebras .4 and B is defined as follows.

Definition 6.3.1. LetY : A — B be a linear map between C*-algebras A and B. The
norm of complete boundedness ||Y| 4, of Y is defined as

IIY"cb =sup ”Y ® I(n)(n)”oo) (631)
nelN
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where I,,,.,,) is the identity map of nxn complex matrices (i. e., I, is an nxn identity
matrix). The map Y is called a completely bounded map if Y|4, < co.

Equivalently, Y : A — B is completely bounded if and only if the linear map Y,
that maps n x n matrices in .4 ® M, to n x n matrices in B8 ® M, defined by

a; ap ... a, Y@;;) Y@p) ... Y(a,)
321 322 e 32n Y(azl) Y(azz) e Y(azn)

. - . ) . (6.32)
a,; a; ... a, Y@,) Y@y ... Y(a,,)

is uniformly bounded for all n € N. That is, sup,en IYylloo < +00.
Note that any completely positive map Y : A — B is completely bounded, and we
have

Yl = W lloo = YA DN = [V*V]ly, = IVIZ,,

where V is a Stinespring dilation for Y, and the same operator norm notation || - [,
for operator on .4 and operator on H. Obviously, |Yll,, < Yl for every completely
bounded map Y. If the range algebra B is Abelian, we even have equality: [|Y], =
[IYlle,- If the domain algebra A for the positive linear map Y is Abelian, then by The-
orem 4.1.8 Y is completely positive, but it is not sufficient to guarantee that bounded
maps are completely bounded (see Paulsen [123]).

Recall from the Stinespring representation (see Theorem 4.3.1) that the linear map
Y : A — Bis completely positive if and only if it has the form

Y(@) = V'@V, acA,

where (71, K) is a GNS representation of B(IH) on K for some Hilbert space K, and
the Stinespring isometry V is a bounded linear operator from H to K. If the map Y is
normal, then the representation 7 can be chosen to be normal.

The following result regarding equivalence of the operator norm of the Stinespring
isometry V and the complete bounded norm on the completely positive map Y is due
to Kretschmann-Schlingemann—Werner [99]. The proof for this proposition is rather
tedious and is omitted here. Interested readers are referred to [99] for a proof.

Proposition 6.3.2 (Kretschmann-Schlingemann—-Werner [99]). Let Y, and Y, be two
completely positive linear maps from C*-algebra A to C*-algebra B. Then Y, and
Y, are closed in complete boundedness norm | - |, if and only if there exist corre-
sponding dilations, V, and V,, that are closed in operator norm | - | .. Specifically, we
have
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5 =~ Yallep

N < inf V] = Vyllo < Y7 = Yslleg- (6.33)
Yillep + VIYolley  ViVa 0 «

Proposition 6.3.2 generalizes the uniqueness clause in the Stinespring’s dilation
theorem (see Theorem 4.3.4) to complete positive maps that differ by a finite amount.
As it was observed, uniqueness holds only up to partial isometries on the dilation
spaces Hg. So, one cannot expect that any two dilations satisfy such a norm bound,
only that they can be chosen in a suitable way. Hence, the infimum in (6.33). The norm
of complete boundedness || - ||, that appears in the continuity bound equation (6.33)
is a stabilized version of the standard operator norm: Hence, equation (6.33) will in
general fail to hold if the cb-norm | - ||, is replaced by the standard operator norm
I lloo (see [99]).

Remark 6.1. As implied in [99], the complete boundedness norm | - ||, is dual to the
diamond-norm [-|, in the following sense ||| 4, = IY*[l,, whereY* : B* — A* denotes
the dual map of Y. This duality is frequently used in the realm of quantum comput-
ing (see Aharonov—Kitaev—Nisan [1]). Obviously, by replacing the maps in equation
(6.33) by its dual counterparts, the analogous bounds hold for the diamond norm as
well. The continuity bound equation (6.33) shows that the distance between two com-
pletely positive maps can equivalently be evaluated in terms of their dilations. We call
this distance measure the Bures distance, which is the subject of discussion in the
following subsection.

6.3.3 Bures distance

The Bures distance evaluates the distance between two complete positive maps, quan-
tum channels and dual quantum channels, in particular, in terms of their dilations.
We first discuss dual quantum channel ®* : B(Hg) — B(H,).

Recall from (6.22) that the Bures distance between quantum states p and o is de-

fined as
B(p, o) = \2(1 - \/F(p,0)),

where F(p, ) = [|\/pV0l| is the fidelity of p and o.
Let @, ¥ € QC(A, B). We define the Bures distance between quantum channels @
and ¥ as

B(®,P) = sup (P ® TR)(p), (¥ ® Tp)(P)), Vp € S(Hyg) (6.34)

between quantum channels @ and ¥, where f(-, -) in the right-hand side is the Bures
distance between quantum states defined in equation (6.22) and R is any system.
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Propeosition 6.3.3. For any channels ® and ¥, we have

1
E||<1> ¥, < B@,Y) < A|D -V, (6.35)

Proof. This follows immediately from the definition of diamond-norm | - ||, (6.30), the
definition of Bures distance (-, ) (6.34) and inequality (6.22),

1
§||P—U||1 <Bp,0) < \/”P - 0lly.

This proves the proposition. O

Inequality (6.35) indicates that the topology generated by the diamond norm is
topologically equivalent to the Bures distance.

Remark 6.2. As mentioned in Shirokov [152] and [153], the topology generated by the

diamond norm on the set of infinite-dimensional quantum channels is too strong for

analysis of real variations of such channels: there are infinite-dimensional channels

with close physical parameters such that the diamond-norm distance between them

equals to 2. In this case, it is natural to use the substantially weaker topology of strong

convergence on the set of quantum channels defined by the family of seminorms ® +—
00

IP(p)ll1, p € S(Hy). The convergence of a sequence (D)% of channels to a channel
@, in this topology means that

n1—1>11100q)n(p) = CDo(P), VP € S(IHA)
An equivalent definition of the Bures distance between two quantum channels
D,V € QC(A, B) is given below.

Definition 6.3.4. The Bures distance 5(®, ¥) between channels @ and ¥ can be writ-
ten as

B(®, %) = inf [Vg, - Vil (6.36)
where the infimum is taken over all common Stinespring representations
D(p) = trg[VeppVy] and ¥(p) = trg[VypVy], (6.37)

where Vg, and Vy are isometries from H, to Hpg and Vg, and Vy, are their adjoints.

Proposition 6.3.5. The Bures distance B(-,-) : Q€(A,B) x Q€(A,B) — R, defined in
(6.36) is a metric.

Proof. Positivity and symmetry are immediate from (6.36). Obviously, S(®,®) > O.
Conversely, Proposition 6.3.2 shows that f(®, ¥) = 0 entails |®-¥| 4, = 0, and hence,
® = V. Thus, it only remains to establish the triangle inequality,



6.4 Norms on constrained channels = 153

B(D,Y) < B@,¥) + BCY,Y), VD, ¥,Y e QC(A,B).

Let Vg, Vy and Vy : Hy, — Hpgg be isometries of the Stinespring representations of @,
¥ and Y, respectively. That is, for all p € S(H,),

() = trp[VopVi ], W(o) = trs[VepVy] and Y(p) = tr[VypV5 ]
Then

B@,Y) < Vg - Vyllo,
< Vg - Villoo + IV = Vylloy
= Vg — Vil + IV = Vylloo
= B(®,¥) + BT, Y),

where Vg, Vy and Vy are the corresponding minimal Stinespring dilations. This
proves the triangle inequality. Therefore, (-, -) is a metric on Q€(A, B). O

6.4 Norms on constrained channels

Due to infinite dimensionality of quantum systems whose Hamiltonian takes the form
of an $)-operator, situations often happen that the classical and quantum capacity (to
be discussed in later chapters) become infinite when quantum channels are repeat-
edly used. To prevent this from happening, we consider energy constrained quantum
channels that apply to a compact subset Kgx(E) of S(H).

In the following, let H be an $)-operator on the input space H, (see (3.2) for the
definition where A,,, n > 0 were used for the point spectrum of H instead of E, used
here for representing energy level H) that represent a Hamiltonian of the quantum
system A. That is, H is an unbounded positive linear operator on H, with discrete
spectrum (eigenvalues) of finite multiplicity:

with the smallest eigenvalue denoted by E, = inf"¢"HA 1(PHIP)y, -
For each E > E,, let Ky(E) be the compact subset of S(IH,) defined by

Ku(E) = {p € S(H,) | tr[Hp] < E}. (6.38)

In this section, various energy-constrained norms/distances, including operator
norm, diamond norm and Bures distance, for quantum channels are explored.
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6.4.1 Energy-constrained operator norm

Recall that the operator norm | A, of A € B(IH,) is defined as

IAQ@llg
IAllo = sup ~ = sup [Agly,.
pery 9l 1pl, =1

In this section, we define an energy-constrained operator norm, denoted by [A|g,
based on the energy level of an $)-operator H. The topology generated by | - || on
$B(1H,) will be compared to that generated by the operator norm | - |-

For given E > E,, consider the function | - [ : B(H,) — R, defined by

Al = sup \tr[ApA*], A e B(H,), (6.39)

peRy(E)
Proposition 6.4.1. The function | - ||z : B(Hy) — R, defined in (6.39) is a norm.

Proof. To show that || - || : B(H,) — R, is a norm, we need to prove that (i) |cAlg =
Ic|l|Allg forall c € Cand A € B(H,); (ii) |A + Blz < |Alg + Bl for all A,B € B(1H,);
and (iii) [|Allz > O for all A € B(H,) and ||A[z = 0 implies A = 0. The fulfillment of
these three conditions are given below.

(i) It is clear that for all c € C and A € B(H,),

IcAly = sup +\tr[cAp(cA)*] = sup tr[ccApA*]
pey(E) p

eKy(E)

=|c| sup Vtr[ApA*] = |cllAllg.

peKy(E)
(ii) Let A, B € B(1H,), we want to show the triangle inequality
A +Blg < [Alg + IBllg

holds. By the definition of |A + B||, we take for any € > 0O there exist a state p € Kyx(E)
such that

|A+ Bl < \tr[(A+B)p(A+B)*] +¢

— \tr[(A+B)*(A+B)p] +¢ (by Proposition 18.4)

< \tr[|A + B%p] + €.

Then, by using the spectral decomposition of p, basic properties of the norm in Hy
and the Cauchy-Schwarz inequality (1.2), it is easy to show that

\tr[|A + BP2] < \tr[IAPp] + \tr[[BI2o] < Al + IBlz.
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Therefore, we have for any arbitrary small € > 0,
A +Bllg < [|Allg + IBllg + €.

This proves the triangle inequality |A + B|; < [|Allg + [Blg.
(iii) It is clear that |A|; > O for all A € B(H) and [|A|z = O implies that A = 0 by
the definition of || - ||g. This proves the proposition. O

Proposition 6.4.2. For any given A € B(IH), the following statements hold:

L limg o, [Alg = Al

2. themap E  |Alg is concave and nondecreasing on [E,, +ool.

3. |Aply < K(p||<p||]Hfor allunitvectors @ € ]HwithﬁniteE¢, = (@|AlQ)y, where K, = 1

ifE, < E and K, = |(E, ~ E)\(E ~ Ey), otherwise.

Proof. Let A € B(H). Then:

1. i Alp= 1 A*
E_1)II100|| g im - sup \tr[ApA*¥]

+00 pefCy(E)

= sup \tr[ApA*] (because lim ICH(E):S(]H))

peS(H) E—+o0
A,

= sup I1Aplly

pesm) lply

= [|Allgo-

2.1t is clear that the map E — ||A|g is nondecreasing on [E, +co[ by its definition. To
show the concavity of the map E — |A|lg, let E; and E, be such that Ey < E; < E;, < 00
and 0 < A < 1, and we have

Al ans, =  Sup \t[ApA*] < AlAlg, + (1~ M)Al

PEXH(AE +(1-A)E,)

This shows that the map E — |A||; is concave.
3. Let ¢ be any unit vector in H with finite E,, := (¢|H|@)y;. Let € > 0 be an arbi-
trarily small positive number and

p=(1-K)p) (el + K, 19w (@),
where ¢, is a vector in H such that (¢, [H|p.)y < E, + €. We have
tr{Hp] = (1- K,*) tt[Hlpe (@l ] + K, tr[Hip)yy (9]

(1-K,2) tr[{pcHlpe) ] + K, tr[ (@l Hlp) ]
(1-K,*)(Eo +€) + K,’E, <E +e,

AN

and hence,
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K, IA@ly; < \ApA* < |Alg,..

By passing to the limit € | O, we obtain the required inequality. This proves the propo-
sition. O

6.4.2 Constrained diamond norms and Bures distances

Let H be any $)-operator. The energy-constrained diamond norm of quantum channel
@ : S(H,) — S(Hp) is defined by

D)5 = sup l(@e3r)pl,, E>E, (6.40)
PeS(Hyp):tr[Hpy I<E

where R is any quantum system and p, = trg[p4g].
We define the energy-constrained Bures distance between the quantum channels
[0} and 4 S(H_IA) — S(HB) as

Bp(®,¥) = sup B((@eTr)p, (¥ ®Tg)p), E>E, (6.41)
PES(Hyg):tr[Hpy I<E

where B(-,-) is the Bures distance defined in equation (6.34).

Proposition 6.4.3. The following inequalities hold:

1
S~ WIS < fp(@,9) < \Il© - ¥ (642)

Proof. The inequality follows easily from the definition energy-constrained diamond
norm | - ||'j; (see equation (6.40)), the definition of energy-constrained Bures distance
Br (-, ) (see equation (6.41)) and inequality (6.35). This proves the proposition. O

Lemma 6.4.4. Let H be an $-operator on H, and let E > E,, where E, :=
iankaI]HA —1{@[H|p) 4 is the smallest eigenvalue of H. For any arbitrary quantum chan-
nel @ from A to B, there exist a separable Hilbert space Hg, and a Stinespring isometry
Vo : Hy — Hgg of the channel ® with the following property: for any quantum channel
Y from A to B, there is a Stinespring isometry Vi : H, — Hpgp of W such that

Vg - Volg = Be(Y, D).

Proof. A sketch of the proof Let V¢, be the isometry from any Stinespring representa-
tion with infinite-dimensional environment space Hy and V, the isometry from H,
into

Hp ® (Hg; ® Hp,) = (Hp ® Hg) ® (Hp @ Hp,),
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where Hp, and Hg, are copies of H, defined by setting Vy|p), = Vplp)4 @ |0) for
any ¢ € H,. Since any separable Hilbert space can be isometrically embedded into
Hp, we may assume that any channel ¥ from A to B has a Stinespring representa-
tion with the same environment space Hg. Denote by Vy the Stinespring isometry
of the channel V¥ in this representation. The arguments from the proof of Proposi-
tion 1 in Shirokov [154] (obtained by simple modification of the proof of Theorem 1
in Kretschmann-Schlingemann-Werner [99]) show that Bz(¥,®) = |Vy — Vgl for
the Stinepring isometry Vy : H, — Hg ® (Hg; ® H,) of the channel ¥ defined by
setting

V\IJIQD> = (IB (2] C\P)V‘Pl(p) @ (IB ® \ IE - C\);,Cly)V\{lkP)

for any |p) € Hy, where Cy € B(H) is a particular contraction. This implies the
assertion of the lemma with the isometry Vy in the role of Vy. This provides a sketch
of the proof. O

Proposition 6.4.5. Let H be any $)-operator defined on H,. For any E > E,, the function
(D, V) — Bp(D,¥) defined in (6.41) is a real metric on QE(A, B), which can be repre-
sented as follows:

B(@,¥) = inf( sup V[V - V)p(V3, - V)] ) (6.43)
PEXH

where the infimum is over all common Stinespring representations
D(p) = trg[VeppVy] and ¥(p) = trg[VypVy]. (6.44)

Proof. We want to show the right-hand side of (6.43) equals the right-hand side of
(6.41). Denote by B(®,¥) the right-hand side of (6.43). Let Ky(E) be the subset of
S(H,) defined by (3.2) and let V' (®, ¥) = | J Vg, Vy, where the union is over all common
Stinespring representations (6.44). Then it is easy to see that

Br(@, W) = inf( sup \tr[(Ve — Vy)p(V§, - V3)])

Peu(E)
= inf sup 12 -2R(tr[Np]). 6.45
NEN(CD,‘P)pel(:Hl:()E) ( [ p]) ( )

In the following, we show that A/(®, ¥) = M(®D, ¥), where
M(D,¥) = {Vi,(Iz @ C)Vy | C € B(Hg), [Clly, < 1},

defined via some fixed common Stinespring representation (6.44). It would imply, in
particular, that M(®, ¥) does not depend on this representation.

To show that M(®,¥) € N(D, V), it suffices to find for any contraction C € B (H)
a common Stinespring representation for ® and ¥ with the isometries V¢, and Vy, from
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H, to Hg ® H; such that ViVy = Vg (Iz ® C)Vy. Let Hx = Hj ® Hz, where Hj
and H, are copies of Hg. For given C, define the isometries V4, and Vy, from Hy into
Hp ® (Hg, ® Hg,) by setting

Vol@)a = Voplp)s ©10)

and

Vylp)s = (I3 ® C)Vylp)y) @ Iz ® Iz - C*CVy|p),)

for any ¢ € H,, where we assume that the isometries Vq, and Vy act from Hy to Hz ®
IH}5 and H Bez»leE correspondingly, while the contraction C acts from IH,Zs to IH};. Itis easy
to see that the isometries V¢, and Vy form a common Stinespring representation for the
channels @ and ¥ with the required property. This proves that M(®, ¥) € N (D, V).

To prove that N (D, ¥) ¢ M(®, V), take any common Stinespring representation
for @ and ¥ with the isometries Vg, and Vy from H, to Hy ® Hj. By Definition 5.2.2
and (5.4), there exist partial isometries W, and Wy from Hy, to Hj such that

Vo =Iz0Wg)Vy and Vy = (Iz® Wy)Vy.

Therefore, V3, Vy = Vi (Iz ® Wi Wy)Vy € M(D,¥), since [W;Wyll,, < 1. This shows
that N (@, ¥) € M(D,¥).

Since N(®D,¥) = M(D,V¥), the infimum in (6.45) can be taken over the set
M(®D,¥). This implies

'(@,¥)= inf su 2 - 2R(tr[V*: (I ® C)V.
BE@W) = nf | sup \2-2R([Vi Iy @ OVyp])

= su inf 2-2R(tr[V: Iz ® C)V , (6.46)
pe;cffmcE%l(mE)\/ (tr[V5,(Ip ® C)Vyp])

where the possibility to change the order of the optimization follows from Ky Fan’s
well-known minimax theorem (see Simons [165]) and the o-weak compactness of the
closed unit ball 8, (Hg) of B(Hg) (by the Banach-Alaoglu Theorem 1.1.4). It is easy to
see that

sup R(tr[Vy(Iz ® C)Vyp])
CeB,(Hg)

= sup (Vo ®Ip)ollge ® CIV @ Ig) axls (6.47)
CeB,(Hg)

where R is any system and ¢ is a purification of p, i.e., a vector in H,y such that

trp[l@) ar(pll = p.
Since for any common Stinespring representation (6.44) and any system R, the

vectors (Vg ® Ip)|@)4p and (Vy ® I)|l@)4r in Hppg are purifications of the states
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(@& Ix)(19) ar (@) and (Vi ® I) (1) 4r (1) in S(Higg), by using the relation A'(®, ¥) =
M(D,¥) proved earlier and Uhlmann’s Theorem 6.1.5, it is easy to show that the
quantity in the right-hand side, of (6.47) coincides with the fidelity of the states
(@ ® Ip)(Ip) ar{e]) and (¥ ® Iz)(|9)4r(@l). This and (6.46) implies that B(®,¥)
BE(®, V). This proves the proposition.

O
Proposition 6.4.6. Let H be any $-operator defined on H. For any given channels @
and ¥, the following properties hold:
1. Bg(®,¥) tends to f(D, V) as E — +o0;
2. the function E — B (®,¥) is concave and nondecreasing on [E,, +ool.

If the operator H satisfies condition trle™] < +oo forall A > 0O, then for any E > E the
metric Bg (-, -) generates the strong (pointwise) convergence of quantum channels. That
iS, liInn—>+oo BE(ch’ (D) =0 ifand Only iflimn—>+oo ”ch(p) - ®(P)||1 = OfOI' allP € S(IHA)-

Proof. Property 1and the monotonicity of 8 are obvious. To prove the concavity, take
any Ey, E, > E,. For arbitrary € > 0, there exist states p; and p, in S(IHyp) such that

trHp] <E; and B (@) < B (@oIx)(p), (Y elp)p))+€ i=12

By invariance of the Bures distance (6.22) with respect to unitary transformation of
both states, we may assume that supp(tr,[p;]) L supp(try[p,]), and hence, supp((Y; ®
Iz)(p1)) L supp((Y, ® Iz)(p,)) for any channels Y; and Y,. Thus,

Bi(@, W) = B((@ & IR)(Dy), (¥ & Ig) (,))

= (@8I, (¥ o T)(py) + 5@ 0 T)(p), (¥ T)(p)

> %(ﬁ; (@, W) + B (@, W) -,

where p = 1(p, + p,) and E = 3(E, + E,). This implies concavity of the function E —
ﬁé(CD, ¥). The concavity of the function E — (P, ¥) follows from the concavity and
monotonicity of the function v/x. Note that the operator H satisfies condition tr[e"‘H] <
+0o for all A > 0 guarantees that the operator is unbounded and densely defined on
H, with a discrete spectrum of finite multiplicity. The last assertion of the proposition
follows immediately. This proves the proposition. O

6.5 Approximations of quantum channels

Let (P,)% be a sequence of (orthogonal) projections that converges strongly to the
identity operator I, on the Hilbert space Hy,.
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In the following, we have an approximation result of the infinite-dimensional
quantum channel via finite-dimensional projections. The result is due originally to
Shirokov and Holevo [158].

Proposition 6.5.1. Let ® : ¥, (H,) — ¥, (Hjp) be an extended quantum channel from
input system A to output system B, and let (P,,); be an increasing sequence of finite-
dimensional projections on H, that converges strongly to the identity operator 1. Then
there is a family (®,);,S; of completely positive maps such that @, is trace preserving on
P,(H,) and ®,(A) — ®(A) uniformly for all A € T, (H,).

Proof. First note that, for each A € B(lH,), A, = P,AP; — A in operator norm || - |,
whenn — +co. We can write A - A, = (A-A,), - (A-A,)_, where (A - A,), and
(A-A,))_arein ¥, (Hy)and (A-A,), (A-A,)_=(A-A,)_(A-A,), = 0. Note that
(A-A)), and (A - A,)_ are, respectively, the positive and negative part of A - A,,.
Obviously,

D((A-Ap),), D((A-Ay)_) € T, (Hp)

and
Jm, lO(A = An) )] = lim G4 - A).)] =0
Consequently,
I |P(A Al = lim (A~ A,))], =0
and

Tim_[0(A- A, = 0.

For each n € N, define ¥,, : ¥,(Hy) — %,(Hp) through ¥,(A) = P,®(A,)P;.
Then
(RICVER MEVA
< |®(A) - P,OA)P, |, + [P, D(A)P, - P,D(A,)P, |,
= [P8) - POAIP; |, + [P,(©(A) - D(A,)P;,
< |DA) - DAY, + |PA) - DA|, >0 asn — +oo.
Define @, by ®,(A) = ¥,(A) + V,AV;, where V,, = \P, - ¥+(I). Then |D(A) -

®A)l; — 0 and tr[®,(A)] = tr[A] for all A such that A = A,. This proves the
proposition. O
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6.6 Convergences of channels

In the following, let (®,);;%) be a sequence of quantum operations or quantum chan-
nels from system A to system B. This section explores three different types of conver-
gences (namely, uniform convergence, strong* convergence, and strong convergence)
of the sequence (®,);% to @

6.6.1 Strong and uniform convergence

Definition 6.6.1 (Strong convergence of quantum operations). The sequence of quan-
tum operations (®,);%) in QO(A,B) is said to converge strongly to operation @, €
QO(A, B) if

Jlim [ @, (p) - @y ()], =0, Vp € S(H,). (6.48)

In this case, we write (s) lim,,_,, ., ®, = ®.

The strong convergence of quantum operations is generated by the family of semi-
norms @ > ||@|.

Definition 6.6.2 (Uniform convergence of quantum operations). The sequence of
quantum operations (qnn);g;’ in QO(A, B) is said to converge to @, € QO(A, B) uni-
formly if

n—+oo

lim  sup |[®,(p) - Do(p)], = 0. (6.49)
peS(Hy)

In this case, we write (u) lim,,_,, ., ©,, = Dy

It is clear that if the sequence ()% quantum operations converges uniformly to
@, then it converges strongly to ®,. However, we have the following result due origi-
nally to Shirokov and Holevo [158].

Lemma 6.6.3. The strong convergence topology on Q9(A, B) coincides with the topol-
ogy of uniform convergence on compact subsets of S(IHy).

Proof. Let ® € Q9(A, B). Then

()
Dl = sup 12@h gy 1Pl

pes@, ol pesary) ol

where ||p|l; denotes the trace norm of p in the Hilbert space H, and ||®(p)|; denotes
the trace norm of channel output ®(p) in the Hilbert space Hp. It is easily seen that
the topology of strong convergence on the space (A4, B) coincides with the topology
of uniform convergence on QO(A, B) that are restricted to compact subsets of S(IH).
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This is because the supremum in (6.49) is attained in the compact subset of S(IH,).
This proves the lemma. O

Suppose that the sequence (©,);°] ¢ QC€(A4,B) converges strongly to @, ¢
0C(A,B). Then its corresponding sequence of dual channels (®;);% ¢ Q€*(B,A)
has the following convergence relationship to @ € Q€*(B, A):

(W), lim @ (B) = ®}(B), VB e B(Hp).

That is, (©; (B)); ¢ B(IH,) converges to @;(B) € B(IH,) in weak operator topology
(see Definition 2.1.2 for the definition of weak operator topology). In this case,

ngglm<¢, @;(B)¢>HA ={¢, <DS(B)1/)>]HA, VB € B(Hp) and V¢, P € Hy.

By noting that the set S(IH,) involved in (6.48) can be replaced by its subset con-
sisting of pure states, it is easy to show that the strong convergence of a sequence
(@) of quantum channels to a channel @, means, in the Heisenberg picture, that

(W) lim @ (B) = ®}(B), VB e B(Hp), (6.50)

where (w) lim,,_,, ., (-) denotes the limit in the weak operator topology in B (IH,).

Lemma 6.6.4. The strong convergence of a sequence (®,);] in Q€(A, B) to a channel
@, implies strong convergence of the sequence (®,®Jy);] to the channel ®,®J, where
R is any system.

Proof. Assume that the sequence quantum channels (®,,);%) converges to @ strongly.
For any psp € S(IHyg), we have

Jim [|[(@, ® Tp)(par) — (Po @ Tp)(Par) [
= lim tt[|(®, ® Ip)(Par) ~ (o ® Tp)(Par)|]
= lim_ tr{trp[1(@, ® Tp)(p4) ~ (@0 ® Tp)(paR)|1]]
= lim_tr{|®,(04) - Po(p,)]]
= lim [@,(ps) - Polpa)]; = O

n—+oo
where p, = trp[p4z]. In the above, we have used the fact that tr[trz[(D, ® Tz)(4r)]] =
tr[®,(04)] by (2.11). This proves the lemma. O

The diamond-norm distance between two quantum channels is widely used as a
measure of distinguishability between these channels. But the topology (convergence)
generated by the diamond-norm distance on the set of infinite-dimensional quantum
channels is too strong for analysis of real variations of such channels. We offer the
following example to accentuate this comment.



6.6 Convergences of channels —— 163

Example 6.1. Let (U,);S] be any sequence of unitary operators strongly converging to
the unit operator Iy; but not converging to Iy; in the operator norm. That is,

MmUY -9l =0, VpeH but lim U, Iyl # 0.

Consider the sequence of channels (©,);%] from S(H) into itself defined by ®,(p) =
U,pU, forn = 1,2,.... Then this sequence of channels does not converge to the identity
channel J; with respect to the diamond-norm distance. This is because

lim |®,-J
im @, - Iyl

= lim ( sup  [[(@,®Tp - Ty ® jR)(PAR)||1)

M=+ )R €S (H )

lim (sup [(@, - Tg)(pa)l;) (wherep, = trglpag])

n—=+00\, e S(H,)

= 1im ( sup [Up4U; - pal,) #0.

M40 €S (H,)

In general, the closeness of two quantum channels in the diamond-norm distance
means, by Theorem 6.3.2, the operator-norm closeness of the corresponding Stine-
spring isometries. So, if we use the diamond-norm distance then we take into account
only such perturbations of a channel that corresponds to uniform deformations of the
Stinespring isometry (i. e., deformations with small operator norm). As a result, there
exist but not shown here quantum channels with close physical parameters (quantum
limited attenuators) having the diamond-norm distance equal to 2.

The following equivalency of energy-constrained diamond norm and strong con-
vergence of channels is due originally to Shirokov [151].

Proposition 6.6.5. Let H be an $)-operator defined on H, and let (9,);%} ¢ Q€(A,B).
Then, for any E > E,,

lim o, - Dols =0 & lim ®,(p) = @o(p),  Vp € S(Hy). (6.51)

Proof. (=) Recall from Theorem 3.2.5 that Ky (E) is a compact subset of S(H,) and

that g, g, ICH(E)"'”1 = S((H,). Hence, since the operator norm of @, — @, for all n is
bounded, it suffices to show that

lim @, (p) = Do(p), Vpe U Ku(®),
E>E,

provided thatlim,,_,, , |D, - (I)olljf> = 0. Letpbe astatein Jg,p, Ky(E) and o € Ky(E).
Then, for sufficiently small p > 0O the energy of the state p, = (1 - p)o + pp does not
exceed E. Hence, lim,,_, ,, [®, - @ol% = 0 implies that
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nLiIPOO"q)n(pp) - @y(pp)[, =0 and HEIPOO"an(U) - ®@y(0)], = 0.

It follows that lim,,_,, o, @, (p) — Do (p)ll; = O for all p € S(H,).

(<) Since H is an $-operator, we can write Has H = z,t:g Eilti) a(t¢ ], where
{Itidat == {lTidp,} is the orthonormal basis of eigenvectors of H corresponding
to the nondecreasing sequence of eigenvalues (E;);S) that tend to +co. Let P, =

ZZ;}) |Ti)4(Ti| be the projector on the subspace H,, spanned by the set of vectors

{lTo)4>--->|Tn_1) 4} Consider the family of seminorms
(@)=  sup |[(@eIx)p)|,, VneN (6.52)
peS(H,®Hg)

on the set of all linear completely bounded maps from T(H,) to T(Hg). Note that the
system R in (6.52) may be n-dimensional. Indeed, by convexity of the trace norm the
supremum in (6.52) can be taken over pure states p in S(IH,, ® Hy). Since the marginal
state pp of any such pure state p has rank < n, by applying local unitary transformation
of the system R we can put all these states into the set S(H, ® Hg,), where Hp, is
any n-dimensional subspace of Hg. Let (@), be a sequence of channels strongly
converging to a channel @,. By Definition 6.6.2 and Lemma 6.6.4, this implies that
SUPpek (D — Dy) ® Iz)(p)ll; tends to zero for any compact subset K of S(IH,). Since
dim(Hpy) = n, the set S(IH,, ® Hy) is compact and we conclude that

lim gq,(® -D,) =0, VnelN. (6.53)

k—+o00
Let E > E, and p be a state in S(Hp) such that tr[Hp,] < E, where p, = trz[p]. Then
the state p, = (1-1,,) (P, ® Ix)p(P, ® I) (where r,, = tr[(I; - P,)p,]) belongs to the set

S(H,, ® Hg). By using the inequality,

(X4 = Py) @ I)p(P, — Ip)|, < tr[((Iy - P,) ® Ig)p] = 1,

(which can be easily proved via the operator version of Cauchy-Schwarz inequality)
and by noting that tr[Hp,] < E implies r,, < E/E,,, we obtain

lo = pally < 2|((Ly - Pp) ® Ig)p(P, @ Ig)||, + 27, < 4+/Ty, < 4\E/Ey,.
It follows that
D, — Dol < g (D — Do) + 8\E/E,.

Since E,, — +0o as n — +09, this inequality and (6.53) show that |®,, — CDOIIf> — 0as
n — +oo. This proves the proposition. O
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6.6.2 Strong™ convergence of channels

Definition 6.6.6. A sequence of quantum channels (®,);%] in Q€(4, B) is said to be
strongly” converges to @, in Q€(4, B) if

nl_i)rJrnOOHCDn(p) - ®y(P)|; =0, VpeS(Hy) (6.54)
and
lim | @; (B) - D3(B)l, =0, VB € B(Hp). (6.55)

In this case, we write (s*)lim,,_,, ., ©, = Dy

By using (6.55) as the simplest definition of the strong™ convergence, it is easy to
show (see the following proposition due originally to Shirokov [153]) that this conver-
gence is preserved under basic manipulations with quantum channels.

Proposition 6.6.7. We have the following:

1L Let(®,);8 < Q€(A,B) and (¥,);;5] ¢ Q€(C,D) be sequences of quantum channels
that strongly™ converge to quantum channels ®, € Q€(A,B) and ¥, € Q¢(C,D),
respectively. Then (i) the sequence (®, ® ¥,,),;5) ¢ Q€(AC, BD) of channels from
AC to BD strongly™ converges to the channel ®, ® ¥, € Q€(AC,BD); (i) If B = C,
then the sequence (¥, o @,)1% ¢ Q€(A, D) of channels from A to D strongly” con-
verges to the channel ¥, - @, € Q€(A, D); and (i) if (D,),S < QE(A, B) strongly”
converges to @, € QC(A,B) then its corresponding sequence of complementary

channels (®,, 190 ¢ QC(A,E) strongly” converges to the complementary channel
D, € QCA,E) of Oy € (A, B).

2. Ifasequence of channels (®,);%) ¢ Q€(A, B) from A to B strongly” converging to a
channel ©, € QC(A, B) then there exists a sequence (‘I’n)gfl’ of quantum channels
from A to some system E that strongly™ converges to a channel ¥, € Q€(A, E) such
that ¥,, = ®, for alln > 0, where ®,, is the complementary channel of ®, as defined
in Definition 5.7.1.

Proof. The proof of the proposition can easily be achieved by using the definition of
strong” convergence (see equation (6.55)) on the manipulation of tensor product and
composition of two sequences of strong” convergent quantum channels. The details
of the proof is omitted here. O

Strong™ convergence of quantum channels is stronger than the strong conver-
gence. The difference between these types of convergence is best seen on the Heisen-
berg picture: as mentioned earlier, the strong convergence of a sequence (®,);% to a
channel @, can be defined as

(w) nlir}lw @) (B) = @y(B), VB € B(Hjp)
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(the limit in the weak operator topology) while the strong* convergence of this se-
quence means that

(s) HEIJrnOO @, (B) = ®;(B), VB e B(Hp).

While strong™ convergence of quantum channels is stronger than strong convergence,
the following example shows, however, that the strong* convergence is substantially
weaker than the uniform (diamond-norm) convergence.

Example 6.2. Let @ be an arbitrary quantum channel from A to B, and let (P,)), & be a
sequence of finite rank projectors in % (Hjp) strongly converging to the identity opera-
tor Ip := Iy . Let

@,(p) = P,OP)P, + ([0 ~ P)DP))o, Vi,

where ¢ is a given state in S(Hp). Sequences of this type are used in Holevo and Shi-
rokov [158] for approximation of infinite-dimensional quantum channels by channels
with the finite-dimensional output system (see Proposition 6.5.1). We claim that

(A) the sequence (®,);] strongly” converges to the channel ®; and

(B) the sequence (®,);°] does not converge uniformly to @ in general.

We first prove (A) by using the duality relation
tr[®,(0)B] = tr[p®, (B)], Vp € S(H,)and VB € B(Hp).
For all B € B(Hp) and for all p € S(H,), we have

tr[p®;, (B)] = tr[®,(0)B]
= tr[P,®(p)P, B]| + tr[(trg[(I5 - P,)®(p)])oB]
=P, tr[®(p)B]P, + tr[(Iz - P,)D(p)] trz[Ba]
=P, tr[p®" (B)|P,, + tr[p®* ((I5 — P,,) trg[Bo])]
= tr[p®"* (P,BP,)] + tr[p®" ((I5 - P,) trg[Bo])]
= tr[p®@* (P, BP, + (Iz - P,)) tr[Ba])].

This shows that @, (B) = ®*(P,BP, + (Iz — P,,) tr[Bo]). Since the map B — ®*(B) is
continuous with respect to the strong operator topology, we have for all B € B(Hp)

(s) lim ®;(B)=(s) lim @ (P,BP, +(I5- P,)tr(Bol)
=(s) nl—i>IPoo @*(P,BP,) + (s) nll»rgo @ ((Ig - P,) tr[Ba]) = @ (B),

due to the fact that
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(9) lim @ (P,BP,) = ®"((s) lim (P,BP,)) = ®"(B)
and
(s) lim ®°((I; - P,) tr[Bo])

= @"((s) lim (I - P,) tr[Bo] ) = ®"(0) = 0.

Therefore, the sequence ()%} strongly” converges to the channel ®.

(B). The sequence (®,),.%], however, does not converge uniformly to @ in general.
This is because one can consider the case where A = Band @ = J, := Jy, (the identity
channel on Hy = Hp = H). In this case, @,(p) = P,poP, + tr[(Iz - P,)p]o and it does
not converge uniformly to @ = J,, because
lim sup |®,(p) - D),

PES(H)

n—+oo

= lim sup tr[P,pP, +tr[I-P,)plo -p|] #0 (bychoosing o = p)
=400 he S(H)

Therefore, the sequence ()% does not converge uniformly to @ = J.






7 von Neumann entropy

This chapter deals with the relevant concepts and properties of von Neumann entropy
of input quantum states before they are transmitted through the quantum channels
from the sender to the receiver. In particular, continuity and/or discontinuity of von
Neumann entropy on the whole space of S(IH) or on certain closed convex subsets
of S(H) will be explored. These properties play an important role in developing and
defining channel capacities in later chapters. The topics represented here are suffi-
cient enough for the study of infinite-dimensional quantum information with mem-
ory. For other topics of quantum entropies not touched in this book, the readers are
referred to the paper by Wehrl [175] and the book by Ohya and Petz [121] for further
reading.

We first study the continuity/discontinuity properties of von Neumann and rela-
tive entropies on the entire S(H). While these entropies are only lower semicontinuous
on S(H), its restriction to some closed subsets or S(IH) reveals many important and
interesting behaviors.

7.1 von Neumann entropy on S(H)

As a motivation for extension of classical entropies to quantum entropies and for com-
parison between the classical and quantum information theory, we first review the
concept of classical Shannon entropy below.

In classical communication scenario, Alice, the sender, intends to transmit a mes-
sage to Bob, the receiver, via a noisy classical channel. To transmit the message that
consists of several letters, Alice first chooses a letter x from an alphabet Ay at random
according to a random variable X with distribution py(x) and encodes the selected let-
ter into a codeword before it is transmitted through the channel. Due to noisiness of
the channel, the receiver instead of receiving exactly what the sender had sent, he re-
ceives an alphabet y from the sample space of alphabets Ay generated by the random
variable Y. One of the goals in communication via a noisy classical channel is to deter-
mine py(x), the probability mass function of the random variable X, via py,y (x|y), the
conditional probability mass function of X given observation Y made by the receiver.
The quantity that measures the receiver’s uncertainty about X before learning it is the
Shannon entropy denoted by S(X) and defined by

S(X) =- ) px(x)log(px(), (71)

xely

where log denotes the logarithmic function based 2 due to the fact that the messages
are digitized in classical binary bit. Therefore, the entropy S(X) can be viewed as the
receiver’s expected information gain, in the unit of bits, upon learning the outcome

https://doi.org/10.1515/9783110788105-007
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of X. Shannon’s noiseless coding theorem (see Shannon [140]) makes this interpreta-
tion precise by proving that the sender needs to send bits at a rate S(X) in order for
receiver to be able to decode a compressed message.

For communication through quantum channels, Shannon’s entropy is extended
to van Neumann entropy H(p) for p € S(H). For comparison purposes, the von Neu-
mann entropy is defined in Definition 7.1.1 for finite-dimensional Hilbert space H and
in Definition 7.1.2 for infinite-dimensional H, which reduces to Definition 7.1.1 in finite
dimensions. The definition of relative entropy is given in Definition 8.1.3.

In the following, we let the underlined quantum system be represented by a sepa-
rable complex Hilbert space H in finite or infinite dimensions. Recall that the operator
A on Hilbert space H is said to be a finite rank operator if the dimension of its range is a
finite-dimensional Hilbert space. Properties of finite rank map/operator can be found
in Section 1.7.

To generalize the concept of classical Shannon entropy directly to the content of
quantum communication, we first define the von Neumann entropy H(A) for positive
finite rank operator A on the Hilbert space H below.

Definition 7.1.1. Let A be a positive finite rank operator on the separable complex
Hilbert space H. The von Neumann entropy H(A) of A is defined by

H(A) = tr[n(A)], (7.2)
where
_ [ —xlogx ifx>0
nx) = { 0 ifx =0, (73)

and log denotes the logarithmic function based 2.

If H is a finite-dimensional Hilbert space, then all linear operators on H are finite
ranks. Therefore, Definition 7.1.1 and Definition 8.1.3 can be treated as the definition of
von Neumann entropy and quantum relative entropy for states on a finite-dimensional
Hilbert space.

We now define the von Neumann entropy on infinite-dimensional Hilbert space
H as follows.

Definition 7.1.2. The von Neumann entropy H(p) of the quantum state p € S(H) is
defined by

H(p) = - Z<i|p log pli) g, (74)

where {Ii)H}L"l" c His a basis of the eigenvectors of p.
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Writing a quantum state p € S(HH) in the form of its spectral decomposition p =
YiDilwil, p; > 0and Y; p; = 1. Then the von Neumann entropy H(p) defined in (7.4)
can be expressed in the form that is comparable with Shannon entropy S(X) (see (7.1)
for a definition of Shannon entropy) as follows:

H(p) = - Zpi logp; = Z'I(pi)- (7.5)

As noted in Wehrl [175], the von Neumann entropy H(-) expressed in the form of
(7.5) provides a canonical approximation as follows.

If p € S(H) if of finite rank, i. e., only finitely many eigenvalues of p are positive
(sayp; > Ofori=1,2,...,N and all other p; are zero), then it is clear that H(p) < +co.
Now let p be an arbitrary quantum state on H. The canonical approximations of p can
be written as

N i
p(N) = M —p in|-[;-normasN — +co.

N
Yi-1 D

Since

N , , ZI_V log p:

-1 D; 108 P
H(p(N)) _ _z pi 10g< Pi ) __ i=1Pi i
) YA py Y. p;+log(Xy, py)

we have limy_,, ., H(p") = H(p) because
N
- Jim p;logp;=H(p) and lim ;pi =1

This fact may be of use in generalizing related theorems that hold for finite- dimen-
sional cases to infinite-dimensional cases.

7.2 Properties of H(-) on S(IH)

The properties of H(-) along with their physical interpretation have been systemati-
cally explored in Wehrl [175].

We need the following two results, namely Klein’s inequality (see Lindblad [107])
and the Ky Fan inequality [47], in order to establish important properties of H(-) on
S(H).

Lemma 7.2.1 (Klein’s inequality). Let f : R — R be a convex C' function and p,o €
S(H). Then tr[f(p) — f(0) - (p — 0)f'(0)] > O.

Proof. Let {¢;}] and {1);}]T, respectively, be the eigenvectors of p and ¢ that form
complete orthonormal bases of H. Let {a;};7 and {b;}{ be the eigenvalues corre-
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sponding to {¢;};7 and {y;}{7, respectively. In this case, f(p)¢; = f(a)¢; fori =
1,2,.... Then, by the definition of trace, we have

tr[f(p) - f(0) - (p - 0)f ' (0)]
= Y (pilf(0) - f(0) — (0 - 0)f' ()1} (7.6)

i=1

Now (¢lf ()i = f(a;) and (@;lpf' (0)pi) 1 = a;(ilf' (0) ;) g

Each term in the sum of the summands (7.5) equals

f(a) ~ (Bilf (0)pe — ai(ilf (@) + (Biof ()l) - (77)

Using the closure relation Z;;OIO Y ;] =1, (7.5) can be rewritten as

tf(p) ~£(0) - (o - OIf (@]
= Y o Wl (Fay) ~ £()) — (a; — bf' (by).
j

Now, since f : R — R is convex, we have f(a;) - f(b;) > (a; - b))f ’(bi), which proves
the lemma. O

Lemma 7.2.2 (Ky Fan inequality). Let p,o € S(H) be quantum states with the sets of
eigenvalues {p;(p)};2] and {p;(0)};S], respectively, each arranged in decreasing order.
Then, foreachk = 1,2,...,

p1(p) +pa(p) + -+ + pr(p) < tr[lp — 0] + p1(0) + -+ + Py(0).

Proof. For p,o € S(H), we write the spectral decompositions of p and o as
+00 oo

p =) pid|di)g(di0)| and o =) py(0)|$;(0))y(Pi(0)],
i=1 i=1

respectively, where (p;(p)){y (resp., (p;(0)).5) is the sequence of eigenvalues of p
(resp., 0) arranged in decreasing order and (¢;(p)); S (resp., (¢;(0)){7) be its corre-
sponding unit eigenvectors that forms an orthonormal basis of H. Without loss of gen-
erality, we can assume that p > ¢ (and hence, p;(p) > p;(0)), then for any k = 1,2,...

we have
tr[lo - ol] = tr[p - o]

=Y ($1(0),p9:(0)) 11 — (¢:(0), 0h;(0)) )
i=1
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= f((‘ﬁi(ﬂ%ﬂi(ﬁ)‘]—”i(ﬂ»ﬁ - (9i(0), p;(0)P;(0)) 1)

i=1
k k

2 Y (0i(P){D:(p), $i(0)) 1y — Pi(0){$:(0), §:(0))1y) = D (pi(p) - pi(0)).

i=1 i=1
This proves the lemma. O

Important properties of von Neumann entropy H(-) : S(H) — [0, +oo] are pro-
vided in the following propositions.

Proposition 7.2.3 (Positivity). H(p) > O, for allp € S(H) and H(p) = 0 if and only if p
is a pure state.

Proof. Positivity of H(-) : S(H) — [0, +o0] follows from (7.5), since H(p) = - ¥ ; p; log p;
forp = Y, piliyw(il, p; > O and }; p; = 1, and the positive of the function —x log x for
0 < x < 1. Note that {p; ;;010, the eigenvalues of a pure state |); (|, consists of 1’s or
0’s. Therefore, H(|) i (Yl) = :;010 -p;log p; = 0. This proves the proposition. O

The von Neumann entropy is preserved under unitary transformations as shown
in the following proposition.

Proposition 7.2.4 (Unitary invariance). Let ¢ = UpU* for an unitary operator U. Then
H(o) = H(p).

Proof. 1Ttis clear that any quantum state is unitary invariant because unitary transfor-
mation only changes the basis of the state. Since H(p) depends only on the eigenvalues
of p by Definition 7.1.2 and is independent of the basis and, therefore, independent of
eigenvalues used in expressing the state. We, therefore, have H(p) = H(UpU") for all
p € S(H). This proves the proposition. O

The above proposition shows that two unitarily equivalent quantum states have
the same von Neumann entropy. However, the converse is not true in general. For a
finite-dimensional Hilbert space, He, Hou and Li [64] give a sufficient and necessary
condition of unitary equivalence of quantum states associated with the von Neumann
entropy. It states that H(Ap + (1 - A)%) =HAo+(1- /\)%), VA € [0,1] if and only if there
exists a unitary U such that p = UgU*. The readers are referred to the above references
for details.

Proposition 7.2.5 (Concavity). The von Neumann entropy H(-) : S(H) — [0, +0oo] is
concave. That is, for all p;,p, € S(H) and A;,A, 2 0,A; + A, =1,

H(Ap; + A3p5) = A H(py) + A,H (p,). (7.8)

Equation (7.8) holds for A;,A, > 0 only if p, = p, or H(p,) or H(p,), respectively, equals
+00.
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Proof. Assume thatp = 4,0, + A0, = Y15 Prlk) i (kl, where {[k) ;3% is the set of unit

eigenvectors of p corresponding to the set of its eigenvalues {p; };°; of p. Then, because
of concavity of n(x) = —-x log x (where x > 0),

H(p) = - ) pilogpy = Y n((klplk)y)
k k
2 A ) n(Cklpylkdg) + Ay D n(¢klp, k) )
k k

> Ap Y (kin(o) kg + Ay Y (ki) = AH(py) + AH(py).
k k

This proves the concavity of the von Neumann entropy H(-). O
The proof of the following proposition will be provided in Corollary 8.1.7.

Proposition 7.2.6 (Generalized concavity). Let p and o be two quantum states on H,
then for all A € [0,1],

A1 -A)

H(Ap + (1-MA)0) = AH(p) + (1 - A)H(0) + 5

lo = oll;. (79)

As shown in the following result, H(-) is a continuous and bounded functions in
finite dimensions. However, it can take the value +oo on a dense subset of S(IH) when
H is infinite-dimensional. As it is well known (see, e.g., Wehrl [175] and Shirokov
[144]) that the properties of the entropy for infinite- and finite-dimensional Hilbert
spaces differ quite substantially: in the latter case, the entropy is bounded continu-
ous function on S(H), while in the former it is discontinuous (however, it is lower
semicontinuous) at every point, and infinite “most everywhere” in the sense that the
set of states with finite entropy is a first category subset of S(IH), which we do not
intend to address here.

Proposition 7.2.7 (Lower semicontinuity). Let (p,),S; be a sequence of states in S(H)
such that lim,,_,, . llp,, — pll; = O for some p € S(H). Then

H(p) < lrilerian(pn).

Proof. Let (p,):8) < S(H) be a sequence of quantum states on H such that
lim,_,, ., lp, — pll; = O for some p € S(H). For each n € N, consider the following

spectral decompositions of p,, and p, respectively,

Pn = Zpk(pn)|¢k(pn)>m<¢k(pn)| and p= Zpk(p)|¢k(p)>m<¢k(p)|’
k=1 k=1
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where (¢ (p,));S] and (¢ (p)),S; are eigenvectors of p, and p, respectively, corre-
sponding to eigenvalues p; (p,) > 0 and p;(p) > O (arranged in decreasing order) By
Ky Fan’s inequality (see Lemma 7.2.2), we have

P1(P) + P2(py) + -+ + Pie(py) < tr[lpy = pl] + p1(p) + -+ + Pi(P)

and also by writing p,, = (p,, —p) +p

p1(P) +po(P) + -+ + Pr(p) < tr[|pn —P|] +P1(Pn) + Do) + -+ + P(Pn)-

Therefore,

0< lim |(pi(oy) = P1(0)) + -+ + (Prlpn) = Pi(P))| < 1lim tr[lp, - pl] = 0.

Eventually, lim,,_,, ., px(p,) = px(p) foreach k = 1,2,.... Thus,

k k
-2 bi(p)logpi(p) = —ngrgloo<zpi(pn) Ingi(pn)>
i=1

i=1

k
H(p) = s$p<z -p;i(p) logpi(p)>
i=1
k
<lim infsup(Z -p;i(py) log pi(pn)> = liminfH(p,).
k n—+oo

n—+0o 4
i=1

This proves the lower semicontinuity. O

Proposition 7.2.8 (Subadditivity). For the reduced states p; = try, [pl, p, = try [p] of
p € S(Hy,) (where Hy, = H; ® H,), H(p) < H(p;) + H(p,) and the mapping p;; +—
H(p;) — H(py,) is convex on the set of positive, trace-class operators on Hy,.

Proof. Writing p = py,, it follows that

H(p) = - tr[p;, logpy,]
< —tr[py log(p; ®p,)]  (since log(p; ® p,) < logpy,)
= - tr[py log(p; ® L) + p1; log(Iy @ p,)|
= - tr[pp(logpy ® L) + ppp(I; ® log py) |
= - tr[pp(logp; ® )] - tr[py,(I; ® l0g p,)]
= —try[p; logp,] — try[p, logp,]  (by Proposition 2.8.2)
=H(py) + H(p,),
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where I; is the identity operator of H; for i = 1,2. This proves the subadditivity of
H(:). O

We have the following additivity as a special case of the above proposition when
P12 = P19 Py
Corollary 7.2.9 (Additivity). Letp; € H; fori =1,2. Then H(p; ® p,) = H(p;) + H(p,).

The following strong subadditivity of von Neumann entropy (SSA) has been
known and well appreciated in classical probability theory and information the-
ory. Its extension to quantum mechanical entropy (the von Neumann entropy) was
conjectured by Robinson and Ruelle [130], Lanford and Robinson [103] and proved by
Lieb and Ruskai [105]. It is a basic theorem in modern quantum information theory.
SSA concerns the relation between the entropies of various subsystems of a larger
system consisting of three subsystems (or of one system with three degrees of free-
dom). The proof of this relation in the classical case is quite easy but the quantum
case is difficult because of the noncommutativity of the density matrices describing
the subsystems.

The proof of the following proposition will be postponed until after the relative
entropy is introduced in the next chapter.

Proposition 7.2.10 (Strong subadditivity). Let H;»3 = H; ® H, ® H; and let p;; €
S(Hyy3). For i,j,k = 1,2,3, denote the reduced states gy om, [0123] by py and try [p13]
by pj;. Then

H(pyy3) + H(p,) < H(py,) + H(py3) (710)

and

H(py) + H(py) < H(py3) + H(py). (711)

Proposition 7.2.11 (Dominated convergence theorem for von Neumann entropy). Let
Pn> P be elements in S(H) satisfying the following conditions: (i) p, — p weakly as
n — +oo; (ii) p, < Afor all n for some compact operator A; and (iii) - ¥, a; log a; < +oco
for the eigenvalues {a;}; %} of A. Then H(p,) — H(p) as n — +oo.

Proof. For each compact operator A on H and each 8 > 0, it is easy to show that
F(p,B,A) = tr[pA — B'H(p)] is lower semicontinuous in p. It is clear that

nl_i)r+noo tr[p,A] = tr[pA] if tr[e"BA] < +ooforall0 < f < +c0
Now lim,_, ., lp, —pll; = 0 and lim,,_, ., tr[p,A] = tr[pA] together implies that

H(p) =liminfH(p,) and - H(p) = liminf(~H(p,)) = ~lim sup H(p,)
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This proves that lim,,_,, ., H(p,) = H(p) under the condition that trleA] < +oo for
all 0 < B < +o0, which is met since A is a compact operator on H. This proves the
lemma. O

7.3 H(-) on subsets of S(H)

In this section, properties of von Neumann entropy on some proper subsets of S(IH)
will be systematically investigated. These proper subsets of S(H) include:

(i) Closed convex subset A of S(IH) with Suppe 4 H(p) < +005

(ii) Compact subset Ky (h) of S(H), defined by

Ku(h) = {p € S(H) | tr[pH] < h},

where H is an $j-operator and h > O (see (3.2) for definition of an $j-operator); and
(iii) Arbitrary closed subset K of S(H).

The von Neumann entropies constrained on these proper subsets determine charac-
terizations of capacities of constrained channels in later chapters.

The presentation of this section is largely based on results obtained by Holevo [78]
and Shirokov [141, 144].

7.3.1 Closed convex subsets A ¢ S(H)

Let H(-) : S(H) — [0, +00] be the von Neumann entropy and let .4 be a convex closed
subset of S(H) with sup,. 4 H(p) < +oo. If this supremum is achieved at a particular
state in 4, then this state is usually called the Gibbs state and denoted by I'(4).

Example 7.1. The following are three interesting examples of closed convex subsets

A c S(H):

(i) the set A consists of commuting states;

(ii) Ais a convex hull of a finite collection of states; i. e., the smallest convex set con-
taining the finite collection of states.

(iii) A = Y(B), where B is a compact subset of ¥, (K) with dim(K) < +co and Y is
positive linear map from T(K) to T(H).

We have the following simple observation.

Lemma 7.3.1. Let A be a closed convex subset of S(H) and let (pn);ixl’ be an arbitrary
sequence of states in A such that

i ) = supHip) < s>
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Then this sequence converges to the uniquely defined state p,.(A) in Aunder | - |;. If the
Gibbs state T'(A) exists, then it coincides with the state p ., (A) and the restriction of the
entropy to the set A is continuous at the state I'(A).

Proof. Let € > 0 be an arbitrary positive number. By the assumption, there exists N,
such that

H(p,) >supH(p) —-€, Vn=N,.
peA

The convexity of H(:) and (7.9) with A = % implies

1 1
supH(p) - € < -H(p,, ) + SH(pp,)
peA 2 2

1 1 1 2 1 2
<H (Epnl + 5%) = glPn, = pnli < f)ggHm) = glPn, = Pa Il

and hence, ||p,, —p,, Il; < V8eforalln; > N, and n, > N. Thus, the sequence ()} is
a Cauchy sequence under the trace norm | - ||;, and hence, it converges to a particular
state p, in A. It is easy to see that this state p, does not depend on the choice of the
sequence (p,,);.27, so it is determined only by the set .A. Denote this state by p,, (A). If
the Gibbs state I'(A) exists, then by the above observation it coincides with the state
p.(A). The continuity assertion follows from lower semicontinuity of the entropy H.
This proves the lemma. O

7.3.2 Ky(h)

Let H be an $)-operator on H. That is, H is an unbounded positive linear operator on
H with discrete eigenvalues and with finite multiplicity

OShm(H)<hd+1Shd+2S"',

where h,,(H) is the lowest eigenvalue of H with d multiplicity for some 1 < d < +co.
That is,

hyH) = hy =hy = ---=hg <hgy <---.

Let H,,(H) c H be the eigenspace corresponding to h,,(H). In this case, H,,(H) is a
d-dimensional subspace of H.

Let Q,, be the spectral projector of the operator H corresponding to the lowest n
eigenvalues h,,(H) = h; = h, = --- = hy < hg,q < --+ < hy,. According to (3.2), we define
tr[pH] by
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trlpH] = lim tr[pQ,H],

where the sequence on the right-hand side above is monotonely nondecreasing.
Recall from (3.3) that Kg(h) ¢ S(H) is defined by

Ky(h) = {p € S(H) | tr[pH] < h}.

We recall the following simple observations on the set g (h):
1. IfKisacompactsubset of S(H), then K c Kg(h) for some $-operator H and some
h > 0 (from Theorem 3.2.5);

———l
2. Uhe]R+ ICH(h) 1
that Uhe& Ku(h) <€ S(H). On the other hand, if p € S(H), then for every € > 0
lI-ll,

there exists h = h(e, p) > Osuch thatp € Kyx(h). Therefore, S(H) ¢ Uhe& Kg(h) .

Consequently, [ Jyeg, ICH(h)"'||1 = S(H).

= S(H), where the closure is taken under the || - [l;-norm. It is clear
{I-1l4

We follow Shirokov [141] for the definitions of an increasing coefficient of the $-oper-
ator H and decreasing coefficient of 0 € S(IH) given below:

AT(H) = { inf(A > 0 | trle™] < +co}  if trfe™™] < +c0 for some A > 0,
+00, if tr[-AH] = +oo for allA > 0.

The real number AT(H) defined above is called the increasing coefficient of the
$-operator H.

Let o be an arbitrary state in S(H). In what follows, we use the decreasing coeffi-
cient A;(0) of the state o defined as

Ai(0) = inf{A > 0 | tr[Ao] < +oo} € [0,1]. (712)

An example of an increasing coefficient and decreasing coefficient is given below.

Example 7.2. Let o is a full rank state. Then H = —log 0 is an $)-operator and A;(0) =
AT(H). It is easy to see that A;(0) < 1implies finiteness of the von Neumann entropy
H(o) but there exist states ¢ with finite entropy (such as the states with spectrum
{a((k+1) 10g3(k +1))™!}) such that A.(0) = 1. The role of these states is shown in Propo-
sition 7.3.9.

While it is known from Theorem 3.2.5 that for every compact subset K of S(H),
there exists an $)-operator H and an h > 0 such that £ ¢ Kyz(h), the similar state-
ment can be made for some specific closed convex subsets A such as those stated in
Example 7.1 of S(H).

The following proposition follows from Example 7.2 since A that consists of com-
mutative states is a compact subset of S(IH).
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Proposition 7.3.2. Let A be the closed convex subset of S(H) that consists of all com-
mutative states. Then there exist an $)-operator H and an h > 0 such that A c Kgx(h) if
ATH) < +co.

In the following, we use the concept of relative entropy for finite- and infinite-
dimensional Hilbert space H. These are briefly defined below but their detailed prop-
erties are the subjects of investigation in the next chapter.

Let A and B be two positive finite rank operators on the Hilbert space H. We define
the relative entropy H(A|B) of A and B as

H(AB) = { trfAlogA - AlogB+B-A], if rang.e(A) c range(B) (713)
+00, otherwise.
If p and o are quantum states in S(IH), the relative entropy H(p| o) of states p and
o is defined by

Hiolo) = { Y(ilplogp —plog o)y, if ker* (f)) c ker* (o) (714)
+00, otherwise,
where {Ii)H};ﬁ c His a basis of the eigenvectors of p.
Comparing the above two definitions (Definitions 8.1.3 and 8.1.4), we note that if A
and B are quantum states on H, then tr[B] = tr[A] = 1. Consequently, the two formulae
(8.6) and (8.7) coincide.

Proposition 7.3.3. Let A be a convex hull of finite subset of states in S(H). If the von
Neumann entropy H(:) is continuous on A, then there exists an $)-operator H and an
h > O such that A c Kyx(h).

Proof. If A = co({p,-}?:l) (i. e., A is the convex hull of the finite set of states {pi}f':l), then
the relative entropy H(p;||p) < +00, where p = % Y, p;- Thus, validity of the assertion
in the proposition in this case follows from the implication (2) = (1) in Theorem 3.2.5
(with A = {p;}1', and o = p). This proves the proposition. O

Proposition 7.3.4. Let A = Y(B), where Y : B(K) — B(H) and B is a compact subset
of T, (K) with dim(K) < +oo. If the von Neumann entropy H(-) is continuous on A, then
there exists an $)-operator H and an h > 0 such that A c Kg(h).

Proof. We may assume that the set 5 contains a full rank operator B,. Since the func-
tion H(-) is continuous on the closed convex set A it is bounded on this set, and hence,
Theorem 3.2.5 implies existence of a positive operator H on H such that A" (H) < +co
and tr[Hp] < hforallp € A and some h > 0. Finiteness of A"(H) shows that H =

I hiliy g (il, where {]i) i} is an orthonormal basis of H. Since tr[HY(B,)] < h and
B, > Al for some A > 0, we have
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t[HY(g)] = Y Rl Al = tr[ y hiY*(li)]H(il)] < +00,
i=1 i=1

and hence, the linear operator in the square bracket lies in B (IK). Thus, the function

B~ t[HY(B)] = Y hy(ilY(B)li)y = tr[ y hiY*(li)H<i|)]B

i=1 i=1

is continuous on the compact set 5. For arbitrary compact subset B of ¥ (K), Dini’s
lemma (which states that a monotonically increasing sequence of continuous real-
valued functions on a compact set, which converges pointwise to a continuous func-

tion then the convergence is uniform) implies uniform convergence of the series

Z;;Olo hY*(Ji (i) on B, and hence, existence of a nondecreasing sequence (y:-B );;010 of

positive numbers converging to +oo such that

+00
sup Y yPhY" (liyg(il) < +00
BeT,(K) j5

Let HE = Z;;Olo yiBh,-Ii) (i| be an $-operator such that AT(HB) = 0. Thus, we have
+00
sup tr[H®Y(B)] = sup tr[ Y yiBhiY*(|i)(i|)]B < +00.
BeB BeB i=1
This proves the proposition. O

Lemma 7.3.5. If 0 is a quantum state with A;(0) < 1, then for arbitrary state p such that
H(pllo) < +co the von Neumann entropy H(p) is finite and for all A > A;(0), the following
identity holds:

H(pl(tr[0"]) o) = AH(pll0) + log(tr[0]) - (1 - VH(p).

If tr[a"*(")] < +00, then above identity holds for A = A;(0).

Proof. Let (P,);%] be an increasing sequence of spectral projectors of the state 0. Let
A, = P,pP, and B, = P,0P,, be positive trace-class operators. By definition, we have

H(A,IB}) = tr[A, log A, - A, log B} + B} — A, ]
= tr[(A+ (1-21))A,log A, —AA,logB, + B} - A,]
= AH(A,|IB,) + tr[B}] - A tr[B,,]
—(1-A)tr[A,] - (1-A) tr[A, (- logA,)].

Since Bﬁ = P,0"P,, Lindblad’s results (see also Lemma 7.2.7) imply

lim_tr[A,(~logA,)] = H(p) and nligle(An||Bﬁ)=H(p||aA)
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forall A > A,(0). So, passing to the limit in the above equality, we obtain
H(plld") = AH(pllo) + tr[d"] - 1 - (1 - HH(p).

Thus, finiteness of H(p||o) implies finiteness of H(p) and of H (plloA) forall A > A;(0).
By noting that

H(pl(tx{0"])"o") = H(pllo") + log(tr[0"]) - tr[0"] + 1,
we obtain the identity of the lemma. O

The following result, due originally to Shirokov [141], specifies conditions on AT(H)
at which the von Neumann H(:) is either bounded or continuous on the set Ky (h).

Proposition 7.3.6. Let H be an $-operator on the Hilbert space H and h be a positive

number such that h > h,,(H). Then:

1. Thevon Neumann entropy H(-) is bounded on the set Kg(h) if and only ifAT(H) < +oo.

2. The von Neumann entropy H(-) is continuous on the set Ky(h) if and only if
ATH) = 0.

Proof. We follow the proof given in [141] below. Throughout this proof, we will as-
sume that the $-operator takes the form H = Z,tff hy k) (kl, where (hk),t‘:xl’ is a non-
decreasing sequence of eigenvalues of H converging to infinity and {|k)};5) ¢ H s
an orthonormal basis of corresponding eigenvectors of H. That is, H|k); = hy k) for
k=1,2...,and {|k)]H},t‘:x1’ form an orthonormal basis of H. Let d = dim(H,,(H)), so
that by = h,,(H)fork =1,2,...d, and {Ik)H}ﬁ:1 is a basis of H,,(H). We begin with the
proof of the first part of the proposition.

(1). (=) Suppose A" (H) := inf{A > O | tr[exp(-AH)] < +0co} < +co. Then there exists
A > 0 such that

_exp(-AH)
" trlexp(-AH)]

is a state. By using nonnegativity of relative entropy and the definition of the set Ky (h),
we obtain

H(p) = Atr[pH] + log(tr[exp(-AH)]) - H(pll0)
< Ah + log(tr[exp(-AH)])
(because h > h,,,(H) and H(p||o) = 0) < +oo, Vp € Ky(h),

which means boundedness of H(p) on Kg(h).
(&) On the other hand, suppose SUPpeky(h) H(p) < +oo. We first show that the
equation
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n n
Z hi exp(-Ahy) = Z hexp(-Ahy) (7.15)
k=1 k=1

has the unique positive solution A, for all sufficiently large n and that the sequence
(A3 is increasing. Note that equation (7.15) is equivalent to the equation f,(A) = 0,
where

fo®) = > (hy - h) exp(-A(hy, — h)) = exp(Ah) Y (hy — h) exp(-Ahy).

k=1 k=1

Sincef}(A) = — Yr_,(h—h)? exp(~A(h—h)) < 0, the function f,(A) is strictly decreasing
on [0, +oo[ for each n. It is easy to see that

n
fu(0)= Y he-nh and  lim f,(A) = —coifh > hy,(H).
] A—+o0

Since the sequence (hk),t‘:xl’ is nondecreasing and unbounded, 2221 h, > nh (hence,
£,(0) > 0) for all sufficiently large n and the above observation imply existence of the
unique positive solution A,, of the equation f, (1) = 0 for each n. To show that A,,,; > A,
it is sufficient to note that f,,;(1) > f,(A) for all A in [0, +oo[ and for all n such that
h, > h.

For each sufficiently large n, consider the state

-1

n n

P = <Z exp(—/\nhk)) Z exp(—A,hy) k) g (k| (7.16)
k=1 k=1

in Ky (h).

This state is the maximum point of the entropy H(p) on the subset Icg')(h) of Ky (h)
consisting of states supported by the linear hull of the vectors {|k)y};_;. Indeed, by
using nonnegativity of the relative entropy and definition of the state p,, it is easy to
see that

H(P) = /ln tr[PH] + 10g< z exp(_Anhk)> - H(P“Pn)
k=1

n
<Ah+ log< Z exp(—)lnhk)>

k=1
(because h > tr[pH] and H(p||p,,) = 0)

forallp € Kﬁ')(h) and that the equality of the inequality above takes place if and only
if p = p,,. By using this and monotonicity of the logarithmic function, we obtain

H(p,) = A,h + log<i exp(—/lnhk)> > A, (h - h,(H)) (717)
k=1
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Since h > hy,(H), the assumption sup,x, ) H(p) < +oo implies boundedness of the
sequence (A,):%). By this and due to the mentioned above monotonicity of this se-
quence, we conclude that there exists lim,,_,, ., A, =A™ < +00. Since A, < A* for all n,
the first equality in (7.17) implies

n n
z exp(-A"hy) < Z exp(-Aghy) < exp( sup H(p)) < 400, (718)
k=1 k=1 peRu(h)

for all n, and hence,

+00
z exp(-A*hy) < +oo. (7.19)
k=1

This shows that AT(H) < 1* < +co. We conclude that the von Neumann entropy H(-) is
bounded on Ky(h) if and only if AT(H) < +co.
(2.Forn=1,2,...,1et Kg)(h) be as defined in the proof of part (1). Since Kg(h) =

Un Icg')(h) and sup ek (h) H(p) = H(p,,), lower semicontinuity of H(p) implies that

sup H(p)= lim ( sup H(p))= lim H(p,).
pekyu(h) n—>+oo(p6}<g,)(h) ) n—+oo n

By Lemma 7.3.1, the sequence of states (pn);‘:xl’ converges to the state p, (Kgz(h)). For
eachn € N, let A, = Y;_; exp(-A,h)lk) g (k|. Since lim,,_,, A, = A,, the sequence of
operators (A,)S) convergesto A, = Y ;%) exp(-A"hy) k) (k| in T(H) in weak operator
topology. Combining these observations, it is easy to see that

n +00
lim tr[A,] = ngrglm];exp(—/lnhk) = kzl exp(-A*hy) = tr[A, ], (7.20)
since tr[|k)y; (k|] = 1 for each k, and that
-1
+00 +00
p.(Ku(h) = lim p, = (;; exp(-A hk)> kz_:lexp(—)l ) k) (K. (7.21)
By using (7.17) and (7.20), we obtain
+00
sup H(p) = lim H(p,) = hA* +log Z exp(—/l*hk)>. (7.22)
pekun n—+oo ]

Lower semicontinuity of the entropy implies
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H(p*(ICH(h))) — A* zk:"-loilk EXp(—A hk)
k=1 €Xp(-A"hy)

+00
+ 10g<,;1 exp(—)l*hk)> < lim H(p,).

It follows from (7.22) that this inequality is equivalent to the inequality

+00 +00

Y hyexp(-A"hy) < h ) exp(-A"hy). (7.23)

k=1 k=1
Note that equality in this inequality implies that p,, (K (h)) is the Gibbs state I'(Ky (h)).
Conversely, by Lemma 7.3.1 if the Gibbs state I'(Kyz(h)) exists, then it coincides with
p.(Kgx(h), and hence, equality holds in (7.23). Thus, existence of the Gibbs state
['(Ky(h)) is equivalent to equality in (7.23). So, to complete the proof of this part of
the proposition it is sufficient to show that the inequality h < h, (H) is equivalent to
equality in (7.23).

We first show that A* > AT(H) implies equality in (7.23). Consider the function

f@)= lim f,Q) = Y (hy ~ b exp(-Alhy — h)).
k=1

Since the series z;;’;) hﬁ exp(-Ah;) converges uniformly on the interval [AT(H) + €, +oo[
for arbitrary p € N and € > 0, the function f(A) has a continuous derivative f’'(A) =
- Z,ﬁff(hk - h)? exp(-A(h; — h)) < 0 on the interval JAT(H), +col. By the construction,
fAy) = f,(A4,) = 0 for all sufficiently large n. This and continuity of the function f(A) at
the point A* € JAT(H), +co[ imply f(1*) > 0. Since (7.23) implies the converse inequal-
ity, we obtain f(1*) = 0, which means equality in (7.23).

If h < h,(H), then (finite or infinite) f(AT(H)) > 0. Since (7.23) implies f(1*) < 0,
this means A* > AT(H) and by the above observation f(1*) = 0. If h = h,(H), then
f(AT(H)) = 0, and hence, 1* = AT(H). Indeed, if A* > AT(H) then by the above observa-
tionf(A*) = 0 = f(AT(H)) contradicting to the strict decreasing property of the function
fA).

Ifh > h,(H), then f (AT(H)) < 0. Since the function f(A) is decreasing, this implies
f(A*) < 0, and hence, equality does not hold in (7.23).

Let us prove the second part of the proposition. If A (H) = 0, then the entropy is
continuous on the set Ky (h) by the observation in Wehrl [174]. It follows also from the
implication (1) = (2) in the below Proposition 7.3.10. To prove the converse implica-
tion, consider the sequence of states

n+1 +oo
(on = (1- g+ 2y |k>H<k|>
n = n=1

where
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-1, +o0

n+l
(qn = (h_hm(H))<nlzhk_hm> )
k=2 n=1

is a sequence of positive numbers that converges to 0, where we assume that n is suf-
ficiently large so that g,, < 1. Since the sequence (on);iﬁ’ lies in Ky (h) and converges to
the pure state |1); (1|, continuity of H(p) on the set Ky (h) implies the convergence of

the sequence (H (on));fl’ , to 0, where

(h-hy)logn

Hiow) =hy(an) + aplogn =haldn) + “Zrsey = -

By the obvious estimation n”"1Y}) b, < h,,,, it follows that the sequence (v, =

h,,1log n), converges to zero. Therefore, for arbitrary A > 0, we have

T +00
tr[exp(—/lH)] = z exp(_Ahn+1) = Z n_é < +00

n=0 n=1
and hence, AT(H) = 0. This proves the proposition. O
Let
() - { ulfespCL DML, if tr[exp(-AT(H)H)] < +oo; (724)
+00, otherwise.
Let Fy(+) : [hy,(H), +co[— [0, +00] be the function defined by
Fy(h)= sup H(p), h e [h,(H),+ool. (7.25)

peRy(h)

The following proposition (also due originally to Shirokov [141]) give precise cal-
culation of Fy(h) for the range h < h, (H) as well as for h > h, (H).

Proposition 7.3.7. Let H be an $)-operator on the Hilbert space H and h be a positive
number such that h > h,,(H). Then:
1. Ifh<h,(H), then

Fy(h):= sup H(p) =A,h+log(tr[exp(-A,H)]),
peky(h)

where A, = A, (H, h) > AT(H) is uniquely defined by the equation
tr[Hexp(-AH)] = h tr[exp(-AH)], (7.26)

and there exists the Gibbs state I'(Kgx(h)) = US{’;‘Z‘_—;’F;” of the set Ky (h).
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2. Ifh> h,(H), then

Fy(h) == sup H(p) = A"(H)h + log(tr[exp(-AT(H)H)])
pely(h)

and there exists no p € Ky(h) such that H(p) = Fy(h). In all cases,

Fy(h):= sup H(p)= _ inf (Ah+log(tr[exp(-AH)])).
peky(h) AT (H)<A<+oco

Proof. From the proof in Proposition 7.3.7, we observe that

Fy(h):= sup H(p)= inf (Ah+log(tr[exp(-AH)])).
peky(h) Af(H)<A<+co

The general expression for Fy(h) := suppex, ) H(p) can be deduced from the previous
observation by noting that the infimum in this expression is achieved at A, if h < h, (H)
and at A"(H) if h > h, (H). This proves the proposition. O

Example 7.3. As a classical counterpart for part (2) of Proposition 7.3.7, we demon-
strate that Shannon entropy is continuous on a closed convex set A of classical prob-
ability distributions if and only if A ¢ Ky 5 for a particular nondecreasing sequence
(h)){ of nonnegative numbers that tends to +co such that AT((h )iy) =0andh > 0,
Where

A (0)E) = inf{}l | Y exp(-Ah;) < +oo}.

To prove this assertion, it is sufficient to prove the ”only if ” part, since the converse
assertion follows from the similar assertion for the von Neumann entropy (see the
previous section). Since the function (x;); +°° — S((x; ) °°) is finite on the closed convex
set A, it is bounded on this set and the c1a551ca1 analog of Corollary 5 in Shirokov [141]
shows that the set .4 is compact. By the Dini’s lemma, the condition ||(x;);5’[l; = 1 and
the continuity of the function (x;);_ +°° — S((x; ) °°) imply uniform convergence of the
series Y ; x; and ), x;(-logx;) on the set A. Hence there exists a sequence (y;){y of
positive numbers tending to +co such that

sup Zy,x <+oo and sup Zy,x( log x;) < +co0. (7.27)
(x)eA 7 ()eA™

Let 5 be the image of the set A under the map (x;)[5" — (v;x,);. It follows from (7.27)
that B is a convex bounded subset of the positive cone of the space [, and that the
extended Shannon entropy defined by the formula

v
S(00E) = 0D oS (n(X) o )
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is bounded on the set B, where ||(x1-)l-+:°1°||,1 = Z:;(’lo |x;]. By the classical analog of
Lemma 2 in Shirokov [145], there exists a sequence (h,—){;"f’ of nonnegative numbers
(h)}S° such that AT((h){S) < +oo and SUP(y)ea MiYiX; < +00. It is easy to see that

AT (i) = 0.

The following result (due originally to Shirokov [141]) investigates the behaviors
of the function Fy(-) defined in (7.25).

Proposition 7.3.8. The function Fy(-) has the following properties:

1. The function Fy : [h,,(H),+0co[ — [0, +00] is continuous and increasing such that
Fy(h,,(H)) = log(dim(H,,,(H))) and lim;,_,, ., Fg(h) = +c0.

2. The function Fy(h) has a continuous derivative

dFy(h) _ { A"(H,h),  h € Jh,(H),h*(H)]

dh ATH),  he[h,(H),+0o]
such that
dFy(h) _ dFy(h) . dFy(h) ¢
A oo ity a0 ad o lim =g = A,

3. Fy(-) is strictly concave on the interval [h,,(H), h, (H)[ and linear on [h,(H), +co| if
h,(H) < +oo.

Proof. Asin the proof of Proposition 7.3.7, we will assume that the §)-operator takes the
form H = Y% by k) (kl, where {|k) ;35 is an orthonormal basis in the space H and
(hy);S] is a nondecreasing sequence of positive numbers converging to the infinity. Let
d = dim(H,,(H)) so that h = h,,(H) fork =1,2,...d and {Ik)]H}f=1 is a basis of H,,(H).

The general expression for Fy(h) = suppk,, H(p) can be deduced from the previ-
ous observation by noting that the supremum in this expression is achieved at A* (H, h)
if h < h,(H) and at A"(H) if h > h, (H).

The proof of the properties of the function Fy(h) is based on the implicit function
theorem (see, e. g., Rudin [133] and Halmos [57]) and is presented below. We first note
that by lower semicontinuity of the von Neumann entropy

lim Fy(h)= lim sup H(p)= sup H(p)=+oco
h—+00 h—+00 peic,, (h) peS(H)

for arbitrary value of A(H), since Uner Ku(h) = S(H). Consider the function
+00
gAh) =) (hy — h) exp(-Ahy).
k=1

By using the theorem about series depending on parameters, it is easy to see that this
function is differentiable at any point (A, h) with A > A(H) and
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BAD Y o) S
o -kz:lhk(h hy) exp(-Ahy), = ;exp( Ahy). (728)

By the observation in the proof of Proposition 7.3.7 for each h ¢ ]h,,(H), h, (H), there
exists the unique A* = A*(h) > AT(H) such that g(A*(h), h) = 0. It follows from (7.28):

0g(A, h) © .
= h,(h - hy) exp(-A"(h)h;) < 0.
A b kZ::l k( k) exp(-A” (h)hy)

By the implicit function theorem, the function A* (h) is differentiable on the open in-
terval h,,(H), h,(H)[ and

At (h) <ag(/1,h) )1 ag(A, h)
dn \ o oh
-1

= <Z hi(h - hk)exp(—/\*(h)hk)> Z exp(-A* (h)h) < 0. (7.29)

k=1 k=1
Expression (7.22) implies that
+00
Fy(h) = A*(h)h + log< Z exp(—)l*(h)hk)>, Vh € |h,,(H), h, (H)]. (7.30)
k=1

By direct derivative calculation, we obtain

dFg(h) _d (.. LS s
—h ()l (h)h+10g<kzl exp(-A (h)hk)>> = A*(h), (731)

where the equality g(A* (h), h) = 0 was used. This and equation (7.29) imply

d’Fy(h) _ dA*(h)
a2~ dh

<0,

which shows strict concavity of the function Fy(h) on the open interval h,,,(H), h,. (H)[.
Suppose h, (H) < +co. If h > h,(H), then by the proved part of Proposition 7.3.7,

Fy(h) = AT(H)h + log( f exp(—AT(H)hk)> (7.32)
k=1

is a linear function and

dFy(h)

_f
ah =A"(H). (7.33)

If h = h, (H), then by the observation in the proof of Proposition 7.3.7, A*(h) = AT(H),
and hence, representations (7.30) and (7.32) coincide in this case. To show smoothness
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of the function Fy(-) at the point h, (H), note that A*(h) — AT(H) as h 1 h, (H). Indeed,
by (7.29) the function A* (h) is decreasing on the open interval [h,,,(H), h, (H)[ and for
arbitrary A > AT(H) there exists

-1

hy = (Z exp(—/\hk)> z hy exp(-Ahy)

k=1 k=1

such that A = A" (hy).
Thus, equations (7.30), (7.31), (7.32) and (7.33) together imply

. . dFy(h)  dFy(h)
lim Fg(h) = Fy(h,(H)) and lim H = ,
ity T = Fu(h, () nin,)  dh dh  |peh, @y
and hence, the function Fy(h) has a continuous derivative at the point h, (H). To prove
right continuity of the function Fy(-) at the point h,,(H), note first that

lim A*(h) = +oo. (7.34)
hlh,,(H)
Indeed, by (7.29) the function A* (h) is decreasing on the open interval
1h,,(H), h, (H)[, and hence, there exists A, = limy, &) A*(h). If A, < +oo then by
passing to the limit as h | h,,(H) in the identity

Y hyexp(-A"(Why) = h Y exp(-A"(h)hy),
k=1 k=1

valid for all h in the open interval ]h,,(H), h, (H)[, we obtain a contradiction.
Let d = dim(H,,(H)). It is easy to see that

P(h) = log< y exp(-A*(h)hk)> = —A* (h)h,,(H) + Q(h), (7.35)
k=1

where Q(h) = log(d + Z;SZ exp(-A* (h)(hy - h,,(H))) is a nondecreasing function on the
open interval ]h,,(H), h,(H)[ tending to log(d) as h | h,,(H). Since the function Fg(-)
is obviously nonnegative and nondecreasing on the interval [h,,(H), +0o[, there exists
lim,, Ly, (H) Fy(h) > Fy(h,(H)). This, Lemma 7.3.1, and (7.35) together imply that there
exists

hllig,l(lH)A (h)(h - hy,(H)) = C < +c0
and that

JJim. Fu(h) = C +log(d) = C + Fy(h,,(H)).
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Thus, to prove right continuity of the function Fy(-) at the point h,,(H) it is sufficient
to show that C = 0. This can be done by proving that

h/l hll
J Aydh = lim J/\*(h)dh < +o00, (7.36)
h' | h,, (H)
h,,(H) 14

for some h" > h,,(H). Indeed, finiteness of this integral and the assumption C > 0

imply finiteness of the integral _f:m (H)(h - hm(H))*ldh.
It is easy to see that

dP(h) dA"(h) dA* (h)
- h an and hence an

(h~ hy(eD) = 951,

By direct integration, we obtain

h//
Q") = QM) = A*(h)(' = hy(H)) = A(R")(R" = By (HD) + J A* (h)dh.
h/

This and the mentioned before existence of limy, g Q(h) = logd and of
limy, lhm(ﬂ)/l*(h’ Y(H' - h,,(H)) = C < +oo imply (7.36). By the above observation,

Fy(h) - Fy(hy,(H))

he AW VR ),

and hence, (7.34) implies dF;;gh) lheh, (H)+ = +00.

This proves the proposition. O

Proposition 7.3.9. Let o be a state with finite von Neumann entropy H(0). If A;(0) < 1,
thenlim,_, ., H(p,) = H(0) for arbitrary sequence (p,),>] of states H-converging to the
state 0. If A;(0) = 1, then for arbitrary h > H(0) there exists a sequence (p, ;ﬁj’ of states
with finite support H-converging to the state o such that lim,,_,, ., H(p,) = h.

Proof. Let A;(0) < 1. Then Lemma 7.3.5 implies

H(p,l(tr[e’) ") - AH(p,llo)  log(tr[a"])
- == - H(p,) (7.37)

for all A > A.(0). Suppose liminf, ,, . H(p,) - H(o) = A > 0. Since the first term
in the right-hand side of (7.37) tends to H(0) as A — 1, there exists A’ < 1 such that
the right-hand side of (7.37) is less than —A/2 for this A’ and sufficiently large n. While
by nonnegativity of the relative entropy, the left-hand side of (7.37) is greater than
—’%, which tends to zero asn — +oo. Let A;(0) = 1and let h > H(o). Without
loss of generality, we may assume that o is a full rank state so that H = —log o is an
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$-operator such that AH) = Ai(0) = 1and h,(H) = H(0) < +0co. By Proposition 7.3.7,
SUPpeekymy H(P) = hforall h > h,(H). For given h > h,(H) in the proof of Propo-
sition 7.3.7, the sequence (p,,);;5] of states converging to the state p, (Kyx(h)) = 0 was
constructed. By this construction,

lim H(p,) = sup H(@)=h and lim H(p,|lo) = 0.
lim H(p, e p Jm Hpy

This proves the proposition. O

We conclude this subsection by summarizing some results regarding the von Neu-
mann entropy H(-) on the compact subset Ky (h) of S(H), where H is an $)-operator
on H.

—  H()is finite on the set K (h) if and only if AT (H) < +0c0;

— H()is continuous on the set Ky (h) if and only if ATH) = 0;

— H() is finite on a closed convex set A if and only if there exists an $-operator H
with AT(H) < +oco such that A ¢ Kg(h).

7.3.3 H(:) on an arbitrary closed subset /C

The following result is devoted to the question of continuity of the entropy on arbitrary
subsets of states.

Proposition 7.3.10. Let K be an arbitrary closed subset of S(H). The following proper-

ties are equivalent:

1. K < Ky(h) for some positive number h and $)-operator H with AT(H) = 0;

2. The von Neumann entropy H(-) is continuous on the set K and there exists a state
o in S(H) such that the relative entropy H(-||0) is continuous and bounded on the
set IC;

3. There exists a $)-operator H with AT(H) < +oo such that the linear function tr[-H] is
continuous and bounded on the set K.

If equivalent properties (1)-(3) hold, then the $)-operators H and the state o can be cho-
sen in such a way that tr[oH] < +co, H = —log o and H(0) < +0co.

Proof. (2) = (3). Since every continuous function is finite, we have from Defini-
tion 8.1.3 that

H(pllo) = -H(p) + tr[p(-logo)], peKk, (7.38)

since tr[p] = tr[o] = 1. By Proposition 3a (7.3.10), the set K is compact, and hence, the
entropy is bounded on K. Thus, the conditions of (2) and (7.38) imply continuity and
boundedness of the function tr[p(-logo)](= H(p| o) + H(p)) on the set K, since both
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H(-|o) and H(-) are bounded and continuous on K. Hence, (3) holds with H = —log o,
which is an $-operator with A"(H) < +co as shown in Example 7.2.

(3) = (2). For given A > AT(H), let 0 = (tr[exp(-AH)]) ! exp(-AH) be a state in
S(HH) with finite entropy. Then (3) means continuity and boundedness of the function
tr[p(- log 0)] on the set K. By lower semicontinuity of the entropy and of the relative
entropy this and (7.38) imply continuity and boundedness of the functions H(-) and
H(-||lo) on the set K.

(1) = (3). By the assumption }; exp(-Ah;) < +oo for all A > 0, and hence,
>« hi exp(-Ahy) < +ooforallA > 0. This implies existence of a sequence (A;); ] of pos-
itive numbers monotonously converging to zero and such that Y, hj exp(-A;hy) < +oo.
This sequence can be constructed as follows. For arbitrary natural m, let N(m) be the
minimal number such that

+00

Z exp(~h/m) <27
k=N(m)

Consider a sequence (;);°], where

_{1, k<NQ) }
=1 1/m, N@m)<k<N@m+1),m>2.

It is easy to see that this sequence satisfies the above condition. Since tr[pH] =
Y hidklplk)y < hforall p € K, the series Y . Ahy (klplk)k converges uniformly
on K. This implies continuity of the function tr[p(-1og o)], where

-1
0= (Y exp(-Achy)) Y exp(-Achy) k) (k.
k k

Note that the condition

th exp(-Aghy) < 400 implies tr[oH] < +co and H(0) < +00.
k

Thus, (3) holds with H = —logo.

(3) = (1). LetH = Yk ﬁklk)H(kl, where (|k)p)ken is an orthonormal basis in H.
Since (3) implies (2), Proposition 3a (7.3.10) implies compactness of K. By the assump-
tion, the series ), f1k<k|p|k)]H converges on the compact set K to the continuous func-
tion tr[pH]. By the Dini’s lemma, it converges uniformly on K. This implies existence
of a sequence (4;);<] of positive numbers monotonously converges to +co and such
that ¥, Achy (klplk)y; < h < +oo for all p € K. It is easy to see that the $-operator
H=Y, Achy k) 5 (k| has all the properties stated in (1).

The last assertion of the proposition follows from the above construction. This
proves the proposition. O
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We have the following observation from Propositions 7.3.7 and 7.3.10.

Corollary 7.3.11. IfH s an $-operator with AT(H) = 0, then there exists a state ¢ in S(H)
and an $-operator H with AT (H) < +oo such that the relative entropy H(-|o) and linear
functional tr[-H] are continuous on the set Ky(h).

Since the set Ky is convex by definition, Propositions 7.3.7 and 7.3.10 also provide
the following result.

Corollary 7.3.12. If the von Neumann entropy H(-) is continuous on the closed set K
and there exists a state 0 € S(H) such that the relative entropy H(-||0) is continuous and
bounded on the set K, then the entropy is continuous on the set co(K).

Remark 7.1. The assumption of existence of the state ¢ in the statement (2) of Propo-
sition 7.3.10 and in Corollary 7.3.12 is essential. Indeed, let K be the closed subset of all
pure states in S(H). Then the von Neumann entropy H(-) is clearly continuous on this
set K, but it is not continuous on co(K) = S(H). There exists compact countable set K
of pure states such that H(-) is unbounded on the set co(K).

The implication (3) = (2) in Proposition 7.3.10 makes it possible to show continu-
ity of the entropy on some nontrivial subsets of states, which will be used later.

Corollary 7.3.13. LetA — 4, be a continuous mapping from some compact set A into the
set of all unitaries (antiunitaries) on H and let w be a state in S(H) such that {,wil} = w
for all A € A. Then for arbitrary state o such that tr[o(-log w)] < +oo the functions
H(-) and H(-|w) are continuous on the set co({lotl}A € A), where €o{- - -} denotes the
smallest closed convex set containing {- - -}.

For an arbitrary orthonormal basis {Ik)H};Sl’ in H, consider the expectation

Wpy,p 0 Y (Klplk) gk gy (Kl
k

Note that the output states of I, , can be considered as classical states (probabil-
ity distributions). So, we may call the set 1,3 (K) classical projection of the set £,
corresponding to the basis {|k)y},57.

The following proposition shows, roughly speaking, that properties of sets of
quantum states are closely related to the properties of classical projections of these
sets.

Proposition 7.3.14. Let K be an arbitrary closed subset of S(H).

1. Theset K is compact if the set Il (K) is compact for at least one basis {|k)y}-

2. Iftheset K is compact in S(H), then the set I, ,(K) is compact for arbitrary basis
{1y}

3. The von Neumann entropy H(-) is bounded on the set K if it is bounded on the set
H{|k>H}(IC) for at least one basis {|k)}.
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4. If the von Neumann entropy H(-) is bounded on the set K and the set K is convex,
then it is bounded on the set I, k)t ) for at least one basis {|k) ]}

5. The von Neumann entropy H(-) is continuous on the set K if it is continuous on the
set H{|k>H}(IC) for at least one basis {|k)}.

6. If the von Neumann entropy H(-) is continuous on the set K and there exists a state
0 € S(H) such that the relative entropy H(:||o) is continuous and bounded on the
set K, then the von Neumann entropy H(-) is continuous on the set Il ,(K) for at
least one basis {|k)}.

Proof. 1f the set Iy, ,(K) is compact, then by the compactness criterion for subsets
of classical states for arbitrary € > O there exists N, > 0 such that

N,
tr[P.p] = Z(klplk)IH >1-€ Vpek,
k=1

where P, = Zgil |k) (k| is a finite rank projection. By the compactness criterion for
subsets of S(H), this implies compactness of the set K. If the set K is compact, then
for arbitrary basis {|k) 4 }xen the set IT 1 k)ﬁ}(IC) is compact as an image of a compact set
under a continuous mapping.

In the proof of the following statements, we will use the following identity:

H(plMyy,1(0)) = H(Myy, 1 (0)) - Hp), (7.39)

valid for arbitrary state p € S(H) with finite H (H“,k)H} (p)). If the von Neumann entropy
H() is bounded on the set ITy, ,(K), then it is bounded on the set K since identity
(739) and nonnegativity of the relative entropy implies H(p) < H(Ilyy (p)) for arbi-
trary p € K. If the entropy is bounded on the convex set K, then this set K is contained
in the set Ky , defined by a particular $-operator H with ATH) < +oo. Let {|k) gt ken
be the basis of eigenvectors for the $)-operator H. Then IT;, k>“H}(IC) also is contained in
the set Ky, and hence, the von Neumann entropy is bounded on the set H“k)H}(IC)
by Proposition 7.3.7. Suppose the von Neumann entropy H(-) is continuous on the set
II{|k) g }(K). Then the entropy is finite on this set, and by (7.39) it is finite on the set K.
Let p be a state in K and a sequence of states (p,,),cn in K converging to p. By the
assumption, lower semicontinuity of the relative entropy and (7.39), we have

limsup H(p,))

n—+oo

- nl—i>£nooH(H{|k>H}(pn)) - lrilr_r,l_églofH(pn||H{|k)m}(pn))
< H(Myy,,(0)) = HplM g, (0)) = H(p).

This and lower semicontinuity of the entropy imply lim,,_,, ., H(p,,) = H(p).
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If the entropy is continuous on the set K and there exists a state o in S(IH) such that
the relative entropy H(p| o) is continuous and bounded on the set K then by Proposi-
tion 7.3.10, the set K is contained in the set Ky j, defined by a particular $-operator H
with AT(H) = 0. Let {Ik) g1}5; be the basis of eigenvectors for H. Then IT iy ) also is
contained in the set Ky ,, and hence, the von Neumann entropy H(-) is continuous on
the set I, 1 (K) by Proposition 7.3.7. This proves the proposition. O

7.4 H(-) extended to T (H)

Recall that ¥ (H) is the positive cone of the Banach space of trace-class operators
T(H). That is,

T, (H) = {A e T(H) | A > 0}.

In this section, we extend von Neumann entropy H(-) and relative entropy H(-||-)
from the space of quantum states S(IH) to the positive cone of trace- class operators
T, (H) on H.

We first consider any real valued or extended real valued function F from its do-
main S(H) to T, (H), also denoted by F, via the following formula:

A
F(A) = tr[A]F<ﬁ>, VA € T, (H), (740)

where ﬁ € S(H).

While we make no notational distinction before and after the extension of a func-
tion to ¥, (H), we note that F on the left-hand side of the above equation denotes a
function with domain in ¥, (IH), whereas F in the right-hand side denotes a function
with domain in S(H).

Motivated by the definitions of von Neumann and relative entropies for quan-
tum states, it is natural to extend these quantum entropies from S(H) to ¥, (H). By
choosing F(x) = n(x) for x > 0, we can define the extended von Neumann entropy
H(:): ¥,(H) - [0, +00] as follows.

Definition 7.4.1. The von Neumann entropy of an operator A € ¥, (H) is defined as
follows:

H(A) = tr[n(A)] - n(tr[A]). (7.41)

Note that when A € S(H), then tr[A] = 1 and n(tr[A]) = O. The extended von
Neumann entropy reduces to the von Neumann entropy H(A) = tr[n(A)].

Similar to the extension of H(-) to ¥, (H), classical entropy H(:) : J3; — [0, +00]
can also be extended to the positive cone of the Banach space
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+00
(1), = {(xn);f;’ | X, >0, ) x, < +oo}

n=1

as follows. Let (x, ) 1 be a sequence of real numbers in (1;), . With a little abuse of no-
tation of von Neumann entropy H(-), we define classical entropy H(:) : (I;), — [0, +00]
as

O)ny = H(06)pS) Z n(x,) - (Z > (742)

n=1

The restriction of the classical entropy to

By = {(xn) | x, >0, an—l} c (),

n=1

reduces to the Shannon entropy defined earlier. This is because

(Xn)n 1 Z nxy,) = Z —X 10g Xy, V(Xn);ixl) SRUB

because n(} ;% x,) =n(1) = 0

With the exception of Shannon entropy S(-), the same notation H(-) has been used
for von Neumann entropy, extended von Neumann entropy and classical entropy de-
fined above. However, the type of entropies H(:) is referred to should be clear from its
context or explicitly mentioned throughout the end of this book. The same also applies
to H(:[|-).

7.4.1 Properties of H(-) on T, (H)

Using Definition 7.4.1 and well-known properties of the von Neumann entropy on S(1H)
(see Section 7.2), it is easy to obtain the following properties for the extended von Neu-
mann entropy on ¥, (H). In particular, it is easy to show the nonnegativity, concav-
ity and lower semicontinuity of the extended von Neumann entropy H(-) follows from
those of the von Neumann entropy H(-) on S(IH) (see Propositions 7.2.3, 7.2.6 and 7.2.7).

Proposition 7.4.2. The following properties of the extended von Neumann entropy
H(:);%,(H) — [0, +00] hold:
1. ForeachA ¢ T (H)andA =0,

H(AA) =AH(A), A=0, (7.43)
2. (Concavity) For A € [0,1] and A, B € T(H), we have

H(AA + (1-2A)B) = AH(A) + (1- A)H(B). (7.44)
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+00

3. (Lower semicontinuity) H(A) < liminf,_,,., H(A,) for any sequence (A,),;] in

T(H) such that lim,,_,, ., A, = A € T(H) under | - |,-norm.

4. (Strong subadditivity) For composite Hilbert space Hy,; = H; ® H, ® H; and let
A3 € T(Hyys). Fori,j, k = 1,2,3, denote tr er, (A1) by Ay and try [Ay3] by Ay.
Then

H(A») +H(A)) <H(Ap) + H(Ay)
H(A)) + H(A)) <H(A3) + H(A).

5. (Monotonicity) For A,B € ¥, (H),
A<B=H(A)<H(B), (7.45)

and

tr(A] ) (746)

HA)+HB-A)<HB)<HA)+HB-A) +tr[B]h2<m

where A,B € T, (H), A < B, and hy(x) = n(x) + n(1 — x).

Proof. 1. We first note that

H(AA) = tr[n(AA)] — n(tr[AA])
= - tr[AAlog(AA)] + tr[AA] log(tr[AA])
= —tr[AA(log A + log(A))] + tr[AA](log A + log(tr[A]))
= -Atr[Alog A] + Atr[A] log(tr[A])
= Atr[n(A)] - n(tr[A]) = AH(A), VA e T (H)andA > 0.

5. Consequently, by taking the concavity of the extended von Neumann entropy and
(7.43), we have the following monotonicity property:

A<B= H(A)<H(B), VABeT (H). (7.47)

This completes the proof. O
We will also use the following lemmas.

Lemma 7.4.3. Let (A,);2] and (B,);S be sequences of operators in T, (H) converging
in trace-norm | - ||, to operators A, and B, respectively. Then

nl—i>1:+IlooH(An +B,) =H(Ay +By)
if and only if

lim H(A,) =H(A,) and lim H(B,) = H(B).
n—+co n—+oco
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Proof. (=) The implication follows immediately by first choosing B,, = 0 for all n and
then choosing A,, = 0 for eachn € N.

(<) We now assume that lim,,_,, , H(A,) = H(A) and lim,,_,, .  HB,) = H(By).
Then by lower semicontinuity of H(-),

H(Ay) + HBy) = n1—1>IP00 H(A,) + n1—1>I-PooH(Bn) < n1_1)r+nooH(An +B,).
On the other hand, by convexity of H(-), we have
nganm H(A,+B,) < nETmH(An) + nETmH(Bn) =H(Ap) + H(By).

This proves the lemma. O

Proposition 7.4.4. Let {A;}, be a set of operators in T_;(H) and {A;}}, be a set of pos-
itive real numbers such that ¥, A; = 1, where n < +co. Then

iA,.H(A,-) < H(i/\,—Ai> < Y AH(A) + H{ALL,). (748)

i=1 i=1 i=1

Proof. The first inequality in (7.48) follows from the concavity of the extended von
Neumann entropy H(-). To show the second inequality, we first consider a special case
where A, = P, (a one-dimensional projection). In this case,

H(i/\iAi> = tr[n<i;lip,.>] - n(i/l,- tr[Pi]> < —i"i log A;.
i=1 i=1

i=1 i=1

Inequality (7.48) then follows in the general case because if one decomposes p; into
one-dimensional spectral projections,

+00 . .

pi=Y p)Qy,
k=1

then
n 3 e
i1 ik
< - Z /l,-pl((i)(log A+ logpg))
ik

=~ Y Alogh - Y A-i¥ plogp?
i i k

=_ ZAi log A; + Z/\,H(pi)

This proves the proposition. O
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The following two corollaries follow immediately from Proposition 7.4.4.
Corollary 7.4.5. Let {A;}[, be a set of operators in T_,(H) with finite Y, tr[A;]. Then
n n n n
Y HA,) < H(Z Al-> <Y AH(A) + H({tr[A]},). (749)
i=1 i=1 i=1
Corollary 7.4.6. The extended von Neumann entropy H(A) of an arbitrary operator A €

%, (H) and the classical H(-) of the sequence of its diagonal values in any orthonormal

basis (Ii)H);;"f’ of the space H are related as follows:

H(A) < H(((ilAli)g)i ) (7.50)
Corollary 7.4.7. Let A,B € T_;(H) and A € ]0,1[. Then
H(AA + (1-2A)B) < AH(A) + (1 - )H(B) + hy(A), (7.51)
where
n,(A) = nA) + n(1 - A) = -AlogA — (1 - A)log(1 - A)

is the binary entropy.

The conclusion of the following proposition comes immediately from Lemma 7.4.6.
The proof is therefore omitted.

Proposition 7.4.8. Let (Ii)H)l-*:"l0 be an orthonormal basis of a Hilbert space H. Continu-
ity of the von Neumann entropy H(-) on a set A ¢ T_(H) follows from the continuity of
the classical entropy on the set

{GIAlD L} 1A e AL c (),

where (ll) . 1s the positive cone of the space Lie.,

+00
= feit 120, Y6 < oof.

n=1

7.4.2 Discontinuity of extended quantum entropies

This subsection (written based on the results obtained in Shirokov [150]) deals with
discontinuity of H(-) : ¥, (H) — [0, +oo] and H(-[-) : T,(H) x ¥, (H) — [-00, +00].
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Since the extended von Neumann H(-) : ¥,(H) — [0,+oo] is lower semi-
continuous,

H(Ay) = lrlllllgglofH(An) < hnnlit)lopH(An)

for any sequence (A,)% ¢ T, (H) that converges to A, € T(H) in the || - ||;-norm. By
the lower semicontinuity of the extended von Neumann entropy H(:), its discontinuity
jumps for such a sequence can be characterized by the nonnegative value

di(H(A,)) = limsup H(A,) - H(A,),
n—+oo
where it is assumed that djH(A,) = +co if H(Ay) = +0o. This value can be called the
entropy loss corresponding to the sequence (A,,);].
We have the following simple but useful observation.

Proposition 7.4.9. Let (A,):S ¢ T, (H) be a sequence converging to an operator A, in
the || - |l;-norm. Then

di(H(A,)) < limsup tr[A,(-logB,)] — tr[Ag(—log By)] (7.52)

for any sequence (Bn):;:1 c ¥, (H) converging to an operator B in the || - |,-norm, where
it is assumed that the right-hand side is equal to +oo if tr[Ay(—log B)] = +00.

Proof. We first note that if B,, = A,, for all n, then (7.52) becomes trivial. It follows from
(741) and (7.46) that

H(A,) + H(A,|B,) + f(A,) - tr[B,] = tr[A,(~1logB,)] (7.53)
for alln > 0, where f(A,,) = n(tr[A,]) + tr[A,]. Hence,

limsup H(A,,) + lrilerian(Anlan) + nliIP (f(A,) - tr[B,])

n—+oco
<limsuptr[A,(-logB,)].
n—.+oo
By subscribing equality (7.53) with n = 0 from this inequality and by using the lower
semicontinuity of the relative entropy, we obtain (7.52). This proves the proposi-
tion. O

Let {Ik)IH};f‘l’ be an orthonormal basis in H. For any state p € S(H), we may con-
sider the probability distribution 71(p) = {(k|p|k)y};;. It is well known from Corol-
lary 7.4.6 that H(p) < S(r1(p)), where S(-) is the Shannon entropy, which is a lower semi-
continuous function on the set of all countable probability distributions equipped
with the [, metric. Proposition 74.9 shows that a similar relation hold for jumps of
the entropy corresponding to converging sequences (p,,) 5 and (71(p,)) 3 -
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Corollary 7.4.10. For any sequence (p,);5; < S(H) converging to a state p,, we have
djH (py) < dj(S(m(py)) = lim sup S((p,) - S(rr(po)), (754)

where it is assumed that dj(S(nt(p,))) is equal to +oco if S(n(py)) = +oco. Note that “=”
holds in (7.54) if the sequence (p,);2] consists of states diagonalizable in the basis
(LoF s



8 Relative and conditional entropies

8.1 Quantum relative entropy

As a motivation for developing quantum relative entropy, we first recall absolute con-
tinuity of measures (see Halmos [57] and Rudin [133]) and Kullback-Leibier divergence
(see Kullback-Leibier [101]) below.

Definition 8.1.1 (Absolute continuity and Radon-Nikodym derivative). Let P and Q be
probability measures on a (Borel) measurable space (X, B(X)). The measure P is said
to be absolutely continuous with respect to measure Q if, for all A € B(X), Q(4) = 0,
implies P(A) = 0. In this case, there exists a measurable function called the Radon—
Nikodym derivative and denoted symbolically by g—g(x),x € X, such that

P(A) = J g—g(x)Q(dx), VA € B(X). (8.1)
A

Definition 8.1.2 (Kullback-Leibier divergence). Let P and Q be two probability mea-
sures defined on (Borel) measurable space (X, B(X)) such that P is absolutely continu-
ous with respect to Q with the Radon—-Nikodym derivative 3—2 (x). The Kullback-Leibier
divergence of P with respect to Q is defined by

D (PQ) = jlog(%(x))P(dx) (82)
X

provided that the right-hand expression above exists.

Some special cases of Kullback-Leibier divergence are illustrated below. For dis-
crete probability measures P and Q defined on the same probability space (R, B(R)),
the Kullback-Leibier divergence between P and Q is reduced to

D(PIQ) = ¥ P(v) log(%). (83)
xeR

For distribution P and Q for continuous random variables, the Kullback-Leibier diver-
gence between P and Q becomes

+00

D (PO = | p 10g<‘;%>dx, (84)

where p(x) and g(x) are probability densities of P and Q, respectively. Furthermore,
if u is any measure on X for which p = Z—i and g = Z—S exist (meaning that p and
q are absolutely continuous with respect to p), then the Kullback-Leibier divergence
becomes

https://doi.org/10.1515/9783110788105-008
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Dmawo)=jpkm<§)¢L (8.5)
X

In (classical) mathematical statistics, the Kullback-Leibier divergence (also called
relative entropy) is a measure of how one probability distribution is different from
a second, reference probability distribution, which can be used to characterize the
relative (Shannon) entropy in classical information systems. In this case, log in both
(8.4) and (8.5) is taken to be based 2 for the unit of bits.

In contrast to variation of information, Kullback-Leibier divergence is a distri-
butionwise asymmetric measure, and thus does not qualify as a statistical metric
of spread-it, and also does not satisfy the triangle inequality. In the simple case, a
Kullback-Leibier divergence of 0 indicates that the two distributions in question are
identical.

In the context of quantum information, the relative entropy H(p||o) of states p and
o defined in (8.6) and (8.7) can be considered as a measure of divergence of these
states, which generalize its classical analog of Kullback-Leibier divergence described
above.

We first define relative entropy of quantum states for finite-dimensional Hilbert
space H below.

Definition 8.1.3. Let A and B be two positive finite rank operators on the Hilbert
space H. We define the relative entropy H(A||B) of A and B as

tr[AlogA - AlogB + B - A], ifrange(A) c range(B)

mmm={ . (86)
+00, otherwise.

We now define relative entropies of quantum states on infinite-dimensional
Hilbert space H as follows.

Definition 8.1.4. Let p and ¢ be quantum states in S(IH). The relative entropy H(p| o)
of states p and ¢ is defined by
(ilplogp —plog o)y, if kert(p) c ker* (o
Hpllo) = { Yi(ilplogp - plog o)y (_P) (0) 8.7)
+00, otherwise,

+00

where {|i)y;};57’ ¢ His a basis of the eigenvectors of p.

Comparing the above two definitions, Definitions 8.1.3 and 8.1.4, we note that if A
and B are quantum states on H, then tr[B] = tr[A] = 1. Consequently, the two formulae
(8.6) and (8.7) coincide.

We need the following Lieb concavity theorem to establish some properties of rel-
ative entropy H(:||).

Lemma 8.1.5 (Lieb’s concavity theorem [104]). Let A; > 0 and A, > 0 and K is any
operator. Then for 0 < t < 1, and then
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(A1, Ay) — tr[KALK* AT (8.8)
is a joint concave function of (A4, A;). That is,
Atr[ASK*A]'K] + (1 - A) tr[ASK* AY K] < tr[C'K*C K] (89)

where C = AA; + (1 - A)A,.
Proof. We follow a simple proof provided by Ruskai [135] below.
We first observe that

($,Co) = 0= (P, A19) = (P, Ay¢) = O,

so that (8.9) holds trivially for ¢p € ker(C). Hence, it suffices to prove the inequality
(8.9) on ker*(C) so that we can assume without loss of generality that C is invertible
and that C! is bounded.

We first consider the finite-dimensional case below:

(A) Finite-dimensional case
Define M = C"972KC!/? and

filt) = tr[ALCT MO A T IRPMET ), k=1,2, (8.10)
Then (8.9) is equivalent to
f() = Mfi(6) + A= Dfy(t) < tr[M"M]. (8.11)

Observe that the functions fi (z) (with t replaced by z = x + ty, x,y € R) above can be
analytically continued to the strip 0 < R(z) < 1. The next step is to show that each
fx(z) is bounded on this strip. To do so, we first note the polar decomposition theorem
(Theorem 1.8.11) implies that one can write any operator as X = V|X| with V unitary
and |X| = VX*X so that |X| = V*X. Using this in (8.10) (with ¢ replaced by z = x + ty)
yields

@) < IACT| te[[M™V*M|] < A C 1M eeIM]]. (8.12)

Although the unitary V may depend on z, the last bound on the right is independent
of z. By the maximum modulus principle (see Rudin [133]), |f,(2)| is bounded by its
supremum on the boundary of this strip, i.e., forz = 0 + ty or z = 1 + 1y. Now,

fi(0 +1y) = tr [(AY*CYPMr €Y C A
x (AYAPCTeYPMeTYPAY )] (8.13)

Note that (8.13) has the form tr[X*Y], which is bounded above by
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1 . .
tr[X*X]\tr[Y*Y] < = (tr[X*X] + tr[ Y'Y
X X] Y Y] < 5(0X"X] + 6]Y'Y))
and, therefore,
If(0 +1y)| < % tr[M*C¥2C A, CcTVACTY M|

+ %tr[M*c*’yfzc*/ZAkc*”zc’Y/ZM], k=1,2. (8.14)
Thus,

If(0+ )| <Af;(0 + y)| + A= A)|f>(0 + 1)

< %tr[M*C’mC_l/Z(AAl + (1= HA,)C 22 M]

. % [M*CY2C2(MA, + (1 - MA,)C2CY2M]
= %tr[M*C’y/ZC_l/ZM] + %tr[M*C_’y/ZC"’M] =trf[M*M]  (8.15)
since C was defined as AA; + (1 — A)A,. One can similarly show that
If(1+1y)| < tr[M*"M],

which implies (8.11). This establishes the concavity of A — tr[AtK*AHK]. The general
case then follows from the observation that

Tr[A'K* A K]
<A1 0)t<o K*><A1 0>H<o o>
=tr .
0 A 0 0 0 A K O
This proves the concavity of (A}, A,) — tr[AgK*A;tI(] for the finite-dimensional case.

(B) Extension to infinite dimensions

The restriction to finite-dimensional matrices was used only to ensure that C™! is
bounded on the orthogonal complement of ker(C) so that (8.12) gives a uniform bound
for |f;(z)| on the strip 0 < R(z) < 1. It is worth emphasizing that in this part of the
proof it is enough to show that |f; (z)| satisfies some upper bound, which can be rather
crude as long as it holds uniformly for all z in the infinite strip. Only for the subsequent
estimate on the boundary do we need a precise bound of the form (8.15), which can
be generalized to operators on infinite-dimensional spaces. Therefore, the Lieb con-
cavity theorem can be extended to infinite dimensions in several ways. First, observe
that C = 1;A; + LA, (A; =Aand A, =1 - A) implies that for0 < g <1

A <AC= AN <A CT 5 CPAICT? < AT



8.1 Quantum relative entropy =— 207

where the first implication uses the operator monotonicity of the map A — A?. Then
under the additional hypothesis that K is Hilbert—-Schmidt (i. e., tr[K*K] < +o0), one
can replace (8.12) by

Ifi@)| < A tr[M*M] < A ICll tr[KK].

Lieb uses the even weaker assumption that M = Cc12KcP? is Hilbert-Schmidt, and
also proves concavity for the map (A,B) — tr[A’K*B?K] for O < p + g < 1. For this,
Ruskai [135] uses the operator concavity of the map A — A’ for 0 < t < 1 to conclude
that C"/2(4;A! + L, A5)C"/? < I This proves the lemma. O

Important properties of relative entropy are summarized in the following theorem
(see Wehrl [175] and Ohya and Petz [121]). We only provide proofs for some of them,
since many of these proofs follow the same line of that in the previous chapter that
deals with von Neumann entropy.

Theorem 8.1.6. The relative entropy satisfies the following properties:

1. (Positivity) H(p|lo) = 0, H(o|lo) = 0 ifand only if p = ©.

2. (Joint convexity) H(Ap; + (1 - A)p,llAg; + (1-2A)ay) < AH(p,lloy) + (1 - A)H(p,llo5) for
any A € [0,1].

3. (Additivity) H(p; ® p,lloy ® 0,) = H(pylloy) + H(p,ll0y).

4, (Lower semicontinuity) If lim,,_, ., o, — pl; = 0 and lim,,_,, , llo,, — all; = O, then
H({plo) < liminf,_,, ., H(p,llo,). Moreover, if there exists a positive number A satis-
fying pp < Aoy, thenlim,,_,, ., H(pyll0,) = H(pll0).

5. (Lower bound) 1| - oll} < H(pll0).

6. (Invariance under the unitary mapping) H(UpU*|[UoU"*) = H(p|0), where U is a
unitary operator.

7. (Donald’s identity) Suppose the density operator p, occurs with probability py,
yielding an average state p = Y pipy, and suppose o is some other density opera-
tor. Then

> piH(plp) = Y piH(pillp) + H(pllo)
k k

Proof. To avoid repetition of proof, we only prove parts of this theorem and leave the
rest to the readers to fill in the gaps.

2. (Joint convexity) To prove the joint convexity of H(-||-), we consider joint con-
cavity in p; and p, of the function tr [pip;t] by using of the Lieb’s concavity theorem

(8.1.5)withK =1I:

d -
at tr[pip; t]lz:o = tr[p,(log p; - log p,)],

is joint concave in p; and p,. Therefore, H(p,||p,) is jointly convex. This proves part 2.
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4. (Lower semicontinuity) Since the function n(x) = -xlog x for x > 0 and = 0 for
x = 0is continuous on the compact interval [0, 1], it is easy to show thatlim,,_,, ., llp,—
pl; = 0 implies that lim,_, ., In(p,) — n(p)| = O, since

(DIAID)
A, = _
1Al =00 = s oy

Thus, for the finite-dimensional projection operator P on H, lim,_, ., [P(n(p,) —
n())l; = 0 because of the standard inequality tr[PA] < tr[P|A]|]]. On the other hand,

tr[PA] < |P||, tr[A] and tr[A] < suptr[PA].
P
Therefore,
H(p) = sup tr[Pn(p)] < lggljgf(sgp tr[Pn(p,)] ) = lim inf H(p,).
Now,

H(olp) = sup tr[P(n(Ao + (1 - A)p) + An(0,,))]

< liminf(sup tr[P(n(Ag, + (1 - D)py,) + An(a,) — 1 - np))])
n—+oo P,/\

This proves the lower semicontinuity of H(:||-).
7. The proof of Donald’s identity for relative entropy is given below:

;pkHookuo) = ;pk(trmk log py] - trlpy log a])
= ;pk(tr[pk log ;] - tr[py log p] + tr[p log p] - tr[py log a])
= ;pk(tr[pk log p] - trlpy logp]) — tr[plogp — plog o]
= ;pkH(pknp) +H(pllo).

This proves Donald’s identity of H(:-). O

Corollary 8.1.7. Let p and o be two quantum states on H, then

H(Ap + (1-A)0) = AH(p) + (1 - )H(0) + an ~ol, YAe[0,1].

Proof. We apply part 5 of Theorem 8.1.6 to each of the following two quantities and
obtain
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AH(pllAp + 1 =)o) + 1 - DH(alAp + (1 - A)o)

2 - M- o} + 2a -0 -0l = P o2
The above inequality implies that
H(Ap + (1-A)0) = AH(p) + (1- )H(0) + Qllp - al?.
This proves the corollary. O

Note if p = 0 € S(H) that H(p| /o) = 0. Despite this fact the relative entropy is not
a metric, because it is nonsymmetric, i.e., H(p|lo) #+ H(o|p) in general. However, it
is possible to introduce the notion of convergence of a sequence of states (p,,);,] to a
particular state p as follows.

Definition 8.1.8 (H-convergence). A sequence (p,);5] ¢ S(H) is said to H-converges

top € S(H) if
Jlim_ Hip,lp) = . (8.16)

In this case, we write (H) lim,,_, o, p,, = p.

Part 5 of Theorem 8.1.6 implies that the metric induced by the relative entropy
function H(-|-) : S(H) x S(H) — [0, +co] (or simply the H-metrics) is weaker than the
metric induced by the trace-norm || - ;.

Proposition 8.1.9. A sequence of quantum states (p,,);,>; ¢ S(H) converges top € S(H)
in trace-norm || - ||; if and only if it converges in H-topology defined in Definition 8.1.8.
That is,

(H) lim p, =p ifand only if lim |jp, - pl; = O. (8.17)

Proof. (=) It is clear from part 5 of Theorem 8.1.6 that H-convergence implies conver-
gence in trace-norm | - ;.

(&) Assume that lim,,_, , ., o, —pll; = 0 and that ker(p,)* < ker(p)* for all n. Then
by the definition of H(p,||p) (Definition 8.1.3), we have

H(pyllp) = ) (ilp,10gpy — py1ogp +p — pylidys
i

tr[p,(log p, —logp)] + trlp — pyl,

— 0,

since [jp, - pll; — O implies tr[p,(ogp, - logp)] < lIp,llllogp, —logpll; — O as
n — +oo. This proves the proposition. O
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8.2 H(:||-) extended to ¥, (H) x T, (H)

By the same token in which von Neumann entropy H(:) is extended to T, (H), the ex-
tended relative entropy H(-||-) : T, (H)x %, (H) — [-00, +00] can be defined as follows.

Definition 8.2.1. The relative entropy of operators A, B € T, (H) is defined as follows:

H(A[B) = { Y2 (eil(AlogA - AlogB +B - A)le;)y;, ker'(A)  ker*(B),
| +oo, otherwise,

where {e;}{ is an orthonormal basis of eigenvectors of the operator A and the series
consists of nonnegative terms.

Note that the extended relative entropy H(-|-) defined above reduces to the relative
entropy defined on S(H) x S(H) because tr[B] = tr[A] = 1 when A, B € S(H).

Lemma 8.2.2. Letp and o be quantum statesin S(H), and let C be an operatorin ¥, (H).
Then

H(Ap + (1-M)0o|C) > AH(p||C) + (1 - DH(0]C) - h,(A), A€ [0,1],

where hy(A) = n(A) + n(1 - A).

Proof. Let (P,);5] be an increasing sequence of finite-rank projection operators
strongly converging to the identity operator Iy;. Then A, = P,oP,, B, = P,,0P,, and
C, = P,CP, are finite-rank operators for each n, and hence,

H(AA, + (1-DBy,|Cy,)

= tr[(AA, + (1 - A)B,) log(AA, + (1 - A)B,)]
—tr[(AA,, + (1-1)B,)log C,]
+tr[C,] — tr[AA, + 1 - A)B,]

= tr[(AA, + (1 - A)B,(-1og(C,))] - tr[n(AA, + (1 - )B,)]
+tr[C,] - tr[AA, + (1 - A)B,,]

> Atr[A,(-logC,)] + (1-A) tr[B,(-1log C,)] + tr[C,,]
- Atr[A,] - (1-A) tr[B,] - Atr[n(A,)] - 1 - A) tr[n(B,)]
—n(tr[AA, + (1 - D)B,]) + An(tr[A,]) + (1 - An(tr[B,])
— X,y (' A tr[A,])

= AH(A,IC,) + (1 - )H(B,C,) - n(tr[AA, + (1 - )B,])
+ n(tr[A,]) + (1 - Dn(tr[B,]) - x,hy(x, ' A tr[A,]),

where x,, = tr[AA,, + (1 - A)B,,] and where we used the inequality

H(AA, + (1 - A)B,) < AH(A,) + (1 - VH(B,) + x,hy(x; A tr(A,)),
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following (7.43) and (8.18). By Lemma 8.2.5 and passing to the limit, we have proved
the lemma. O

Lemma 8.2.3. Let (A,);5] be a sequence of operators in T, (H) converging in the trace-
norm || - ||, to an operator A, such that A, < A for all n. Then

lim H(A;|B) = H(A,|B),
—+00

for any operator B € ¥, (H).

Proof. Without loss of generality, we can assume that A, € S(H) is a quantum state.
It can be represented in the form

Ay =Aypp + (1= A,)0p,

where

_ An o AO_An
A" " 1-A,

/\n =tr[Al, Py

By Lemma 8.2.2 and nonnegativity of relative entropy, we have

H(AoIB) > A,H (py[IB) + (1 - A,)H(0,|IB) - hy(A;,)
> H(A,lIA,B) — hy(A,)
= H(An "B) - tl’(B)(l - An) - An IOg(An) - hz(An)

Hence, lim,,_,, ., H(A,IB) < H(AylB). By lower semicontinuity of H(-||-), this proves
the lemma. O

Lemma 8.2.4. Let P be an orthogonal projection on H and A, B € ¥, (H). Then:
1. H(PAP) < H(A).
2. H(PAP*|(I-P)A(I-P)) + HPBP*||(I- P)B(I-P)) < H(A|B).

Proof. 1. Since PAP < A and H(-) is nondecreasing, H(PAP) < H(A).
2. Note that U = 2P; is unitary and that

PAP + I1-P)A(I-P) = %(A +U"AU).

By the joint convexity of the relative entropy H(-||-), we have

H(PAP|PBP) + H((I - P)A(I - P)|(I1- P)B(I - P))

= H(PAP + (I - P)A(I - P)|PBP + (I - P)B(I - P))

1

< SH(AIB) + %H(U*AUHU*BU) = H(A|B).

This proves the lemma. O
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The following result (due originally to Lindblad [108]) provides a tool for approx-
imation of infinite-dimensional quantum entropies.

Lemma 8.2.5. Let (P,);%) be an arbitrary sequence of finite-dimensional projectors
monotonously increasing to the unit operator Iy and let A,B € ¥ _(H). Then the se-
quences (H (PnAPn));fl’ and (H (PnAPn||PnBPn));§‘1’ are monotonously increasing and
have the limits

H(A) = lim H(P,AP,) and H(A|B)= lim H(P,AP,|P,BP,)

in the range [0, +co] independent of the choice of the sequence (P,,);%].

Proof. We follow the proof of Lindblad [108]. First, note that A, = P,AP, € T, (H)
converges to A uniformly when n — +oo. We can write

A-A,=A)-A, =(P,AP)" - (P,AP,)",
where A}, A, €%, (H) for eachne N and A} A, =0. Obviously, lim,,_, trfA-A,] =0.
It follows from the definitions of extended von Neumann entropy H(-) and extended
relative entropy H(-|-) that
lim H(P,AP,) = H(A)
and
lim H(P,AP,|P,BP,) = H(A|B).

This proves the lemma. O

With the help of Lemma 8.2.5, the above definitions of entropy and relative en-
tropy can also be defined for A, B € T (H) as follows:

H(A) = HETMH (P,AP,) (8.18)
and
H(A|B) = nlirpw H(P,AP,|P,BP,), (8.19)

where (P,); %) be an arbitrary sequence of finite-dimensional projectors monotonously
increasing to the unit operator Iy;.

The proof of the following lemma follows exactly from part 4 of Theorem 8.1.6 with
very minor modification.
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Lemma 8.2.6. Let (A,);% ¢ T, (H) and (B, ¢ T, (H) be such that
HEIPm lA,-Al;=0 and nl_i)IPOO IB,-Bl; =0 forsomeA,B e T, (H).
Then
H(A|B) < lim inf H(A,|B,) (8.20)

The first inequality of the following lemma follows from strong subadditivity as
formulated in Lemma 7.2.10. The second statement is trivial.

Lemma 8.2.7. Let H = H; ® H, and put A, := tr,[A] and B, := tr,[B] for all A,B ¢
T, (H), where tr,[-] = tr]HZ[~]. Then

H(A,|B,) < H(A|B). (8.21)
Furthermore, if A;, B, € ¥, (H,), A, € T, (H,), and tr[A,] = 1, then

H(A; ® A|B; ® Ay) = H(A[By). (8.22)

8.3 Quantum conditional entropy

The conditional quantum entropy is an entropy measure used in quantum information
theory. It is a generalization of the conditional entropy of classical information theory.
For a bipartite state p,p, the conditional entropy is written as H(A|B),. The quantum
conditional entropy was defined in terms of a conditional density operator p4 5 by Cerf
and Adami [19, 20] who showed that quantum conditional entropies can be negative,
something that is forbidden in classical physics. The negativity of quantum condi-
tional entropy is a sufficient criterion for quantum nonseparability (see Chapter 10 for
separability of quantum states).

8.3.1 Definitions

Consider a bipartite composite quantum systems AB represented by the Hilbert space
Hyp := Hy ® Hp, where H, and Hp, for the component system A and B, respectively.

Assume first that dim(IH,) < +co and dim(Hp) < +co. Let p,p € S(IH,p) be a joint
state of composite system AB, and p, = trg[p,p] and pg = try[p4p] are corresponding
partial states.

Definition 8.3.1 (Finite-dimensional case). Letp = p,p be a quantum state in the com-
posite system AB of the finite-dimensional Hilbert space H, . The conditional entropy
H(A|B), of A given B under the joint quantum state p = p,p is defined by
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H(A|B), = H(pap) — H(pp), (8.23)

where H(-) = tr[n(-)] is the von Neumann entropy defined in (7.1.1).

The conditional entropy (8.23) is well-defined in finite-dimensional Hilbert spaces
and takes its values in | — co, +oco[. However, in the infinite-dimensional case, uncer-
tainty may occur in the sense that we may have the situation that (+oo0) — (+00). There-
fore, we introduce the following definition for infinite- dimensional H, and Hp.

Definition 8.3.2 (Infinite-dimensional case). Let H, and Hy be arbitrary complex
separable Hilbert spaces with p = p4p € S(Hyp) and H(p,) < +oo. Then we define a
conditional entropy of A given B under p,p as

H(A|B), = H(ps) — H(pagllpa ® pp), (8.24)

where H(-|-) is the relative entropy defined in Definition 8.2.1.

Obviously, the conditional entropy defined by relation (8.24) is equivalent to (8.23)
on the finite rank states, since

H(papllpa ® pg) = H(pa) + H(pg) — H(pap)-

Due to the condition H(p,) < +00, Definition 8.3.2is well-defined. Inequalities H(p,) <
+00, H(pppllog ® pp) = 0 imply that

~co <H(AIB), < H(py) < +co. (8.25)

In the above and in what follows, we use the shorthand notation H(A) = H(p,), H(B) =
H(pp), etc., whenever there is no danger of ambiguity.

8.3.2 Properties of conditional entropy

The following supplemental results regarding operators on a composite and its com-
ponent Hilbert spaces will be needed in order to establish properties of conditional
entropy.

The presentation of this subsection is largely based on the results obtained by
Kuznetsova [102].

Lemma 8.3.3. If sequences of projectors (P{); and (PP);S on H, and Hg, converge
in the operator norm | - ||, to the identity operators 1, and I, respectively, then the
sequence (P’,‘(1 ® Pf),t‘:’i’ converges in the operator norm to the identity operator 1,5 on
]I_IAB.
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Proof. We consider the following inequalities obtained via the triangular inequality
of the operator norm | - ||,

[Py ® Py — Lg|,
< ||Iylil ® P} - Py alg|, + [Py @ Ip - Iypl,
< IP{ @ (P ~Tp)loo + I(P ~ L) © 5l
< [Pl IPX = Toloo + [P — Lall oo Mslco
where we have used the fact that |[A ® B, < [|AlllBlls in the above for operators
A and B on Hilbert spaces H, and Hp, respectively. Therefore, lim;_,, ., IIP‘,E1 ® PE -

Ligloo = O, since limy_,, o IP{ — Iyllo, = 0 and limy_,, o, IPE — Il = O. This proves
the lemma. O

Lemma 8.3.4. Let (T));S) < T(Hp) be a sequence of trace-class operators that con-
verges in the weak”-topology to T € T(Hp). Then the sequence (I ® T;); %) ¢ B(H,p)
converges to I, ® T in the weak operator topology.

Proof. For each i € Hyp, we find that
(Pl ® Ty ) g5 = tr[TKy ],

where K,/} = try[|) 45(Yl] is the reduced operator. Since K1p is trace class (and thus
compact), we have

hm (¢|IA ® Ti|Y) ap = hm tr[TkK | = tr[TKB] = (Y|l ® T|P) 45
That is, the sequence (I, ® T;),%) ¢ B(IH,p) converges to I, ® T in the weak™ operator
topology. This proves the lemma. O

Forp = pyp € S(Hyp), denote p, = trg[pp] and pg = try[ppl, where try[---] and
trg[- - -] are partial traces of [- - -] over the Hilbert spaces H, and Hp, respectively.

Lemma 8.3.5. Consider arbitrary increasing sequences of the finite rank projectors
(P‘: -9 and (Pf),’;fl’, converging in operator norm to the operator 1, and I, respectively,
and the density operator

Pis = APy © PP )pas(Pr @ PY)), Ay = tr[(Py © PY)pys],
with partial states p* = trg[phk] and pji* = tr,[pfik]. Then

hm H(Ank |Bnk)p = H(A|B)p)
nk—oo

where H(Ay|By), = H(p)y “) - Hpgllp @ pj) and H(A|B), = H(ps) - H(pagllpa ® pp)-
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Proof. By using the lower semicontinuity of the von Neumann entropy H(-), we obtain
lim inf H(A,;,0%)
nk—+oo

= liminf H((P} ¢ P)pA(P} 9 BY))

n,K—+o0o

>H( lim (Ph e P))ps(Ph e P}))

nk—+oo

= H( (Pholy)ps(Pie IB)> by Lemmas 8.3.3 and 8.3.4

lim
n—.+oo
= H( lim P}p,P}) byLemmas83.3and 834
=H (PA)~
On the other hand, Lemma 8.2.5 implies

H(Aypjy) = H(P trp[(1y ® PY)pap(Iy ® P)|P)
< H(trg[(1y P )pap(1y ® PY))).

Furthermore, by the dominated convergence theorem for entropy (see Lemma 7.2.11),
we have

lim H(trp[(1y @ PY)pap(Ls ® PY)]) = H(pa),

nk—oo

since trg[(I4 ® Pf)pAB(IA ® Pf)] < py and H(py) < +oo. Thus, by the theorem on the
limit of the intermediate sequence, we obtain

lim H(Auo™) = H(p,), hence Jim H(p™) = H(py).
n,K—+0o

n,k—+oo

Then we prove that

lim H(pf;'éllpﬁk ®ng) = H(pygllpa ® pp)-

nk—+oo

Consider the following values:

Hye = H(pls o4 ® pj) = H(p) + H(pj") - H(ply),
Hy = H(plsg I, Pp APy ® 0 PLogPy)
= ~H(pjy) - tr[py log (31, Pap4P})]
— tr[p} log(n; "PrpsPy)],

where

Mo = t[Phpsl, M = tr[PPpg).
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Using again Theorem 2.3.10, we have

lim Hy = lim H((Py ® PY)oap(Py o PY)I(PypsPy) @ (Pipp

nk—+oo nk—+oo

=H(paglpa ®pp).

~%

)

Then we consider the difference between H,; and H,,; after some calculation, we ob-
tain that it tends to zero:

lim (Hy — Hy) = 11m (H(PA Ik, PopaPL) + H(pp I PRpgPy)) = 0

n,k—oo

The last double limit is equal to zero, since it follows from Theorem 2.3.10 that

0 < HAwp IPhoaP;)
= H(P, trp[I, ® Pipapl, © PP, PLp,PY)
< H(trg[1, ® PYpagly ® PY]l0s)s

implies

hm H(trg[1, ® Pepagls ® PYllps) = H(pallpa) = O

nk—+oo

Thus, the theorem on the limit of the intermediate sequence implies

lim H(Ankpzk”PﬁPAPﬁ): lim H(p ||Hn1PAPAPA)
n,k—+oo n,k—+oo

Similarly, we obtain that the second summand of the difference H, — H, that also
tends to zero:

hm H(PAB"'Y PfPBPB) =
Finally, we have

hm H(PAB"PA ®PB) H(paglloa ® pp)

nk

and

Jim H(Ay(By) = H(AIB).

n —+
This proves the lemma. O

In the finite-dimensional case, conditional entropy has the properties of mono-
tonicity, concavity in p 45 and subadditivity. These properties can be generalized to the
infinite-dimensional case and will be derived in the following proposition due origi-
nally to Kuznetsova [102].
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Proposition 8.3.6. Suppose H(p,) < +oo. The conditional entropy function has the fol-
lowing properties:
1. (Monotonicity) The inequality

H(A|BC),,, <H(AIB),,, . (8.26)

holds for any systems A, B, C and for all pypc € S(Hypc);
2. (Concavity in pyp) If pap = aplp + (1 - @)p%p, @ € [0, 1], then

H(A|B),,, > aH(A'|B") + (1 - a)H(A?|B); (8.27)
3. (Subadditivity of conditional entropy) The inequality
H(ABI|CD) < H(A|C) + H(B|D) (8.28)
holds for any systems A, B, C, D such that H(p,) < 0o, H(pg) < co.
Proof. (1) To prove monotonicity, we rewrite inequality (8.26) in the following way:
H(pa) —H(papcllpa ® ppc) < H(pa) — H(paglloa ® pp)s
which is equivalent to

H(pyplloa ® pg) < H(papclpa ® ppe)s

and the last inequality holds since the relative entropy in monotone with respect to
taking the partial trace.

(2). To prove concavity, we will use the approximation by finite rank states. Con-
sider again an arbitrary increasing sequence of finite rank projectors P‘,‘}, P2, strongly
converging to the operators I, I, respectively. Consider the sequence of states

P = A (P @ PO)pap(Pr @ PY)), At = tr[(Py @ P)pyp]

with the partial states p* and p™. Let p5 = aplz + (1 - @)p4p, @ € [0,1]. Then

Aﬁi((Pﬁ ® PE)pAB(P‘: ® Pf))
_ a((Py @ P)p)ip(P @ PY)) + (1 - a)(Py @ P)pip(Py © PY))
atr[P4 @ P2pl o]+ (1- ) tr[P4 @ PPps ]

1 1nk 2 2nk
_ BubPa + OuPip

1 2
enk + enk

nk
PaB

>

where
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P o PE)pl, (P o P!
Ol = at(% e BY)oly), o = “0n® ’6”;*3( =%,
(1- a)(P, ® P)pjp(P, ® P)

0% = (1- ) te[(P) o PR)pspl, Py = -
nk

Due to concavity of the conditional entropy on the finite rank states, we can write that

1 2

Ok Ok 2 2
91 92 H(Ay|By) + " H(A1By,).

H(Arlk |Bnk) 2o 91 92

Taking the limit and using Lemma 8.3.5 for both sides of the inequality, we obtain the
proof of concavity.
(3). A direct verification shows that in the finite-dimensional case

H(AB|CD) = H(A|CD) + H(B|CD) - (H(A|CD) - H(A|BCD)), (8.29)
which implies
H(ABI|CD) < H(A|CD) + H(B|CD), (8.30)

since the value in brackets in (8.29) is nonnegative. Using an approximation by finite
rank states, we obtain inequality (8.30), on account of which we can immediately get
(8.28) by using monotonicity of the conditional entropy.

Letpapcp = p € S(Hypep) beastatewith H(p,) < 0o, H(pg) < co. Consider an arbi-
trary increasing sequence of finite rank projectors (PCD ).y » which strongly converges
to the operator Ip. Consider also the sequence of states

pl=1' el e P )p(l e lye PP), 7 =t[(I;el;e P )p].

The relation (8.29) (which implies (8.30)) holds for pl since all the summands in (8.29)
are finite. We will show that

H(A'|cD') — H(A|CD). (8.31)
Actually, using Definition 8.3.1, we have
H(A'\cD') = H(py) - H(p") ~ H(phcplon @ o).
It follows from Theorem 2.3.10 that
Il_igloH(P,lq) = Il_igloH(Tl_l trpep[(I4 @ I © Pr7)p]) = H(py).

Furthermore, consider the values
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1 1 1 1 1
Hy = H(pycplpg ® pep) = H(pacp) + H(py) + H(pep)

and

. ! !
H; = H(pcplipa ® pep)
—H(r 'L PIC Poacols ® PICD”pA ®T IPIC DpCDPlCD)

= —H(plycp) + H{pep) + tr[1y trep [l @ PrPpacp](-logp,)].

Then Theorem 2.3.10 implies that
ILIE;O H; = Hpacplloa ® pep)-

On the other hand, after some calculation and using Theorem 2.3.10, we obtain

IEEO(HI - i) = Uim H(t; " trep[ly ® Py pacpllipa) = 0.
This implies that

ILIE;O H(pleplioh ® ) = Hoacolloa © pep)

and

lim H(A'|CD') = H(A|CD).

l—+0c0

In a similar way, we obtain

lim H(B'|CD') = H(B|CD) and Jim H(AB'|cD") = H(AB|CD),
—+00

l>+00

which implies that inequality (8.30) holds in an infinite-dimensional case, and hence,
the subadditivity property of the conditional entropy holds. This proves the proposi-

tion.

As mentioned in Lemma 7.2.10, the strong subadditivity of von Neumann entropy

H(-) can be proved using the properties of conditional entropy.

Corollary 8.3.7. Let H;y; := H;®H,®H; and letp,; € S(Hyy3). Fori,j, k = 1,2,3, denote
the reduced states tr;;[py3] = e, [0123] by py = trjlpis] and tri[piy3] = try, [p13]

by pj;. Then

H(p1y3) + H(py) < H(py,) + H(py3)

and

H(py) + H(p,) < H(ps3) + H(pys).
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Proof. From Proposition 8.3.6, the conditional entropy H(p,|p;), is concave. This im-
plies the following inequality holds for p;»; € S(IH;y3):

H(py) + H(p,) < H(py3) + H(py), (8.34)

where H(p;) = tr[n(p;)] = —tr[p;logp,], etc. This statement, somewhat similar to
monotonicity, is obtained by considering

A = (H(py3) - H(py)) + (H(pys) — H(py)).

The mapping p;»3 — pi3 := t1,[p13] being linear, H(p;3) — H(p;) is concave in p;y;.
Similarly, the same is true for H(py) — H(p,). Therefore, A is concave in p;,3. For pure
states, A = 0, since H(p;3) = H(p,) and H(py3) = H(p;). By concavity, A > 0 for mixed
states. We now proceed by choosing a fourth Hilbert space H,, such that thereis a pure
state p;y3, in Hyy3 ® H,, where p;53 = tr,[p123,]. Then

H(py1y3) + H(py) — H(py) — H(pys) = H(py) + H(p,) — H(py,) — H(py4) <0

by (8.34). This proves the strong subadditivity. O

Obviously, it is possible to extend the domain of H(A|B) to states p, such that
H(B) < +oo or H(AB) = H(C) < +oo. (Similarly, for the definition of conditional en-
tropy, we use notation C for the reference system.) In this case, conditional entropy
can be defined as in the finite-dimensional case (8.23), taking values [-H(B), +co]
provided H(B) < +o0o or [—-00, H(C)] provided H(C) < +oco. The above properties of
conditional entropy (monotonicity, concavity and subadditivity) hold in the infinite-
dimensional case. Monotonicity and subadditivity can be proved similarly for the
finite-dimensional case by using the subadditivity of von Neumann entropy. To prove
concavity, we use the following argument.

Consider density operator p,p and spectral representations of its partial states

+00 +00

pa= Y aldall  ps=) Bilidsl
i=1 i=1

where {|i)4,1=1,2,.. .}, {lj).gj = 1,2,.. .} are the sets of eigenvectors of the states p, and

pg in the spaces H, and Hp, respectively. Also consider again increasing sequences

of the spectral projectors Pﬁ = Z?:l |i) 4 (i| and PE = 2;1:1 ljY5(jl- We also consider the

state

PZIE = A;;(Pﬁ ® kpABPﬁ ® PE) Ay = tf[(P‘:zl ® PE)pAB]

with its partial states p’i* and piX.
Then we prove concavity in a similar way to Proposition 8.3.6. Let p,5 = ap}qB +
(1 - a)pip, @ € [0,1]; then
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P = k(P © PRpsP) @ P)
(P, @ PYp,pPh @ PY) + (1- a)(P) @ PRpszPa ® PY)
- atr[P4 @ PBpl ]+ (1-a) tr[P4 @ Pp? ]

91 lnk + 62 2nk

nkPAB
9 o+ 0% ’
where

a(P* @ PEpl P4 o P)

0,11,( = atr[Pﬁ ®pr,143]> pi{ﬁ _%n kelAB n®P)
nk

(1- a)(P) ® PipP) @ PY)

O = atr[Py @ PEphsl piy = 0P PP oF)

nk

By using the concavity of the conditional entropy on finite rank states, we have

H(pjs) - H(pg)
6L, 62,

91 92 (H(plnk) H(plnk)) 01 92 (H(p2rlk) H(p2nk))‘ (835)

Note that Ankpgk = Pf try [(Pﬁ ® I)pAB(Pﬁ ® I)]Pf < prBPE for all k. For any ¢ € Hpg, we
have

Y (ila ® (@lp(Ph © PppapPl ® PY)l)a © [0)p
i=1

=Y (i@ <¢|B< Y Imy(ml@Pipp Y Im'y(m' @Pf)m ®|¢p)
i=1 m=1

m'=1

= Y (il ® (pP{Ippli) ® [Pp)
i=1

< Y (il ® (pPFlpali) ® IPFg) = (pIP{pPY ).

i=1

Also note that H (PEpBPf) < oo. Further, consider the inequality (8.35) and take the
limit first on n and then on k. By applying Lemma 8.2.5 for the summands H (p;’l’é)

(p’A'g‘) i = 1,2 and (using the fact that H (P],prPf) < 4+00), and Lemma 8.2.5 for the
summands H (pmk) H (pl "k i = 1,2, we prove the concavity property.
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In the following, let H,, Hy and Hy be separable complex Hilbert spaces that rep-
resent correspondingly input system A, output system B of a quantum channel @ :
S(H,) — S(Hp) and environment system E that is interacting with A or B.

The purpose of this chapter is to explore various properties of the output entropy
Hg() = H(®() : S(H,) — [0,+00] of the map ®(S(H,)) ¢ S(Hg), where @ :
S(H,) — S(Hp) is a quantum channel. The properties of the output von Neumann en-
tropy Hg () of a quantum channel @ reveal an important characteristic of this channel
used in the study of its information properties.

9.1 Monotonicity of output relative entropy and Petz’s theorem

The main results in this section consist of the monotonicity of channel output relative
entropy (Theorem 9.1.3) that states

H(®(p)|D(0)) < H(pllo), VYD e QE(A,B)and Vp,0 € S(H,),

(where Q¢(A, B) denotes the class of quantum channels from A to B) and Petz’s theo-
rem (Theorem 9.1.5) that specifies the conditions under which the equality of the above
inequality hold.

9.1.1 Monotonicity of output relative entropy

The proof of this result (Theorem 9.1.3), due originally to Lindblad [107], will be pro-
vided after the following lemmas.

Lemma 9.1.1. Assume that H is a finite-dimensional complex Hilbert space. Assume
that the quantum channel @ takes the form of ®(A) = Z?zl V;AV; for all A € B(H),
where V; € B(H) with Y, V;V] =1 (i.e., ® is completely positive and trace preserv-
ing). Then

H(®(A)|D(B)) < H(A|B), VA,B e T, (H).

Proof. Assume that dim(H) = n. Put K = H ® H,,, where H,, is any Hilbert space with
dim(H,,) = n. Let { Ii)}?:1 be a complete orthonormal set of H and |a) be an arbitrary
unit vector in H,,. Define

W= Ve (il ),
i1

where |i)]H(a|]Hn : H,, —» His a map defined by

https://doi.org/10.1515/9783110788105-009
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e (@lp, ¥ = @)y, e VP € Hy.

Then

wW*wW

( Vz-®(|i>H<a|H")> (Zvi®(|i>ﬁ<a|ﬁn)>
i=1

i i=1

= (V;‘Vi)(ili)]H ® (Ia)]Hn(al) =1I® (Ia)Hn(aI) =Iy®P,,
=1

where P, = |a)]Hn (a| is a one-dimensional projection on H,, along |“>1H,,~ Hence, there
is a unitary operator U in K such that W = U ® P,,. Consequently,

n
UA®P,)U" = ) VAV;® i)yl
ij=1
and

tr,[UA®P,)U"] = ) VAV] = D(A),

where tr,[- - -] is the partial trace of [- - -] taken with respect to the second Hilbert space
H,, of the tensor product. By Lemma 8.2.7, it follows that

H(D(A)|D(B)) = H(tr,[UA ® P)U" || tr,[UB ® P,)U"])
<H(UA®P,)U"|UB®P,)U") (byLemma 8.2.7)
=HA®P,|BoP,) (since U is unitary)
<H(A|B) (since P, is a one-dimensional projection).

This proves the lemma. O
Lemma 9.1.2. Let ® € QC(A, B), where dim(Hy) < +oo and dim(Hg) < +oo. Ifp,0 €
S(Hy), then

H(®(0)|(0)) < H(plo). 91)

Proof. Kraus’ representation theorem (4.4.4) implies that @ can be approximated by
finite linear combination

n
Dy(p) = ) VipV;

i=1

with @} (Iz) = ¥, Vi V; < I,. Then

¥, (p) = D,(p) + Vn+1pV;+1’
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where V,,,; = /I, - @} (Ip), is trace preserving. From Lemma 9.1.1, it follows that for
all states p and o,

H(¥,(0)I¥,(0)) < H(pllo).

Due to the fact that dim(IH, ) is finite, we obtain uniform convergence ¥, (p)-®(p) — 0
for every p € S(H,). Obviously,

H(@()I0(0)) = lim H(¥,(p)[¥,(0)) < H(plo).
This proves the lemma. O

The following result establishes monotonicity of the relative entropy under a
quantum channel @ € Q¢(A4, B).

Theorem 9.1.3 (Lindblad [107]). Let H, and Hy be two separable complex Hilbert
spaces, and let ® : S(Hy) — S(Hp) be a quantum channel from A to B. Then

H(®(p)|D(0)) < H(pllo), Vp,o € S(Hp). 9.2)

Proof. Let (P,);%} be an increasing sequence of finite rank projections that converges
strongly to the identity operator Iz on Hp. Let (@,,);%] be a sequence of a completely

positive trace-preserving operator from ¥, (H,) to ¥, (Hp) as in Lemma 9.1.2. From
Lemmas 9.1.2 and 8.2.7, we know that for every n,

H(®,(A)|®,(B)) < H(A,[B,) < H(A|B),

where A, =P,Aand B, = P,Bforn =1,2,.... From the lower semi-continuity of H(:|-)
(see part 4 of Theorem 8.1.6), it follows that

H(®(A)|D(B)) < lim inf H(®,(A)|0,(B)) < H(AIB)

and the theorem is proved. O

9.1.2 Petz’s theorem on output relative entropy

The conditions under which the monotonicity of relative entropy expressed in (9.2)
become an equality that have been studied by many researchers including Hay-
den etal. [63], Jencova and Ruska [93], Petz [126], Ruskal [135] and Zhang and Wu
[183].

We need the following lemma for our proof of Petz’s theorem (Theorem 9.1.5).
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Lemma 9.1.4. Let (p,);5] be a sequence of states in S(H) (where H is any separable
Hilbert space) converging to a state p, and (A,), 5] be a sequence of operators in the
unit ball of B(H) converging to an operator A, in the weak operator topology (i.e.,

lim,_,,($, APy = (P, Apd)y for all ¢ € H). Then the sequence (vPpA,vPp)nss
converges to \pyAq /Py in the Hilbert—Schmidt norm | - || defined in (1.23).

Proof. Since the sequence (pn);i’j’ converges to p, in || - [l;-norm, {p, ;28 c S(H) is
a compact set. The compactness criterion for subsets of S(IH) (see Proposition 3.2.2)
implies that for an arbitrary € > O there exists a finite- rank projector P, on H such
that tr[(I; - P.)p,] < € forall n > 0. We have

\/p_nAn\/p—n = \/p_nPeAnPe Pn + \/p_nPeAn(I]H - Pe)\/p—n
* \/p_n(I]H —P)AP.py + \/p_n(I]H —P)A (I - Pe) \/p—n (9.3)

Since P, is a finite-rank operator on H, P_A, P, tends to P, A P, under the operator
norm || - |, and hence p,P.A,P.+p, tends to \poP.AyP. /P, in trace-norm | - ;.
While it is easy to show that the Hilbert-Schmidt norm || - |55 of the other terms of
the right-hand side of (9.3) converges to zero as € — 0 uniformly in n. This proves the
lemma. O

The necessary and sufficient condition that guarantees the equality in (9.2) is
stated below. Theorem 9.1.5 is originally proved in Petz [125] in the von Neumann alge-
bra settings and with the transition probability instead of the relative entropy under
the condition that p is full rank state in S(Hy,).

Theorem 9.1.5 (Petz’s theorem [125]). Let p,0 € S(H,) be such that the relative en-
tropy H(p|o) < +oo. The equality holds in (9.2) if and only if ©,(®(p)) = p, where 0 is
a channel from S(Hp) to S(H,) defined by the formula

0,(w) = Vo' ((0)) " (@)(@() ")

Vo, Vw e S(Hp). (9.4)

Note that (9.4) implies that ©,(®(0)) = g, so the above criterion for the equality
in (9.2) can be treated as a reversibility condition (sufficiency) of the channel ® with
respect to the states p and ¢ in terms of Definition 5.6.1.

Proof of Theorem 9.1.5. A proof of the theorem for the finite-dimensional case can be
found in Hial et al. [66], which will not be repeated here. For infinite-dimensional H,
and Hg, we follow the proof provided in the Appendix of Shirokov [149] below.

(=) We assume that 0,(®(p)) = p, i. e., the channel @ is reversible with respect
to the states p and o. The equality H(®(p)|®P(0)) = H(p|lo) has been established in
Shirokov [149] and will not be repeated here.

(&) Assume that H(®(p)||®(0)) = H(p| o) for all p,d € S(H,). We want to show
that 0,(w) = Voo (@(0)) 2(w)(@(0)) ?)Vo, VYw € S(Hg). We first note that
H(pllo) < +co does not imply that Ap < o for some A > 0, and hence the argument
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(---) of the map @ (---) in (9.4) with w = ®(p) may be an unbounded operator. Nev-
ertheless, we can define the channel 0, as a predual map to the linear completely
positive unital map

0,() = [©(0)] "*D([6]"X(O)[01"?)[@(0)] 7, V¢ e S(H,). 9.5)

This means that we can use formula (9.4), keeping in mind that ®* is an extension
of the dual map to unbounded operators in Hy (which can be defined by ®@*(-) =
Yk Vi (-)V} via the Kraus representation @(-) = Y, V(-)V}). With this definition of the
channel 6, with the nonfull rank state p, we will prove the following. Consider the en-
semble consisting of two states p and ¢ with probabilities t and 1 - ¢, where t € ]0,1].
Let 0; = tp + (1 - t)o. By Donald”s identity (part 7 of Theorem 8.1.6), we have

tH(plo)+ (1-t)H(o|o) = tH(pllo;) + (1 - t)H(ollo;) + H(o{|0) (9.6)
and

tH(@(p)|P(0)) + (1 - HH(D(0)|D(0))
= tH(@(p)|D(0y) + (1 - HH(D(0)D(0) + H(D(0p)D(0))
< tH(plloy) + (1 - OH(ollo,) + H(oyllo)
=tH(plo) + (1 - t)H(a]0), (9.7)

where the left-hand sides are finite and coincide by the condition. Since the first, the
second and the third terms in the right-hand side of (9.7) are not less than the corre-
sponding terms in (9.8) by monotonicity of the relative entropy, we obtain

H(®(p)|®(0,)) = H(plo,) and  H(D(0)ld(0,)) = H(olloy). (9.8)

Consequently, we have p = 0,(®(p)) for all ¢ € ]0, 1[, where

-1/2

0,(0) = [0,]20" ([©(0)] () [D(0)] )02, Vp € S(Hp).

Ilm 8 — 8 9 9
t g ( . )

in the strong convergence topology (in which ®, — ® strongly means @,,(p) — @(p)
for all p), since this impliesp = lim,_, ., ©,(D(p)) = ©,(D(p)). Since O,(P(0)) = o forall
t € ]0,1[, the set of channels {0} oy is relatively compact in the strong convergence
topology. Hence, there exists a sequence (t,)5 converging to zero such that

lim ©, =0, (9.10)

n—+oo
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where 0, is a particular channel. We will show that ©, = 6. Note that (9.10) means
that the sequence (G);"n (A) (where @fn(~) :B(Hp) — B(H,) is the dual channel ofG)tn(~))
tends to the operator 6, (A) in the weak operator topology for any positive A € B(Hp).
By Lemma (9.1.4), we have

1/2 1/2 1/2 1/2
| | | ]

lim [@(0,)]"°6; (A)[@(0;)] " = [@(0)] " O5(A)[D(0)

in the Hilbert-Schmidt norm | - [|zs. But the explicit form of G)fn shows that
172 4 1/2
[(0,)]"6;. (A)[D(0, )] = ©([0]"A)[0]"?)

and since lim,,_,, o, [otn]l/zA[atn]l/ 2 = [0]1/ ZA[U]U 2 in the trace-norm || - [, the above
limit coincides with ®([0]"/?A[0]"/?). So, we have ©;,(A) = O (A) for all A, and hence
0 = 0,. The above observation shows that for an arbitrary sequence (t,):% converg-
ing to zero any partial limit of the sequence (0, -9 coincides with ©,, which means
(9.9). This proves Petz’s theorem. O

9.2 Continuity of output entropies

In this section, we investigate continuity of the output entropy Hg(-) := H(D(-)) :
T,(Hy) — [0, +00], when the map @ : T, (H,) — ¥, (Hp) is:

(i) ageneral positive linear map;

(ii) a quantum operation; or

(iii) a quantum channel.

These three cases are to be explored in the following subsections.

9.2.1 Positive linear map ®

Let®d : T (H,) — ¥, (Hp) be a positive linear map. Since the von Neumann entropy
H(:) : S(H,) — [0, +00] is a concave and lower semicontinuous function, it is easy to
see that the output von Neumann entropy Hg () := (H o ®@)(-) = H(®(-)) of the positive
linear map @ is also a concave nonnegative lower semicontinuous function on the set
S(Hy) ¢ T, (Hy).

We need the following lemmas for proving the main result (Theorem 9.2.3) in this
subsection.

Lemma 9.2.1. Assume that Hy = Hg = H. For an arbitrary convex set A ¢ S(H),
on which the von Neumann entropy H(:) is bounded. Then there exists an operator T €
B(H) such that
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suptr[A(-1logT)] < +co and UT=TU
AcA

for any unitary U € B(H) such that UAU* € A forall A € A.
Proof. Let
K =C|0)y = {c|0)y | c € C}

be the one-dimensional subspace of H generated by the unit vector |0);. Consider the
convex set A® = {p, | A € A} of states in S(H & K), where p, is defined by

pa =A o (1-tr[A])|0) (Ol
For arbitrary A € A, we have

H(pp) = tr[n(pa)]
= tr[n(A @ (1 - tr[A])|0)(01)] = tr[n(A) + n((1 - tr[A])I0);(OI)]
= tr[n(A)] + tr[n((1 - tr[A])(10)(O1))]
= H(A) +n(tr[A]) + n(1 - tr[A]) = HA) + 1,

where 17 : [0, +00] — [-00, +00] is defined by

—xlogx, ifx >0,

nex) = { 0, ifx = 0.

Thus, the von Neumann entropy H(-) is bounded on the convex set A°. Hence, the
Holevo y-capacity defined by

64 = sup xG0 = sup ([ H(pIpG)u(p) ) < +c0,

}1673 e ‘MEP e
A Al S(H,)

where
P e = Pae(SHy)) = {u € P(S(Hy)) | p(u) € A%}

(see Chapter 12 for the definition of y-capacity). This implies existence of the unique
state w(A°) in A¢ (called the optimal average state of the set .4°) such that

H(pllw(A%)) < C,(A°)

for all p € A°. The state w(A°) has the form T & |0)}; (0|, where T € Q¢(H) and A > 0.
For arbitrary unitary U in B(H), such that UAU" = A. Consequently, (U e I )w(A®) =
w(A°)(U & I), and hence UT = TU. This proves the lemma. O
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The following proposition is a summary of results in Proposition 7.3.7 that will be
useful in establishing the results in output entropy. Recall from (7.12) that the increas-
ing number A" (H) of an $)-operator H is defined as AT(H) = inf{A > 0 | tr[exp(-AH)] <
+o0o} and Ky (h) is a compact convex subset of S(IH, ). We have used the convention that
AT(H) = +oo0 if tr[exp(-AH)] = +oo for any A > 0 and A"(H) = 0 if tr[exp(-AH)] < +co
forall A > 0.

Proposition 9.2.2. Let H be an $)-operator on a separable complex Hilbert space H and

h> 0.

1. The von Neumann entropy H(-) is bounded on the set Ky(h) if and only if
ATH) < +00;

2. The von Neumann entropy H(-) is continuous on the set Ky(h) if and only if
ATH) = 0.

The following theorem (due originally to Shirokov [147]) shows that the output von
Neumann entropy Hy, () := H(®D(-)) cannot be finite and discontinuous simultaneously
for any positive (but not necessarily completely positive) linear map @ : ¥, (Hy) —
¥, (Hp) that is trace nonincreasing.

The following theorem is due originally to Shirokov [147].

Theorem 9.2.3 (Shirokov [147]). Let @ be a positive linear map from <, (Hy) to <, (Hpg)

that is trace nonincreasing. The following properties are equivalent:

1.  the function p — Hg(p) is finite on S(Hy);

2. the function p — Hg(p) is continuous and bounded on S(Hy);

3. there exists an orthonormal basis {|i)g}{ of the space Hg such that the function
p— H({(ildb(p)li)B};;‘;O) is continuous and bounded on S(Hy);

4. there exists an orthonormal basis {|i) g} of the space Hp and a sequence (h;){Y
of nonnegative numbers such that

+00
<+o0o and Z exp(-h;) < +oo,

o i=1

> hi® (1i)g (i)

i=1

where @ : B(Hpg) — B(Hy) is the dual map to @.

The set S(H,) in (1) can be replaced by arbitrary convex closed bounded subset A ¢
T, (Hy) such that

21613("213100 tr[ABn]) < +00 = s%p Bl < +00

for any increasing sequence (B,);2] of positive operators in ®* (B(IHp)).

Proof. (1) = (2) Validity of the discrete Jensen inequality for the concave finite non-
negative function p — Hg(p) implies its boundedness (see Proposition 3.4.4). Indeed,
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if the opposite were true that for each natural n there exists a state p,, such that
Hg(p,) = 2" (for contradiction purpose), then by discrete Jensen inequality, we have

+00 +00

H®( D Z"pn> > Y 27"Hg(py) = +00.
n=1 n=1

Lemma 9.2.1 implies existence of an $)-operator H = —log T such that A H) < +oo

and tr[H®(p)] < hforallp € S(Hy) and some h > 0. Let H = Z h;li)g(il. Since the

function

p — tr[HD(p)] = [(Z h; II)B(1|>(D(p)]

i=1

= Y h(ilop)li)p = tr[ > h,~®*(|i>B<i|)p]
i=1 i=1

is bounded on S(Hjg), the linear operator Z h;@* (|i)g(il) is bounded in H, under
the operator norm || - ||,. Thus, the above functlon is continuous on S(H,). For arbi-
trary compact subset K of S(IH, ), Dini’s lemma (see Rudin [134]) implies uniform con-
vergence of the infinite series of operators Zl 1 h; tr[@* (Jiyg(il)p] on the set £ ¢ S(Hy),
and hence, existence of a nondecreasing sequence (yl )iy of positive numbers con-
verging to +oo such that

sup(Zyl h; tr[ *(Ii)B(iI)p]) < +00.

pekC

Let HY = Z, h;|i) g(i] be an $H-operator on Hy with AT(H’C) = 0. Thus, we have

sup(tr[H*®(p)]) = sup( z yih; tr[@” (i) 5(il)p ]) < +00. (911)

pPeE pelC

By part (2) of Proposition 7.3.7, the function p — H(®(p)) is continuous on the set K,
and hence on the set S(H,) (since K is an arbitrary compact subset of S(IH,)).

(1) = (4). In the proof of (1) = (2), existence of the basis {Ii)B};‘f’ and of the
sequence (h);°, where h] = Ah;, A > 0, with the desired properties is shown.

(4) = (3) follows from the proof of (1) = (2), since (9.11) and part (2) of Proposi-
tion 7.3.7 implies continuity of the function p — H({{i|®(p)|i) B} °°) on the set K.

(3) = (1) follows from relation H(p) < H({(l|®(p)|1)B}l:

The last assertion of the theorem is a corollary of the proof of (1) = (2).

This proves the theorem. O

Remark 9.1. Theorem 9.2.3 does not assert that finiteness of the von Neumann entropy
H(-) on the set ®(S(H,)) ¢ S(Hg) implies its continuity on this set, since continuity
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of the function p — H(®(p)) on the noncompact set S(H,) does not imply continuity
of the function B — H(B) on the set ®(S(H,)) € S(Hg). To show this, we consider
the following example. Let 13 be a convex closed subset of S(Hg) on which the von
Neumann entropy H(-) is bounded but not continuous. Let (0,,),,5] be a sequence of
states in 15 converging to a state o, such thatlim,,_, .., H(o,) # H(0,). Consider the map
D :p > Y, 0 (nlpln) 40, where (In) )5 is a particular orthonormal basis in Hy. By
Theorem 9.2.3, the function p — Hg(p) is continuous on the set S(1H,) but the function
B — H(B) is not continuous on the set ®(S(H,)) < S(Hp) containing the sequence
(0,527 and the state g, Continuity of the function p — Hg,(p) on the set S(IH,) means
continuity of the function B — H(B) on each set of the form ®(K) c S(Hg), where K
is a compact subset of S(Hy).

Remark 9.2. The main assertion of Theorem 9.2.3 (the implication (1) = (2)) is based
on the specific property of the von Neumann entropy; it cannot be proved by using
only such general properties of entropy-type functions as concavity, lower semiconti-
nuity and nonnegativity. The simplest example showing this is given by the function
p = Ry(®(p)) = [|DP(p)lls log(rank(P(p))), the output O-order Renyi entropy of the
map @. Theorem 9.2.3 can be used to obtain a condition of continuity of the output
entropy for a certain class of quantum channels.

Theorem 9.2.3 and inequality (748) imply the following observation (which can be
directly proved by using Lemma 7.4.3).

Corollary 9.2.4. Let @ and ¥ be positive linear maps from ¥, (H,) to T, (Hp) that are
trace nonincreasing, and let A € 10, 1[. The map A® + (1 — A)¥ has continuous output en-
tropy if and only if the maps ® and ¥ have continuous output entropies H(®(-)), H(¥(-)) :
S(Hy) — [0, +0c0].

Thus, the set of all positive maps with continuous output entropy is convex and
forms a face of the convex set £%, (H,, Hp), where £%, (H,, Hp) is the set of all positive
linear maps from ¥, (IH,) to ¥, (Hg) that are trace non-increasing. It is easy to show
that this face is dense in £7,(H,, Hp) in the strong convergence topology.

We will use the following corollary of Theorem 9.2.3 and inequality (7.49).

Corollary 9.2.5. Let {®;};; be a finite or countable family of positive linear maps from
T, (Hy) to ¥, (Hp) that are trace nonincreasing such that

sup Ztr[dbi(p)] < +00.
peS(Hy) jer

Then the output entropy of the map } ;.; ; is continuous if

Y H(®i(p)) < +o0 and H({tr[®;(0)]};;) < +00, Vp € S(H,).

iel
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This condition is necessary if either supp(®;(p)) L supp(®;(p)) foralli # j and for all
p € S(H,) or Lis a finite set.

Theorem 9.2.3 provides a simple proof for the following corollary.

Corollary 9.2.6. Let®: T, (Hy) — T (Hp) and ¥ : T, (K,) — T, (Kp) be two positive
bounded linear maps having continuous output entropies Hq,(-) and Hy(-), respectively.
Ifthemap ® eV : T (Hy ® Ky) — T,(Hp ® Kp) is positive, then it has continuous
output entropy Hpey(-) : T, (H, ® K) — [0, +00].

Proof. Without loss of generality, we may assume that the maps @ and ¥ are trace
nonincreasing. By Theorem 9.2.3, it is sufficient to prove that H((® ® ¥)(w)) < +oo for
any w € T, (Hy ® K,). This follows from subadditivity of the quantum entropy since
tr, (Do V) (w)] < (D(tr]KA [w]) and try, (Do V) (w)] < ‘P(tr]HA [w]). This proves the
corollary. O

Corollary 9.2.7. Let @ : T, (Hy) —» T,(Hg)andV¥ : T,(K,) — %,(Kp) be positive
linear bounded maps such that the map @@V : T (H, ® K;) —» T, (Hp ® Kp) is
positive. If the map ¥ is trace preserving and has finite (and hence continuous) output
entropy Hy(-) := H(W(-)), then the following properties are equivalent:

L H(@eY¥)(IP)u,sK, (PI) < +oo for any unit vector ¢ € Hy ® Ky;

2. the map @ has continuous output entropy He(-);

3. the map ® ® ¥ has continuous output entropy Hgpgy(-).

If the map @ is trace preserving, then the condition of finiteness of the output entropy
Hg(-) of the map @ can be replaced by the condition

min{Hy(trg, (1) p,ex, (PI]) Hy(trp, [19) 1,0k, (PI])} < +00,V € Hy @ Ky.

Proof. We may assume that the map @ is trace nonincreasing.

1. (1) = (2). Letp be an arbitrary state in S(IH,) ¢ ¥, (lH,) and ¢ be a vector in Hy ®
K4 such that p = trg, [|p) s, 0K, (¢l]. Since the map ¥ is trace preserving, we have
trg, (@ ® ¥) (1), ek, (PD] = D(p). By noting that try, [(© ® ¥)(I1P) g0k, (PD)] <
¥(0), where 0 = try, [I9) 1,0k, ($I], and by using finiteness of H(¥(0)) with (7.48)
and the triangle inequality

H((CD ® \P)(|¢>]HA®]KA <¢|)) 2 iH(tr]KA [(d) ® \P)(l(p)]HA@]KA <¢|)])
— H(try, [(® © W) (1) 11,0k, (DD

we conclude that H(®(0)) < +oco. By Theorem 9.2.3, the map ® has continuous
output entropy.

2. (2) = (3) follows from Corollary 9.2.6.

3. (3) = (2) is obvious.
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The last assertion of the corollary is proved by the similar argumentation. This proves
the corollary. O

9.2.2 Quantum operations

In the following, we follow the approach used in Shirokov [147] to investigate the prop-
erties of output entropy Hy, : T, (H,) — [0, +0o], when @ is a quantum operation, i. e.,
@ : %, (H,) — T,(Hp) is a completely positive trace-nonincreasing operator.

Lemma 9.2.8. Let (p;){} be a sequence of positive numbers. Then

sup H({ppx}iy) = A"

{Xi}CIH

where A* is either the unique finite solution of the equation Y[ e b if it exists or
equal to AT({p; 1) = inffA > 0 | 1Y e MPi < 1o} otherwise.

In the above, we adopt the convention that inf{---} = +oco and note that
Yile APt = 1 has no solution if and only if either AT({pi_l}) = 400 Or

S exp(-A'({p})/py) < 1

i=1

Proof. By using the Lagrange method, it is easy to show that the function {x;}} —
H({p;x } <) attains its maximum at the vector (x; ) ¢ where x;" = cpi‘le‘An /Pi and A is
the solutlon of the equation Y, e /i = 1and ¢ = (Z L pile *; n/Piy~ Hence,

max H({px}i,) = A, (912)

x; }C11+

The assertion of the lemma follows by noting that the sequence (/1,’; );fl’ tends to A* as
n — +oo and by using lower semicontinuity of the classical entropy. This proves the
lemma. O

Proposition 9.2.9. Let V be a linear operator from H, to Hg. The function p +—

H(VpV™), p € S(Hy), is continuous if and only if the operator V is compact and has
such sequence (v,){ of eigenvalues of |V| := VV*V that Zl 1 e < too for some
A > 0. If this condition holds, then

sup H(va*) = A*(V)a
peS(Hy)

where A* (V) is either the unique solution of the equation Y7 e M Z 1 if it exists or
equal to AT((V*Z) ) =inf{A > 0| Zl e A < +00}, otherwise.
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Proof. Without loss of generality, we assume that Hy = Hg = H, V = |V|, [V, <
and ker(V) = {0}. Assume that the operator V takes the form V = ZTOO Vil (il If
Y7 e < tooford > 0, then property (4) in Theorem 9.2.3 holds with the basis
{ly ey and the sequence (b)), h; = A/vi, since in this case ®*(-) = V(-)V*, and
hence,

Q" (1) il) = V(I m (i V*

- (Z v,-|j>H<j|> e il) <Z vk|k>]H<k|> = Vi) il

j=1

The assertion concerning the supremum of the function p — H(VpV™) is easily de-
rived from Lemma 9.2.8 by using the inequality H(A) < H((i|Ali)yy) for all A € T, (H).
Suppose the function p — H(VpV™) is continuous on the set S(IH). Then the entropy
is bounded on the convex set {VpV* | p € S(H)}, and hence, this set is relatively com-
pact by using the construction from the proof of Lemma 9.2.1. Thus, the operator V is
compact (since otherwise there exists a sequence of unit vectors (|<p,,)]H);‘:X1’ such that
the sequence (V|<pn)]H);§§’ is not relatively compact). Lemma 9.2.1 implies existence of
an operator T € T;(H) such that

sup tr[VpV*(-1logT)] < +oo and UT=TU
peS(H)

for arbitrary unitary U commuting with the operator V. It follows from the last prop-
erty of the operator T that this operator is diagonizable in the basis {|i)y}, i.e., T =
2 T;li) (il, where (7,15 is a sequence of nonnegative numbers such that /7 7; < 1.
Thus, we have

sup tr[VpV*(-log T)] = sup Z(l|p|l>]HV( log 7;) < +00,
pesS peS(H) =1

and hence, viz(— log 7;) < Afor all i. This implies A* (V) < +oco. This proves the proposi-
tion. O

Note that an arbitrary quantum operation @ : ¥(H) — T(IH) has Kraus represen-
tation

+00
D() = Y Vi)V

i=1
where {V;}? is a set of bounded linear operators from H, into Hp such that
YO ViV] < I]H (correspondingly, ¥/ V;V; = Iy for the quantum channel).

The following proposition contains the sufficient conditions for continuity of the

output entropy of a quantum operation @ expressed in terms of the set {V;}{ of its
Kraus operators.
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Proposition 9.2.10. Let @ be a quantum operation in T_,(Hy, Hg) and {V;};c; be the

corresponding set of Kraus operators. Let d; = rank(V;) < +co.

1. Iftheindex set I is finite, then the operation ® has continuous output entropy if and
only if which in this case is equivalent to

A" (V) < +co, Viel, (9.13)

which in this case is equivalent to

)l*< Zv;v,-) < +00. (9.14)

iel

In the general case, (9.13) is a necessary condition of continuity of the output entropy
of the operation @ (in contrast to (9.14)).
2. IfI = N, then the operation @ has continuous output entropy if one of the following
conditions is valid:
() d; < +oo for all i and there exists a sequence (h;); of nonnegative numbers
such that

+00 +00 h
Y hViVy <+oco and ) die™ < +oo
i=1 o) i=1

and
(i) H({tr[V;pV]+1} ) < +oo for all p € S(Hy) and condition (9.14) holds.

Note that Condition (9.14) in (ii) can be replaced by the condition of finiteness
of one of series ¥ 1*(V;) and Y[ log(d;||V;ll)- If the sequence (V;){S consists of
scalar multiples of mutually orthogonal projectors, then (i) is a necessary condition
of continuity of the output entropy of the operation ®. If range(V;) L range(V;) for
alli # j, then (ii) is a necessary condition of continuity of the output entropy of the
operation @.

Proof of Proposition 9.2.10. 1. This directly follows from Corollary 9.2.5, Proposi-
tion 9.2.9, since Y7’V V; = " (Iyy ).

2. Suppose condition (i) holds. Let K = EB:flo range(V;) and U; be a partial isom-
etry from Hp, into K such that U; U; is the projector onto range(V;) ¢ Hg and U;U; is
the projector onto range(V;) c K. Consider the quantum operation din Tq(Hy, Ap)
defined by the sequence of Kraus operators (\71-)1.*:010, V; = U,V,. We have range(V,) L
range(\?j) for alli # j. Let P; be the d;-rank projector onto the subspace range(V,-).
Consider the f-operator H = ¥ h;P;. The condition Y[ die™ < +co means that
AT(H) < +00. The condition | Z;"f’ h;V;V; o = h < +oco implies
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+00 +00
tr[HD(p)] = ) h; tr[P,V; V] = tr[ > hiViVi*p] <h, VpeS(Hy).

i=1 i=1

The quantum entropy is bounded on the set &(S(H 4))- Since
R +00 . 11400
H(®p) = Y HVpV;) + H{{lVpV; 11 ).
i1

Inequality (7.49) implies boundedness of the function p — H(®(p)). By Theorem 9.2.3,
this function is continuous. If condition (ii) holds then Proposition 9.2.11 below im-
plies continuity of the output entropy of the operation ®. Possibility to replace condi-

tion (9.14) in (ii) by one of the conditions }; °1° A*(V;) < +o0 and Zl log(d;lIVills) <
+oo follows from Corollary 9.2.5, since each of these conditions implies finiteness of
the series Y/ H(V;pV;) for any p in S(H,).

To prove the assertion concerning necessity of condition (i), assume that ®(-) =
Yi1 ¢;P;(-)P;, where (P;)[ is a sequence of mutually orthogonal projectors. Lem-
ma 9.2.1 implies existence of a trace-class operator of the form T = Y[’ A,;P; such
that

+00
sup tr[®@(p)(~logT)] = sup tr[z c,-(—log/li)Pip] < +00.
peS(H,) peS(H,) i=1

Since tr[T] = ¥/ d;A;, condition (i) holds with the sequence (h;){, h; = —logA;.
To prove the assertion concerning necessity of condition (ii), it is sufficient to note
that the condition range(V;) L range(V;) foralli + j implies

H(VpV™) < H(®(p))

= ZH VipV;) + H{u[VipV; 1), Vp € S(Hy),

i=1

where V is the Stinespring contraction of the operation ® defined via the set {V;};
(see the proof of Proposition 9.2.11 below), and to apply Theorem 9.2.3 and Proposi-
tion 9.2.10 (by using V*V = Y7 V}'V,). This proves the proposition. O

Example 9.1. Let (V; ) be a sequence of finite rank operators in *B(IH,) such that

TV, < Iy, range(Vl) 1 range(V;) for all sufficiently large i # j and ||V1||00 <
Clog (i) for all i, where a > 0 and C > 0. Since V;'V; < Clog *(i)P;, where P; is the
projector on the subspace range(V;, condition a) in part 2 of Proposition 9.2.10 holds

for the operation @,(-) = ;010 V;(-)V; for all @ > 1 provided the rate of increase of
+00

the sequence <rank(V1-) does not exceed the polynomial rate: rank(V;) < i" for

i=1
some natural n and all sufficiently large i (this can be shown by using the sequence
(h; )1“’10, h; = (n+2)log(i). Hence, the output entropy of the operation @, is continuous
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in this case. The last assertion of Proposition 9.2.10 shows that the output entropy of

the operation @, is not continuous if « < 1and V; = \/Clog™ iP; even for the bounded
sequence (rank(V););%.

The following proposition contains the sufficient conditions for continuity of the
output entropy of the complementary operation expressed in terms of the set (V;) 5
of Kraus operators of the initial operation.

Proposition 9.2.11. Let ® be a quantum operation in T_,(H,, Hp) and {V;}{ be the
corresponding set of Kraus operators. The complementary operation ® has continuous
output entropy if one of the following conditions holds:

1. H{t[VpVi1}T) < +ooforallp € S(Hy);

2. there exists a sequence of nonnegative real numbers (h;)[ S’ such that

z hViV;| <+oo and Z el < +o0;
i=1 i=1

+00 H +00
0

3. H({IVill}) < +oo0.
Ifrange(V;) L range(V;) for alli # j, then (1)&(2) is a necessary condition of continuity
of the output entropy of the operation ®.

Note that the above conditions are related in the following way: (3) = (2) & (1).

Proof. We first show that (1) implies continuity of the function p — H (db(p)). Let H¢
be a separable Hilbert space and {|i)¢}; be an orthonormal basis in H¢. Then the
operator V: Hy — Hp ® H defined by

+00
V(Ipa) = Y Vi, ® iy,
i=1
is the Stinespring contraction for the operation ®. That is,

D(A) = trg[VAV*], A e T(H,).

Therefore, we have
D(A) = trg[VAV"] = Y t[VAV; Jli)c(jl, A € T(Hy).
ij=1
By relation H(A) = H({(ilAli) ,};3), condition (1) implies
H(®(p)) < H({({1D@)I1) ) )
= H({u[VpV; 1) < oo, ¥p € S(H).
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By Theorem (9.2.3), the output entropy of the complementary @ is continuous.
Since finiteness of the function p — H({tr[VoV*1}/T), p € S(H,), implies that the
last condition can be rewritten as follows:
+00

sup z h; tr[V;pV;] < +00
peS(Hy) j=1

and by using the classical versions of part (1) of Proposition 9.2.2 and Lemma 9.2.1. The

implication (3) = (2) is obvious.
If rangle(V;) L range(V;) for alli # j, then

D(p) = Y tr[VipV] |li)g (i, Vp € S(H,),
i=1

and hence, the function in (1) coincides with the output entropy of the operation ®.
This proves the proposition. O

9.3 Convex closure of output entropy

We now consider the channel input entropy H(-) and channel output entropy Hg,(-) :=
H(®(-)), where @ : S(H,) — S(Hp) is a quantum channel from system A to system B.

Definition 9.3.1. Let @ be a quantum channel or quantum operation from system A to
system B. @ is said to be preserving finite entropy (PFE) if

H(p) < +00 = Hg(p) < +00, (9.15)
and @ is said to be preserving continuous entropy (PCE) if
nLiIPoo H(p,) = H(p) = nﬂglm Hy(pp) = He(p) (9.16)

for all (p,);S) ¢ S(Hy) such thatlim,_,, ., llp, — pll; = O.

The following characterization of PFE and PCE channels is due to Shirokov [152,
153] (see also Shirokov and Bulinski [157]).

Theorem 9.3.2 (Shirokov [152, 153]). Let @ be a positive linear map from <, (H,) into
%, (Hp). The following properties are equivalent:

(i) @ preserves finiteness of the entropy (PFE), i. e., property (9.15) holds;

(ii) @ preserves continuity of the entropy, i. e., property (9.16) holds;

(iii) the output entropy Hy(-) is bounded on extr(S(Hy)), (i. e., the set of all pure states).

Proof. We may assume that @ does not increase a trace of any positive operator.
It is clear that (i) = (ii).



240 —— 9 Channeloutput entropies

By using inequality (7.48) and the spectral decomposition p = Y; p;l9;) 4 {¢;l, we
obtain

Ho(p) < Y, piHlo(Ipieil) + H(p) < Clpl, + H(p), (017)

where C = SUPeexir(s(m,)) Ho(p)- This shows that (iii) = (i).

To prove the implication (ii) = (iii). Suppose (iii) was false. Then for each natural
n there exists a pure state p,, such that Hg(p,,) > 2". It follows from (748) that the state
Po = Yol 27p, has finite entropy, while the concavity of the function Hg(-) implies
Hg(po) = X020 27 "Hgy(p,,) = +oo. Hence (ii) is false. This proves that (ii) = (iii).

To prove the nontrivial implication (iii) = (i), it suffices to show that (iii) implies
continuity of the function Hy, on the set extr(S(IH,)) and to apply Theorem 9.2.3. This
proves the theorem. O

Theorem 9.3.2 implies, in particular, that property (9.15) holds if and only if

HP (@)= sup  Hg(p) < +oo. (9.18)
peextr(S(Hy))

In analysis of informational properties of a quantum channel ® : S(H,) —
S(Hp), the convex closure co(Hg)(-) of its output entropy plays important role. Recall
from Section 3.4 that the function co(Hg)(-) is defined as the maximal closed (lower
semicontinuous) convex function on S(IH,) majorized by the function Hg(-). In finite
dimensions, co(Hg)(-) coincides with the convex hull co(Hg)(-) of Hg (-)—the maximal
convex function on S(H,) majorized by the function Hg (), which is given by the
formula

i PiPi=p

co(Hg)(p) = 5 inf ' piHo(p;), (9.19)

where the infimum is over all finite ensembles {p;, p;} of input states with the average
state p. In infinite dimensions, the function co(Hg(+)) coincides with co(Hg(-)) only for
positive maps (channels) with finite output entropy, but one can assume that it coin-
cides with the g-convex hull 0-co(Hg)(-) of Hg(-) defined by formula (9.19) in which the
infimum is over all countable ensembles {p;, p;} of input states with the average state p.
On the other hand, the compactness criterion for families of probability measures on
S(Hy) makes it possible to show that

So(Ho)p) = inf [ Ho(pu(ep), (9.20)
S(IH,)

where the infimum is over all Borel probability measures u on the set S(IH,) with the

barycenter p. In the following, we show that 0-co(Hg(+)) = Co(Hg()) under some con-

ditions on .
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The following result can be found in Section 3.4 when f(-) = Hg(-) : S(Hy) —
[0, +00].

Proposition 9.3.3. Let @ : ¥, (H,) — ¥, (Hp) be a positive linear map possessing the
following (PFE) property:
H(p) < +00 = Hg(p) < +00.

Then:
1. 0-co(Hy)(p) = C0(Hq)(p) for any p € S(H,);
2. the function 0-co(Hg)(-) = co(Hg)(:) is continuous and bounded on S(H,).






10 Quantum entanglement

As often stated in previous chapters, a closed (or isolated) quantum system is a system
that does not interact with any other systems and, therefore, there is no correlation
between the systems to speak of. However, an open quantum system is a system that
interacts with other systems such as its environment due to a measurement, etc. There-
fore, there is strong possibility of correlation of a quantum state on an open quantum
system that consists of multiple component systems.

Does quantum correlation exist in open systems? Are quantum correlations differ-
ent from classical correlations? The answer to these questions is affirmative. Histori-
cally, Einstein, Podolsky and Rosen [44] were the first to realize that quantum physics
comes with unfamiliar correlations that have no classical interpretation or counter-
part. This realization led them to reject quantum mechanics as a whole, despite its
remarkable success at that time. In his response to [44], Schrodinger [161] discovered
and coined the term entanglement for those strange nonclassical correlations.

What is a quantum entanglement? Roughly speaking, a pure quantum state on a
multipartite system is said to be an entangled state if it is not separable, i. e., it can-
not be written as tensor product of states on the component subsystems. The crucial
point about entanglement of states is that this opens the possibility for correlations be-
tween subsystems. It turns out that entanglement is an exclusively quantum property
and makes it possible for numerous, new promising applications of quantum mechan-
ics in computing, communication and cryptography. In particular, entanglement is of
great importance, because it is a central resource in many applications of quantum in-
formation theory like entanglement enhanced teleportation or quantum computing.

Due to its interesting applicability, entanglement (see, e. g., [89]) is still one of the
most interesting topics in modern physics. This chapter attempts to explore the con-
cepts of entanglement and investigates its relevance in quantum information theory.
To explain entanglement in greater detail and to introduce some necessary formalism,
we have to complement the scheme developed in previous chapters by a procedure,
which allows us to construct states and observables of the composite system from its
subsystems by means of tensor products.

10.1 Schmidt decomposability of states

Recall from Definition 2.7.1 that the tensor product T4, ® Ty of two linear operators
T, € £(Hy), Tp € £(Hp) is defined first for product vectors ¢ ® P € H, ® Hp by
(T, Tp) (Y ®Y,) = (T4¢) ® (TpY) and then it is extended by linearity to all vectors in
Hyp := Hy ® Hp. In this case, the space £(IHp) coincides with the span of all T4 ® Tg.
The tensor product T, ® T, ® --- ® T, of T; € £(H;) fori = 1,2,...,n can be similarly
defined.

https://doi.org/10.1515/9783110788105-010
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Consider the bipartite quantum system AB represented by the Hilbert space H,p.
Let T(H,p) be the Banach space of trace-class operators under the trace-norm | - |;.
It can also easily checked that the partial traces tr,[- - -] and trg[- - -] defined in Subsec-
tion 2.8.2, and viewed as maps

tral--] s T(Hyp) — T(Hp)
and
trp[-- -] : T(Hyp) — T(Hy)

that are completely positive and trace preserving. The partial trace map given above
includes a dual map trg[- - -] between the C*-algebras of bounded operators on H, and
H,p given by trz[a] = a ® L. try maps observables to observables and is the Heisen-
berg picture representation of tr. The dual map try[-- -] can similarly represented as
try[b] =Iob.

Let {¢;}; and {zpj};)f be orthonormal bases of the Hilbert spaces H, and Hg, re-
spectively. As mentioned earlier in this section, {¢i®l/1j};:;fl forms an orthonormal basis
of the Hilbert space I, and we can expand each { € Hyp as { = 3;; {;¢p; ® ¥; with
G = (@:i®Y;, {) o, where (-, -) s p denotes the inner product on the composite space Hyp.
This procedure works for an arbitrary number of tensor factors. However, if we have
exactly a twofold tensor product, there is a more economic way to expand {, called the
Schmidt decomposition in which only diagonal terms of the form {¢; ® ;}{S" appear.

Schmidt decomposition of pure states on a tensor product Hilbert space is defined
below.

Definition 10.1.1. A pure state p, on the tensor product Hilbert space H,p := Hy®Hp
is said to have a Schmidt decomposition if there exist an orthonormal basis {|i) 4}
of H, and an orthonormal basis {[i) 5}’ of Hp such that

+00
pap= Y VAl ae i),
i=1

for some positive constants A;,i = 1,2,.... In this case, A;,i = 1,2,... are called Schmidt
coefficients of p,z and the number of nonzero A/s in this decomposition is called the
Schmidt number.

A. Finite-dimensional case

To state and prove Schmidt decomposition (in finite dimensions), we first recall (see,
e. g., Banerjee and Roy [6]) the singular value decomposition (SVD) as follows. SVD is
a factorization of a real or complex matrix. It generalizes the eigendecomposition of a
square normal matrix with an orthonormal eigenbasis to any m x n matrix. It is related
to the polar decomposition. Specifically, the singular value decomposition of an mxn
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complex matrix M is a factorization of the form M = ULV ", where U is an m x m com-
plex unitary matrix, X is an m x n rectangular diagonal matrix with nonnegative real
numbers on the diagonal and V is an n x n complex unitary matrix. If M is real, U and
V can also be guaranteed to be real orthogonal matrices. In such contexts, the SVD is
often denoted M = ULV ". The diagonal entries 0; = ¥; are uniquely determined by M
and are known as the singular values of M. The number of nonzero singular values is
equal to the rank of M. The columns of U and the columns of V are called left-singular
vectors and right-singular vectors of M, respectively. They form two sets of orthonor-
mal bases iy, ..., U, and V;,...,V, (treated as column vectors), and the singular value
decomposition can be writtenas M = Y|, 0;ii;V;, where r < min{m, n} is the rank of M.

The following Schmidt decomposition theorem of finite-dimensional Hilbert
spaces was originally established by Schmidt (see e. g. Wilde [178]). In recent years, it
is widely used in quantum information theory (see, e. g., Nielson and Chuang [116],
Hayashi [61], Holevo [77], Watrous [173] and Wilde [178]). However, there may not
exist a Schmidt decomposition for some pure states on tensor product of infinite-
dimensional Hilbert spaces (see Theorem 10.1.6 below).

Lemma 10.1.2. Let H, and Hg be Hilbert spaces of dimensions n and m, respectively.
Assume n > m. For any vector {45 € H,p, there exist orthonormal sets {¢;}}"; ¢ H, and
{1/11-}}-’21 C Hg such that {45 = Y, a;¢h; ® ;, where the scalars a; are real, nonnegative
and uniquely determined by (4

Proof. The decomposition claimed in this lemma is essentially a restatement of the
singular value decomposition (see the paragraph above) in a different context. Fix
orthonormal bases {e;}1" ; ¢ H, and {fj}j’Z1 C Hg. We can identify an elementary tensor
e; ® f; with the n x m matrix M = [My], where My = e,f;" (" is the transpose of f;).
A general element of the tensor product {45 = Y1, Z)-"ll Bjje; ® f; can then be viewed as
the n x m matrix M, = [B;]. By the singular value decomposition, there existan n x n
unitary matrix U, m x m unitary V and a positive semidefinite diagonal n x m matrix £
such that

DI (.
M(:U[ ]V.

Write U = [U; U,], where U, is n x m and we have M; = U,ZV". Let {¢, ..., ¢} be
the m columns vector of Uj, {1y, ..., ¢,,} be the column vector of V and a;,a,, ..., a,,
the diagonal elements of X. The previous expression then becomes M, = Yo Pty
Then {45 = Yo, axPy ® Py This proves the lemma. O

Proposition 10.1.3 (Finite-dimensional Schmidt decomposition). Let H, and Hg be
two finite-dimensional complex Hilbert spaces with dim(lH,) = dim(Hg) = N. For each
¢ € Hyp, there are orthonormal bases {q,')i}?il and {z/)j}jfil of H, and Hg, respectively,
such that { = Zf\il VAi¢; ® ; holds. The two bases {¢i}fil and {1/)]-}]{1 are uniquely
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determined by (. The expansion is called Schmidt decomposition and the numbers /A;
are the Schmidt coefficients.

Proof. By definition of pure states (see Definition 2.4.1), it is easy to show that a pure
state cannot be written as nontrivial convex combination of another two states by
showing one of the coefficients, say A; = 1, and all others A; = 0 for all i # i'. This
implies that any pure state p,5 on H,p has the product form

Pag = (lup) aupl) ® (Ivi) p(virl) = (19)a(Pl) ® (1) p 1),

for some ¢ € Hy and € Hp.
If p,p is mixed, it can be written as a convex combination of pure states

Pag = Y. Pl ap (il
k

where { € Hyp and p; > O are such that }; p; = 1. Let

Pica = tig[1§)a(Gil] € S(H,) and  pyp = try[1$) 45(S1] € S(Hp).

Then

pa = trglpapl = Zpkpk,A and pp =trylpypl = Zkak,B'
3 3

But as p, € S(H,) is a pure state, we only have two possibilities: (i) either p; = 1
for some k' and p; = 0 for k # k' or (ii) py 4 is the same state p, for every k. In the
first case, p, is pure obviously, and for the second option let us introduce the Schmidt
decomposition again for each state [;) = Yi, A; |t g Vi) :

Pa = Pia = a1 ap(Gl] = zAi,klui,k>A<ui,k|> vk,
7

so both A;; and |u; ;) must be independent of k, and

Pa = ZA1'2|ui><ui|-
i

This equation is the same as the one, where A; is equal to one for some i’, and A=0
for alli # i’. With these requirements, we get [1);) = [up, vy i), and finally

P = Pl Wil = Y Dicluy, vir o) (g, Vi
X x

= uyr) (uy | ® Zpklvi’,k><vi’,k| = [P) (Pl ® pp.
3

The proves the proposition. O
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B. Infinite-dimensional case
Asisshown above, the Schmidt decomposition holds for any pure state on tensor prod-
uct of any two finite-dimensional Hilbert spaces. However, an example is given by Hu
and Yu [91] to show that the Schmidt decomposition theorem is not generally true for
bipartite pure states in infinite- dimensional Hilbert spaces.

The following result, due to [91], shows that if a pure state i on infinite- dimen-
sional Hilbert space Hy ® Hg has a Schmidt decomposition then it is necessary that its
matrix of amplitude M as defined in Section 10.2.1 has a singular value decomposition.

Proposition 10.1.4. LetH, and Hy be two infinite-dimensional complex Hilbert spaces.
Let p, be a pure state on the composite Hilbert space H,g and let M be an infinite
matrix of amplitude of p 4. If p 45 has a Schmidt decomposition, then there exists unitary
operators U and V and a diagonal operator D with nonnegative eigenvalues on I>(N; C)
such that M = UDV.

Proof. From the definition of the Schmidt decomposition for a bipartite pure state p 4z,
there exist orthonormal bases {|i) A};;Of for system A and {Jj) B};;Of for system B, such
that

+00
pag =Y Aliya ®li)p, (10.1)
i=1

where A; are nonnegative real numbers, which satisfy Y75 A? = 1 known as Schmidt

coefficients. Let M = [a,-j]f,}ffl be the matrix of the amplitudes of p 45, where

A = (Pap> DA ® 1B H,,
Since {|i)4 f:of’ is an orthonormal basis for Hilbert space IHy, there exists an infinite-
dimensional unitary matrix U = [uij]:j":ol such that
+00
liya =Y wilidp, i=1,2.... (10.2)
j=1

Similarly, there exists an unitary matrix V = [v,,,],>,_; such that

+00
g = vilda j=12.... (10.3)
i=1
Substituting (10.2) and (10.3) into (10.1), we have
+00
Y= widvalida @ 1K)p. (10.4)

ijk=1

Comparing (10.4) with (10.1), we have ay, = Y7 ujA;vy. Let
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AL 0 -~ 0
0 A - 0
D= N
0 0 - A,
Obviously, D is an diagonal operator and M = UDV. This proves the theorem. O

Corollary 10.1.5. Suppose M is the infinite-dimensional matrix of the amplitudes of pure
state y on H g, which has Schmidt decomposition. Then there exist a unitary operator
U and a Hermitian operator P on I>(N; C) such that M = UP.

Proof. From the above Proposition 10.1.4, there exist unitary operators U and V, such
that M = UDV = UVV*DV, where D is a diagonal operator. Let U = UV, P = V*DV,
then M = UP. Itis easily seen that U is a unitary operator and P is a Hermitian operator.
This proves the corollary. O

Theorem 10.1.6 (Hu and Yu [91]). There exists a pure state ) of the composite systems
A and B, which does not have Schmidt decomposition.

Proof. Let

o O o ©

+00
M = layl;j5 =

1
v
0

© o o o o ©
© o o o o g~
©o o o ol o
© o o3 o o
© ©o o o © ©

It is clear that ¥ ¥'7 |a1-]-|2 = 1. Therefore, M is the matrix of amplitudes for some
pure state i on the composite system H,p. If i has a Schmidt decomposition, then
from Corollary 10.1.5 there exist a unitary operator U and a Hermitian operator P, such

that
M =UP orequivalently P = U* M.

Under the orthonormal basis |i) 4 ® |j) 5, U* is represented as an infinite- dimensional
matrix
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ap dp Qi
ay ap ayn

U'M=MU
or equivalently
ay Qap - A - 1
o — 0 ...
Ay Ay - Gy - V2 1
S 00 7 0
: : : : : 0 0 0
anl anz “ee ann oo
(1) 0 00 - ap Gy ax
B (1) 00 - ap ap daxp
N 0 7z 00 - Q3 dp Az
From the above equality, we see a;;=0,1< j < co. Thus,
0 0 0
ay ap arn
U = :
an Ay Apn
and
0 ay an
0 ay ap
U= : :
0 E2n ann
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Obviously, the vector e; = (1,0,0,...)" € P(N; C) belongs to the kernel of U, which
means that ker(U) # 0. This is a contradiction, since U s a unitary operator on P(N; C).
Thus, M cannot be written as the product of a unitary operator and a Hermitian oper-
ator. From Corollary 10.1.5, 1 does not have Schmidt decomposition. O

10.2 Separability of states

In this section, we investigate separability of pure states of a composite quantum sys-
tem in terms of a tensor product of pure states on each of its component subsystems.

10.2.1 Matrix of amplitudes

A. Bipartite pure states

To simplify the illustrations of the concepts of a matrix of amplitudes of a pure state
in a composite system, we first consider the composite systems that consist of only
two subsystems called bipartite systems. The matrix of amplitude of a pure state on
composite systems with n subsystems for n > 2 will be illustrated in part B. For that
purpose, we consider a bipartite quantum system H = Hyp := Hy ® Hy (and often
written as H,p), where H, and Hj are separable Hilbert spaces that represent the
two quantum subsystems A and B, which may or may not necessarily be the input and
output quantum system of a quantum channel discussed in Chapters 8 and 9.

Let Y € S(Hyp) be a pure state of the bipartite system AB. That is, i cannot
be written as a convex combination of any other states on Hyp or equivalently, i €
extr(S(Hyp)) (see Definition 2.4.1 for the definition of pure states).

Let {|i) 4}/ and {j) B}]-*:"lo be orthonormal bases for Hilbert space IH, and Hj, re-
spectively. From Subsection 2.7.1, we know {|i)4 ® |j) B}Zj":"l is an orthonormal basis for
the composite system AB represented by Hyp := H, ® Hp. If i) is a pure state on Hyp,
we can give an expansion of ) under this basis as i = Zf]":"l a;li) 4 ® j) g, Where

ag = (104 @ ), € C

is called an amplitude of  with ¥ [T Z;;olo Iaijl2 = 1.Let M = [ay];; be the infinite (but
countable, since both H, and Hj are separable Hilbert spaces)-dimensional matrix of
the amplitudes of pure state i on the composite system H,p.

Let I(IN; C) be the space of infinite sequences of elements (x;); in C such that
Y1 x;]? < +0o. Recall that (see Example 1.2) that I*(N; C) is a complex Hilbert space
under the inner product (-, -)p (or simply written as (,-), when there is no danger of

ambiguity):

+00
xyp = ZXiYi»
i-1
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VX = (X, X0 e s X oo )Y = (Vs Vs oo Yoo+ 2) € (N; C),
where y,, denotes the complex conjugate of y, forn =1,2,.
In the following, we prove M = [a 1;]1 41 Is a compact hnear operator on *(N; C).

Lemma 10.2.1. Let i be a pure quantum state on H,p and let M = [a;);;2; be a matrix

of amplitude of . Then M is a compact linear operator on the Hilbert space I>(N; C).

Proof. (1) Forn=1,2,...,let M,, be the nth column vector of the matrix M, i. e.,
M=M,M,,...,M,..)=(M M, M, ),

where M, denotes the transpose of the column vector M,,. We have for every x ¢
P(N; C),

Mx

M, M), MT,..) x
(M-, M -x,...M] -x,...)"
(M}, XY, (M, X) sy ... (M, X))

where M;" - x = (M;,X), denotes the L, inner product of the row vector M;" with x for
i=12..... Therefore,

5 +00 5 +00 5 5
IMxI3 = ) (M, X051 < ) IMylI51x115

n=1 n=1

+00 +00 3 5 3
=) lagl*Ixl3 = lIxI3.

i=1 j=1

This shows that M : P(N; C) — I*(N; C) is a bounded linear operator with the operator
norm M|, <1

(2) To prove M is a compact operator, it suffices to show there is a sequence (T,);; %}
of operators of finite rank such that |[M - T,ll,, — O whenn — +co. Because M =
[a;];;%) is the matrix of the amplitudes of 1, we have Y7 ¥ -|2 = 1. Set the se-
quence of matrices {T,};%} as follows:

ag ap ... a, 0 O

ay ay ... 4y 0 0
o 10.5
" ay Qp ... @G, 0 0 -- (10.5)

0 0O o 0 oO

o



252 —— 10 Quantum entanglement

It is clear that the matrix T, has finite rank n for n = 1,2,.... Denote s =

LY lagl* =1and s, = Y1y YL lagl* forn = 1,2,..... It is clear that the sequence

(Spno; converges to s absolutely. We have

BT

0 1
0 0 T al(n+1) al(n+2) e BT

2

0 0 T 0 a2(n+l) a2(n+2) .
_ . . _ T

M-T, 0 o ... 0 a a e - B,
n,n+1 n,n+2 BT
n+1
Ani11 112 0 Auein il Anetne2 BT

From the fact that Y7 Y77 lag|* = 1, we have B; € P(N;C) foralli = 1,2,.... Let

lél(lN; C) be the closed unit ball of *(N; C), i. e.,

E,(N; ©) = {(6)i% € PIN; Ol 063l < 1.

We have for every x € Iil(lN; Q),

Bl BJ -x (B, %),
B, Bj -x (By, X);
M-Tyx=| B |x=| B .x |= (B,.%),
B;1r+l B;’lr+1 "X <Bn+1’)_(>2
B, B;1r+2 X <Bn+2))_(>2

Then
5 +00 )
|1 = To)x]y = 3 1B, 3|
i=1
lOO 2 2 +00 2
< Y IBl3lxll5 < ) 1IB;ll3- (10.6)
i=1 i=1

From the definition of B;, i = 1,2,..., we have

+00 5 n 3 +00 5
Y IBl =) B3+ Y 1Bl
i=1 i=1

i=n+1

n +oo +00 +00
=Z z |aij|2+ Z Z |aij|2
i=1j=n+1 i=n+1 j=1

=|s-s,l. (10.7)
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From (10.6) and (10.7), we have ||(M - Tn)xllg <|s-sylforallx e lil(]N; C). From the
definition of the norm of the operators on I*(IN; C), we have

IM=Ty2, = sup [(M-Txl3<ls-s,] —»0 asn— +co.
xel2, (N;C)
This shows that M : *(N; C) — (IN; C) is a compact operator. O

Recall from the polar decomposition theorem 1.8.11 that if T is a compact operator
on Hilbert space H and if A is the unique positive square root of T*T, then (a) [|Ahlly =
| Th| for all h € H; and (b) there is a unique operator U such that ||Uh|y = ||h]l; when
h 1 ker(T), and Uh = 0, when h € ker(T) and UA =T.

The following result is due originally to Hu and Yu [91, 92].

Theorem 10.2.2. Let1) be a pure state in Hp, and let M be the matrix of the amplitudes
of Y. Then M has polar decomposition.

Proof. This follows from Lemma 10.2.1 and polar decomposition restated above (see
also Theorem 1.8.11). O

Lemma 10.2.3. If M is the matrix of the amplitudes of a pure state i) on Hyg, then M =
xy*, where x,y € I>(N; C) if and only if M is a bounded linear operator with rank 1.

Proof. (=) Assume that M = xy*, for some x, y € I2(N; C). For every z € I2(N; C), write

Z
2
z= :
Zn
We have
Z
%
T T - : N
Mz=xy'z=x(y1,¥2-->¥p---) : :x<z izi>.
z i=1

n

This implies that range(M) c span(x). But M # 0. Therefore, rank(M) = 1.

(&) Assume that rank(M) = 1. Denote M = (M}, M,, ..., M;,...) and without loss of
generality, we can assume that M; # 0. Suppose the vector e; € I*(IN; C) is the vector
with all Os except for a 1 in the ith coordinate. We have Me; = M; and Me; = M;. Then



254 —— 10 Quantum entanglement

M;, M; € range(M), but rank(M) = 1, so there exists A; € C such that M; = A;iM;. We
have

M = (MI’MZ""’Mi"")
= (Ml,Ale,. "’AiMl" ..)
:Ml(l’AZ""’Ai"")‘

Denote x = M; andy = (LA,,...,A;,...)". This shows that M = xy*. Since M is an
amplitude of the pure state 1, we know x,y € I(N; C). This proves the lemma. O

B. Multipartite pure states

Here, we extend the concept of matrix of amplitudes for bipartite pure states to pure
states on a composite quantum system that consists of n subsystems. Let H® be the
complex Hilbert space that represents subsystem A; for k = 1,2,...,n. Then the com-
posite system can be represented by the Hilbert space H = HY e H? @ --- @ H™,
where n > 3 (Note that we have temporally changed the notation of the Hilbert space
for the component subsystems from the previously used notation H; to H® in order
to accommodate double indices used below). If { Ieg))};i‘fl is a an orthonormal basis

for H® fork =1, 2,...,n, then it can be shown that

2 +i
{le”) @le)y o olel) @}
Assume that each of the component Hilbert space is finite-dimensional with
dimM®%) = dy for k = 1,2,...,n. Then any n-partite pure state 1) on a finite-
dimensional composite system H can be expressed as

a4 4 dy,
ll)z Z z Z a; ;i ..i e§1)®e§2)®--~®e§"),
12" Ty 153 1,
i=11,=1 i,=1

where a; ; .; are called the amplitudes of i with
d, d, d,
2
z z o z |ai1i2"'in| =1L
ii=1h=1  i,=1
Consider a n-partite composite system A4, - - - A, represented by the Hilbert space

]I_IAIAZ"'An = ]I_IAl ®]HA2 Q- ®H‘IA".

We have the following result for the von Neumann entropy for the n-partite system.
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Lemma 10.2.4. Let wy y,..4, be a quantum state of an n-partite system AA, --- A, and
(P,’ii),tjj’ C B(H,,) be sequences of projectors strongly converging to the identity opera-
torsly fori=1,2,...n. Let

k -1
Wp 4,4, = A Qg a,..a, Qi

where Qi = Pff11 ® Pf12 ® - ® Pffln, A = tlQuwy a, ) and A; -+ A; , (m < n), be a

subsystem of A; ... A,. Then

1

. k
lim H(wAilAiz”'Aim) = H(wAilmAim) < +00.

k—+00

Proof. By noting that
Aka.A why S (I,Ifl ®I§1~ ®.'.®IIIZ' )w(lf; ®I§1~ ®"'®I§1~ )>
17 Tim ! ] im q ] im

this assertion can be proved by using Simon’s convergence theorems for the von Neu-
mann entropy (see the Appendix of Lieb and Ruskai [105]). This proves thelemma. O

10.2.2 Separability

Roughly speaking, we call a state p,p of an (infinite-dimensional as well as finite-
dimensional) bipartite quantum systems AB entangled if it cannot be written as a mix-
ture of product states. More precisely, we have the following.

Definition 10.2.5. A quantum state p4p on Hyp := H, ® Hp is said to be separable if
pap is in the convex closure of the subset of all tensor product states w, ® o, where
w, € S(Hy) and o € S(Hp). A state is said to be entangled if it is not separable.

Since any quantum state in each of the component systems can be written as a
convex combination of pure states in that system, therefore, the above definition can
be restated as follows: A state p,p € S(IH,p) is separable if it is in the convex closure
of the subset of all tensor products p, ® pp of pure states. Note that the convex subset
of pure states in S(IHyp) is closed in the trace-norm topology.

.....

similarly as follows.

Definition 10.2.6. A multipartite state p;, , in S(H; ® H, ® --- ® H,) is said to be
separable if it is in the convex closure of the set of all tensor product states p; ® p, ®
---®py, where p; is a pure state in S(H;) fori = 1,2,...,n. The state p;, _, is said be an
entangled state if it is not a separable state.
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A. Bipartite quantum states
Let € S(H,p) be a quantum state of a bipartite system AB. The following lemma
characterizes separability of i in terms of its integral representation.

Lemma 10.2.7. A quantum state p,5 € S(H,p) is separable if and only if there exists a
Borel probability measure p on S(H,) x S(Hg) such that

pa= || (0atole wrspudpdp) (10.8)
S(Hy,) S(Hp)
where |9) p(pl @ [Y)p @ (Y| = (|@) i, (@l ® [Y)p, (WP

Proof. Let A be the convex hull of a tensor product of pure states [) (Y| in S(Hy,)
with pure states |¢p) g(¢| in S(Hp). That is,

A= co({|p)aldl® gl | ¢ € Hy, P € Hp}).

It is clear that A is a closed subset of S(IHp). Lemma 3.3.7 states that co(.A) coincides
with the set of barycenters of all probability measures supported by .A. From Defini-
tion 10.2.5, pure state p4p € S(IHyp) is separable if and only if p4p € co(A), and hence
pag is barycenter of a Borel probability measure u supported by A or equivalently by
S(H,) ® S(Hp). Therefore, p,p is separable if and only if

pa= || (0atolowrspudpdp)
S(H,) S(Hp)

This proves the lemma. O

Definition 10.2.8. A separable bipartite state p,5 € S(IH,p) is said to be countably
decomposable if the measure y in its integral representation (10.8) is atomic. That is,
if there exists a discrete ensemble

{Dyj> 1) a(Pil ® 1)) g (1} 5] such that
pag = ), P10 aldil ® 1) p(W;1), (10.9)

ij=1

where p;; > 0 with Y77 p; = 1and |¢;) 4 (;] ® [, 5 (W] € S(H,) ® S(Hp).
The following lemma follows immediately from the above definition.
Lemma 10.2.9. If the bipartite state p,p is countably decomposable, then there exist

lay, € Hy and |B)g € Hg such that

Pap = la) 4 {al ® |B)g{BI.
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We assume here that H, and Hg both have a countable number of dimensions
(finite or infinite dimensions). That is, H, and Hy both have countable dense sub-
sets or equivalently both H, and Hjp are separable Hilbert spaces. Let {[i)4};} and
{Ii» B} °° be orthonormal bases for Hilbert spaces H, and Hg, respectively. From above,
we know {liYa ® ) B} ) is an orthonormal basis for the tensor product Hilbert space
Hyp = Hy ® Hp. LetM [a;];;) be the infinite (but countable)-dimensional matrix
of amplitudes of the pure sate ) on H,p, where

aij = (l,b, |1>A ® |j>B>]HAB eC

with ¥ Z -|2 =1

We have proved M is a compact linear operator on *(N; C) (see Lemma 10.2.1) and
it has a polar decomposition (see Theorem 1.8.11 for polar decomposition of a compact
operator).

The following result extends separability of bipartite state from finite-dimensional
Hilbert spaces to infinite-dimensional ones is due to Hu and Yu [91].

Theorem 10.2.10. A pure state y on H,p is separable if and only if there exist two unit
vectors x,y € I2(N; C) such that M = xy*, where M is the matrix of amplitudes of .

Proof. (=) Assume that the pure state i on Hyjp is separable. Then i can be writ-
ten as tensor product of a pure state ¢, = Z;’“{ xy1i"y, on H, and a pure state ¢pp =
Z] 1 Vy /j'Yg on Hg, where {|i’ )A} , and {i’ )B} | are some orthonormal bases of TH,
and Hp, respectively. That is,

Y= (Z xifli’)A> ® (Z y,vlj'>3>:
i'=1 j'=1

where x = (x,), Y =0y *“{ € P(N; C) are such that Z Ix, =1, Z |y]

As above, Y = ¥ a a;li), ® |j)p is the Fourier expansion of Y under the orthonor-
mal basis {|i), ® |j) B} 1 in Hyp. From the definition of tensor product for infinite-
dimensional Hilbert spaces, the amplitudes a;;,1,j = 1,2,... of the pure state i on H,p
can be computed as

ai]' = <l;b’ |1>A ® |j>B>AB

= <<Z x,-,|i’>A> ® ( > y,~:|j'>3>, D)4 ® |j>B>
i'=1 j'=1 AB
= < Y xpli') s |i)A> < > vilies Ij>B>
i'=1 A \j'=1 B

= XD DDAV e DB =%y Li=12...,

where (-,-)4 = (-, '>1HA’ etc.
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Set
X1 V1
X2 V2
X = : and y-= :

From the fact that Z |x; |>=1and Z |y]|2 =1, we havex,y € (N; C) and

an A o Qi

ay ap -+ a4y
[al]]l] 1= :

an1 An Ann

X1
X2

*

= : VYooV ) =xy .

(&) Suppose that M = xy*, for some x,y € P(N; (C) where ||x||2 = Y7 Ix|? < oo
and ||y||2 = Z |y] < +00. Because M = [a,] iin1 is the matrix of the amphtudes
of the pure state Y of H, ® Hp, we know Y ¥I¥ |agl> = 1. Since M = xy*, we
see q;; = X; y] from the multlphcatlon for mﬁnlte (countable) dimensional matrices.
Also from the fact that i Z |a,] = 1, we have Y9 Ix;]? Z Iy] = 1. Setting
X = "X" and y = "y” , we also have M = xy. Therefore, Wlthout loss of generality, we
can assume |x[l, = 1and |y|l, = 1 and construct two vectors |v), = 21:1 x;li) 4 and

wW)p = Z] 1 Yjli)p- We have

V)a®w)p = ( xlmA) ® ( > y,mB)

= xly,(|z>A®|z>B =Y a(li)a @ lj)p) = .

i=1 j=1 ij
This shows that i is a separable pure state on H, ® Hp. This proves the theorem. [

Lemma 10.2.11. If M is the matrix of the amplitudes of a pure state ), then M = xy™ if
and only if the determinants of all the 2 x 2 submatrices of M are zero.
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+00

Proof. (=) Assume that M = xy*, where M = a1

above, we see a; = x;y; foralli,j=1,2,.... Let

a; Qi
szz = (

a]-l a]-k

X = ()Y, andy = ()i As

be any 2 x 2 submatrix of M. It is easy to check that
det(My,,) = ayaji — auy = Xy XY — Xy Xy = 0.

Therefore, if the pure state i is separable, then the determinants of all the 2 x 2 sub-
matrices of M are zero.

(<) Assume that the determinant of all 2 x 2 submatrices of M are zeros. Suppose
the matrix M can be writtenas M = (M;, M,, ..., M;,...) where M; # 0.If M; and M; are
linearly independent for some j > 1, then any 2 x 2 submatrix of (M;, M;) is invertible
and, therefore, its determinant is zero. This is a contradiction. Therefore, M; and M ; are
linearly dependent for all j > 1. This implies that for each j > 1 there exists a nonzero
A; € C such that M; = A;M;. Then

M= M, M,,....Mj,...)
= (Ml’/\ZMl"‘ ,A}Ml,)
:Ml(l’AZ""’Aj"") :Xy*,

where x = My andy = (L,A,,... ,Zj, ...)". Since M is the matrix of amplitudes of the
pure state ), it is clear that x,y € I’(N; C). This proves the lemma. O

The following theorem follows from Theorem 10.2.10 and Lemma 10.2.11.

Theorem 10.2.12. ) is a separable pure state H,, if and only if the determinate of all
the 2 x 2 submatrices of M are zero.

B. Multipartite quantum states
Let i be a pure state on an n-partite tensor product Hilbert space

H=HYesH?g...0 H".

We assume that all component subsystems are finite-dimensional and denote d;, =
dim(H®) fork = 1,2,...,nand d = max{d,,d,,...,d,}. Let {e,((’_‘)}z_kzl.

Let i be a pure state on composite system H. The pure state Y is said to be sep-
arable if it can be written as tensor product of pure states on its subsystem, i.e., i =
YV eyp? &...oh™, where ™ is a pure state on p® fork = 1,2,...,n.

We have the following result (due to Hu and Yu [91]).
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Theorem 10.2.13. A n-partite pure state  is separable if and only if it is Schmidt de-
composable and has Schmidt number 1.

Proof. (=) Assume that the pure state i) is separable. Then ¢ = YV e p@ - o p™,
where l/)(k) is a pure state on H® for k = 1,2, ..., n. We construct an orthonormal basis
{Iel((’f))}z'k:1 fork = 1,2,...,n as follows. First, for k = 1,2,...,n, let Ieik)) = l/)(k). Then

we choose |€§f), Iy =2,3,...,nso that {|e; k)} , forms an orthonormal basis for H® for
k=12,...,n. Now choose Ay =1and )lz = /\3 = ... = A3 = 0. Then the n-partite pure
state i can be written as

d
=Y hlel) o) @),
k=1

which is a Schmidt decomposition with the Schmidt number 1.
(&) We assume that the n-partite pure state i is Schmidt decomposable and has
Schmidt number 1. Assume that A; # 0 and we have

= ZAkle“’>® e) @ ole)
=Mle) o le?) @ o e”)

where |e§k)) is a pure state on H® fork =1,2,...,n. This proves the theorem. O

Taking into account of Theorem 10.2.13 separability of any n-partite pure state can
be proved by finding its Schmidt decomposition. In order to obtain the Schmidt de-
composition of a n-partite pure state ), we need to compute (1) the density operator
Py» (2) the reduced density operators p(k) of Py fork =1,2,...,nand (3) the eigenvalues

A, of p(k) for k = 1,2,...,n. However, it is hard to compute all the eigenvalues of high-
dlmensmnal density operators exactly. Theorem 10.2.13 does not give us an effective
criterion. In the following, we will introduce some effective separability criterions. Any
quantum state can be represented by a density operator. For an n-partite pure state i
on the composite system H, its density operator is Py = [) (l. Taklng the partial trace
operation on each kth subsystem H®, we get reduced density p 1p = tryw (0y)-

Fork =1,2,...,n, where prk) are matrices related to the reduced density operators

pf/f) and E; are the identity matrices with the same dimension as M. U fork =1,2,...,n
The following lemma can be easily proved by using the characterizations of den-

sity operators and the proof is omitted here.

Lemma 10.2.14. The rank ofMl(le), k =1,2,...,nare all equal to 1if and only if the fol-
lowing condition holds:

det(M{’ ~E) =0, k=12,...,n. (10.10)
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In order to prove the separability of an n-partite pure state i, there is no need to
find the Schmidt decomposition because of the following result, which is also due to
Hu and Yu [91].

Theorem 10.2.15. Ann-partite pure state on H is separable if and only if Condition 10.10
holds.

Proof. Taking into account Theorem 10.2.13 and Lemma 10.2.14, we need only to prove
that the n-partite pure state is Schmidt decomposable and has Schmidt number 1 if
and only if the rank of matrices lebk) are equal to 1 for k = 1,2,...,n. If the n-partite
pure state Y is Schmidt decomposable and has Schmidt number 1, then we have i) =
Ief)) ® Ie?)) ® |e§")). We can calculate the density operator

2 2
py = )Wl = |e§1) ®e§ ) ®~--®e§"))(e§1) ®e§ ) ®-~~®e§")|

and the reduced density operators

,01(;) = tryw (Py)

—1oM) g p@ g ok=1) o k1) o (M)
=lej’®e” ®e; Vo€l ®e")

(egl) ® egz) ® egk"l) ® eik”) ® ei")l (k=1,2,...,n).

Therefore, we have

1 0 0
O o0 --- 0

M= . . . . | k=12..n
o o0 --- 0

This means that M¥ (k =1,2,...,n)only have 1 to be their nonzero eigenvalues. There-
fore, Condition 10.10 holds.

On the other hand, all M :,Jk) (k =1,2,...,n)only have 1 to be their nonzero eigenval-
ues. Let f(k); be the eigenvector corresponding to the eigenvalues 1 for k = 1,2,...,n
respectively. Then we have ¢ = fl(l) ® fl(z) ® fl("), which is the Schmidt decomposition
of i with Schmidt number 1. Therefore, ) is separable. This proves the theorem. O

The above theorem can be used to determine if an n-partite pure state is separable
or entangled.

Example 10.1. Consider the n-cat state (in honor of Schrodinger’s cat) i = %(m@") +

[1®"y) with the Eiinsten—Podolsky—Rosen—-Bohm pair ‘/7§(|00) + [11)) for n = 2 and

Greenberger—Hone-Zeilinger—-Mermin state $(|000> +]111)) when n = 3. We have the
density operator forn=1,2,...,
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plp _ %(|0®n><0®n| + |0®n><1®n| + |1®n><0®n| + |1®n><1®n|)
and reduced density operators
Pf,f) _ % (|0%mD) (0D 4 18Dy (gotn-D)),

This means that

10 0 0
00 - 00
My=\ . . . . .| k=12..n
1
00 - 0 3

Then we have det(Ml(l)k) -E) = % # 0fork =1,2,...,n. Therefore, the n-cat state is an
entangled (i. e., not separable) state according to Theorem 10.2.15.

In the following, we will express separability of the n-partite pure state i in terms
of its matrix of amplitudes M = w(a;;,..; ] and its reduced matrices M;, which takes
the following form fork =1,2,...,n:

aig..111--111 ajy..121--111 e aiy..1d, 1111
ap..111--112 ajy..121-112 s ai1..1d, 1112
aii..111-11d ai1..121-11d e ai1..1d,1-11d
M, = " " A (10.11)
@iy Vi Bisiyiy 2iggty " Biigei il iy
Adydy-dy s 1dy-dy  Aydydi i 2py-dy "7 Adydydy g didyg-d,

The following lemma follows from a straightforward calculation and is therefore
omitted.

Lemma 10.2.16. The reduced matrices M!(l}k), k =1,2,...,nsatisfy the following relation:

MY = MM, k=12,...,n, (10.12)

where My(k = 1,2,...,n) are given by (10.11) and M;, is the Hermitian of M, for k =
1,2,...,n.

Theorem 10.2.17. A n-partite pure state is separable if and only if the rank of matrices
M, areequaltolfork=1,2,...,n.

Proof. From Theorem 10.2.15 and Lemma 10.2.14, we know that a n-partite pure state y
is separable if and only if the rank of matrices Ml(pk) (k=1,2,...,n)areequalto 1. Taking
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into account of Lemma 10.2.16, we know that the rank of matrices Ml(pk) k=1,2,...,n)
are equal to 1 if and only if the rank of M; (k = 1,2,...,n) are equal to 1. This proves
the theorem. O

The following corollary follows easily from Theorem 10.2.17.

Corollary 10.2.18. An n-partite pure state i is separable if and only if the determinants
of all of the 2 x 2 submatrices of My, (k = 1,2,...,n) are zeros.

10.3 Measurements of entanglement

Recall from Definition 10.2.5 that a quantum state p45 on Hyp := H, ® Hp is separable
if p4p is in the convex closure of the subset of all tensor product states w, ® op, where
w, € S(Hy) and o5 € S(Hp). A state is entangled if it is not separable.

According to Holevo—Shirokov-Werner [84, 85], a separable bipartite p,p €
S(Hyp) (Hyp is an infinite-dimensional Hilbert space representing the bipartite sys-
tem AB) can be characterized by Lemma 3.3.7, which states that a state pyz on Hyp
is separable if and only if there exists a Borel probability measure on S(IHy) x S(Hg)
such that

o= || (onatolewpwiudody).
S(Hy,) S(Hp)

In the finite-dimensional case, application of Caratheodory’s theorem reduces
this to the familiar definition of a separable state as a finite convex combination of
pure states. In general, we call the state p,5 countably decomposable if it is possible to
find a representation (10.8) with a purely atomic measure u on S(H,p). In other words,
if p 4,5 admits the following decomposition:

PaB = Zpipﬁ’ ®p§), p; =0, Z pi=1 (10.13)
i i

where pg) and pg) are density operators representing subsystems A and B, respectively.
In the case when p 45 can be written in the above form, it is called separable or classi-
cally correlated .

Although detection of quantum entanglement is not one of the main topics to be
discussed in this book, one of the most important problems we have to face is that
there is no simple way of deciding if a given state p,5 is entangled or not. Other than
its characterization stated in Lemma 3.3.7, the general problem of separability remains
unresolved despite the fact that huge effort has been expended so far to invent stronger
and easier to apply separability criteria (see, e. g., the recent review on detection of
entanglement Ghne and Tuth [52]).
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We need the following preliminary results for investigations of measurements of
entanglement in the following three subsections. The proof is omitted.

Lemma 10.3.1 (Fannes’ inequality [48]). Let o and p be states on a finite-dimensional
Hilbert space H with dim(H) = d < +oo. If |0 — pll; < 1/3, then

|H(0) - H(p)| < log(d)llo - pl; - llo - pll; log(llo - plly)- (10.14)
Lemma 10.3.2. Let H be a separable complex Hilbert space. Let w be a state that is
supported on a finite-dimensional subspace of S(H), and let (a)n);'l‘jl’, w, €S (H®"), be
a sequence of states satisfying
: en| _
HIHPH la, = ™, = 0.
Then
H(w) < liminf 1H(a),,). (10.15)
n—-+oo n
Proof. Let P be the projection operator on the support of w, and let
Mn = P w P, A, = In,ll;. (10.16)

The trace-norm distance is nonincreasing under trace preserving with completely pos-
itive maps. Therefore,

W =1l + (1= 2A,) < [0®" = wylly. (10.17)

Hence, if lim,,_, ., |w®" - w,|l; = 0 holds, then also lim,_,, , |w®" - 1,ll; = 0, and
lim,_, o, A, = 1. In turn, if lim,_, ., |w®" - n,l; = 0, then

im I14,w®" = 1,1l = O, (10.18)
as
M @®" = nglly < Ay =11+ 0™ = ;. (10.19)
The triangle inequality yields
|H(w®") - H(n,)l
n
< H@D = Bl g 30 H ) - TogyA) /). (10.20)

/n

The second term on the right-hand side in (10.20) certainly vanishes in the limit n —
+00, as H(n,)/n < C for all n € N for some appropriately chosen C > 0. By applying
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Fannes’ inequality (see Lemma 10.3.1) on the first term and by making use of (10.19),
one can conclude that

hm |H(w®n) _H(P®nwnp®n)| _

n—+co n

0, (10.21)

iflim,,_, o, lw®" - wyl; = 0. Using the function n defined as nx) = —x log,(x), one finds
that

lim inf lH(a)n) > liminf 1 tr[P*"n(w,)] = H(w),
n—+0o0 n n—+o00 n

which is the statement of the lemma. This proves the lemma. O

In preparation for investigation of the three measurements of entanglement (en-
tropy of entanglement, relative entropy of entanglement and entanglement of forma-
tion) for energy-constrained quantum states, we recall the following.

Let H be an $)-operator defined on the composite Hilbert space H,p = Hy ® Hp.
That is, H is an unbounded positive linear operator on H g with a discrete point spec-
trum (eigenvalues),

MsAh< <A, <

of finite multiplicity will be called an $)-operator. The operator H normally denotes
an Hamiltonian that represents an energy of the system. In this case, the quantity
tr[oH] represents the expected energy under the state ¢. For a given number M > 0,
let Ky (M) c S(Hyp) be the set of states with a mean energy of at most M, where

Kg(M) = {0 € S(H,p) | trloH] < M}.

It has been shown in Theorem 3.2.5 that Ky (M) is a compact subset of S(H,5) under
the trace-norm | - ;.

In the following, results on measurement of entanglement of energy-constrained
states in Ky (M) will be explored. In particular, we will see, unlike in the unconstrained
case illustrated in Proposition 10.3.4, that in sequence of energy-constrained states
(ak),tjj’ C Ky(M) that converges in trace-norm || - ||; to some state 0 € Kyx(M), the
sequence of the entropies of entanglement of o} necessarily converge to that of entan-
glement of 0.

Let H be an $)-operator on a separable complex Hilbert space H. To explore
asymptotic results of entropy of entanglement, relative entropy of entanglement and
entanglement of formation for energy constrained state w € Ky (M) is obtained below.
For each n ¢ N, we define an $™-operator on H*" as follows:

H” —Hol®---9l+--+Iole®---oIoH. (10.22)

n factors n factors
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In the following subsections, three different types of entanglement measures for
bipartite quantum states will be explored, namely, (i) entropy of entanglement; (ii) rel-
ative entropy of entanglement and (iii) entanglement of formation will be explored.

10.3.1 Entropy of entanglement

Entanglement measures give an account of the degree of entanglement of a given en-
tangled bipartite quantum state p,5 € S(IH,p). One of such measures is the entropy of
entanglement denoted by EoE(-) : S(Hyp) — [0, +o0[ is defined below.

Definition 10.3.3. For a pure state p,p € S(IHp) of a composite system AB, its entropy
of entanglement EoE(p,p) is given by

EoE(p4p) = H(trglpapl)(= H(tra[pagl)), (10.23)

where H : S(Hy) — [0, +oo[ (H : S(Hp) — [0, +oo[) denotes the von Neumann en-
tropy defined by H(o) = tr[n(o)],

-xlogx forx 0,

ne) = { 0 forx = 0.

foro € S(H,),and try[-] and trg[-] are the partial traces of [-] taken over the component
Hilbert space H, and Hp, respectively.

The entropy of entanglement EoE(-) defined above is a functional mapping com-
posite state space S(IH,p) into the set of nonnegative real numbers [0, +oo[; the larger
the number is, the more entangled is the quantum state. For example, if p45 = p4 ® pg
is a product pure state, then EoE(p,5) = H(trg[p,gp]) = H(p,) = O, since p, is a pure
state on Hy.

The entropy of entanglement quantifies to what extent the state departs from a
product state—it may be very different from zero for states and yet they can be very
‘close’ to pure product states in the trace-class norm as shown in the following exam-
ple.

Example 10.2. Let 0, = [tho)45(Wol, Where 1, = ¢} ® ¢} is the ground state of the
bipartite system AB. Let (ak)k be a sequence of pure states oy, = |13 ) a5{Yi|, Where

= \1-8iho + oV el (10.24)

and 6, = 1/log(k). In fact, the sequence (ak),fl’ converges to g, in trace-norm | - |,
i.e., limy_, o lloy — 0pll; = 0. However, lim;_,, ., EoE(0y) = 1, whereas EoE(g,) = O,
since 0y, it is a product state.



10.3 Measurements of entanglement —— 267

A. Unconstrained states
The following results in the remaining of this subsection are due originally to Eiser—
Simon-Plenio [45].

Proposition 10.3.4. For all ) € Hyy and all € > 0, there exist a vector ¢ € Hyp such
that [} ap (Y| — 19} ap(Plll; < € and yet

EOE(¢p) := H(trg[|dh) ap(Pl]) = +00.

Proof. According to the Schmidt decomposition (by Proposition 10.1.4, which can
be applied in this infinite-dimensional setting), there exists an orthonormal basis
Y}, of H, and an orthonormal basis {1/1)(3") 10 in Hp such that y € Hyp can be
written in the form

+00
Y= o™y ey, (10.25)
n=1

where {p(")};ﬁ’) forms a probability distribution. For each n € N, define a sequence
{qf(")},’;fl’ through q,(f) = py, and

(n) 2
g =2+ (’;n logam?) - 23, (10.26)
k

where §; > 0 is chosen in such a way that {q,ﬁ”) 97 is also a probability distribution.

This gives rise to a sequence of state vectors (;);) ¢ Hyp defined as

+00
Y= ) g vl e gy (10.27)
n=1

The sequence (p<">);:_>g is convergent by using the fact that f : [0,1] — [0, +oo[ defined
as f(x) = —xlog, x is monotonously increasing on [0, €] for some € > 0. One can show
that H(trg[|s) a(W¥xl]) = +oo for all k € IN. However,

+00
lim ||[4) ap (Wl = 1Y) ap Wi, = lim z Ip™ - q,(cn)| =0. (10.28)
k—+0c0 k—+0c0 =1
This proves the proposition. O

B. Energy-constrained states
Let H be an $-operator defined on the composite Hilbert space H,p = Hy ® Hp and

KgM) = {0 € S(Hy) | trf[oH] < M}.



268 —— 10 Quantum entanglement

In the following, results on the entropy of entanglement of states in gy (M) will
be explored. In particular, we will see, unlike in the unconstrained case illustrated in
Proposition 10.3.4, that in sequence of energy-constrained states (03 ),y € Ky(M) that
converges in trace-norm | - ||; to some state o € Kyi(M), the sequence of the entropies
of entanglement of o) necessarily converge to that of entanglement of o.

Contrary to the unconstrained bipartite state case (see Proposition 10.3.4), we have
the following result for the EoE of constrained bipartite states.

Proposition 10.3.5. Let M > O, let 0 € Ky(M) and let (ak),tfl’ be a sequence of states

0 € Ky(M) satisfying limy_,, ., lloy — ol = 0. Then

lim |EoE(o) — EoE(gy)| = 0. (10.29)
k—+00
That is, the entropy of entanglement EoE(:) : Kg(M) — [0, +oo[ is a trace-norm contin-
uous functional.

Proof. This statement is a consequence of a statement concerning the continuity of
the von-Neumann entropy under an appropriate constraint of the energy (see Propo-
sition 7.3.7): If (wy);] is a sequence of states taken from Ky (M) satisfying w; — w in
trace norm for some state w € Kgx(M), together with the above assumptions concern-
ing the spectrum of H, then

]<E£an(wk) = H(w). (10.30)
The states w := trz[o}] with K := H, form such a sequence, since
[trglow] — trglol]|, < lloy —oll;,  Vk e N, (10.31)
by the contraction property of the partial trace under trace norm, and since
tr[P,Htrg[o,]] < tr[Hoy] < M,
where P, : Hyp — Hy is a projection of H,p onto H,. Hence,

lim |(H(trgloy)]) - H(trglo])| = 0, if kEIPoo loy —oly =0.

k—+00
This proves the proposition. O

The proof of the next proposition follows exactly as that of Proposition 10.3.10
with a few small minor but necessary modifications and is therefore omitted.

Proposition 10.3.6. Let H be an $)-operator on H and M > 0. Let 0 € Kyxg(M) be a
pure state that is supported on a finite-dimensional subspace of S(H), and let (0,,);] ¢
Kgmw (nM) be a sequence of states satisfying
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lim |o,-al,=0. (10.32)
n—-+oo
Then
EoE — EoE(a®"
nliinool oE(a,) - OE(c™")| _o. (10.33)

10.3.2 Relative entropy of entanglement

The following concept and properties of the set of separable states in a bipartite
system AB was first introduced and investigated by Werner [176], Clifton etal. [25,
26, 59], Brocker and Werner [16], Horodecki and Lewenstein [88] and Horodeski—
Cirac-Lewenstein [87].

Definition 10.3.7. The set of separable states, denoted by S, (IHyp), is defined as the
set of states w € S(Hyp) for which there exists a sequence (cuk);fj’ c S(Hy) ® S(Hp),
such that lim;_, ,, llwy — wl; = 0 and such that each w is of the form

+00 . .
w =Y P e, (10.34)
i=1

where ng"i) € S(Hy), ng"i) € S(Hp) and {pgk)};"f’ form a probability distribution for all
k eN.

For both finite and infinite-dimensional cases, the set of separable states,
Ssep(Hyp), is the closed convex hull of the set of product states (with respect to the
topology induced by the trace norm).

Definition 10.3.8 (Relative entropy of entanglement). The relative entropy of entan-
glement is the map REOE : S(H,g) — [0, +0o[ defined by

REoE(w) = inf H(wlp), (10.35)

P sep AB)

where H(:||-) : S(Hp) x S(H,p) — [—00, +00] is the relative entropy defined by Defini-
tion 8.1.3.

Similar to the EoE of bipartite states for energy-constrained case (see Proposi-
tion 10.3.5), we have the following continuity result for REoE.

Proposition 10.3.9. Let H be an $)-operator and M > 0. The relative entropy of entan-
glement REOE : Ky(M) c S(H,g) — [0, +00[ is continuous in trace-norm | - ;.

Proof. Let (0y);] be a sequence of states with the constraint Ky(M) for which
limy_, ., lloy — ol; = 0. Since Ky (M) is a compact subset of S(H,p). Let p; € Ky(M)
for each k be the state for which
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REoE(gy) =  inf )H(Uk"P) = H(oyllpy)

pPE sep\'1AB

(such a state exists, due to the compactness of the set Ky (M) and the lower semicon-
tinuity of the relative entropy H(||-)). Then

|REOE(0) — REoE(ay)| < |H(0) — H(0y)| + |-tr[olog(p)] + tr[oy log(py)]|.  (10.36)

As o, 0y € Ky(M), limy_,, ., |[H(0y)—H(0)| = 0. The second term on the right-hand side
of (10.36) is bounded from above by

|-tr[olog(p)] + tr[o} Jog(py)]|
< |-tr[olog(p)] + tr[o log(wy)]|
+|-tr[o log(wy)] + tr[oy log(wy)]|
+|-tr[oy log(wy)] + tr[oy log(wy)]), (10.37)

where wy = |lo — oy |l,0% + (1 — |lo — 0y ]l;)p- Due to the operator monotonicity of the
logarithm,

—tr[olog(p)] + tr[o log(w;)] = log(1 - |l — 0 lly) (10.38)
holds. But - tr[o log(p)] < —tr[o log(w)] and, therefore,

klim |-tr[olog(p)] + tr[o log(w;)]| = O. (10.39)

In the same way, one finds that lim,_, , ., |- tr[o} log(w; )] +tr[o} log(p,)]| = 0. The third
term on the right-hand side of (10.37) can be dealt with just as in Donald and Horodeski
[41], where the Gibbs state plays the role of the maximally mixed state: Since

|-tr[olog(w - k)] + tr[oy log(wy)]| < llo — oy lly|| log(wy)]| s (10.40)
one can again make use of the operator monotonicity of the logarithm to find

[ log(wy)| ., < —log(llo - aylly) + || log(aﬁ)”oo, (10.41)

and hence, lim;_,, ., |-tr[olog(w;)]+tr[o; log(wy)]| = 0. Collecting the partial results,
one finds that lim; _, ., |IREoE(0) — REoE(ay )| = 0. This proves the proposition. O

The asymptotic behavior of energy-constrained REOE is explored in the following
proposition.

Proposition 10.3.10. Let H be an $-operator on H and M > 0. Let 0 € Kyx(M) be a
pure state that is supported on a finite-dimensional subspace of S(H), and let (on);fl’,
0, € Kygm (M), be a sequence of states satisfying lim,,_, ,, lo, — 6®"|l; = 0. Then
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®ny
lim /REOE(@™) - REOE(0y)| _ o

n—+0o n

(10.42)

Proof. The first step of the proof can be performed just as in Lemma 10.3.2. Let { €
Ky(M), let w be a state that is supported on a finite-dimensional subspace of Ky (M)
and let (wn);‘:xl’, w, € Kygw(nM) be a sequence of states satisfying lim,,_,,, lw, —
w®"|; = 0. Then

H({lw) < lim Jri(r)lof%H((@’"Hwn) (10.43)

holds. The validity of (10.43) can be seen as follows: the relative entropy of {*" with
respect to w®" can be written as

H({®"|w®") = sup suptr[P,(n(pn®" + (1 - p)w®™] (10.44)
pelo,1] P,

where the second supremum of the above equation is taken over all finite-rank pro-
jection operators P,, on H. So just as in Lemma 10.3.2, applying the triangle inequality
and Fannes’ inequality several times yields (10.42). In particular, one has to make use
of the inequality

[H(p¢®" + (1- p)w®") — Hp¢®™ + (1- p)n,)|

n
o H@E" + 1 - p)o®™) - HpS™ + (1 - p)na/A,)
B n
L H®E" + (1= p)a/Ay) - HRS®" + (1~ p)ny)|
n

Equation (10.22) is now the starting point of an argument along the line of the argu-
ment of Wehrl [174] and [175]. Since the free energy can be expressed in terms of the
relative entropy according to

%F(wn,ﬁ, H®") := H(0®"|w,)/n - log(tr[e PH])/B,

it has the property
F(w,8,H) < lrllr_r}glof HF(wn,B,H ), (10.45)
implying that
BrelwH) - Hw) < liminf (8 tr|w,H"] - H(w,) (1046)

and, therefore,

-H(w) < liiqul +iélof(—H (wp)/n)
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+ Blim sup |tr[wnH(")] |/ + Btr[wH] (10.47)
n—-+o0o

for all B > 0. Again, the sum of the last two terms of (10.47) is bounded from above by
2BM, providing the inequality

-Hw) < lrilm +inf(—H (wp)/n). (10.48)
Statement (10.48) and the statement of Lemma 10.3.2 then imply that
H(w) = lim H(wp).
n—+oo

Finally, one can argue as in Proposition 10.3.10, by taking w := trz[o] and w,, := trg[o,].
This gives rise to the asymptotic continuity property stated in (10.42). This proves the
proposition. O

10.3.3 Entanglement of formation

We are concerned with the entanglement of formation (EoF), which was originally in-
troduced by Bennet et al. [7] in measuring the entanglement of a mixed state in a finite-
dimensional bipartite system. In this section, we generalize the definition of EoF to
infinite-dimensional composite system and prove that a general quantum state in a
bipartite system is separable if and only if its entanglement of formation is zero.

The presentation of this subsection is largely based on results obtained in [7], Ma-
jewski [113] and Eisert—-Simon-Plenio [45].

The original definition (see [7]) of entanglement of the formation of a mixed state
is defined as the minimum average entanglement of an ensemble of pure states that
represents the given mixed state. This definition can be mathematically formulated
as follows: The entanglement of formation or EoF for a bipartite state p,p is defined
as

EoF(pyp) = min ) p;H(tra[p;]) (10.49)

P=Pap

where the minimization is over all discrete ensembles u = {p;, p;} € P(S(Hyp)) having
probability distributions p; on rank-one density operators p; such that its barycenter
(or average state) p(u) := Y; DiPi = Pap-

The alternative approach to the definition of the EoF is considered in Majewski
[113] in the case of tensor product of two systems Hy and Hy with one of them be-
ing finite-dimensional. By using the results of Subsection 3.3, we can generalize this
approach and define the EoF in the general case by the following definition.
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Definition 10.3.11 (Entanglement of formation).
EoF(p) = _inf j H(tryp])u(dp), (10.50)

HEPy (S(H))
{p} S(H)

where Py, (S(H)) is the collection of u € P(S(H)) with barycenter p(u) = p

A. Unconstrained states
For unconstrained states, we state the following main result of EoF without a proof.

Theorem 10.3.12. The state w € S(H,p) is separable if and only if EoF(w) = 0

B. Energy-constrained states
For a given mixed state ¢ € Ky(M), M > 0, there exist (countably infinitely many)
sequences (p(’)) of p051t1ve numbers forming a probability distribution, p W5 p@ >

.-, and sequences (V) T of state vectors Y € H such that
o= p?p?) e (w?|. (10.51)
i
The pair ({p(l)}l 1 ,{1,[) ) will be called decomposition of ¢. As for a finite-dimen-

sional Hilbert space, one may define the entanglement of formation as

EoF(0) = inf ¥ piH(tr[[y ) (v, (10.52)

where the infimum is understood to be with respect to all decompositions of ¢. In
the case of a finite-dimensional Hilbert space, the infimum is always attained, and
by virtue of Caratheodory’s theorem, one can find an upper bound for the required
number of terms in a decomposition of the state. It is worth noting that, using a dif-
ferent language, a decomposition of a state ¢ can also be represented by probability
measures }, on state space with the barycenter p(u,) = Js () P, (dp).

A convergence result for EoF for energy-constrained bipartite state is given below.

Proposition 10.3.13. Let H be an $-operator on Hyg and let M > 0. Let 0 = |) 45 (¥ €
Ky(M) be a pure state, and let (0});S] be a sequence of states in Ky(M) with
limy_, o, oy — Oll; = 0. Then

klim |EoF(ay) — EoF(0)| = 0. (10.53)
—+00

Proof. We start with proving the lower semicontinuity of EoF(-) in 0. Letr > O be a
number satisfying EoF(ok) < rforall k € N. Forall € > 0, there exists a decomposition
(l) o, {l/)k %) of each gy, such that
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Y PP H(t ) 1Ol < 7 e (10.54)

The fact that 0, — o = |Y) 45(Y| in trace norm implies that there exists a sequence of
real numbers (r;); 5] with limy_,, , 7, = 0, and such that

Jim 3 p 060~ ) 4 (b - o) = 1, (10.55)
i

where 8 : R — {0,1} is the Heaviside function. For each k, construct a sequence
(i)

(q;)i%y of real numbers as

® = { P?f), ifr, - "|¢](<i)>AB<'p](<i)| -0al; >0, (10.56)
k 0, otherwise.

Similarly, define a sequence (¢“);F through

W _ { YO, ifr — 1Y) 4P| - olly > 0,
k Y,  otherwise.

It follows that

Y a H ([ 1)) < 7+ (10.57)

limy_, 4o |||l/)]((i)>AB(l/)§(i)| - ol = 0 for all i, and limy_,,, Y; ql((i) = 1. Hence, due to
the lower semicontinuity of the von Neumann entropy we can conclude that also
H(trg[o]) < r + €. As € > 0 was arbitrary, it follows that EoF(o) < r, which means that
EoF(-) is lower semicontinuous in ¢. Note that the constraint on the mean energy was
not needed in this step. The second part of the proof will be concerned with the upper
semicontinuity in 0. Let r € R such that EoF(g;) > r for all k € N. Essentially, the
proof here follows to a large extent along the line of the argument in Wehrl [174] and
[175], where additionally, we make use of convexity of the relative entropy functional.
Let ({p}(") =, {I,D;:)}l?lo) be a decomposition of 0y, and let w := trg[o], w; = trz[o;] and
wl@ = trB[|l,D§(i)) AB(I/)g) |]. On using both the lower semicontinuity and the convexity of
the relative entropy functional, one obtains

H liminf H liminf Y pVH(w?|0y). 10.
(@llop) < lim inf H(willop) < lim inf ;pk (@ llog) (10.58)
Therefore,
BtrlwH,] - H(w) < lim inf(ﬁ trlw Hyl = Y k,@H(w,‘j))) (10.59)
k—+00 -

1

and
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- H() < liminfp{(-H(w\)) + pliminf tr[w, H,] - B tr[wH,]. (10.60)
k—+0c0 k—+0c0
Hence, we arrive at

- Hw) < liminf ¥ p (-H(w)). 10.61
() < lim ini ;pk( (@) (10.61)

As EoF(ay) > r for all k € N, and the above decomposition is not necessarily optimal
for EoF(ay),

Y P H(t [97) a0 ) > (1062)

The last step is to see that H(trg[o]) = r, which means that EoF(-) : Kg(M) — [0, +oo
is also upper semicontinuous. This proves the proposition. O

Therefore, we conclude that the entanglement of formation for pure states can in-
deed by simply identified with the entropy of entanglement on the set Xy (M). A similar
argument applies again on the asymptotic limit: if we have a series of mixed states that
converges in trace-norm to the n-fold tensor product of a pure state with a finite sup-
port, then, again, one can expect an asymptotic continuity as in Proposition 10.3.10.

Proposition 10.3.14. Let H be an $)-operator on H and M > 0. Let 0 € Kyx(M) be a
pure state that is supported on a finite-dimensional subspace of S(H), and let (0,,);] €
Kym (nM), be a sequence of states satisfying

. ®n; _
[im_ o, - o™, = 0.

Then

lim |EoF(a,,) — EoF(a®™")| _

n—+oo n

0. (10.63)

Proof. One can proceed in the same way as Proposition 10.3.13. Instead of the mere
lower semicontinuity of the von Neumann entropy, one has to make use of the state-
ment of Lemma 10.3.2. This proves the proposition. O






11 Quantum mutual and coherent information

This chapter defines and explores the properties of quantum mutual and coherent
information. The classical capacities and quantum capacities of quantum channels
can be expressed in terms of this information in later chapters.

Roughly speaking, quantum mutual information, or von Neumann mutual infor-
mation, after John von Neumann, is a measure of correlation between subsystems of
quantum state. It is the quantum mechanical analog of Shannon mutual information,
whereas coherent information is an entropy measure used in quantum information
theory. It is a property of a quantum state p and a quantum channel @ and it attempts
to describe how much of the quantum information in the state will remain after the
state goes through the channel. In this sense, it is intuitively similar to the mutual
information of classical information theory.

The presentation of this chapter is largely based on works by Holevo and Shi-
rokov [82], Shirokov [150], Davies [30], Barnum—Nielsen—-Schumacher [5], Bennett—
Shor-Smolin-Thapliyal [8], Devetak [37], Wehrl [175] and Kuznetsova [102].

11.1 Quantum mutual information

Motivated by the fact that classical mutual information I(X : Y) plays an important
role in the computation of channel capacity in classical communication, we explore
below the concept and properties of I,,, (o, @), the quantum mutual information of the
quantum channel @ at the state p, in order to extend this classical result to its quan-
tum counterpart. In quantum information theory, quantum mutual information is a
measure of correlation between subsystems of quantum state. It is the quantum me-
chanical analog of Shannon mutual information.

In what follows, let H be a separable complex Hilbert space in finite or infinite
dimensions. Let T(H) be the Banach space of trace-class operators under trace-class
norm | - [|;, so that S(H) ¢ ¥, (H), where T, (H) is the positive cone of T(H).

Recall from Definition 7.1.1 that the von Neumann entropy of a state p € S(H) is
defined as H(p) = tr[n(p)], where the function 7 : R, — R is defined as

_ [ —xlogx forx>0
rl(x)—{ 0 forx =0,

and as mentioned earlier log denotes the logarithmic function based 2.
As noted in Section 7.4, the von Neumann entropy H(-) can be extended from S(H)
to T, (H) as
H(A) = tr[n(A)] - n(tr[A]), VA e T,(H). (11.1)

https://doi.org/10.1515/9783110788105-011
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We note that the above definition is an extension from S(H) to ¥, (H), because if p €
S(H) then tr[p] = 1and r(tr[p]) = 0 and H(p) = tr[n(p)] := S(p) reduces to the one
given in Definition 7.1.1. In addition, the relative entropy H(-|-) on S(H) x S(IH) defined
in Definition 8.1.3 is extended to T_(H) x ¥, (H) as

Z;;Olo (e;/(AlogA-AlogB+B-A)le;), supp(A) < supp(B),

HAIB) - | , (112
+00, otherwise,

where (e;){ is an orthonormal basis of eigenvectors of the operator A and the series
consists nonnegative terms.

Consider the quantum systems A, B and E described by Hilbert spaces Hy, Hp
and Hg, respectively.

Suppose we are given a quantum statep, € S(IH,) with its spectral decomposition

+00
pA: ZA”ei)A(eil, AiEC,i:LZ,...,
i=1

where |e;) o (€;] = le;)y, (€;]. Then pg, defined by

+00
Pra =) \//\_ilei>R ®leja
i=1

isa purification of p, in the composite system RA (see (5.25) and Subsection 5.5) for def-
inition and property of purification of quantum states), where (le;) ,);5" and (le;)g)iy
are orthonormal bases of the input system A and the reference system R, respectively.

Definition 11.1.1. Let® : S(H,) — S(Hjp) be a quantum channel from system A to sys-
tem B, and let p be an arbitrary quantum state in S(IlH, ) with a spectral decomposition
p = Y15 Aile;) a(e;l. The mutual information of the channel @ at the state p is defined
in terms of relative entropy H(-|-) as follows:

In(p. ®) = H((® ® Tp)(16h,) ar (b, I D(p) ) (11.3)

where

+00
¢p= \//\_i|ei>A ®le)p € Hyp = Hy ® Hy
i=1

is the purification vector for the state p and Jy(-) is the identity operator on S(Hp).

Note that the above definition of I,(p, @) depends neither on the choice of a ref-
erence system R represented by the space Hy nor on a purification vector ¢,, where
trpllg,) ar (@1l = p. This can be shown by using well-known relation between differ-
ent purification vectors of a given state (see (5.25), Subsection 5.5, and properties of
the relative entropy (Definition 8.1.3)).
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We need the following result regarding purification of quantum states.

Lemma 11.1.2. Let Hy be a separable complex Hilbert space. For an arbitrary sequence
(P < S(H,) converging to a state p, under the trace class norm || - |;, there exists

+00

a corresponding purification sequence (p,);>] < S(Hyg) converging to a purification
Po € S(Hyg) of the state py € S(Hy).

Proof. The assertion of the lemma follows from the inequality (see Proposition 6.1.12)

B(p,0) < llp - ol

for the Bures distance B(p, 0) = inf ¢, ~¢@,|l;, where the infimum is over all purification
vectors ¢, and @, of the states p and o. This proves the lemma. O

Recall that Q€(A, B) denotes the set of all quantum channels from S(H,) to S(Hjp)
endowed with the strong convergence topology, where a sequence (9,);%) ¢ Q€(4, B)
is said to converge strongly to a channel @, € Q€(A, B) if

nl—lvl-’i-noo ch(p) = (DO(p)) VP € S(HA)

Lemma 11.1.3. Assume that dim(Hp) < +co. Let ® : S(H,) — S(Hpg) be a quan-
tum channel and let p, be a state in S(H,) with a spectral representation p, =
YT Aley adel. Let

1< c
Pn=—— zAilei>A<ei|’ Whereyn = ZAi’
nix i1
for every n. Thenlim,,_,, . I, (0, @) = I, (pg, D).

Proof. Let P, = Z?zl le;) a¢e;l forn = 1,2,.... Then (Pn);i’? is an increasing sequence
of finite rank projections that converges to the identity operator I, on H,. Since
dim(Hpg) < oo, the value

I = H((® ® 35) (0, 1P(po) ® py,)
- HLH(QH((cD ® J)(00))QullQu(P(00) ® ,)Qy,) < +00,

where

Po = <Z \/A_ilei>A<€i|> ® (Z \/’Ti|ei>R<ei|>
i=1 j=1
= Z \//r/ljlei)A(ejl ® |€i>R<ej|,

ij=1

. 1 <&
Pn=— Y VAdledalel®ledrlel, and Q,=Iz®P,.

njj=1
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According to Lemma 8.2.5, we have
Jim 1 = H((® @ 3) () ID(00) © po) = In(po, (11.4)

We now prove that lim,,_, ., I,(,'f = lim,,_, o, Iy(pn> D) by considering the difference

1™ — I,(p,, D). Since we have H((® ® J)(p,)) < +00, we have

= In(pp, @)
= H((® ® Jp) ()1 P(0o) ® py) = H((P ® T) (Do) D(0y) ® Py )
= —H((®® Jg)(py)) — tr[(® ® Tg)(D)) 10g(D(po) ® pp)]
+H((® @ Jg)(pp)) + tr[(P ® Tg)(py) log(P(p,) © py)]
= () - (ib),

where

(i) = - tr[(® ® T) (D) og(P(po) ® py)],
(i) = — tr[(© ® Tg) (D) 1og(D(py) ® py)]-

We use the following property of the logarithm of the tensor product of quantum
states:

log(p ® 0) = log(p) ® Iy + I, ® log(o), (11.5)

where, in the case of nonfull-rank states p and o, restrictions to the subspaces supp(p)
and supp(o) are considered, i. e.,

(P, ®P;)(log(p ® 0))
=P,® P,)(log(p) ® Iy + I, ® log(0))
- (P, log(p)P,) ® P, + P, ® (P, 10g(0)P,), (11.6)

where P, and P, are respectively the projectors onto supp(p) and supp(o). Since
Pop,) < Po(p,), We have

(i) = - tr[(® ® T)(P,) og(P(po) ® Tg)] — tr[((® ® Tg)(B,))(Iz ® 108 (py))]
= - tr[®@(p,,) log D(p,)] + H(p,),

(if) = - tr[(P ® Tg) (D)) (log(P(p,) ® Tp)] — tr[(P ® Tr)(B))(Ip ® 10g(p,,))]
=-H(®(p,)) + H(p,).

Hence,

I — (e @) = (i) — (i) = — tr[D(p,) log D(po)] - H(D(p,)) = H(D(p,)|D(0))-
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By monotonicity of the relative entropy (see Lemma 9.1.3), we have
n A
H(®(p,)1(po)) < H(pnllpo) = - )’ y—’ log uy, = - log .
i=1 Fn

Since u,, —» lasn — +oo, we get lim,,_, +00(I,(,f') - I,(p,.®)) = 0. Taking into account
(11.4), this implies that lim,,_, , o, I,(0,, @) = L,(pg, @) < +00. This proves the lemma.
O

The following proposition due originally to Holevo and Shirokov [82] holds for
infinite-dimensional Hilbert spaces H,, H, etc.

Proposition 11.1.4. The map (p, ®) — I,(p, D) is nonnegative and lower semicontinu-

ous on the set S(H,) x QC(A, B). It has the following properties:

1. Concavity in p: I,(pp; + (1= p)p,, D) = pL,, (01, P) + (1 - p)I,,, (05, D) forall0 < p <1,
P1,P; € S(Hy) and @ € QE(A, B);

2. Convexity in @: I,(p, p®; + 1-p)®,) < plL,,(p, D) +(1-p)I,,,(p, D) forall0O <p <1,
p € S(H,) and @, D, € QC(A,B);

3. The first chain rule: for arbitrary channels ® € Q€(A,B) and ¥ € Q&(B,C), the
inequality I,,,(p, ¥ o @) < I,,(p, @) holds for any p € S(Hy);

4. The second chain rule: for arbitrary channels ® € Q€(A,B) and ¥ € Q¢(B, C), the
inequality I,,(p, ¥ o @) < I,,,(D(p), V) holds for any p € S(Hy);

5. Subadditivity: for arbitrary channels ® € Q€&(A,B) and ¥ € Q¢(C, D), the inequal-
ity

Ly(w,®8V¥) < I, (w,,®) + (V)
holds for any w € S(Hy), where w, = tro[w] and w; = try[w].

Proof. By Definition 11.1.1, nonnegativity of the value I,,,(p, @) follows from nonnega-
tivity of the relative entropy H(-|-). By Lemma 11.1.2 and the fact that the mutual infor-
mation is independent of choice of the reference system R and the purified vector ¢,
lower semicontinuity of the map (p, @) — I,,,(p, @) follows from lower semicontinuity
of the relative entropy in both arguments.

1. To prove concavity of the function p +— I,(p, @) for each fixed ® € QC(4, B), we
firstassume thatdim(IHp) < +co. Letp = po,+(1-p)o, for 0 < p < 1andlet (P,),& bean
increasing sequence of finite-rank spectral projectors of the state p strongly converging
to the identity operator 1, on the Hilbert space H,. Let

p = Pinn = ano'an + (1 _p)Pnazpn = y;lai‘l * ygo-g
" tu[Pyp]  ptPyoy]+(1-p)tr[Pyoy] b

where
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My =ptr[Pyoy], of =p

>

n Pnolpn

n

1

P,.o,P
W=Q0-p)t[P,o,], o) =(1-p)—2"
K
By the concavity of the map p +— I,(p, @) on the set Sr(Hy) (Sf(]H 4) is the set of quan-
tum states on H, that has finite ranks), as mentioned earlier before Proposition 11.1.4,
we have

n n

L(p, ®) > yn‘uTlIm(al,CD) N %Im(oz,cb).

L+ i T 1

2. Convexity of the function @ — I,,,(p, @) follows from joint convexity of the rela-
tive entropy H(-|-) in its arguments.

3. The first chain rule immediately follows from Definition 11.1.1 and monotonicity
of the relative entropy H(--).

4. The second chain rule is also proved by using monotonicity of the relative en-
tropy in the following way:

Let |9,) ar{@,| be a purification of the state p € S(IH,) in the space H,g; then

(D(|(Pp>AR<<Pp|) = (Ve Ip)le,) ar{p,l(Velg)

is a purification of the state ®(p) € S(IHp) in the space Hg®@H®Hj (here V is the isom-
etry from Stinespring representation (see Theorem 4.3.4) of the channel ®). Hence,
Lemma 11.1.3 implies that lim,,_,_ . I,,(p,, @) = I,(p, @). By using the lower semicon-
tinuity of the function p — I,(p, @), we obtain

n n

- H . 129
I,(p, D) > I}IILIJ}(EIOf I I, (0, D) + I%I_I}ngof I I,(0,, @)
2 pl (01, @) + (1 - p)l; (03, D).
Let @ be an arbitrary quantum channel. Consider the sequence of channels (®,);<],

where @, = II,, - @ for each n, with a finite-dimensional output, where

Hn(p) = PP, + tr[((IB - Pn)p)|¢>3<¢|]

is a quantum channel from S(Hjp) to itself for each n, the sequence (P,,);Sj’ is an in-
creasing sequence of finite rank projections strongly converge to the identity operator
Iz on Hy and ) g (3| is a pure state on Hg. Then for each n the function p — I,,,(p, ©,,)
is concave by the above observation. Since

I,(p,®,) < I,(p,®), Vn=12...,and lrilerianm(p, D,) = I,(p, D)
—+00

by monotonicity of relative entropy H(-||-) and lower semicontinuity of the function
@ — I, (p, D), we have
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Im(p) CD) = S%p Im(p> (Dn)~

This and lower semicontinuity of the (p,®) — I,,(p, ®) imply the assertion of the
proposition. O

Lemma 11.1.5. Let ® ¢ Q€(A, B) be an arbitrary quantum channel from system A to
system B and (Y,,);;%] ¢ Q€(B) be a sequence of quantum channels from system B to
itself that converges strongly to the identity channel Jg : S(Hp) — S(Hp). Let (p,)52]
be a sequence of states in S(IH,) converging to a state p, € S(H,) such that A,p,, < pg

for some sequence of real numbers (A,,);; converging to 1. Then

nLiIPOOIm(pn’Yn o @) = I,(po, D).

Proof. It follows from the inequality A,,p,, < p, that py = A,0,, + (1 - A,,)0,,, where g, is
a state in S(H,). Hence, concavity and nonnegativity of the mutual information and
the first chain rule implies the inequality

AL (P> Y 0 @) < Ly(Pg, Yy © @) < Ly (0o, D),

showing that

limsup I, (p,, Y, o @) < limsup Im(f/’\ﬂ =I,(pg, D).

n—+00 n—-+co n

This and lower semicontinuity of the map (p, ®) — I,(p, ®) imply

lim Sup Ly (9, Y © ®) < Iy (o, @) < lim inf L (o, Yy © D).
—+00

n—+oo

The assertion of the lemma follows. O

The proof of the next lemma follows easily from the convergence in ||- ||;-norm and
properties of partial trace.

Lemma11.1.6. Let H and K be two finite-dimensional Hilbert spaces such that
dim(H) = dim(K). For an arbitrary pure state w, ¢ S(H ® K) and an arbitrary se-
quence (py);S; of states in S(H) converging to the state p, = trg[w,], there exists
a sequence (wy);S] of pure states in S(H ® K) converging to the state w, such that
Pi = trg[wy] for all k.

The following proposition due to Shirokov [150] investigates conditions under
which the map (p, @) — I,,,(p, @) from A x QE(4, B) to [-c0, +00], where A ¢ S(Hy) is
continuous under an appropriate product topology.

Proposition 11.1.7. The map (p, @) — I,(p, @) has the following continuity properties:
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1. Continuity of the von Neumann entropy H(-) on a set A ¢ S(H,) implies continuity
of the map (p, @) — I,,,(p, D) on the set A x QE(A, B). Specifically,

nlirglmH(pn) =H(py) < 400 = nLiIPOOIm(pn’q)n) = I,(pg, Py) < +00,

for arbitrary sequence (®,);,] of channels strongly converging to a channel @,.
2. Local continuity of the function (p,®) — H(®(p)) implies local continuity of the
function (p, @) — I,,(p, D). Specifically,

lim H(®y(py)) = H(Po(po)) < +00

n—-+oo
= 1im Ln(pn @) = In(po, Do) < +oo,
for arbitrary sequences (p,);5] ¢ S(H,) and (©,);:%] ¢ Q€(A, B) converging respec-
tively to a state p, and to a channel @,,.
3. Local continuity of the function (p, @) — I,,,(p, @) implies local continuity of the map
(p, @) — I,,(p, ¥ o ®) for any channel ¥ € Q&(B, C). That is,

nliglwlm(pn>q)n) = Im(pO’CDO) < +00
= MLy (o ¥ o ®y) = Ly(po, ¥ 0 @) < +00
—+00

for arbitrary channel ¥ € Q€& (B, C) and for arbitrary sequences (p,):% ¢ S(Hy)

n=1
and (®,),;5 ¢ Q€(A, B) converging respectively to a state p, and to a channel @y,.

Proof. Since the strong convergence of a sequence (®,);;%] to a channel @, implies
the strong convergence of the sequence (@, ® J);%] (see Lemma 6.6.4) to the channel
@, ® Jy assertions 1 and 2 follow immediately. O

11.1.1 Finite-dimensional case

In this subsection, we consider special results of mutual information I,,(p, ®) for
finite-dimensional Hilbert spaces H,, Hyz and Hg. The presentation of this subsec-
tion is based on the results obtained in Cerf and Adami [19] and Holevo and Shirokov
[82].

Let V: H, — Hgg := Hg ® Hg be an isometric operator and let V* : Hpy — Hy
be its adjoint operator. Then it can be shown via Stinespring representation (see Sub-
section 4.3) that the a quantum channel ® : S(H,) — S(Hp) and its corresponding
complementary channel ® : S(H,) — S(Hg) (see Definition 5.7.1) can be expressed as

@(p) = trg[VpV*] and @(p) = trg[VpV*], Vp e S(H,), (11.7)
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where try[-] = try, [], define completely positive trace-preserving maps. That is, @ is
a quantum channel from the input system A to output system B and @ is a quantum
channel from the input system A to the environment E. The channels ® and ® are
called mutually complementary. The construction of ® and ® above can be extended
to the infinite-dimensional case without changes.

In the following, the identity operator on Hy and the identity transformation of
the set S(Hy) will be denoted by Iy and Jy, respectively.

Letp = p, be an input state in the space H,, and pg and pg be results of the action
of the channels @ and @ on the state P4, respectively. That is,

pp = @(py) = trg[Vp, V'] and  pg = ®(p,) = trg[Vpa V']

We have the following results.

Lemma 11.1.8. Assume that dim(Hy) < +oo and dim(Hg) < +oo. Let @ : S(Hy) —
S(Hp) and ® : S(H,) — S(Hg) be mutual quantum channels defined by (11.7) and
p = p, be an input state in the space H,, pg = D(p,), and pr = D(p,). Then

L,(0,®) = H(p) + H(®(p)) - H(®(p)), Vp € S(H,) (11.8)

and

I,(p, @) = H(p) + H(®(p)) - H(D® @ Tp) (1P 4p) (Yel)),  Vp € S(Hy), (11.9)

where E is an environment system and 4, is the purification of the state p.

Proof. We first note from the definition of mutual information I,,,(p, ®) (see Defini-
tion 11.1.1, where we write R = E) that

H((®@ @ 3p)(19,) a6 (9, )1 D(p) © p) = H(ppglIpp @ pr)
= tr[ppe 10g(pgE) — 10g(pp ® )]
= —H(pgg) + H(pp) + H(pp).

This implies that for finite-dimensional spaces H,, Hp and H and @ and @ defined
by (11.7), (11.8) and (11.9) hold. This proves the lemma. O

Based on the same argument as above, we have an analogous characteristic for
the complementary channel,

In(p, ®) = H(py) + H(pg) — H(pg) = H(pg) + H(pg) - H(pgg)-
We therefore have a fundamental identity

Ly(p, @) + I, (p, D) = 2H (p). (11.10)



286 —— 11 Quantum mutual and coherent information

11.1.2 Infinite-dimensional case

We consider complementary channels @ and @ in infinite-dimensional spaces H ,, Hp
and Hy, defined by

®(p) = trg[VoV*] and ®(p) = trg[VpV*], Vp e S(H,), (11.11)

where V : Hy — Hpg is an isometric operator and let V* : Hpy — Hy be its adjoint
operator.

The following theorem, due originally to Holevo and Shirokov [82], relates I,,,(p, @)
and I,,(¢, D).

Theorem 11.1.9. Let ® : S(H,) — S(Hp) and D S(H,) — S(Hg) be mutual channels
defined by (11.11). For an arbitrary state p € S(H,), we have the relation

Ly(p, @) + Iy(p, @) = 2H(p). (11.12)

Proof. Let {|h;)g};Y be an orthonormal basis in the space Hg. Then

+00
Vo = (Vip) & |h)g,

i=1

where V; : Hy — Hp,i = 1,2,... is a sequence bounded operator satisfying the
condition YT Vi V; = 1,. The channel ® has the Kraus representation ®(p) =

T V,pV;, and its complementary channel ® has the representation ® =
Z:]f’:ol(trB[VpV*]))Ihi>E<h}-|. Let p = Y Ajle;)4(e;l be a finite-rank quantum state in
S(H,), and p be its purification on S(IHg). Consider a sequence of linear completely
positive trace-nonincreasing maps ((Dn)xj’ , where @, : S(H,) — S(Hjp) is defined
as @, (p) = YL, V;pV;. The sequence (®,);%) strongly and monotonously converges
to d,i.e., D,(p) < Dyuq(p) forallnand p € S(H,) and lim,,_,, , D,,(0) = D(p) for all
p € S(Hy).

Since (®,, ® Jg)(p) is a finite-rank quantum state in S(H, ® Hy), we have

X, = H((®, ® Ip)(D)|P(p) ® p)
= - tr[n((®, ® Tr)())] - tr[(D, & Tg)(D) log(D(p) ® p)] + Ry

where R, = 1- tr[®,(p)] - O0asn — +co. By Lemma 8.2.3, we have lim,,_,,, X,, =
I,(p, @). Since

(@, ®TR)(P) = trg[(Iz@ P, ®I) - (Ve Ix)p(V 1) - (I; o P, ® I)],

where P, = Y1, |h;)p(h;| is a finite-dimensional projector on H, and the partial trace
is taken in the space Hp ® Hr ® Hy. The operator (®,, ® Jz)(0) is isomorphic to the
operator
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d,(p) = trgp[Iz P, 0 Ig) - (Vo Ig) - p- (VJr elx)IzeP,®1y)],

where ®(p) = P,®(-)P, is the quantum operation complementary to ®,. Thus,
tr[(n(®@, ® Jx(p))] = tr[n(én(p))]. By using the property of logarithm

log(p® o) =log(p) ® I + I®log(o)
and noting that @,(-) < ®(-), we obtain

—tr[(®@, ® Jg(p))(log(D(p) ® p))]
= —tr[(D, ® Tx(p))(log(P(p)) ® I )] - tr[ (@, ® Tp(p))(I5 ® log(p))]
= — tr[®,(p) 10g(®())] - tr[(tr5(®, @ Tx()) log(p)].

Consider the quantity

Yn = H((d)n ® /JR)(ﬁ)"q)n(p) ®p)
= - tr[n((®, ® TR)(P))] - tr[(D, ® TR)(P) log(D,(p) ® p)].

Then lim,,_,, Y,, = I, (p, ®). Similar to the computation of X,,, we obtain

tf['l((én ® jR)(ﬁ))] = tr[’l(q)n(P))]

and

—tr[((D, ® Tr)(9))(log(D,(p) ®p))]
= - tr[((D @ T)(D))(log(D, () @ I)] — tr[(D, ® T) (D) (I @ log(p))]
= tr[n(D,(p))] - tr[trg[(D, ® Tg)(D)] log(p)].

We next want to show that lim,_, (X, + Y¥,,) = 2H(p). By the definition of the
relative entropy, we have

Xn + Yn = _tr[ch(p) IOg(cD(p))] - tl‘[)’l(q)n(p))] + Cn + Dn + Rn
= H(D,(p)ID(P)] + Cy + Dy,

where
C, = —tr[trg[(®, ® Tg)(P)] log(p)] and D, = —tr[trg[(D, ® Tg)(D)] log(p)].

We next prove lim,_, ., C,, = lim,_,,., D,, = H(p). By noting that

trg[@, ® Jg(P)] = Z A tr[D(le;) (ejl)le;) (eil]s
=1
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we obtain

Cn = Z(_Ai IOgAi) tr[q)n(|ei><ei|)]’

i=1

and hence, lim,_,, ., C, = H(p), since lim,_, ., tr[®,(le;){e;])] = 1. In a similar way,
one can prove lim,_,, ., D, = H(p). Consequently,

nl—i};noo H((D" (P) ||CD(p)) =0.

Thus, we have lim,_,, (X, + Y,) = 2H(p). Since lim,_,, X, = I,(p, ®) and
lim,_,, ., Y, = L,(p,®), the assertion of the theorem is proved for finite-rank states.
Since the left- and right-hand sides of relation (11.12) are concave lower semicontin-
uous nonnegative functions, validity of this relation for all states follows because
concave lower semicontinuous lower bounded function on a set of quantum states is
uniquely determined by its restriction to the set of finite-rank states. This proves the
theorem. O

11.2 Coherent information

The coherent information was first introduced by Schumacher and Nielsen [162] and
Lloyd [109]. It is an entropic measure of a quantum state p and a quantum channel
@ in an attempt to describe how much of the quantum information in the state will
remain after the state goes through the channel. In this sense, it is intuitively similar
to the mutual information of classical information theory.

We first give a definition of coherent information for the finite-dimensional case
below (see, e. g., Wilde [178] and Nielson and Chung [116] for the definition and general
properties).

Definition 11.2.1 (Finite dimensions). Assume that dim(H,) < oo, dim(Hg) < co and
dim(Hg) < oo, the coherent information I.(p, @) of quantum channel ® : S(H,) —
S(Hp) at (input) quantum state p € S(H,) is defined by

I(p.®) = H(®(p)) - H(pg) = H(®(p)) ~ H(pa). (11.13)

where reference system Hp = H, (a copy of Hy) is a reference system and i, €
S(H,p) is the purification vector for the state p,, and pyg = (P ® Tg) ([P 4r) (P arl)-

Since in the infinite-dimensional case the right-hand side in Definition 11.2.1 of
the coherent information I.(p, @) can be indefinite (i. ., in the form of co — co) even
for a state p with finite entropy H(p) and finite mutual information I,,(p, ®) for such
state p and any channel ®. Following Holevo and Shirokov [82], we define the coherent
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information for an infinite-dimensional quantum channel as follows to avoid such a
pitfall.

Definition 11.2.2 (Infinite dimensions). Let ® : S(H,) — S(Hjp) be a quantum chan-
nel, and p be a state in S(H,) with finite entropy. The coherent information of the
channel @ at the state p is defined as follows:

1.(p, ®) = Ly(p, @) - H(p). (11.14)

Remark 11.1. Following from Theorem 11.1.9 that I, (o, ®) + I, (0, ®) = 2H(p) and the
above definition of I.(p, @), we immediately have the following relation:

I.(p,®) + I.(p,®) = 0, (11.15)

where @ : S(H 4) — S(Hp) is the complementary channel of ®.

The coherent information I.(p, @) of the channel @ at the state p has the following
basic properties, which follow immediately by its definition and from the basic prop-
erties of mutual information I,,,(p, @) (see Proposition 11.1.4) and the relation between
I,(p,®) and I.(p, ®) as defined in (11.14).

The following three results can be found in Holevo and Shirokov [82].

Proposition 11.2.3. The map (p, ®) — I.(p, ®) is nonnegative and lower semicontinu-

ous on the set S(H,) x QC(A, B). It has the following properties:

1. Concavityinp: I.(pp; + (1 = p)p,, @) = pI.(p1, @) + (1 - p)I.(p5, D) forall0 < p <1,
PPy € S(Hy) and @ € QC(A, B);

2. Convexity in ®@: I.(p, p®; + (1-p)D,) < pl.(p, D) + 1 -p)I.(p,D,) forallO <p <1,
p € S(H,) and @, D, € QC(A, B);

3. The first chain rule: for arbitrary channels ® ¢ Q€(A,B) and ¥ € Q¢(B,C) the
inequality I.(p, ¥ - @) < I.(p, D) holds for any p € S(H,);

4. The second chain rule: for arbitrary channels ® € Q€(A,B) and ¥ € Q&(B, C), the
inequality I.(p, ¥ - @) < I.(D(p), ¥) holds for any p € S(Hy);

5. Subadditivity: for arbitrary channels ® € Q€(A, B) andV¥ € Q¢&(C, D) the inequality

I(w, D0 V) <I.(wy, D) +I.(wc, V)
holds for any w € S(Hy ® H), where w, = tro[w] and w = try[w].

Proposition 11.2.4. For an arbitrary quantum channel ® : S(H,) — S(Hgp), the func-
tions p — I,(p, D) and p — I.(p, ) are continuous on any subset A c S(H,) on which
the von Neumann entropy H(-) is continuous.

Proof. By Proposition 11.1.4, the functions p — I,,(p,®) and p — I.(p, D) are lower
semicontinuous, while by Theorem 11.1.9, I, (p, @) + I.(p, ®) = H(p), which is continu-
ous on the set A by the condition. Hence, these functions are continuous on the set .A.
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The function p — I.(p, @) is continuous on the set A as a difference of two functions
that are continuous on this set. This proves the proposition. O

Proposition 11.2.5. Let (®,), ] be a sequence of channels in Q€(A, B) and strongly con-
verging to a channel ®,. Assume that there exists a sequence (dbn);‘:"f of channels in
(A, E) strongly converging to a channel @, such that (®,, ®,) is a complementary
pair foreachn = 0,1,2,.... Then the relations

nLiIPooH(p") = nETmImwn>®n) = In(po, Do) (11.16)
and
nl—iyl-’}-noolc(pn’ (Dn) = IC(pO’ q)o) (11.17)

hold for any sequence (p,);S; of states in S(H,) converging to the state p, such that
lim,,_, .o, H(p,) = H(pg) < +00.

Proof. This follows from the continuity of the I,,,(-,-) and I..(, -) from S(H) x Q€(A4, B).
O

In the following, we use the following Holevo channel output y-function yq(u)
defined by

Xo) = j H(0(0)[0(p(0))u(dp),
S(Hy)

where p(u) = js (H,) pu(dp) is the barycenter of the measure u € P(S(H,)) (see Defini-
tion 12.1.2).

Lemma 11.2.6. Let (D,);] be a sequence of quantum operations, strongly converging
to the channel ®,,. The relations

HETPOOE(H@" (p)) = co(Hy, (p)) and Jm Xo, (0) = Xo, (P),

hold for any state p in S(H,) in the following cases:
(A) @,(-) = P, Dy (-)P, for some sequence (P,);] of projectors in B(Hp),
(B) @, (p) < Dy(p) for all p in S(H,) (in the operator order).

Proof. (A) For arbitrary state p in S(H, ), the monotonicity of the relative entropy (see
(9.2)) implies co(Hg, (p)) < CO(Hg, (p)) and x¢, (0) < Xo,(P), correspondingly. Hence,
the limit relations in the lemma follow from the fact that the functions (p, ®) — x4 (p)
and (p, @) — coHg(p) on the set S(Hy) x QE(A, B).
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(B) For arbitrary state p in S(Hy), the following inequality:

H(A)+ H(B - A) < H(B) < H(A) + H(B - A) + tr[Bh2< E{E )}

(where A,B € T,(H,), A < Band h, = n(x) + n(1 — x)) implies that

Co(Hg, (p)) < CO(Hg, (p)) and Hg (p) < He () + (tr[@n(p))] + hy(tr[@y(p)]),

correspondingly. Hence, the limit relations in the proposition follows. This proves the
lemma. 0

The following result provides an alternative expression for the coherent informa-
tion of the channel @ at the state p, I.(p, @), with H(p) < +co and H(®(p)) < +oo.
The proof can be obtained by using the relation of this quantity with the secret clas-
sical capacity of a channel mentioned in Schumacher and Westmoreland [139] and,
therefore, is omitted here.

Proposition 11.2.7. Letp = Y ; p;p; € S(Hy) and ® € QC(A, B) be such that H(p) < +oco
and H(®(p)) < +oo. Let o S(Hy) — S(Hg) be the complementary channel of ©. Then

I.(p, @) = X0 (P) — X (P)s (11.18)

where
) =50 Y pl-H(CD(Pi)”@(Zi:pipi))
and
X(0) = sup Z pl.H(cb(pi>||cb<§prf>>’

in which the supremum above is taken over all convex decompositions p = Y ; pip;, P €
S(H,).

Let B4 (Hy, Hp) be the set of all sequences V= (V)i of bounded linear oper-
ators from H, to Hp such that Y7 V;'V; = 1,, endowed with the topology of coor-
dinatewise strong operator convergence. That is, v = (Vlf"));olO € Bgoq(Hy, Hp) for
n=1,2,...,1is said to converge to V = (V) € Byeq(Hy, Hp) asn — +co if

- ) _ P
dim VY - Vi, =0, Vi=12,....

We have the following corollary.
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Corollary 11.2.8. Foranarbitrary subset A ¢ S(H,) on which the von Neumann entropy
H(") is continuous, the functions

(. V) = Ly(p. @V]),  (p, V) - I(p, D[V]),

and

N +00
(0. V) > Y H(V,pV"),
i=1
where @[\7](~) = f:"f’ V;()V}, are continuous on the set A x %Seq(IHA, Hpg).

Proof. By Proposition 11.2.5, continuity of the first two functions follows from conti-
nuity of the maps

Vi ®[V] € Q¢(A,B) and V- ®[V] € QC(4,E),

where ®[V](-) = sz":"l trB[V,-(-)V]-*](Ih,-)E(hjl), and (|h;) ) is an orthonormal basis in
Hg. To prove continuity of these maps, it suffices to show that

Jim @V, ](1p)a¢0l) = PVol(19)ael) (11.19)
and
Jim OV, 11924 (1) = DVol(9)a ) (11.20)

for any sequence (V™) ¢ Beq(Hy, Hp) converging to a vector V, € Beq(4, B) and
for any unit vector ¢ € Hy. Let V" = (Vg"));flo for each n > 0. Relation 11.19 can be
proved by noting that the condition Y5 ||V§") ||io = 1for all n > 0 implies

Al Sup tr[l;n V?")(|¢>A<¢|)V§")*] = lim_sup Zm IV 1945, = 0.
Relation 11.20 is easily proved by using the fact that convergence of quantum states in
trace norm || - |; is equivalent to weak operator convergence (see Section 2.1).

To prove continuity of the third function, we let Hy = &7 HL, where H; = Hy
(an identical copy of Hg), and let U; be an isometric embedding of Hy in H, such
that U;Hg = ]H}'; for each i. For an arbitrary sequence (V;){} in B,(4, B), one can take
the sequence (\71-);;010 in %B,(4, C), where Vi = U;V; such that range(V,-) 1 range(\?j)
for alli + j. Since the above correspondence is continuous (as a map from B;(4, B) to
9B,(4, C)), the above observation shows continuity of the function

(0. V) > I(p,®[V]) = Y H(V;pV;) = > H(V;pV;)
i=1 i=1
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on the set A x B,(4, B), where @[\7](-) = Z;;Olo Vi(-)f/i* and where the first equality
follows from the last assertion of Proposition 11.2.5. This proves the corollary. O

As was mentioned in Chapter 9, the quantity Y H(V;pV;) can be considered as
the mean entropy of an a posteriori state in the quantum measurement described by
the collection of operators (V;); 7. Corollary 11.2.8 shows that continuity of the entropy
H(p) of an a priori state p implies continuity of the mean entropy of the a posteriori
state as a function of a pair (a priori state, measurement) provided that the strong
operator topology is used in the definition of convergence of a sequence of measure-
ments. This assertion strengthens an analogous assertion in Example 3 in Shirokov
[144], where a stronger topology (the so-called *-strong operator topology) was used
in the definition of convergence of a sequence of measurements. Hence, with the use
of Corollary 11.2.8, one can strengthen all the assertions in Example 3 in [144] by in-
serting the strong operator topology in the definition of convergence of a sequence of
measurements, which seems more natural in this context.

Consider the channel ®(-) = trg[-] : S(Hpg) — S(Hp) and note (see Kuznetsova
[102]) that its complementary channel is ®(-) = trz[-] : S(Hpg) — S(Hg). If we write
Definition 11.2.2 of coherent information of the channels ® and ® at the state ppy, we
have

I(pgg, trg[]) = H(pagllpa ® pp) — H(pgg)
=H(paplipa ® pp) — H(py) = ~H(A|B),

I(pg- trp[1) = H(paellpa ® pg) — H(pgg)
=H(pagllpa ® p) — H(py) = ~H(A|E).

We use the fact that H(pgg) = H(p,), since p,pg is a pure state. Since coherent infor-
mation I.(p, @) of any channel @ at the state p takes values in [-H(p), H(p)], a similar
relation for conditional entropy is

—H(A) < H(A|B) < H(A).
Due to the previous result for coherent information, we obtain the important identity
H(AB) + H(AIE) = 0,

which occurs in the case when p g is a pure state of system Hy ® Hp ® Hg.

Recall from Definition 5.6.4 that a channel @ : S(H,) — S(Hjp) is perfectly re-
versible on a state p € S(IH,) if there exists a channel ¥ : S(Hp) — S(H,) such that
¥ - @(0) = o for all states o with supp(o) < supp(p).

The following result, due originally to Shirokov [148], characterizes a perfect re-
versibility of a channel @ in terms of its mutual information I,(p, ®) and coherent
information I.(p, ).
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Proposition 11.2.9. Let p € S(H,) be such that H(p) < +o00. A channel ® : S(Hy) —
S(Hp) is perfectly reversible on the state p if and only if one of following equivalent
conditions holds: (i) I.(p, ®) = H(p) and (ii) I,(p, ®) = 0, where ® is the complimentary
channel of @.

Proof. By Theorem 11.1.9 and Definition 11.2.2, we have
H(p) - I.(p, ®) = I,(p, D) 2 0,

where the equality holds if and only if pgr = pr ® pg, since I,,,(p, @) = H(pgglpr ® pE)-

(=) Assume that the channel @ is perfectly reversible. Let V : Hy — Hpgg be the
isometry from the following representation of the channel @ : S(H,) — S(Hp) and
its complementary channel d:SH 4) = S(Hg);

®(p) = trg[VpV*] and d(p) = trg[VpV*], Vp € S(H,).

Consider the pure state pgrr = |@grg) (®PgrEl, Where |@grg) = (V@ Ig)|@4z)- Since the
channel @ is perfectly reversible, there exists a channel ¥ such that (5.27) holds, and
hence,

(¥ ® Jre)(PBRE) = PARE-

Since p,y is a pure state, we have p,pr = par ® pg- By taking partial traces over the
space Hy, we obtain ppg = pr ® pg. Therefore,

H(p) - 1.(p, @) = I,(p, ) = 0.

(<) Consider the vector |@gpg) = (V®IR)|@ar). Then |@gge) is a purification vector for
the state pgg. Since prr = Pr ® PE, |P4r) ® |@EE) is a purification vector for the state
Pre> Where E is a reference system for the system E. Without loss of generality, we can
assume that the Hilbert spaces of the both purifications are infinite-dimensional, so
that there exists an isometry W : Hg — H, ® Hj, such that

(Igg @ W)l@pre) = [9aR) © |9EE)
and, respectively,

(Ige ® W)(19pre) (@prel) (Irg @ W) = (1048) (Parl) ® 10gE ) (PEE ).

By taking partial traces over the spaces Hy and Hy, we obtain the perfect reversibility
condition (5.27), where

¥(0) = trg[WoW"], Vo e S(Hp).

This proves the proposition. O



12 Holevo y-capacity

In this chapter, we will be concerned with the constrained and unconstrained capacity
for sending classical information over one single use of the noisy quantum channel ®@.
This capacity will be called an Holevo y-capacity. The unconstrained and constrained
Holevo y-capacities will be denoted by C,(®) and C,(®; A), respectively. Channel ca-
pacities of various types obtained in the next four chapters are expressed in terms of
Holevo y-capacities.

The concept of y-quantity and y-capacity in finite dimensions was first created
by Holevo [67] (see also Holevo [77]). Recently, these quantities have been extended
to the infinite-dimensional setting by Holevo and his collaborators (see, e. g., Holevo
[72,75,76,79, 83, 84] and [85]) and, therefore, applicable to infinite-dimensional quan-
tum information theory. The presentation of topics in this chapter is largely based on
the results from Holevo and Shirokov [79, 83], Holevo-Shirokov-Werner [84, 85] and
Shirokov [142].

12.1 The x-functions

12.1.1 Input x-function

In the following, let H, and Hp be the separable complex Hilbert spaces that represent
the input quantum system A and the output quantum system B, respectively. Unless
otherwise stated, H, and Hp are assumed to be infinite-dimensional.

Consider an arbitrary probability measure y on the Borel measurable space
(S(H,), B(S(H,))) on S(Hy). Again, let H(-) : S(H,) — [0, +oo] be the von Neu-
mann channel input entropy and H(-[|-) : S(H,) x S(H4) — [—00, +00] be the relative
entropy (see Definition 7.1.1 and Definition 8.1.3, resp.).

We first give a definition of unconstrained input y-function (or Holevo quantity)
X() : P(S(H,)) — [~00, +00] as follows.

Definition 12.1.1 (Input y-function). The unconstrained input y-function of a proba-
bility measure u € P(S(IH,)), denoted by y(u), is defined by

xw=[ #(pl [ pucdo) Jucap) (12.)
S(Hy) S(Hy)

If Hp() = H(JS(]HA)pu(dp)) < +00, then it follows from the fact that H(p|o) =
H(o) - H(p) for p,0 € S(H,) that the input y-function y(u) can be written as

https://doi.org/10.1515/9783110788105-012
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xw= | Hepoudo ~H( [ pudp)- [ Hiwuap

S(H,) S(H,) S(H,)

~Hpw)- | Hewdp). (122)
S(Hy)

The unconstrained input y-function is also referred to as an unconstrained input
Holevo quantity and we often use these different terminologies interchangeably in the
following.

In the case where u € P(S(IH,)) is a discrete ensemble, i. e., u = {p;, p;}, then the
unconstrained input y-function y({p;, p;}) takes the following form:

x(pipi}) = ZpiH(Pillﬁ(H)) =H(p()) - ZpiH(pi)
= H(ZPiPi) - ZpiH(pi)- (12.3)

Note that the unconstrained input y-function provides an upper bound for the
accessible classical information, which can be obtained by applying a quantum mea-
surement (see Subsection 2.6.1 for the concept of quantum measurement), which will
be explored in detail in the next chapter.

12.1.2 Output y-function

Consider an arbitrary probability measure p € P(S(IHy)) as an input generalized en-
semble for a quantum channel ® : S(H,) — S(Hp), where H, and Hjp are the com-
plex Hilbert spaces representing the input system A and the output system B, respec-
tively.

We define the unconstrained output y-function (or output Holevo quantity), o (1),
for the channel @ : S(H,) — S(Hp) as follows.

Definition 12.1.2 (Unconstrained channel output y-function).

o) = j H(@E)IPGE0))u(dp), (124)
S(Hy)

where p(u) = js(]HA) pu(dp) is the barycenter or average state of the measure u €
P(S(Hy)).

Lemma 12.1.3. Let {p;, p;}"; be an arbitrary ensemble of m states with the average state
p =Y pip; and let (p,)+%) be an arbitrary sequence of states converging to the state p.
Then there exists the sequence ({p}', pi'}12,) 1SS of ensembles of m states such that

. n_ . . r[: A .:
nglpoopi—pl, nngpl pi, Vi=12,....m,
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and
m
Pn=.0ipi, Yn=12....
i1

Proof. Without loss of generality, we may assume that p; > O fori = 1,2,...,m. Let
D ¢ H be the support of p = ¥, p;p; and P be the projector onto D. Since p; < 5, we
have

I B
0<A;=(\p) 1pi(\/;))1sl—9, i=1,2...,m,

where we denote by (\/f))‘1 the generalized Moore—Penrose inverse (see Moore [114]
and Penrose [124]) of the operator \/ﬁ (equal O on the orthogonal complement to D).

Consider the sequence (B}),57, where

B) = \PuAi\Pn + \Pud-P)\P n=12....
of operators in *8(H). Since lim,,_,, ., p, = p = Pp in the trace-norm | - ||;, we have
Jdim_ B = \pAnp = p
in the weak operator topology. The last equality implies A; + 0. Note that
tr[B}'] = tr[Aip,] + tr[(Iy — P)p,] < +00,
and hence,

im tr[B}'] = tr[A;p] + tr[ (I — P)P] = tr[p;] = 1.

Denote by p}! = (tr[B/']) "B/ (a quantum state) and by p}' = p; tr[B}'] (a positive number)
for each i, then lim,,_,,, p!' = p; and lim,_,,, p!' = p; in the weak operator topology,
and hence, by the result in the trace norm. Moreover,

m m
ZP?P? = ZPiB;l
i=1 i=1

- pnm)‘l(Zpipi)(@)‘l\E + \PuI=P)\D, = .
i=1

This proves the lemma. O

Proposition 12.1.4. The functional x(-) : P(S(Hy)) — [0, +00] is nonnegative, con-
cave and lower semicontinuous such that
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Xo®) = Y pXo@) = Y. piH (D)) (12.5)
i1 i1

for arbitrary ensemble u = {p;, p;};y with the average state p(u) = Y.y p;p;. Further-
more, if H(®(p(u))) < +oo, then the followmg alternate expression for x¢(1) holds:

Xol) = H®@EW) - | H®p)udp). (12.6)

S(Hy)

Proof. 1. The nonnegativity of the functional y4(-) : P(S(H,)) — [0, +00] is trivial and
the lower semicontinuity follows from the lower semicontinuity of the extended von
Neumann entropy H(-) : ¥, (H,) — [0, +c0].

Let us first show its concavity. Note that for a convex set of states with finite output
entropy this concavity easily follows from (12.4). We now prove concavity on the whole
state space S(IH,) and the inequality (12.5) holds. Let € > 0 be arbitrary By definition

of the y-function for eachi = 1,.. ., n, there exists ensemble {q], o } ) with the average
m(i)

pi = Z} 1 4;0;such that )(q)({q]i, 0}}) > Xo(p;)—€. Since the average state of the ensemble
Y pi {q], 0‘]} coincides with p, we have

Xo(P) 2X¢<Zpi{Q§> 0}})

i=1

'M=

1]
—_

>

pxo({d) 0} Zp,H@(p D))

v
M:

Xo(0;) + Zpl (@@)IDP)) -

—_

Since € can be arbitrary small, inequality (12.5) is established. It obviously implies
concavity of the y-function.
To prove lower semicontinuity of the y-function, we have to show that

lim infxq (0)) = X (Po), (12.7)

for arbitrary state p, and arbitrary sequence (p,),;;>; converging to this state p,. For
arbitrary € > 0, let {p;, p;} be an ensemble with the average p, such that

Zp, (@)IP(o)) = Xo(Po) -

By Lemma 12.1.3, there exists the sequence of ensembles {p}, pi'} of fixed size such that

lim pi =p;, lim pi=p;, and p,=) pip}.
i

n—+oo n—+oo
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By definition, we have
lim infXo (p,) = liminf ) p/H(®(p])19(p,))
1

> Y piH(@() 1D (o)) = Xo(0o) — €,
i
where lower semicontinuity of the relative entropy was used. This implies (12.7) (due
to the freedom of the choice of €).
2. If H®(p(u))) < +0o0, let (Pn);fl’ be an arbitrary sequence of finite- dimensional
projectors monotonously increasing to the unit operator Iz on the output Hilbert

space Hg. We first note that the mapping p — H(®(p)||P(p(n))) is nonnegative and
measurable. This is because

pr H(Pn(D(p)Pn”Pn(D(ﬁ(V))Pn)
is nonnegative and measurable for each n. Therefore, the mapping
p = H@P)O(EW)) = lim H(P,D()P,IP,2(5(H)P,)

is nonnegative and measurable.
We next show that the functionals defined by

X0 = | HE0EPIPOGEWPe). n=12....
S(Hy)

are continuous.
We first claim that

range(P,®(p)P,) c range(P,D(p(1))P,),
or equivalently

(ker(P,@(p)P,)) " < (ker(P,®(5(2)P,))",
for p-almost all p. This is because for each n,

Pe ker(PncD(/_)(y))Pn) = (an)(ﬁ(y))l)n)(d)) =0
= (P, ®(p)P,)(¢) = O for y-almost all p
= ¢ € ker(P,®(p)P,) for pu-almost all p.

This proves the claim that (ker(P,®(p)P,))" ¢ (ker(P,®(@(u))P,))* for u-almost all p.
It follows from the definition of relative entropy H(||-) of quantum states with finite
rank (see Definition 8.1.3) that
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H(P,@(p)P,|P,D(p(1))P,)
= tr[(P,@(p)P,) log(P,D(p)P,)] - tr[(P,D(p)P,) log(P,D(p(1))P,)]
+tr[P, ®(p(u))P,] - tr[P,D(p)P,]

for p-almost all p. By using the definition of the von Neumann entropy H : S(H,) —
[0, +00] (see Definition 7.1.1), we have

X0 o) = - J H(P,®(p)P,)u(dp)
S(Hy)

v | ulP.p)] log(t[P, () icdp)
S(Hy)

- | ulp.@p)P,] 1og(P, (B0, ()
S(Hy)

v | ulPoGu)d) - [P0,
S(Hy,) S(Hy)

It is easy to see that the last two terms cancel while the central term can be transformed
into

- | @000, 08P, B0, )
S(Hy)

~t|- | (B,0()P,) log(P, 0P, ldp)
S(Hy)
= H(an)(f_)(l-‘))Pn) - tr[PncD(/_)(V))] IOg(tr[PnCD(ﬁ(H))])'

Hence,

X3 (W) = H(P,©(p())P,) - tr[P,®(p(w))] log(tr[P,D(p()])

- [ HEoERu) + [ [P0 log(tr[P,D(E) ldp)
S(Hy) S(Hy)

Continuity and boundedness of the von Neumann entropy in the finite-dimensional
case and similar properties of the function p — tr[P,®(p)] log(tr[P,D(p)]) implies the
continuity of )(g’) ().

By the monotone convergence theorem, the sequence of functionals ()(g') (y));‘:"l’ is
monotonously increasing and pointwise converges to x4 (¢). Therefore, the functional
Xo (W) is lower semicontinuous.

To prove equation (12.6), we use the facts that

Jlim H(P,®(p(u))P,) = H(@(p()))
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and

lim [ HEQEPR)u) = | H®E)Wudp)

n—+oo
S(Hy) S(Hy)

due to monotone convergence theorem. For every p, the sequence (tr[P,®(p)]),.] take
values in [0, 1] and converges to tr[®@(p)] = 1. Therefore,

Jim tr[P,®@(p)] log(tr[P,D(p)]) = O.

In particular, the second term in (12.8) goes to 0. Since |x log x| < 1forall x € (0,1], the
last term in (12.8) also goes to 0 by dominated convergence theorem. This shows that

im0 =xel0 = H@EW) - | H®e)udp).
S(Hy)

This proves the proposition. O

While (12.6) is valid under the condition H(®(p)) < +0o, we note that

H(®(p)) = +oo does not imply g (p) = +00, however. Indeed, it is easy to con-
struct a channel @ from a finite-dimensional system H, into infinite- dimensional Hp
such that H(®(p)) = +oo for any p € S(H,) as shown in the following example, due
originally to Shirokov [141].

Example 12.1. Let D(p) = %p ® % tr[p]t, where 7 is a fixed state with H(t) = +co. Then
H(®(p)) = +0c0. On the other hand, by the monotonicity property of the relative en-
tropy (see Theorem 9.1.3)

2 PiH(®P)IP(P) < Y piH(pilp) < log(dim(H,)) < +00

for arbitrary ensemble {p;,p;}, and hence, x4 (p) < log(dim(H,)) < +oco for any p €
S(Hy).

For arbitrary state p such that H(®(p)) < +oo, the y-function has the following
representation:

Xo(p) = H(®(p)) - H(D(p)), (12.8)
where
; = inf = inf . . :
(@) = inf (Hj{ HOE)H@p) = inf Y pH®E) (129

is a convex closure of the output entropy H(®(p)).
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In the finite-dimensional case, the output entropy function H(®(-)) and its con-
vex closure (= convex hull) H(d(-)) are continuous concave and convex functions on
S(Hy) correspondingly and the representation (12.8) is valid for all states. It follows
in this case yg(-) is continuous and concave on S(H,). However, in the infinite-
dimensional case the output entropy H(®(:)) is only lower semicontinuous, and
hence, the function y4(-) is not continuous even in the case of the noiseless chan-
nel @, for which x4 (-) = H(®(:)). But it turns out that the function y4(-) for arbitrary
channel @ has properties similar to the properties of the output entropy function
H(D()).

The conclusion of the next proposition follows easily from the definition of x4 (:).

Proposition 12.1.5. Let A ¢ S(H,) be a closed subset. If H(®(-)) : A — [0,+00] is
continuous in || - |l;-norm, then y4(-) : A — [0, +00] is also continuous in | - ||;-norm.

In the modern convex analysis (see, e. g., Rockafelar [131]), the notion of strong
convexity (concavity) plays an essential role in this section. By using inequality
H(pllo) = %Ilp - 0|, and Proposition 12.2.4, we obtain the following observation.

Corollary 12.1.6. x4(-) is a strongly concave function on S(IH,) in the following sense:

Xo(Ap1 + (1= A)p,)
> Mo(oy) + (1 - Ao (0,) + AL - )| D) - D@7

for arbitrary p, and p, in S(H).

The similarity of the properties of the functions y4(p) and H(®(p)) is stressed by
the following analog of Simon’s dominated convergence theorem (due originally to
Simon [164]) for quantum entropy, which will be used later.

Corollary 12.1.7. Let (p,)5] be a sequence of states in S(H,), converging to the state
p under the | - |l;-norm and such that A,p, < p for some sequence (A,);%] of positive
numbers, converging to 1. Then

M Yo (0n) = Xo (P)-

Proof. The condition 4,0, < p implies decomposition p = A,p0,, + (1 - A,,)0,,, where
0, = (1-24,)" (p - A,p,) is a state. By concavity of the y-function, we have

Xo () = Xo Aoy + (1 - A,)0,)
2 AXo(Pr) + (1= A)X0(0,) 2 AXa(0y),

which implies lim sup,_,,. Xo(©n) < Xo(0). This and lower semicontinuity of the
x-function completes the proof. O
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Example 12.2. Let Hy be a positive unbounded operator on the space Hy such that
tr[exp(—BHg)] < +oo forall B > 0 and h > O be a positive number. Proposition 9.2.2
yields continuity of the restriction of the output entropy H(®(-)) to the subset A = {0 €
S(H) | tr[®(p)Hg] < h}.

12.2 Holevo y-capacities

Let A be a certain closed subset of S(IH, ), and let ® be a quantum channel from A c
S(Hy) to system S(Hp). In this section, we investigate properties of output Holevo
quantity xo(u), unconstrained channel y-capacity C,(®) and .A-constrained channel
X-capacity Cx (®; A) for various types of closed subsets .4 of S(IH,). All of these channel
X-capacities are often referred to as Holevo y-capacities (see Holevo [70]).

We first define the unconstrained channel y-capacity CX(CD) and A-constrained
channel x-capacity C, (®;.A) of @ as follows.

Definition 12.2.1 (Unconstrained channel y-capacity). Let u € P(S(Hy)) and let @ :
S(Hy) — S(Hp) be a channel. We define the unconstrained Holevo x-capacity C, (®)
of ® as

Cy(®@) = CX(CD;S(]HA)) = sup xo(W. (12.10)
HeP(S(Hy))

Let A be a closed subset of S(IH,). Recall from Section 3.3 that P 4(S(IH,)) is a
subset of P(S(IH,)) defined by

Pa=PA(S(Hy)) = {p e P(SMH,)) | p(p) € A}, (12.11)

where p(u) is the barycenter of u defined by

p() = j pu(dp) € A.
S(Hy)

Definition 12.2.2 (A4-constrained channel). Let A be a closed subset of S(IH,) such
that (12.11) is satisfied and let ® : A ¢ S(H,) — S(Hp) be a channel constrained
to A. In this case, @ is said to be an .A-constrained channel.

Definition 12.2.3 (A-constrained channel y-capacity). The y-capacity of the 4-con-
strained channel @ is defined as

Cy(@;.A) = sup xo (W), (12.12)
pueA

where
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Xo) = j H(®()I0(500) )u(dp),
S(Hy)

as defined in (12.4).

The capacities CX(CD) and CX(QD; A) defined above are also called unconstrained
and constrained Holevo x-capacity, respectively. It is obvious that C,(®;.4) = C,(®)
when A = S(Hy).

We shall only consider the constraint sets A ¢ S(IH,) such that C,(®;.A) < +oo
throughout this section.

The following result provides an equivalent definition of C, (®; A).

Proposition 12.2.4. The x-capacity of A-constrained channel ® can be defined by

Cy (@5 A) = sup xo (W), (12.13)
HEP 4

where P 4 = P 4(S(Hy)) is as defined (12.11).
Proof. We first note that

sup Xo(4) < Gy (@5 A).
HEP 4

We now want to show that

sup Xo(H) = G (s A).

HEP 4
Suppose u € P(S(H,)) is such that p(u) = p € A, i.e., p € P 4. By Lemma 3.3.9, there
exists a sequence of probability measures (u,);; on S(H,) with finite support and
with the given barycenter p such that y,, converges to u under the weak convergence
topology. Note that Definition 12.13 is a similar expression in which the supremum is
over all measures in P 4 with finite support. By Proposition 12.1.4, the lower semiconti-
nuity of yo(-) implies that lim,,_,, ., Xo(Mn) = Xo (). It follows that the supremum over
all measures in P 4 coincides with the supremum over all measures in P 4 with finite
support. Therefore,

sup Xo(H) = G, (@5 A).
HEP 4

This proves the proposition. O

Based on the above proposition, the y-capacity of the .A-constrained channel ®
can be defined as

Cy(@; A) = sup xo(H) = sup xo(H), (12.14)
HEP 4 pweA

where the short notation P4 = P 4(S(IH,)) is used for simplicity.
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Summarized from Definition 12.2.3 and Proposition 12.2.4, we have the following
two observations:

1. When the probability measure u has a countable (finite or infinite) support, then
u can be written as an ensemble y = {p;,p;}y, where p; = u({p;}) > 0 and
Y% p; = 1. If its barycenter (or average input state) p({p;, p;}) = ¥; pip; € A, then
the y-capacity of the A-constrained channel @ is defined as

G@A) = sup  xo({pupib), (12.15)
wp({pppiheA
where
Xo({bi-pi}) = ZpiH<(D(Pi)||CD<Zpipi>>. (12.16)

2. When u € P(S(H,)) is a point-mass measure at p € S(Hy). This is, u({p}) = 1, or
equivalently u = {p}. Then p(u) = p. This gives us the motivation to define

Xoo) = CX(GD; {p}) = sup H(®(0)|D(p))u(do), (12.17)
Vep(p}S(HA)

where P, is the set of all probability measures on S(H) with the barycenter p, and
that under the condition H(®(p)) < +co the supremum in (12.17) is achieved on
some measure supported by pure states. The last assertion of this observation fol-
lows from the representation (12.8) and from lower semicontinuity of the function

He (p).

12.2.1 Optimal ensembles

Fora closed subset A of S(IH, ), one of the questions that need to be answered is: under
what condition(s) on A, can the supremum in (12.14) be achieved? This subsection is
devoted to answering this question.

To answer this question, we first introduce the concept of an optimal signal en-
semble for the A-constrained quantum channel as follows.

Definition 12.2.5. A probability measure pu* € P 4(S(IH,)) is said to be an optimal
ensemble (or measure) for the .A-constrained channel ® : S(Hy) — S(Hp) if the
supremum in (12.14) is achieved by u*. That is,

Cy(@;.4) = Xo (")

Definition 12.2.6. An optimal ensemble (or measure) u* € P 4(S(IH,)) is said to be
an optimal discrete ensemble for the .4-constrained channel ® : S(H,) — S(Hp) if
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1* has a finite or countably infinite support {p;, p;}. In this case, the y-capacity of the
channel can be written as

C (@: A) = Xo({Pipi}) Zpl (@E)IP(A(1")))
= H((D(p sz (D(p )

- H(@(Zi:pipi>> - ;piH(CD(pi))-

Definition 12.2.7. An optimal ensemble (or measure) p* € P 4(S(H,)) is said to be
an optimal generalized ensemble for the .A-constrained channel @ : S(Hy) — S(Hp)
if u* does not have a finite or countably infinite support {p;,p;}. In this case, the
x-capacity of the channel can be expressed as

G(@iA) ~xa(u') = [ H(@EIOGR )i @)

S(Hy)

- H©@E) - | H@E)N @)
(H

S(H)

—H(o( [ pwan))- [ H@EM @)

S(Hy) S(IHy)

We need Caratheodory’s theorem (Caratheodory [17]) and Ulhman’s result to prove
Schumacher-Westmoreland theorem 12.2.9 below.

In convex geometry, Carathéodory’s theorem roughly states (see Luo and Cao
[110]) that if a point x of R? lies in the convex hull of a set A, then x can be written as
the convex combination of at most d + 1 points in A. Namely, there is a subset B of A
consisting of d + 1 or fewer points such that x lies in the convex hull of B. Equivalently,
x lies in an r-simplex with vertices in A, where r < d. The smallest r that makes the
last statement valid for each x in the convex hull of A is defined as the Carathéodory’s
number of A. Depending on the properties of A, upper bounds lower than the one
provided by Carathéodory’s theorem can be obtained. Note that A need not be itself
convex. A consequence of this is that B can always be extremal in A, as nonextremal
points can be removed from A without changing the membership of x in the convex
hull.

In the following, we formally state the Caratheodory theorem without a proof (see
Caratheodory [17] and Steinitz [166] for a proof).

Theorem 12.2.8 (Caratheodory’s theorem). Suppose a point x lies in the convex hull of
aset A ¢ RY. There exists a subset B c A containing no more than d + 1 points such that
x lies in the convex hull of B.
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The following existence of the optimal signal ensemble for finite-dimensional
Hilbert spaces H, and Hp is originally due to Schumacher and Westmoreland [163]
and Uhlmann [170].

Theorem 12.2.9 (Schumacher and Westmoreland [139], Uhlmann [170]). Assume that
dim(H,) < +oo, dim(Hpg) < +0o, and A is a convex compact subset of S(H,). Then an
optimal signal ensemble exists.

Proof. Assume that dim(H,) = d and let p € A. If the set of extremal elements of
A is compact, then for any p € A, there exists an ensemble of states {p;} ¢ A with
p = {pi. P} that maximizes y4(u) over the set of all ensembles whose average state is
p. In other words, there exist optimal signal ensembles for a given average state p. By
Caratheodory’s theorem 12.2.8, since the Hilbert space has d dimensions, then there
are optimal ensembles (in this sense) with no more than d? states. We see that the con-
ditions for the result from Uhlmann [170] are met. The set of states .4 that are possible
outputs of the channel is a convex, compact set with a compact set of extremal points.
For any average state p in A, we can find a p-fixed optimal ensemble with d” or fewer
elements. Thus, in order to maximize 4 (u) over all possible ensembles, we only need
to consider the set of ensembles with no more than d? elements drawn from .A. As this
is a finite Cartesian product of a compact set, it is compact. As y4(-) is a continuous
function, it must achieve its maximum in this set of ensembles. Thus, the existence of
an optimal ensemble of states in .4 is assured. This proves the theorem. O

We define an approximating sequence of ensembles and its optimal average state
for C (<D; A) below.

Definition 12.2.10. The sequence of discrete ensembles ({pl , pl }1 1 ) 1 with the aver-
ages

Nk
p =Zpipl-e,4, k=1,2,...
i=1

is called an approximating sequenceiflim,,_, , ., X(D({pf-( , pf-‘}) = C,(®; A). Thestatep € A
is called an optimal average state if it is a partial limit of a sequence of average states

(p )re; for some approximating sequence of ensembles ({pi‘, pf :'(’1‘)) oy

Note that if the set A ¢ S(H,) is compact, then the set of optimal average states
is not empty. This is because P 4 = P 4(S(H,)) is a compact subset of P(S(H,)) under
weak convergence if and only if A is a compact subset of S(IH,) under trace-norm |- [|;
(see Proposition 3.2.8). Therefore, a sequence of discrete optimal (signal) ensemble

(pf, pFY 19122 exists such that

. (k)
G (D A) = khm ch({Pf)Pf{}Tl )-
—+00
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The following results are due originally to Holevo and Shirokov [79] (see also
Holevo and Shirokov [81, 83]).

Theorem 12.2.11 ([79, 81, 83]). If the restriction of the output entropy
H(D(") : A c S(Hy) — [0, +00]

to the closed set A is continuous at least at one optimal average state p, € A, then there
exists an optimal generalized ensemble u* in P 4 such that supp(u*) < extr(S(H,)) and

G(@5A) = Xoh) = [ H@EIOEH )N ).
S(Hy)

Proof. (i) We first show that the mapping

e | HE@E)HED)
S(H)

is well-defined and lower semicontinuous on the set P 4 := P 4(S(IH,)). Let (Pn);‘;‘l’ be
a sequence of increasing finite rank projection operators that converges to the identity
operator Iy = Iy on the space Hg. Then the output von Neumann entropy H(®(p)) is
a pointwise limit of the monotonously increasing sequence of functions, f,, : S(H,) —
[0, +00], defined by

fn(p) = tr[rl(PnCD(p)Pn)] - rl(tr[PnCD(p)Pn])>
where

—xlogx forx>0

nex) = { 0 forx =0.

It is clear that the sequence of functions (fn(-))gfl’ are continuous and bounded on

S(Hy). Hence, the function H(®(p)) is measurable and the monotone convergence
theorem implies that

| HE@E)ud) = tim [ o)
S(Hy,) S(Hy)

Since the sequence of continuous functionals

ue J fa(P)u(dp)
S(Hy)

is nondecreasing, its pointwise limit
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p— lim J fulo)u(dp) = J H(®(p))u(dp)
S(H,) S(H,)

is therefore well-defined and lower semicontinuous.

(ii) By the assumption of the theorem, the restriction of the function H(®(-)) to the
set A is continuous at some optimal average state p,. Therefore, the continuity of the
mapping py — p(u) implies that the restriction of the functional y — H(®(p(u))) to the
set P 4 is continuous at any point y, such that p(uy) = p,. Consequently, H(®(p(u))) <
+oo for any point y in the intersection of P 4, with some neighborhood of p,. For every
such point y, the relation (12.6) holds. Therefore, the restriction of the functional y4(-)
to the set P 4 is upper semicontinuous, and by Proposition 12.1.4 it is continuous at any
point y, in P4 such that p(uy) = p,. Let ({p}', pi'}); S be an approximating sequence
of ensembles with the corresponding sequence of average states p"* converging to the
state p,. Decomposing each state of the ensembles ({p}, p'}){7 into a countable con-
vex combinations of pure states, we obtain the sequence ( {p” A"})]*l of generalized
ensembles consisting of a countable number of pure states with the same sequence of
the average states p". Let ji" be the sequence of measures ascribing value f)]’? to the set
{[);’} for each j. It follows that

Z H(@@])Io@")
>sz (@(PIPE")) = Xo (P} 1) (12.18)

where the inequality follows from convexity of the relative entropy. By construction,
supp(ii") < extr(S(H)) for each n. By Proposition 3.2.8, there exists a subsequence
converging to some measure " in P 4. Since the set extr(S(H)) of all pure states is
closed subset of S(H,), we have supp(u*) ¢ extr(S(H)). Itis clear that p(u*) = p,, and
hence, as shown above, the restriction of the functional y4(y) on the set P 4 is contin-
uous at the point u*. This and the approximating property of the sequence ({p}, p}'})
and (12.18) implies

G (D A) = hm ch({ 109, pl 1Y) < kEElme(ﬂn(k)) = Xo (1)
Since the converse inequality follows from Proposition 12.2.4, we obtain
Cx(cD§ A) = X(D(:u* )s

which means that the measure u* is an optimal generalized ensemble for the A-con-
strained channel ®@. This proves the theorem. O

By noting that the condition of the theorem holds trivially for A = {p,}, we have
the following corollary.
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Corollary 12.2.12. For arbitrary state p, with H(®(p,)) < +00, there exists a generalized
ensemble u, such that p(uy) = py and

Xo(po}) == sup xo(pipi}) = J H(®@(p)lP(pg))uo(dp).

2 PiPi=Po S(iy)
In the finite-dimensional case, we obviously have

G (@5 A) = xo({0}), (12.19)

where p is the average state of any optimal ensemble.

The generalization of this relation to the infinite-dimensional case is closely con-
nected with the question of existence of the optimal generalized ensemble.

The first assertion of the next corollary is obvious while the second one follows
from Corollary 12.2.12.

Corollary 12.2.13. If an optimal generalized ensemble for the A-constrained chan-
nel @ exists, then the equality (12.19) holds for some optimal average state p for the
A-constrained channel ®. If the equality (12.19) holds for some optimal average state
p for the A-constrained channel ® with H(®(p)) < +co, then there exists an optimal
generalized ensemble for the A-constrained channel ®.

Remark 12.1. The continuity condition in Theorem 12.2.11 is essential, as is shown in
Example 12.3 below. It is possible to show that this condition holds automatically if
the set A is convex with a finite number of extreme points with finite output entropy.
Shirokov [141] conjectured that this condition holds for an arbitrary convex compact
set A due to the special properties of optimal average states in this case.

In the following, we consider existence and properties of optimal generalized en-
sembles.

The well-known fact concerning the y-capacity of a finite-dimensional quantum
channel @ constrained by a closed subset . A c S(IH,) consists in existence of an opti-
mal ensemble at which the supremum in (12.14) is achieved. Since

G(@5A) = sup | H@E)I®(p00)(dp) (12.20)

HEPA S i)
where the supremum is taken over all probability measures u with the barycenter
p(u) in A, the notion of an optimal ensemble is naturally generalized to the infinite-
dimensional case leading to the notion of an optimal measure (generalized or contin-
uous optimal ensemble) at which the supremum in (12.20) is achieved.
However, in contrast to the finite-dimensional case, we cannot claim existence of
an optimal measure for an arbitrary quantum channel constrained by closed or even
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compact subset of S(IH,) as demonstrated in the following example due originally to
Holevo and Shirokov [79].

Example 12.3. Consider the Abelian von Neumann algebra [, and its predual /;. Let

@ be the noiseless channel on ;. Consider the sequence of states ( n);ﬁ‘f,
dn 4n dn
=(1 , =, =, ..., —/,0,0,...], neN,
Pn < an n’n n )

where (g,,);,2] is a sequence of numbers in [0, 1], which will be defined below. Note that
in this case o (p,) = H(p,,) = hy(q,,) + g, 1og n, where h,(x) = —xlog x — (1-x) log(1-x).
We will show later that there exists the sequence (g, such that lim,,_,, ., g, = O,
while the corresponding sequence x4(p,,) = H(p,) monotonously increases to 1. Let
g, be such a sequence and .4 be the closure of the sequence p,,, which obviously con-
sists of states p,, and pure state p, = lim,,_,..,p, = (1,0,0,...). By definition and the
above monotonicity C,(®, A) = lim,,_,,, Xo(P,) = 1, while p, is the only optimal av-
erage state for the A-constrained channel @ and x4 (p,) = H(p,) = 0. So, we have
Cx (®; A) > xo(p,) and Corollary 12.2.13 implies that there is no optimal ensemble for
the A-constrained channel ®. Let us construct the sequence g,, with the above prop-
erties. Consider the strongly increasing function f(x) = x(1 — In x) on [0, 1], where In x
denotes the natural logarithm function of x. It is easy to see that f'(x) = —Inx < 0
for all x € [0,1] and f([0,1]) = [O,1]. Let f’1 be the inverse function of f and let
gx) = xf “1(In(2/x)) for all x > 1. Note that the function g(x) is implicitly defined by
the equation

g(1-1In(g/x)) =1In2. (12.21)

Using this, it is easy to see that the function g(x) satisfies the following differential
equation:

In(g/x)g" = g/x (12.22)
Since g(x)/x = f1(In 2/x), we have g(x)/x € [0, 1]. This with (12.21) and (12.22) implies
g(x) € [0,1], lim,_,, ., g(x) = 0 and g’ (x) < 0, correspondingly. Consider the function
H(x) = hy(g(x)) +g(x) log x. By (12.21) and (12.22) with the above observations, we have
lim Hx) = (In2)"! lim g Inx=1
X—+00 X—+00

and

H'(x)=(n2) " (g'(x) In(1 - g(x)) - g’ () Ing(x) + g’ (x) Inx + g(x)/x)
=(In2)'g’(x)log(1-g(x)) >0, x> 1.
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It follows that H(x) is an increasing function on [1, +oo[, tending to its upper bound 1
at infinity. Setting g,, = g(n), we obtain the sequence with the desired properties.

In the following subsections, we explore properties of the channel capacity
C,(®;. A) with A being (i) a compact constraint subset and (ii) a convex constraint
subset of S(Hy).

12.2.2 Compact constraint .A

We first investigate properties of Holevo y-quantity y4(u) and Holevo y-capacity
C,(®; A) when the input states belongs to compact constraint set A ¢ S(IH,).

Recall that an unbounded positive operator H on H, with discrete spectrum of
finite multiplicity is called an $)- operator. Let Q,, be the spectral projector of H corre-
sponding to the lowest n eigenvalues of H. We define

tr[pH] = nEer tr[pQ,H], Vp e S(Hy).

It has been shown in Theorem 3.2.5 that there exists an $)-operator H and a positive
constant h such that the following set:

Ky(h) = {p € S(H,) | tr[pH] < h}

is a compact subset of S(IH,) and Kg(h) = A.

Proposition 12.2.14. Let H be an $-operator on the space Hy such that
tr[exp(-fH)] < +c0, B >0, (12.23)

and tr[®(p)H] < h for all p € A. Then there exists an optimal generalized ensemble for
the A-constrained channel ®.

Proof. Toshow the existence of an optimal generalized ensemble for the .4-constrained
channel @, we will show that under the condition of the proposition the restriction of
the output entropy H(®(-)) on the set A is continuous. By applying Theorem 12.2.11,
the conclusion of the proposition follows.

Let pp = (tr[exp(—,BH)])*1 exp(—fH) be a state in S(Hp). For arbitrary p in A, we
have

H(CD(p)llpB) = -H(®(p)) + Btr[D(p)H] + log(tr[exp(—BH)]). (12.24)

Let p, be an arbitrary sequence of states in .A converging to the state p. By using (12.24)
and lower semicontinuity of the relative entropy, we obtain
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lim sup H(®(p,)) = H(®(p)) + H(®(p)l|pg) - lim inf H(®(p,,)llpp)
n—+0o n—+oo
+ lim sup B tr[®(p,)H] — B tr[D(p)H]
n—+oo
< H(®(p)) + ph.
By letting 8 — 0 in the above inequality, we can establish the upper semicontinuity
of the restriction of the function H(®(:)) to the set .A. The lower semicontinuity of this

function follows from the lower semicontinuity of the entropy. Hence, the restriction
of the function H(®(-)) on the set A is continuous. This proves the proposition. O

12.2.3 Convex constraint A

We study in this subsection properties of (1) and CX((D; A)when Ais a convex subset
of S(Hy).

The following result is due originally to Donald [40]. The proof will be omitted,
because a generalization of Donald’s identity will be stated and proved following the
lemma.

Lemma 12.2.15 (Donald identity). Assume that dim(H,) < oo and let u = {p;,p;} be a
discrete ensemble. Then the following identity holds for arbitrary o € S(Hy):

2 i (pillo) = 3 piH (pillp() + H(PGIo),

where p(u) = ¥, pip;-
The following lemma is a generalization of Donald’s identity lemma 12.2.15.

Lemma 12.2.16. For arbitrary measure u € P(S(H,)) and arbitrary state 0 € S(Hy),
the following identity holds:

| Helowudo) = | HpIBGNED) + HBG10). (12.25)

S(Hy) S(Hy)

Proof. We first notice that in the finite-dimensional case Donald’s identity
Y piH(pilo) = Y piH(pilp(w) + HEWlo)
i i

holds for not necessarily normalized positive operators with the generalized definition
of the relative entropy. This can be obviously extended to generalized ensembles in a
finite-dimensional Hilbert space, giving (12.25) for this case. Thus, this relation holds
for the operators P,pP,, P,0P,, where (P,),% is an arbitrary sequence of finite pro-
jectors increasing to I, = Iy, . Passing to the limit n — +co and using the monotone
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convergence theorem, we obtain (12.25) in the infinite-dimensional case. This proves
the lemma. O

The following proposition is a generalization of the “maximal distance property”
(see, e. g., Proposition 1 in Holevo and Shirokov [79]).

Proposition 12.2.17. Let A be a closed convex subset of S(Hy). A measure m €
P4(S(Hy)) is an optimal generalized ensemble for the A-constrained channel @ if
and only if

j H(D()ID(B())udp) < j H(®)ID(Em))m(dp) = xo)  (12.26)

S(H,) S(Hy)

for arbitrary measure u € P 4(S(Hy)).

Proof. (=) Suppose inequality (12.26) holds for arbitrary measure u € P 4 = P 4(S(H)).
By Lemma 12.2.16, we have

Xoli) = j H(®E)IPGEW))u(dp)
S(H)

< j H(®(p)I0(50)) u(dp) + H(®([B(W)ID(B()))

S(H)

= | HE@EIRE)HD < xam,
S(H)

which implies optimality of the measure 7.

(&) Conversely, let 7 be an optimal generalized ensemble for the A-constrained
channel ® and p be an arbitrary measure in P 4. By convexity of the set .4, the measure
iy = A+ (1 - A)m is also in P 4 for arbitrary A € (0,1). Using Lemma 12.2.16, we have

Xo(m) = j H(®(0)|0(5(m)) )2 (dp)
S(H)

A | H@EIOEm)udp)
S(H)

+ (1 -y (m) + (1 - VH(p(n)lp(my)).

The optimality of 7 and nonnegativity of the relative entropy imply

J H(O(p)ID(p(my)))u(dp) — Xo () < A‘l()(q)(n,\) - Xo(m) < 0. (12.27)
S(H)

By Lemma 12.2.16 and lower semicontinuity of relative entropy,
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liminf | H(@()IOH0m))up)
S(H)

= | H@EIE) ) + liminf H@E)19ET)
S(H)

> | H@EIOFE)ude) + H@(E) 1)

S(H)

- j H(D(p)[D(p(m)) )u(dp).

S(H)

Then (12.27) implies

| HE@@IREm)HE) - xom

S(H)

<liminf [ H(@EID(Em))ude) - ol
S(H)

< liﬁn iol'lf()(cp(n/l) ~Xo(m)) < 0.

This proves the proposition. O

Denote by P,(S(IH,)) the set of Borel probability measures on S(H,) supported
by the set of pure states in S(IHy).

By monotonicity of the relative entropy H(-|-) for an arbitrary quantum channel
@ : T(H,) — T(Hg), we have

X o @) < x(u). (12.28)

Note that if H(p) < +oo and H(®(p)) < +oco, then inequality (12.28) means convexity
of the entropy gain H(®(p)) — H(p) of the channel ®. A necessary condition for the
equality in (12.28) expressed in terms of the channel @ is originally due to Petz [126].
However, the von Neumann entropy, despite the fact that it is more often called quan-
tum entropy, is really a measure of the mixing property in a quantum mixed state, and
thus measures the classicality of a quantum state. Indeed, the von Neumann entropy
of any pure quantum state is zero.

We will use the following lemmas concerning the limits of von Neumann entropy
H(-) and conditional entropy H(-|-). In what follows, convergence of quantum states
means convergence of the corresponding density operators to a limit operator in the
trace norm, which is equivalent to a weak operator convergence (cf. Davis [30] and
Holevo and Shrikov [81]). Note that entropy and conditional entropy are lower semi-
continuous functions (see Wehrl [175]).
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Lemma 12.2.18. Let A c S(H,) be a set such that CX(CD; A) < +oo and pg be a state in
S(Hp) such that

Zq,H(cD ))lpp) < Cy(D; A)

for arbitrary ensemble v = {q], 0;} with the average 6(v) € A. Then for arbitrary approx-
imating sequence ({P1 , pl o] of ensembles for the A-constrained channel @ w1th the
corresponding sequence of average states p there exists limy_,, ., H ((D(p Mpg) =

Proof. Let ( {pl »Pj }) 1 an approximating sequence of ensembles with the correspond-
ing sequence of the average states p*. By assumption, we have

Zp (@(p)llpy) < C, (@3 A).

Applying Donald’s identity (12.25) to the left-hand side, we obtain

zpi‘H@(p )liog) = Zp"H (@(p)ID(E")) + H(@(R")lpp) (12.29)
From the above two expressions, we have
H(®(p")lps) < C,(®:.4) - Y. piH(®(p])|0(p").

But the right-hand side tends to zero as k tends to infinity due to the approximating
property of the sequence ({pl »Pj } 1- This proves the lemma. O

Despite possible nonexistence of partial limits of the sequence of the average
states of a particular approximating sequence, the following proposition guarantees
convergence of the sequence of their images.

Proposition 12.2.19. Let A be convex subset of S(H) such that CX(CD; A) < +oo. Then
there exists a unique state Q(®, A) in S(Hg) such that

sup ) GH(®@)IQD, A)) = C(D;.A),
Z}ql gieA ]

where the supremum is taken over all discrete ensembles {(g;,0;)} with barycenter
(or average state) ¥; q;0; € .A. For arbitrary approximating sequence of ensembles
({pk. p}}! i 1 ); for the A-constrained channel @, the following limit exists:

n(k)
lim @(p") = kl_i)l}l()()@( > pi-‘pf-‘) =Q(D, A).
i=1

k—+00
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Proof. We first show that, for arbitrary approximating sequence of ensembles (yk oy =
({p;‘, pf-‘ }:7:(’1‘));‘31’ for the A-constrained channel ®, the sequence (@(pk)),tj‘l’ converges
to a particular state in S(IHp), where pk = Z:’z(ll‘) pffpff for k = 1,2,.... By definition of
an approximating sequence, for arbitrary € > O there exists a positive integer N, such
that xo(u") > C,(®;.A) - € for all k > N. By Lemma 12.2.15 with m = 2and A = 1/2 for

all k;, k, > N, we have

1 1
Cy(@s.4) ~ €< Xa(W) + Xa (1)

2
1 1 1 _ _
<xal 3+ 1) - 510G - 0],
1 ~k =
< C(@, ) ~ (") - @)

and hence, |D@") - (D(pkz)lll < +/8e. Thus, the sequence (O (5 )y is a Cauchy se-
quence, and hence, it converges to a particular state pg in S(Hp). Let v = {g;, oj}j"il be
an arbitrary ensemble with the average 6(v) € A. Consider the family of ensembles

W= A=K + Mgy o, VA€ [0,1]and vk € N (12.30)

with the average states pﬁ. By convexity of A, we have

n(k) m
pﬁ =(1-27) prfpl’-‘ +Aqu’-‘0}‘ €A, VAe[0,1] and Vk € IN.
i=1 j=1

By the above observation,

n(k) m
. A . k ok kgk
Jim ot = i o -0 3ot 1 ot

i=1

n(k) m
. k k k
=(1-A) I{E{fn()@d)( Y pip; ) +/1<D<;q;"0}- )
]:

i=1

= (1-MN)pp + AD(0). (12.31)
By definition,
n(k) m
XoUd) = -1 Y PH@E)IOE) +AY gH@@)I®E). (1232
i=1 j=1

Since G, (s A) < +oo, both sums on the right-hand side of the above expression are
finite. Applying Donald’s identity (Lemma 12.2.15) to the first sum, we obtain

n(k)
Z PEH(@E)ID(P}) = Xo () + H@@ID(BY))-
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Substitution of the above expression into (12.32) gives

Xo (1) = Xo (1Y) + (1 = DH(@@)ID(5}))

+ A(Z g H(®(0)|D(p})) —ch(u;?))
j=1
Due to nonnegativity of the relative entropy, it follows that for A + 0,
o A -1 ! 0 0
Z gH(@(0)|1D(py)) <A™ (X (k) — X (M) + Xao (g )-
j=1

By definition of the approximating sequence, we have
Jim () = (@A) 2 xo (1), VK.
It follows that

lim inflim inf)l_l()(cp(yb —)(q)(}lg)) <0
A0 k—+o00

(12.33)

(12.34)

(12.35)

By lower semicontinuity of the relative entropy, equations (12.32), (12.33), (12.34) and

(12.35) imply

m
Y gH(D(0))llps) < lim inf 1im +ian(q>(a].)||qn(p2)) < G (Ds A).
j=1 e

This proves that

sup Y H(D(0))lpp) < C,(D; A).
Xl gojeA |

(12.36)

To prove the converse inequality, we consider an approximating sequence ({P1 , pl

Applying Donald’s identity 12.2.15, we obtain

Y piH(®(p})lps) = Zp “H@(NID(EY)) + H@E)pp).

By the approximating property of the sequence ({pl »0; kyyroo ke1» the first term on the right-
hand side tends to C,(®;.A) as k — +oo, while the second is nonnegative. This proves

“>,” and hence, “=" in (12.36).

By inequality H(p|o) = §||p - 0|; and Lemma 12.2.18, inequality (12.36) im-
plies that, for arbitrary approximating sequence of ensembles ({q] 0 }),to‘lJ for the

A-constrained channel @, the corresponding sequence (" ) converges to the state
pg- Thus, this state pp does not depend on the choice of an approximating sequence,
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so it is determined only by the channel ® and by the constraint set .4. Denote this
state by Q(®, A). Lemma 12.2.18 implies also that pg = Q(®, A) is the unique state for
which equality in (12.36) holds. This proves the proposition. O

Proposition 12.2.19 shows in particular that if the set of input average states for
the A-constrained channel @ is nonempty, then it maps by the channel @ into a single
state.

Corollary 12.2.20. If there exists input optimal average state p for the A- constrained
channel @, then ®(p) = Q(D, A).

Note that compactness of the set A guarantees existence of at least one input av-
erage state.
This corollary justifies the following definition.

Definition 12.2.21. The state Q(®, A) is called the output optimal average state for the
A-constrained channel ®.

There exist examples of constrained channels with finite y-capacity but with no
input optimal average state, for which the output optimal average state is explicitly
determined and plays an important role in studying of this channels.

Corollary 12.2.22. Let A € S(H,) be a convex set. Then

C (@5 A) 2 Xo(p) + H@(P)IQUD; A)), Vp e A

Proof. It is sufficient to consider the case CX(GD; A) < +00. Let {(p;, p;)} be an arbitrary
ensemble such that }; p;p; = p € A. By Proposition 12.2.19,

Y DH(@(E)IA®, A)) < G (Ps.A).

This inequality and Donald’s identity (Lemma 12.2.15), we have

2. PH(@E)IO®; A) = Xo({pipi}) + H(@PIQAP, A).

This completes the proof. O

There exists another approach to the definition of the state Q(®, A). It is possible
to show that finiteness of C,(®;.A) implies the compactness of the set @(A), where
®(A) is the closure of ®(A) ¢ S(Hp) under the | - [|;-norm. For the arbitrary en-
semble v = {(g;, 0;)} with the average/barycenter 6(v) = Zi g;0; € A, consider the
lower semicontinuous function F {qj)gi}(-) = Z]- g;H(0;|l-) on the set ®(A). The function

F() = SUPy, g.0,c.A F {q;ﬂ;}(’) is also lower semicontinuous function on the set ®(A), and
hence, the minimum on this set is achieved.
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The following proposition asserts, in particular, the state Q(®, A) can be defined
as the unique minimal point of the function F(-) defined in the above paragraph.

Proposition 12.2.23. Let A ¢ S(Hg) be a convex set. The x-capacity of the A-con-
strained channel @ can be expressed as

Cy(@;A) = inf < sup quH(qn(oj)an)).
pre@(A)\Y; gio;€ A j

If G, (@5 A) < +o0, then Q(D, A) is the only state on which the infimum on the right-hand
side is achieved.

Proof. If CX(CD; A) < +00, then F(Q(D, A)) = CX(dD; A) due to Proposition 12.2.19. Let pp
be a state such that

s supAZ g;H(®(0))lpp) = F(pp) < F(Q(®, A)) = C,(®;.A).
j 40i€A j

Then by Proposition 12.2.19, pg = Q(®, A). If CX(d); A) = +00, then the right-hand
side of the expression in Proposition 12.2.23 is also equal to +co. Indeed, if py is a state
in S(Hp) such that

sup ) g;H(®(0))lpp) < +oo,
Yjgioe A’

then equality (12.29) is valid for arbitrarily approximating the sequence of ensembles
({(pff, pff)};’:(’f) ),t‘:’j’ for the A-constrained channel ® that implies CX(CD; A) < +o0o. This
proves the proposition. O

Note that the expression for C, (®;.A) in the above proposition can be considered
as a generalization of the “mini-max formula” for y* in Schumacher and Westmore-
land [139] to the case of an infinite-dimensional constrained channel.

Remark 12.2. Propositions 12.2.19 and 12.2.23 and Corollaries 12.2.20 and 12.2.22 do
not hold without assumption of convexity of the set A. To show this it is sufficient
to consider the noiseless channel ® = J and the compact set A, consisting of two
states p; and p, such that H(p;) = H(p,) < +oo and H(p,llp;) = +co. In this case,
C,(@;.A) = H(py) = H(p,), the states p; and p, are input optimal average states in the
sense of Definition 12.2.10 with the different images ®(p;) = p; and ®(p,) = p,.

12.3 Continuity of Holevo y-capacity

In this section, the question of continuity of the y-capacity C,(s.A) : €Q&(A,B) —
[0, +00] as a function of extended quantum channel is considered, where A is a given
closed subset of S(H,). Dealing with this question, we must choose a topology on the
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set Q¢ (A, B) of all quantum channels from S(IH,) into S(Hp). This choice is essential
only in the infinite-dimensional case because all locally convex Hausdorff topologies
on a finite-dimensional space are equivalent.

Let B(T(Hy), ¥(Hp)) be the Banach space of all bounded linear mappings from
%(Hy) into T(Hp), where T(H,) (resp., T(Hp)) is the space of trace-class operators on
H, (resp., Hg) under the | - [|;-norm.

Definition 12.3.1. The topology on the vector space B(T(H,), T(Hp)) defined by the
family of seminorms {||<D||p}peg(HA), where ||<1>||p = [|[D(p)ll;, is called the topology of
strong convergence.

Since an arbitrary operator in T(IH,) can be represented as a linear combination
of operators in S(IH,), it is possible to consider only seminorms ||| b = [®(p)|; cor-
responding to p € S(IH,) in the above definition. Note that a sequence (D)} of
channels in Q€(A4, B) strongly converges to a channel ® € Q¢€(A, B) if and only if
lim,,_, .o, ©n(p) = D(p) for all p € S(Hy).

Theorem 12.3.2. Let A be an arbitrary compact and convex subset of S(H,). Then
CX(-;A) : QC(A,B) — [0,+00] is lower semicontinuous under the strong convergence
topology. Moreover, if the spaces H, and Hy are finite- dimensional, then the Holevo
X-capacity CX('; A) is a continuous function on the set Q€(A, B). If ((Dn);i"l’ is an arbitrary
sequence of channels in Q€(A, B), converging to some channel ® in Q&(A, B), then the
following limit exists:

lim (@A) = G(®, A). (12.37)

Proof. We first show lower semicontinuity of the y-capacity function C, (; A) on the set
(A, B) under the strong convergence topology. Let € > 0 and {®,} be an arbitrary
net of channels, strongly converging to the channel @, and let {(p;, p;)} be an ensemble
with the average p such that yo({(p;,0;)}) > Cx(d); A) - €. By lower semicontinuity of
the relative entropy H(-|-),

liminf )" p;H(Q(0)194(5)) = Y piH (P () 19(7))
i i
=Xo({Pi-pi}) > Cy(®, A) —€.
This implies
lim inf G (D35 4) = G(®;.A).
It follows that

liminfC (®,;.4) > C (D, A), (12.38)
n—+oo X X
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for arbitrary sequence (®,,);7 of channels strongly converging to a channel @. This
proves that the function Cx( ,A) is lower semicontinuous on the set Q¢(A, B) under
the strong convergence topology.

Now to prove the continuity of C,(;.A) in the finite-dimensional case, it is suffi-
cient to show that for the above sequence of channels

limsup C,(@p; A) < C, (D3 A). (12.39)
n—+co
For an arbitrary .4-constrained channel from Q€(A, B), there exists optimal ensemble
consisting of m = (dim(H))? states (probably some states with zero weights). Let 3
be the compact space of all probability distributions with m outcomes. Consider the
following compact space with product topology:

PE™ = P x S(H,) x --- x S(H),

m

consisting of sequences ({p;}"1, p1, . . ., Pm), corresponding to arbitrary input ensemble
{(p;, P}, of m states. Suppose (12.39) were not true for contradiction purpose. Then
without loss of generality, we may assume that

lim G (@, A) > G (D, A). (12.40)
n—+oo

For each n, let {(p}, p!)}1%, be an optimal ensemble for the .A-constrained channel @,,.
By compactness of &BC’" we can choose a subsequence

Y - prRSy of (PPl o Pp)nsy converging to some element
(P prs-- Py in the space PBe™. By definition of the product topology on Be™,
it means that

hmp =p; and hmp =p/, i=12....,m

k—+00 k—+00

The average state of the ensemble {(pl* ,pi)}, is a limit of the sequence of average
states of the ensembles ({(p"k , p"k N Drer» and hence, lies in A (which is closed by the
assumption). By continuity of the quantum entropy in the finite-dimensional case, we
have

dim €(@,540 = lim xo, ({0701)]) = Xo({2}.0))}) < Gy(@: )
which contradicts to (12.40). Comparing (12.38) and (12.39), we see that
nl—i>1:+1100 Gy (@3 A) = C (D A).

This shows that C,(;;.A) is a continuous on Q¢&(4, B), if H, and Hy are both finite-
dimensional.
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If (©,);% is an arbitrary sequence of channels in Q¢(4, B), converging to some
channel @ in QQ:(A, B), we want to prove that the following limit exists:

lim Q(®,, A) = Q(d, A),
n—+oo

where Q(®, A) is as defined in Proposition 12.2.19. To prove this, we note that the
ensemble {(p;, p; )}, constructed above is optimal for the .A-constrained channel ®.
Hence, there exists the input optimal average state p* for the A-constrained chan-
nel @, which is a partial limit of the sequence (p");%] of the input optimal aver-
age states for the A-constrained channels @,,. Suppose (12.37) is not true. Without
loss of generality, we may (by the compactness argument) assume that there exists
lim,_,, ., Q(®,, A) + Q(d, A). By Proposition 12.2.19, this contradicts to the previous
observation. This proves the theorem. O

The assumption of finite dimensionality of the Hilbert spaces H, and Hjp is es-
sential for the continuity of the y-capacity C,(;;.A) on Q€(4, B) (see the second part of
Theorem 12.3.2). The following example shows that generally the y-capacity is not a
continuous function of a channel, even in the stronger trace-norm topology | - [l; on
the space of all channels. Although the example is a purely classical channel, it has a
standard extension to a quantum one.

The following example can be found in Holevo and Shirokov [80].

Example 12.4. Consider Abelian von Neumann algebra [, and its predual [;, where
I, is the space of all bounded real-valued sequence x = (x;){5° equipped with the
sup norm ||x||, = sup; |x;|, and [ is the space of all summable real valued sequences
= (x;){ equipped with the [;-norm |[|x| L= =7 Ixl.
Let {CDZ n=12...;q € (0,1)} be the famlly of classical unconstrained channels
from [, to [; defined by the formula

+00 +00
DIty Xps o5 Xy o)) = ((1—(1) Y xoq ) xl-,qxl,...,qxn,0,0,...>

i=1 i=n+1

for (x1,%5,...,X,,...) € l;. Defining

+00
@O((xl,xz,...,xn,...)) = (Z xi,0,0,...>,
i-1

we have

(@8 -, - a H(zkpz&xﬂpu 0 ﬂ

i=n+1
+00
=q
i=1

+00

in

i=n+1

HM+%Hm+m><MW1HG
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Hence, |®7 - (IJOII1 — 0 as g — O uniformly in n.
To evaluate the y-capacity of the channel @Y, it is sufficient to note that

H(®!(any pure state)) = h,(q) = —qlogg — (1 - ) log(1 - q)
and

H(®I(any state))

(e mg o ng o)
- "\n+l'n+1""""n+1’

n+1

=qlog(n+1) + hy(q).

It follows by definition that
C(®])=qlog(n+1), qe(0,1),neN.

Take arbitrary C such that 0 < C < +oco and choose a sequence g(n) such that
lim,,_,, ., g(n) = 0 while lim,_,, ., g(n)log(n + 1) = C. Then we have lim,,_, ., ||<Dﬂ(") -
@°| = 0 butlim CX(d)Z(")) =C>0= CX(d)O). Therefore, the y-capacity C,(-) is not
continuous.

n—+oo

The above example demonstrates harsh discontinuity of the y-capacity in the
infinite-dimensional case. One can see that a similar discontinuity underlies Shor’s
construction [160] allowing to prove equivalence of different additivity properties by
using channel extension and a limiting procedure.

12.4 Holevo y-quantity and coherent information

Let ® : S(Hy) — S(Hp) be a quantum channel from A to B, and let D : SHy) —
S(Hg) be its complementary channel from A to environment system E (see Defini-
tion 5.7.1). In the finite-dimensional case, coherent information I.(p, @) of the channel
@ at the state p is defined as

I.(®,p) = H(D(p)) - H(D(p)), (12.41)

where H(:) : S(H) — [0, +oo] is the von Neumann entropy. However, in the infinite-
dimensional case the values H(®(p)) and H(®(p)) may be both infinite even for a state
p with finite entropy. Therefore, coherent information I..(p, @) can be defined via quan-
tum mutual information as a function with values in | — co, +00] as follows (see Propo-
sition 12.4.1 below):

I(p, @) = I (p, ) — H(p).
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Let p be a state in S(IH,) with finite entropy. Then, by monotonicity of the Holevo
X-quantity, the values yq, (1) and y4(u) do not exceed H(p) = y(u) for any measure
U € P(S(H)) supported by pure states with barycenter p.

The following proposition underlies a fundamental connection between quantum
capacity and private transmission of classical information through a quantum chan-
nel. A measure for the latter is given by the difference x4 (1) —x 4 (1) between the Holevo
X-quantities of the receiver and environment (eavesdropper).

Proposition 12.4.1. Let u be a probability measure in P(S(IH,)) supported by pure
states with barycenter p. Then

Xo (M) = Xe M) = In(p, @) - H(p) = I.(p, D). (12.42)

Proof. (1) We first assume that H(®(p)) < +oo, then H(®(p)) < +oo. In this case,

Xo ()~ X600 = H@(p0)) - | H(@(p)u(dp)
S(H)

~H(®(p)+ | H@E)u(dp)
S(H)

=In(p, @) - H(p) = I.(p, D).

(2) We now consider the general case. For a given measure p € P(S(H,)), the
function @ — x4 (p) is lower semicontinuous on the set of all quantum operations
equipped with the strong convergence topology for which ®, — ® means ®,(p) —
®(p) in || - |l;-norm for all p. Since for an arbitrary sequence ((Dn);i’j’ of quantum opera-
tions strongly converging to a quantum operation @ the sequence (u o CD;I);;"{ weakly
converges to the measure po® " (this can be verified directly by using the definition of
weak convergence and noting that strong convergence for sequences of quantum op-
erations is equivalent to uniform convergence on compact subsets of S(IH,)), this fol-
lows from the lower semicontinuity of the functional u — x(u) on the set P(T_;(Hjp)),

where
T 4(Hp) = {A e T(Hp) | A>0,tr[A] <1}

Let (P,);S) be an increasing sequence of finite-rank projectors in B(IHp) strongly
converging to the identity operator Iy. Consider the sequence of quantum operations
(@), where @, = I1,, o @ and I1,,(0) = P,0P,,. Then

@, (p) = trg[(P, ® I5)(VpV*)], Vp € S(H), (12.43)

where V : Hy — Hp ® Hy, is the isometry from the Stinespring representation ®(p) =
trg[VpV™] of the channel ®@. The sequences (®,),;%] and (Ci)n);ixf converge strongly to
@ and @, respectively. Let p = ¥ Alk) (k| and @, = ¥ Ak} ® |k). Since H(p) <
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+00 and S(®(p)) < +oo, the triangle inequality implies S(®,(p)) < +co, where S(z) =
—tr[zlogz] for z > 0 and S(z) = O for z = 0. So, we have

Ln(p, @) = H((®, & Ip)(|Dp) ar (P, )Py (0) @ p)

= -5(®, () + S(Pn(p)) + a,
= Xp, W) + X, () + ap, (12.44)
where
= = 3. tr[@,(1K) (k) Ay Log Ay, (12.45)
k

and the last equality is obtained by using (12.43) and coincidence of the function p —
S(®(p)) and p — S(Cb(p)) on the set of pure states. Since the function ® — I, (p, D)
is lower semicontinuous (by the lower semicontinuity of relative entropy H(:|-) and
IL,(p,®,) < I,(p, D)) for all n by monotonicity of the relative entropy under the action
of the quantum operation II,, ® J;, we have

im I, (0, @) = Iy (p, @) (12.46)
We will also prove that
Jim xe (0 =Xo() and - lim ye (1) = X (). (12.47)

The first relation in (12.47) follows from the lower semicontinuity of the function ®
Xo (W) established earlier and from the inequality xq (4) < Xo(w) valid for all n by
monotonicity of the Holevo y-quantity under the action of the quantum operation II,,.

To prove the second relation in (12.47), we note that (12.43) implies that @, (p) <
Ci)(p) for all nand all p € S(H,). Hence, Lemma 2 in Holevo and Shirokov [80] shows
that

Xo, (0 < XM + f(tr[n(p)]), (12.48)

where f(x) = -2xlog x - (1-x) log(1-x), for any measure u € P(S(H,)) with finite sup-
port and with barycenter p. Let u be an arbitrary measure in P(S(IH,)) with barycen-
ter p, and let (1)) be the sequence of measures with finite support with the same
barycenter constructed in the proof of Lemma 1 in Holevo and Shrikov [80], which
weakly converges to the measure p. Validity of inequality (12.48) for the measure u
is derived from its validity for all measures y; by using lower semicontinuity of the
function p - o (1) and the inequality xo (i) < Xo (i), which is valid for all k by the
construction of the sequence ()2, and convexity of the relative entropy.

Inequality (12.48) and lower semicontinuity of the function ® — y4 (1) imply the
second relation in (12.47).
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Since the sequence (a,);>) defined in (12.45) obviously tends to H(p), relations
(12.44), (12.46) and (12.47) imply (12.42). This proves the proposition. O

12.5 Additivity of Holevo y-capacities

Let Hy, Hp, K, and Ky be separable complex Hilbert spaces, and let ® : S(H,) —
S(Hp) and ¥ : S(K,) — S(Kp) be two quantum channels from H, to Hg and from
K, to K, respectively.

This section is concerned with the additivity question of the Holevo y-capacity
C, () as a function of quantum channels. That is, whether or not C,(® ® ¥) = C,(®) +
C,(¥). Roughly speaking, the Holevo y-capacity C,(-) defined in (12.10) is said to be
additive if

C(@8Y) = C,(D) + C,(¥), VO e QE(H,, Hp) and V¥ € QC(Ky, Kp).

Although we use the same notation C, () for all Holevo y-capacities here, the left-hand
side C, (@ ® V) is the y-capacity for the tenor product channel ® ® ¥ defines as

C(@e¥)=  sup Yoew(V), (12.49)
veP(S(Hyp))

whereas Cx(d)) and CX(‘I’) on the right-hand side are defined in (12.10), etc.

Other related concepts such as subadditivity and superadditivity of Holevo
X-capacity are to be defined in Definition 12.5.3.

Proving the additivity of the Holevo y-capacity was one of the most important
problems in quantum information theory over the past decade, because additivity im-
plies that entangled inputs between the two channels ® and ¥ cannot enhance the
total rate of information transmitted through ® and ¥ individually. This is because if
the Holevo y-capacity is additive, then infinitely repeated use of a memoryless quan-
tum channel @ yields its asymptotic average classical capacity C(®) of the quantum
channel equals (see Proposition 13.3.3 for the relation between classical capacity C(-)
and the Holevo x-capacity C,(-) for memoryless channels):

o1 ony 1 1 _
C@) = lim -~ C(®™) = lim ; G( @) = G(®),

where @ = @, for all = 1,2,.... In this case, the quantum capacity C(®) is exactly
C,(®) and no capacity is gained from entanglement of input and output systems (see
Section 13.4 for entanglement assisted channels that improves the information trans-
mission rate).

If the channel @ has additive Holevo y-capacity, then computation of its classi-
cal capacity C(®) will be significantly simplified and less taxing by only computing
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C, (D). For this reason alone, one might wish that the Holevo x-capacity is always addi-
tive for all channels. Unfortunately, while additivity of the Holevo y-capacity C, (-) has
been shown to be true in depolarizing, unital and entanglement breaking channels
(see, e.g., King [97]), the superadditivity of the Holevo y-capacity in certain higher-
dimensional quantum channels was first given by Hastings [60] who showed the min-
imum output entropy of the channel ® and its conjugate channel ® satisfies the fol-
lowing strict inequality:

rfolign H(@eD)(p®0)) < n}oin H(®(p)) + min H(®(0)),

where the minimum is over all rank one pure states p and o. This disproves the ad-
ditivity conjecture that Holevo y-capacity is always additive. One of consequences of
the additivity violation of minimum output entropy is that Holevo capacity is not in
general additive either.

Hastings’ counterexample to the additivity conjecture is given in the following
subsection without a proof.

12.5.1 Hastings’ counterexamples to additivity

The first counterexample to the additivity conjecture was given by Hastings [60].
Other counterexamples are also given by King [97] (see also the references contained
therein).

Let N and M be finite positive integers. Fori = 1,..., N, pick [; > 0 independently
from a probability distribution

P(l;) oc P exp(-MNE), i=1,2,...,N,

where the proportionality constant is chosen such that j0+ “P()dl = 1. This distri-
bution is the same as that of the length of a random vector chosen from a Gaussian
distribution in M complex dimensions. Then define

N
L=q) B
i=1
Then we set

P =L/

Define a pair of channels ® and ®, which are complex conjugates of each other. Each
channel acts by randomly choosing a unitary from a small set of unitaries U;, i =
1,...,N, and applying that to p. This models a situation in which the unitary evolu-
tion of the system is determined by an unknown state of the environment. We define
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N i N 2 .
D(p) = ZPiUi pU; = Z L_lei pU; (12.50)
i1 i=1
and
. N - N
D(p) = ) PU;pU; = ) 50 pU,. (12.51)

The proof of the Hastings counterexample below can be found in [60] and is omit-
ted here.

Theorem 12.5.1 (Hastings’ counterexample [60]). For sufficiently large N and for suffi-
ciently large M that depends on N, there is a nonzero probability that a random choice of
U; from the Haar measure and of P; that define channels ® and @ in (12.50) and (12.51),
respectively. Then

r}}%nH(((D ed)(p®0)) < n}OinH((D(p)) + mUinH(CT)(G))

= 2min H(®(p)), (12.52)

where the minimum is over all pure states of rank one.

12.5.2 Additivity of unconstrained y-quantity

Let ® : S(H,) — S(Hpg) be a quantum channel from system A to system B. This sub-
section explores various conditions under which the unconstrained Holevo y-capacity
of channel @ is additive or nonadditive.

Since unconstrained Holevo x-capacity C,(®) of channel @ is defined in terms of
its Holevo y- quantity xo () (see (12.10)) as

G@) = sup oW,
UEP(S(IHy))
to address the additivity question of C, (®), we first need to look at the additivity of its
corresponding Holevo y quantity x4(-), which depends on the dimensionality of the
channel ®.
We classify the type of the channel @ based on the dimensionality of its input
system A and output system B below.

Definition 12.5.2. The channel @ : S(Hy) — S(Hjp) is said to be an:

1. FF channel if the input space H, and the output space Hy are both finite-
dimensional.

2. FI channel if the input space Hy is finite-dimensional and the output space Hp is
infinite-dimensional.
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3. IF channel if the input space H, is infinite-dimensional and the output space Hp
is finite-dimensional.

4. II channel if its input space H, and its output space Hy are both infinite-
dimensional.

A similar definition also applies to the channel ¥ : S(K,) — S(Kp), where K, and
K are the Hilbert spaces representing the input and output systems, respectively, of
the channel V.

Recall that the Holevo y-quantity for a channel @ : S(H,) — S(Hjp) is the function
Xo() : P(S(H,)) — [0, +oo] (see Definition 12.1.2) defined by

Xo) = [ HOEIOENED), i e PSEH,),
S(Hy)

where P(S(H,)) is the space of Borel probability measures on S(Hy), and p(u) :=
Js (H,) pu(dp) is the barycenter (or the average state) of the measure u € P(S(1H,)).

Definition 12.5.3. The Holevo y-quantity yoey (4 ® V) is said to be additive if, for all
u e P(S(Hy)), v € P(S(Ky)),

Xogw (U ®V) = Xo (1) + Xu(V). (12.53)

The Holevo y-quantity yoey (4 ® V) is said to be subadditive if, for all u € P(S(Hy)),
v e P(S(Ky)),

Xogw(H®V) < Xo () + Xu(V). (12.54)

The Holevo y-quantity xoew (U ®V) is said to be superadditivity if, for all y € P(S(Hy)),
vV € P(S(Ky)),

Xoew(L®V) 2 Xo (1) + Xy(V). (12.55)

We shall use the following chain properties of the Holevo y-quantity.

Proposition 12.5.4. Let ® : S(H,) — S(Hp) and ¥ : S(Hp) — S(H.) be channels
fromH, to Hp and from Hp to H, respectively. Then

Xwo®) <Xo(P) and  Xy.o(P) < xw(D(P)), Vp € S(Hy).

Proof. The first inequality follows from the monotonicity property of the relative en-
tropy H(-|-) (see Lemma 9.1.3) and the definition of the Holevo y-quantity (see (9.2))
and the fact that xo(p) = C,(®; {p}), while the second one is a direct corollary of the
Definition 12.1.2 of the Holevo y-quantity yy.q({p}). This proves the proposition. O
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Suppose that @ : S(H,) — S(Hjp) is either an arbitrary FI or an arbitrary II chan-
nel. That is, dim(H,) < +co and dim(Hg) = +oco or dim(H,) = +co and dim(Hpg) =
+oo. In this case, let (Pg);S be a sequence of finite rank projectors on Hjp strongly
converging to Iy := I (the identity operator on Hp), and let Hy = Py(Hp). Consider
the sequence of channels (¥,);% from S(H,) into S(Hf) = S(HJ' @ HZ") ¢ S(Hp)
defined by

©,(p) = P0(p)P} + tr[ (I ~ P)D(p)]7,, (12.56)

where 7, is a pure state in some finite-dimensional subspace Hy" of Hz © Hj" (note:
Hp © Hy" is the subspace of Hy such that (Hg © Hy") @Hy" = Hp). If dim(Hjp) <
+00, we will assume that @,, = © for all n. Note that for arbitrary FI-channel @ the
corresponding channel @, is a FF-channel for all n, since dim(HJ) < +co.

For arbitrary channel ¥ : S(K4) — S(Kp), we will consider the sequences @, and
@, ® ¥ of channels as approximations for the channels @ and ® ® ¥, respectively.
Despite the discontinuity of the Holevo y-capacity as a function of a channel in the
infinite-dimensional case (see Theorem 12.3.2), the following result (due originally to
Shirokov [142]) is valid. The result states that if the subadditivity holds for an FF chan-
nel ®,, tensor product with another channel ¥, then subadditivity also holds for the
IF @ tensor product with @ by using strong convergence of the projection operators
{Pp},5) toIp.

Lemma 12.5.5. Let ® and ¥ be arbitrary channels from H, to Hg and from K, to Kp,
respectively. If subadditivity of the Holevo x-quantity holds for the channel ®,, defined
by (12.56) and the channel ¥ for all n, then subadditivity of the x-function holds for the
channels ® and V.

Proof. The channel @, can be represented as the composition II,, - @ of the channel
®© with the channel I1,, : S(Hp) — S(Hg' @ Hp") defined

1I,(pp) = PgppPy + (tr[(I5 ~ Py)pp]) -
Proposition 12.5.4 implies that

Xo,(®) = Xu,-0(P) <Xo(P), VpeSH,)andVneN.

Since
nl—l};-noo @,(p) = D(p), Vp e SHy),
it follows from Theorem 12.3.2 that

liminfyq, (0) 2 Xo (),  Vp € S(Hy).



332 — 12 Holevo y-capacity

The above two inequalities imply that

lim xo (p) =Xo(P), Vp € S(Hy). (12.57)

n—+o00
It is easy to see that

(@, ®¥)(@) = (Pholg, )(®o¥)(@)(P ol )
+ 1,0 trg[((I - Pg) oI ) (@@ ¥)(w))], Vw e S(Hy 8 Ky).

Hence,

nEer(Qn V) (w) = (PeV¥)(w), VYweS(H,®K,),
and by Theorem 12.3.2 we have

lrilggélof)(q)"w(w) > Xoev (@), Yw e S(Hy ®Ky). (12.58)
By the assumption, we have foralln € N,
Xo,0¥ < Xo,(@WH,) +Xy(Wk,), VweSH,eKy).

This, (12.57) and (12.58) imply that

Xoaw(@) < Xo(wy,) +Xy(wk,), VYo e S(Hy ® Ky).

This proves the lemma. O

Proposition 12.5.6. Subadditivity of the Holevo x-quantity for all FF-channels implies
subadditivity of the Holevo y-quantity for all FI-channels.

Proof. This can be proved by double application of Lemma 12.5.5. First, we prove the
subadditivity of the Holevo y-quantity for any two channels, when one of them is of
FI-type while another is of FF-type. Second, we remove the FF restriction from the last
channel. This proves the proposition. O

Now we will turn to channels with the infinite-dimensional input quantum system
H,. We will use the following notion of the subchannel.

Definition 12.5.7. The restriction of a channel @ : S(H,) — S(Hjp) to the set of states
with support contained in a subspace H, of the space H, is called subchannel @, of
the channel @, corresponding to the subspace Hj,.

It is easy to see that subadditivity of the Holevo y-quantity for the channels ® and
¥ implies subadditivity of the Holevo y-quantity for arbitrary subchannels @, and
Y, of the channels ® and V. The properties of the Holevo y-quantity established in
Section 12.1 make it possible to prove the following important result.
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Proposition 12.5.8. Let ® : S(Hy) — S(Hp) and ¥ : S(K,) — S(Kg) be arbitrary
channels. Subadditivity of the Holevo x-quantity for any two FI-subchannels of the chan-
nels @ and V¥ implies subadditivity of the Holevo y-quantity for the channels ® and V.
Proof. 1t is sufficient to consider the case dim(H,) = +oo anq dim(K4) < +oo. Let
w be an arbitrary state in S(H, ® K,). Let {|¢) ;S and {|l[)k)}gl:r;1(KA) be orthonormal
bases (ONB) of eigenvectors of the compact positive operators wy; and wy such that the
corresponding sequences of eigenvalues are nonincreasing. Let P, = Y_, i), (Prl
and Q, = 22:1 |1/)k)]KA (Y l. In the case dim(Ky) < +oo, we will assume Q,, = Iy for
all n > dim(KK, ). The nondecreasing sequences (P,),;%} and (Q,);;] of finite-rank pro-
jectors converge to Iy, and to Iy, correspondingly in the strong operator topology.
Let H,4 = P,(H,) and K, 4, = Q,(K,). Consider the following sequence of states in
S(H‘IA ® ]KA):

w, = (tf[(P, ® Q)w]) " (P, ® Q,)w - (P, ® Qy),

which are well-defined for all n by the choice of the projectors P,, and Q,,. Since

lim w, = w, (12.59)
n—+oo
Theorem 12.3.2 implies that
lrillll +1(I)10f Xoow(Wn) = Xoey (@). (12.60)

The next part of the proof is based on the following operator inequalities:
Awpy S wy and  Awp gk < Wi, (12.61)

where A, = tr[(P, ® Q))w], W,y = trx[w,] and w, x = try[w,]. We prove the first in-
equality of (12.61) as follows. By the choice of P,, and due to the fact that supp(wy, ) €
H,, itis sufficient to show that A,w, < P,w. Let ¢ € H, ,. By definition of partial trace,

dim(Ky)
(Phwp, 10, = Y (@ OYIP, ®QwP, ® Q)P Yy o
k=1

m
= Z <(P ® l/)k|w|(p ® lpk)HA@]KA
k=1

dim(Ky)

< Y {eodlwlp @ Py ex, = (Plom,|P)y,»
k=1

where m = min{n,dim(K,)}. The second inequality is proved by the same way. By
using (12.59) and due to (12.61), we obtain

Jim Yo (@n,) = Xo(wy,) and  lm yy(@,k,) = xe(@,). (12.62)
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For each n, the {w,, j, }-constrained channel ® and the {w, k, }-constrained channel ¥
can be considered as FI-subchannels of the channels ® and ¥ corresponding to the
subspaces H,, , and K, 4. Hence, by the assumption,

Xoew(@n) < Xo(Wnp,) + Xw(Wyk,), VYneN.

This, (12.60) and (12.62) imply
Xoew (W) < Xo(wy,) + Xy(wk,), Yo € S(Hy @ Ky).

This proves the proposition. O

12.5.3 Tensor product of constrained channels

Let H,, Hp, K4 and Ky be separable complex Hilbert spaces. Let # and K be closed
subsets of S(IH,) and S(KK), respectively. We define H ® K, the tensor product of H
and K, as

HOK = {w e S(Hy @ Ky) | wy, = trg, [w] € H,w, = try, [w] € K} (12.63)

Let @ be an #H-constrained channel from H, to Hpz and ¥ be a K-constrained
channel from K, to Kp. The channel ® ® ¥ is said to be a 7 ® K-constrained channel
from S(H, ® K,) to S(Hp ® Kp) if the following requirements are satisfied for all w €
S(Hy®K,): (i) Wy, = trg, [@] € Hand (i) Wy, = try, [w] € K, where @ is the average
state of an ensemble {g;, w;}.

We have the following result on H ® K in terms of its components # and XK.

Lemma 12.5.9. The following topological characterizations of H ® K in terms of H and

K holds:

1. Theset H ® K is a convex subset of S(H, ® K,) if and only if the sets H and K are
convex subsets of S(Hy) and of S(K,), respectively.

2. Theset H®K is a compact subset of S(H, ® Ky ) if and only if the sets H and K are
compact subsets of S(Hy) and of S(K,), respectively.

Proof. 1. The first statement of this lemma is trivial.

2. We want to prove second statement of the lemma that # ® K is a compact subset
of S(H, ® Ky) if and only if H is a compact of S(IH,) and K is a compact subset of
S(Ky). First, we assume that 4 ® K is a compact subset of S(H, ® IK,). Note that

H = {tr]KA[w] lweHeK}:= try, [H ® K]

and
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K= {try, [w] | w e HOK} = try, [H e K].

From the above relations, it is clear that the partial trace tr, [---]and try, [---] are con-
tinuous functions from #®K onto # and K, respectively. By using a well-known fact in
topology that the image of a continuous map on a compact set is compact (see Rudin
[133]), we can easily conclude that the compactness of # ® K implies the compactness
of H in S(H) and the compactness of K in S(K). Conversely, we assume that H and K
are compact subsets of S(IH) and S(K), respectively, and we want to show that H ® K
is a compact subset of S(H® K). To prove this, let # and K be compact subsets of S(IH)
and S(K), respectively. By Proposition 3.2.2, for arbitrary € > O there exist finite rank
projectors P, and Q, such that

trf[P,p] >1-€, Vpe#H and tr[Q.0]>1-¢€ VoeK.
Since wy; = trg[w] € H and w := try[w] € K for arbitrary w € H ® K, we have

tr[(P, ® Q.)w] = tr[(P, ® Ix)w] - tr[(P, ® (Ix — Q,))w]
> tr[Pwy] - tr[(Ix — Q. wg] > 1 - 2€.

By Proposition 3.2.2, compactness of # and K imply compactness of the set # ® K.
This proves the lemma. O

12.5.4 Additivity of constrained Holevo x-capacity

Let # and K be closed subsets of S(IH,) and S(IKy), respectively. The following result,
due originally to Shirokov [141], answers the question of the additivity of the Holevo
x-capacity of H ® K-constrained channel @ ® ¥. More precisely, investigations are
focused on the conditions under which the following equality holds:

C(@OW;H oK) = C(®:;H) + C,(¥: K). (12.64)

Note that when # = S(H) and K = S(K,), the H ® K-constrained channel ® @ ¥
becomes a unconstrained one and the results obtained in this subsection automati-
cally reduce to that of the unconstrained case.

The following lemma is needed to answer the additivity question of the con-
strained y-capacity.

Lemma 12.5.10. Let Q(®; H) and Q(¥; K) be the output optimal average states for the
‘H-constrained channel @ and the K-constrained channel ¥, respectively. Then Q(®; H)®
Q(Y¥; K) is the output optimal average state for the H ® K-constrained channel ® ® V.

Proof. Let ({pff , pff Drs; and ({q}’.‘ , 0}‘})22‘1’ be approximating sequences of ensembles for
the H-constrained channel @ and K-constrained channel ¥, respectively. For each k,
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let p* = Y pll-(pﬁ‘ and 6¢ = 2 q}‘o}‘. By Proposition 12.2.19, the sequences (d)(pk)),t‘:"l’
and (‘I/(ék)),tgj’ converge to Q(®; H) and to Q(¥; K), respectively. Consequently, the

sequence of ensembles ({pl’-‘ q}‘ , pll-‘ ® 0}‘ Drs; is an approximating optimal sequence for

the H®K-constrained channel ®®W¥. By Proposition 12.2.19, the limit Q(®, H)oQ(¥, K)
of the sequence ((D(pk) ® ‘{’((7"));2(1’ is the output optimal average states of the H ®
K-constrained channel @ @ ¥. This proves the lemma. O

The results above enable us to establish the following infinite-dimensional result
due original to Shirokov [142].

Theorem 12.5.11 (Shirokov [142]). Let ® : S(H,) — S(Hp) and ¥ : S(K,) — S(Kp)

be arbitrary channels. The following properties are equivalent:

1. Equality (12.64) holds for arbitrary closed subsets H € S(H,) and K < S(K,) such
that H(®(p)) < +oo forallp € H and H(¥(0)) < +oo forall o € K;

2. Inequality

Xosw (W) < Xo(Wy,) + Xy(wg,) (12.65)

holds for arbitrary state w such that H(@(wy;,)) < +co and H(¥(wy,)) < +00;
3. Inequality

Hogy(@) = Ho(wy,) + Hy(wy,) (12.66)
holds for arbitrary state w such that H (dD(w]HA)) < +ooand H (‘I’(w]KA)) < +00,

where

Hy(p) = inf H(® dp) = _inf H(D(p;)).
() “gl’ws(l) (@(p))u(dp) zl_g})i:p;pl (D))

Proof. (1) = (3). Let w be an arbitrary state with finite H (d)(w]HA ))and H (‘P(w]KA )). The
validity of (1) implies
C( Do ¥ {wy,} @ {wy,}) = Gy (P {wy, }) + G (Vs {wy, ).

By Lemma 12.5.10, the state CD(aJ]HA) ® ‘P(a)]KA) is the output optimal average state for
the {wy,} ® {wk,}-constrained channel ® ® ¥. Noting that w € {wy,} ® {wk,} and
applying Corollary 12.2.20, we obtain

Xo(wy,) +xy(wk,) = C (D {wy, }) + C, (¥ {w, })
=G (oY {wy,} ® {wg,})
> Xoo(@) + H(® & V) (@) D(wy,) 8 ¥wy,)).  (12:67)

Due to the fact that
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H((@ V) (w)|P(wy) ® lI"((()IK))
= H(®(wy)) + H¥(wk)) - H{(® @ ¥)(w)),

the inequality (12.67) together with the representation that

Xolp) = H(®(p)) - inf [ H(@(p)n(dp) (12.68)

EP
S(Hy)

imply (12.66).

(3) = (2). It can be derived from expression (12.68) for the Holevo y-quantity and
subadditivity of the (output) entropy.

(2) = (1). It follows from the definition of the Holevo y-capacity (see Defini-
tion 12.1.2) and inequality (12.65) that

C(@OW;H e K) < C(®:;H) + C,(¥: K).

Since the converse inequality is obvious, there is equality here. This proves the theo-
rem. O

The validity of inequality (12.65) for arbitrary w € S(H, ® K,) seems to be sub-
stantially stronger than the equivalent properties in Theorem 12.5.11. This property is
called subadditivity of the Holevo y-quantity for the constrained channels ® and V. By
using arguments from the proof of Theorem 12.5.11, it is easy to see that subadditivity
of the Holevo y-quantity or the channels ® and V¥ is equivalent to validity of equality
(12.64) for arbitrary subsets H ¢ S(H,) and K ¢ S(K,).

By using Proposition 12.5.8 below, it is possible to show that properties (1)-(3)
in the above theorem are equivalent to subadditivity of the Holevo y-quantity for the
channels ® and ¥ having the following property: H(®(p)) < +oco and H(¥(0)) < +co
for arbitrary finite rank states p € S(IHy) and 0 € S(K,).

Remark 12.3. By Theorem 1 in Holevo and Shirokov [79], the subadditivity of the
Holevo y-quantity for arbitrary finite-dimensional channels @ and ¥ is equivalent
to validity of inequality (12.66) for arbitrary state w € S(H, ® K,), which implies
additivity of the minimal output entropy

inf  H((®eV¥)(w)) ejs?ngA)H((D(p))+ }Srb?( )H(‘I’(o)) (12.69)

weS(H,®K,) - p o€ A

for these channels. This follows from the inequality

H((@® ¥)(w)) 2 Hpgy(w) 2 Hop(wy,) + Hy(w,)

> pe‘lgl(ngA) H(D(p)) + Ue}gr%{(A) H(¥(0)) (12.70)
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valid for arbitrary state w € S(H, ® K,) for which inequality (12.66) holds. In contrast
to this in the infinite-dimensional case, we cannot prove the above implication (with-
out some additional assumptions). The problem consists in existence of pure states in
S(H, ® K,) with infinite entropies of partial traces, which can be called superentan-
gled. To show this, note first that the monotonicity property of the relative entropy
Linblad [108] provides the following inequality:

H(wy,) + Hwg,) - Hw) = Hwlwy, ®w,)
>H(®® V) ()| D(wy,) ® ‘I’(a)IKA))
= H(®(wyy,)) + H(¥(wg,)) - H(® & V) (),

which shows that H (leA) =H (a)]KA) < +ooimplies H ((D(w]HA)) < +ooand H (‘I’(a)]KA)) <
+00 for arbitrary pure state w € S(H, ® K4) with finite output entropy H((® ® ¥)(w)).
By this and Theorem 12.5.11, the subadditivity of the Holevo y-quantity for arbitrary
infinite-dimensional channels ® and ¥ implies validity of inequality (12.66), and
hence, validity of inequality (12.70) for all pure states w such that H (wp,) = H(wg,) <
+oo and H((®eV¥)(w)) < +0co. So, if we considered only such states w in the calculation
of the minimal output entropy for the channel we would obtain that it is equal to the
sumofinf ¢ s,) H(®(p)) and inf,c 5k ,) H(¥(0)), but this additivity can be (probably)
broken by taking into account superentangled states.
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In a typical communication scenario, two parties (the sender Alice and the receiver
Bob) aim to exchange (classical or quantum) information through a communication
channel. However, the biggest hurdle in the path of efficient information transmission
is the presence of noise in the communication channel. Noise distorts the information
sent through the channel and the receiver often does not receive the original informa-
tion that is intended. To overcome this hurdle, quantum error correcting codes (QECC)
can be used to combat the effects of noise.

One of the most important problems of quantum information theory is to deter-
mine the capacity of noisy quantum channels. The channel capacity is defined as the
optimal rate at which information may be transferred with the vanishing error in the
limit of a large number of channel uses.

A classical channel has a unique capacity. However, quantum channels have sev-
eral distinct capacities, depending on (1) the nature of transmitted information (clas-
sical or quantum); (2) the nature of the input states (entangled state or product states);
(3) the nature of measurement done on the output (collective or individual); and (4)
the presence or absence of any additional resources such as prior shared entangle-
ment between Alice and Bob and (5) whether Alice and Bob are allowed to communi-
cate classically with each other.

In most works on the transmission of information via a noisy quantum channel
such as those treated in Hayashi [61], Ohya and Petz [121], Watrous [173], Wilde [179],
Holevo [77] and references contained therein, it has usually been assumed that (i) the
noisy channel acts independently and identically for each channel use and behaves
as if it does not have any memory on any previous transmissions, and is therefore
termed as quantum memoryless channels; and (ii) the Hilbert spaces are all finite- di-
mensional (and hence all results obtained therein are essential finite-dimensional).
Quite contrary to the finite-dimensional case, the techniques required in treating infi-
nite dimensionality of these issues are sophisticated and the mathematical challenges
posed by these problems are enormous.

The purpose of this chapter is to systematically present an infinite-dimensional
version of classical capacities for various types of memoryless quantum channels, in-
cluding unconstrained and constrained hybrid and entanglement-assisted channels.
While there are results available on this subject, the exposition presented here have
never appeared in a book form before and, therefore, will be very beneficial to the
novice and seasoned researcher alike.

The capacities of various types for the memory channel will be the subject of study
in next three chapters.

What is a memoryless quantum channel? To describe a memoryless quantum
channel mathematically, let ]HX?Ll = ;Vz"l(H%l) be the Hillbert space representing the
quantum system of the N,, encoded quantum states (or carriers) corresponding to the

https://doi.org/10.1515/9783110788105-013
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classical signals A, A, ..., A, of the system and let pX’)I)q =", p\", ..., pg;)) €S (IHS&)
be the codeword of length n and size N,, be the input state on ]HXZ1 encoded by
the sender that represents the encoded signal of the first n signals (or carriers) for
n = 1,2,.... The quantum channel @ is said to be memoryless, if the first n uses the
channel @™ : S(IHXI)L) - S (IHX%) to transmit the classical signals {A;,A,, ..., A,} with

the encoded quantum state pm €S (HX&) and can be written as

™ (o)) = 0™ (p}l,), (131

where @®" is the n-folds tensor product of @, i. e., ®*" = ®®---@®and ® : S(H,4) —
S(H, p). Here, H, 4, denotes the Hilbert space representing the quantum for the code-
word p, of the classical signal A prepared and sent by Alice and H, g denotes the
Hilbert space for the codeword p, sent through the channel and received by Bob. It
can be verified that ®™ is a quantum channel as defined in Definition 5.2.1. That is,
@™ is a completely positive and trace preserving map from S(HYY) to S(HY'R).

We give the justification of (13.1) for the memoryless channel @ as follows.

In the scenario where Alice uses a memoryless channel, @ : S(H,) — S(Hp), to
send the joint quantum states g™ = (41-9 - - - qy) € S(HZ") to Bob. The channel @ is
invoked n times independently. The kth invocation is given by the tensor product

O, =7®---3780®J®---®J (13.2)
k-1 n-k

such that the overall operation becomes the concatenation
O™ = D, oDy 0.0 Dyo Dy = D, (13.3)

where J is the identity map from S(H,) to S(IHg). Hence, Bob receives the output
o™ (p™) = @*"(p™) of the joint quantum state. This is the appropriate model for
the situation where the effect of memory is not present or ignored.

For notational simplicity, we often suppress one or both of the subscripts A and A
fromH, 4, ]HX’A, pf&, etc., when there is no danger of ambiguity.

Both classical and quantum information can be transmitted through a quantum
channel. A communication system is called a classical-quantum system or hybrid sys-
tem if classical information/data is to be sent through the quantum channel. A ques-
tion of interest in investigating a classical-quantum system is classical capacity, where
classical capacity is roughly defined as the average number of classical bits of informa-
tion that can be transmitted, with a high degree of accuracy, through each use of that
channel. As is typical for information-theoretic notions, channel capacities are more
formally defined in terms of asymptotic behaviors, where the limit of an increasing
number of channel uses is considered.
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13.1 Transmissions of classical information

This section explores various topics behind transmissions of classical information via
repeated uses of a memoryless quantum channel.

13.1.1 Preparation of classical information

We briefly review the preparation (or quantization) of classical information before
transmission below.

Before we can understand relevant elements of quantum information theory, it is
helpful to briefly review the process involved in transmitting information via quantum
channels. Similar to classical communication systems, a general quantum communi-
cation system consists of the following five major components:

— A source (the sender), which generates the (classical) message that are to be re-
ceived at the destination (the receiver).

—  An encoder, which turns the (classical) message generated at the source into an
encoded signal before transmission.

— Achannel that is the medium used to transmit the encoded signal from the source
to the receiver.

— A decoder, which reconstructs/infers the original message from the signal sent
through the channel; and

— A destination (the receiver), which receives the inferred message.

Prior to transmission of the classical information through the quantum channel, the
sender will have to prepare and encode the classical information into quantum states.
To describe preparation of the classical data A = {A},A,,...,A);} (where |A] denotes
the cardinality or the number of elements of the set A) to be sent through the quantum
channel @, let C(A) be the (observable) algebra of complex-valued functionsf : A — C
and let C*(A) be the topological dual of C(A) (i. e., C*(A) is the space of bounded linear
functionals p : C(A) — C). In this case, the encoding channel Zj is defined to be a
CPTP map from C*(A) to S(H,).

Here, we first interpret C(A) as an operator algebra acting on a certain finite-
dimensional Hilbert space H, by choosing a fixed orthonormal basis {M,-)}g inH¢ :=
¢, and we identify the function f € C(A) with the operator f = Zl‘z\'l FADIAN A €
B(H¢). Hence, C(A) can be thought of as diagonal |A| x |A|-matrices.

The function f € C(A) is said to be an effect if 0 < f(A;) < 1forall1 < i < |A|. The
collection of all effects in C(A) is denoted by £(C(A)). If f € £(C(A)), we can physically
interpret f(A;) as the probability that the effect f registers the elementary event A; € A.
Besides, p € £(C(A)) is a proposition if and only if p(A;) € {0,1} for all A; € A. Since
C(A) is finite-dimensional, it is naturally isomorphic to its dual C* (A) in the following
sense: each linear functional p € C*(A) is in one-to-one corresponding to the function
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A; = py, = p(IA;) (A;]), and writing shorthand f;. := f(4;), we have p(f) = Zlﬁfﬂip,li. As
in the quantum setting, we will identify the function A — p, with the functional p, and
use the same symbol for both. Positivity of p € C*(A) is equivalent to the requirement

that py > 0,VA; € A, and the normalization becomes 1 = p(I¢(y)) = p(zg [A:) (Aq)-

Hence, the state p € C*(A) corresponds to a discrete probability distribution {p/\i}l./:“l,
and p,, is the probability that the elementary event that A; occurs when the system is in
the state p. More generally, Zlﬁ fa,P, is the probability to measure the effect f when the
system is prepared in the state p. The pure states of the system are the Dirac measures
{6 /t,-}y:\lv with 6, (Im)(nl) := 8 n being the Dirac delta function.

The prepared state p € C*(IH) will be encoded by the encoding channel Zg into a
state in S(Hy) and sent through the quantum channel ® : S(H,) — S(Hp). The oper-

ation of encoding channel =, is to be described in detail in the following subsection.

13.1.2 Encoding and decoding of classical information

In the following, we explore and mathematically formulate the encoding and decod-
ing channels when information to be transmitted is classical data. In this case, the
channel @ is referred to as a hybrid or a classical-quantum channel.

When the information to be transmitted is a very long data stream, Alice will first
break the stream up into pieces of some fixed length using a so-called block code.
Each of these such pieces is called message. A message w = {A;,A,,...,A,} is said
to have length n if it consists of n symbols A;,i = 1,2,...,n; each is chosen at ran-
dom from the alphabet A that consists of countably infinite symbols. The procedure
given by the block code encodes each message individually into a codeword, and is
also i called a block in the context of block codes. Prior to transmitting the message,
Alice will first code the message in a block into an N-component vector of quantum
states (p%"), pé"), . p](\?)) referred as the codeword of size N, where p}(") e S(HY") for
k =1,2,...,N.She will then send the codeword through n-uses ®™ = @®" of the mem-
oryless channel @ one component at a time, where N is referred to as the size of the
codeword. Upon receiving the output ®*" ;(")), k =1,2,...,N. Bob, the receiver, will
then decode by making measurements on ®*" (p}(”)) and try to infer the original mes-
sage sent by Alice, the sender. In the context of the classical-quantum channel, the
process of preparing the classical information to be sent through the channel is called
encoding and the process of making a measurement on the quantum state received
is called decoding. The performance and success of the overall transmission depends
on the parameters of the channel and the block code. The discussions of the encod-
ing channel 5 and decoding channel Zj, are described in the paragraphs that follow.
These models are general enough for transmission of quantum information as well.

To identity the encoder Z; and decoder E, in the context of the classical-quantum
channel, we let A be an alphabet that consists of countably infinite symbols A, and let
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A = A x --- x A be the nth Cartesian product of the set A. Let (S(H®"))*" be the Nth
Cartesian product of the space S(H3") below.

The details of the encoding channel E and decoding channel Zj are to be ex-
plored in the following for the memoryless hybrid/cq channel @ : S(H,) — S(Hp)
through which Alice wants to communicate classical data to Bob using the block code.

To transmit information through n uses of the channel, the sender and the re-
ceiver have to agree on a code, i. e., an assignment of a sequence of input signals and
a measurement operator on the output system to each possible message, such that the
measurement operators form a valid quantum measurement, normally described by
a positive operator valued measure (POVM).

The process of encoding and decoding of classical data communicated through
quantum channels can be found in Hayashi [61] (see also Watrous [173]) and are de-
scribed below.

We identity encoding channel Z; and decoding channel below.

A.EncoderZ; : A — S(Hy)

First, we define a composite map of A with @, W := ® - E : A —» S(Hp), where A
is an arbitrary set (called the input alphabet), and Hp is the complex Hilbert space
that represents the output system B. That is, W maps classical input signals in A into
output quantum states on Hg. The map W is often referred to as a classical-quantum
channel that transmits classical data from A down through the quantum channel @
to the output system B. We denote the set of classical-quantum channels with input
space A and output Hilbert space Hy by Q¢€(A, Hg). We also often refer to the quan-
tum channel @ instead of W = ® o Ef as the classical-quantum channel when it is
used to transmit classical data in the literature. Technically, according to Holevo and
Shirokov [83], a channel @ : S(H,) — S(Hp) is said to be classical-quantum if the
image of the dual channel ®* : B(Hg) — B(H,) consists of commuting operators.
If all of these operators are diagonal in a fixed orthonormal basis {|k)} in Hy,, we say
that the classical-quantum channel is of discrete type. In this case, it has the following
representation:

dim(H,)

D)= Y (klplk)y, 0%
k=1

where {0} is a collection of states in S(Hp). Any finite-dimensional classical-quantum
channel is of discrete type. An example of a classical-quantum channel, which is not
of discrete type is provided by a Bosonic Gaussian classical-quantum channel (see
Chapter 12 of Holevo [77] and the Appendix of Holevo-Shirokov [83]). For every chan-
nel W e Q¢(A, Hg), we define the lifted channel 20 : A —» S(H, ® Hg), WA) :=
(IA)A¢Al) ® W(A). Here, H, is an auxiliary Hilbert space representing the quantization
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of the classical data A and {|A), | A € A} is an orthonormal basis in it. As a canoni-
cal choice, one can use H, = L*(A), the L?-space on A with respect to the counting
measure, and choose |1), to be the characteristic function (indicator function) of the
singleton {A}. Let P¢(A) denote the set of finitely supported probability measures on
A. We identify every P € Pr(A) with the corresponding probability mass function, and
hence write P(A) instead of P({A}) for every A € A. We can redefine every channel W
with input alphabet A as a channel on the set of Dirac measures {§; | A € A} ¢ Pr(A)
by defining W(6;) := W(A). W then admits a natural affine extension to P¢(A), given
by

W(P) :=PA)WQ), AeA.

In particular, the extension of the lifted channel 2 outputs classical-quantum states
of the form

WP) = Y PA)(IMrAl) @ W).
AeA

Note that the marginals of 2U(P) are

trg[W(P)] := tryy, [WP)] = ' PA)(1A),(Al) (13.4)
AeA
and
try [2(P)] = tryy [W(P)] = ) PAW(A) = W(P). (13.5)
AeA

With a slight abuse of notation, we will also denote ) ;.5 P(A)(]A) 5 (Al) by P.
The n-fold i. i. d. extension of a channel W : A — S(IH,) is defined as W®" : A*" —
S(HZY,

W) =W e---eWR,), A=(@A;,...,4,) e A"
Given A, we will always choose the auxiliary Hilbert space Hyx to be H}" and
M)IH?I = M1>1HA ®---® |An>]HA1

for A = (A, Ay,...,A,) € AN, With this convention, the lifted channel of W®" is equal
to 20®". Moreover, for every probability distribution P ¢ Pr(D),

)®n

we (P = (W(P))™ and 2°"(P®") = (0(P))™",

where P®" € P(A), P(A) := P(A))---P(A,), A = (A;,...,A,) € A", denotes the nth i.i. d.
extension of P.
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Let W : A — S(Hjp) be a classical-quantum channel, as described in part (A)
above. The encoding and decoding process of message transmission over the n-fold
extension of the channel is described as follows. Each message k € {1,2,...,N} (where
N = N, is a positive integer depending on n) is encoded to a codeword by an encoder
©,():{1,2,...,N,} —» A" defined by

k) = W1 Az -5 A) € A,
and is mapped to
W () = W) ® Wk ) @ ® Wk ) € S(HF).

The set {(pn(k)}&1 < A" is called a codebook, which is agreed upon by the sender and
the receiver in advance. The quantum states pl((”) €S (Hfﬁl) then can be identified with
¢, (k) through the map

D™ (p\") = (@ 0 E2") (¢ (K)) = W (@ (K)).

B. Decoder =, : {pj(")}ﬁ=1 —{1,2,...,N}

The decoding process, called the decoder, is described by a POVM D" = {DI((">}£’§1 on

H$", where the outcomes k = 1,2,...,N, indicate decoded messages. The pair C, =

(¢, D) is called a code and its cardinality |C™| = N,, is called the size of the code c™.
When a message k was sent, the probability of obtaining the outcome [ is given by

P(llk) = te[W*" (9, (k))D"], k,1=12,...,N.

The average error probability of the code ¢™ is then given by
- on H(n)y _ 1 &n (n)
Pan(W",C") = 1= 3" t{W*"(, ()DL,
k=1

which is required to vanish asymptotically for reliable communication. At the same
time, the aim of classical-quantum channel coding is to make the transmission rate
liminf,_,, % log |C,| as large as possible. The channel capacity C.,(W) is defined as
the supremum of achievable rates with asymptotically vanishing error probabilities,

i.e.,
| .
Ceq(W) = sup {R | 3(CnSy > liminf - log [Cyl = R, lim Per (W™, C,) = 0}- (13.6)
The maximum rate (the logarithm of the number of messages divided by the num-

ber of channel uses) that can be reached by such coding schemes in the asymptotics
of large n, with an asymptotically vanishing probability of erroneous decoding, is the
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capacity of the channel. By suppressing the encoding step in the process, C.,(W), we
often refer C,(W) to C(®) as the classical capacity of the memoryless quantum chan-
nel ® : S(H,) — S(Hp).

13.2 Unconstrained classical capacity

Recall from Definition 12.2.1 that the Holevo x-capacity C, (®) of the quantum channel
@ : S(Hy) — S(Hp) is defined as

Cy(®@) = max{ <Zp) (o;) >—ijH((D(pj))}», (13.7)
j

(pn px

where the maximum is taken over all ensembles u = {(p;,p;)} of all possible input
states p; with distribution p;.

When dim(H,) = d < +oo, it has been shown that the maximum in (13.7) can be
achieved by using an ensemble of pure states and that in the maximization it suffices
to consider ensembles of at most d? pure states (see Theorem 12.2.9).

The classical capacity C(®) of a memoryless quantum channel @ is the maximum
rate at which classical data can be sent over it error-free in the limit of many uses of
the channel. Precisely, we have the following.

Definition 13.2.1. Let ®*" : S(HY") — S(HE") be the n-use of the memoryless chan-

nel @.

1. The triplet €™ = (p™,p™ D™) is said to be a code of length n and of size N,,
where (i) p™ = {p(") |j=1,2,...,N,} is a probability distribution, i. e. p(") > 0 for
allj =1,2,...,N, with Z o p(") =1; (i) p™ = {p(") |j=12,...,N,}is a collection
of N,, states satisfying (16.58) and (iii) p™ = {Dj”) lj=12... ,N,,} is a POVM on
HY" that represents the decoding operators used by the receiver, Bob.

2. The average error probability P,,,(¢™) for the code ¢ is defined by

(@™ (oD},

MZ

P err n)) -

:1

and with an abuse of using the same notation P, (-), the average error probability
over all codes ¢™ of length n and size N, will be denoted by P, (1, N,,).
3. The classical capacity C(®) of the channel @ is defined as the least upper bound
of the rates R for which liminf,_, . P.,(n,2™®) = 0, i.e.,
. N nR
C(®D) = 1nf{R >0| lrllr_1>1+1(1;10flPerr(n,2 )= 0}. (13.8)

Note in the above definition that the classical information/symbol A, is en-

coded into the codeword p™ = (pg"), pé"),..., p%')) of size N,, and the expression
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tr[d)@’"(p;"))D;")] denotes the probability that the decoder D;") infers that the j-code-
word was the state sent through the n-use of the memoryless channel by a correct
measurement of the output state (D®"(p]§”)) received at its destination. Therefore,

Ni Z;V:"l p;”) {1-tr[®®" (p;"))D]V’)]} denotes the averaged error probability over the code-

word size and is denoted by P,,,(¢™). Occasionally, we also use maximum probability
of error P, (¢™) defined by

_ ®n _(n)\p(n s _
{1- (@)D"}, V=12, N,

to replace the average probability of error ]Perr(ci(")) defined above.

13.2.1 Holevo-Schumacher-Westmoreland theorem

A channel coding theorem for a stationary and memoryless classical-quantum chan-
nel has been established by combining the direct part shown by Holevo [69] and
Schumacher-Westmoreland [139] (now referred to as the Holevo—Schumacher—West-
moreland theorem or just the HSW theorem) with the (weak) converse part, which
goes back to 1970’s works by Holevo [67, 68]. This HSW theorem is undoubtedly a
landmark in the history of quantum information theory. We state and give a proof
using a quantum version of the Feinstein lemma for the HSW theorem for the finite-
dimensional channel in this chapter. While the HSW theorem illustrated here is finite-
dimensional, the quantum version of the Feinstein lemma used can and will be ex-
tended to treat infinite-dimensional memory channels in Chapters 15 and 16. The HSW
theorem tells us that the asymptotic rate at which classical information can be trans-
mitted over a quantum channel @ per channel use is given by the maximum output
Holevo quantity y across all possible signaling ensembles. Unlike the proof presented
in this section, HSW employed the random coding technique. Alternative proofs have
been given by Winter [180], Ogawa and Nagaoka [118] and Hayashi and Nagaoka [62].
The proof in [118] was based on the standpoint of quantum hypothesis testing and the
quantum information spectrum, though it also employed an argument similar to the
classical Feinstein’ lemma. In Hayashi and Nagaoka [62], the technique of quantum
information spectrum was used and there were no structural assumptions imposed
on the quantum channels.

In this subsection, we confine ourself to finite-dimensional input system A rep-
resented by Hilbert space H, and finite-dimensional output system B represented by
Hilbert space Hp.

We state and provide a proof of the Holevo-Schumacher-Westmoreland (HSW)
theorem below. The HSW theorem tells us the asymptotic rate at which classical infor-
mation can be transmitted over a quantum channel @ per channel use and is given by
the maximum output Holevo quantity y across all possible signaling ensembles.
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Theorem 13.2.2 (Holevo-Schumacher-Westmoreland (HSW) theorem). Let H, and
Hjp, be two finite-dimensional complex Hilbert spaces. The classical capacity of a mem-
oryless channel @ : S(Hy) — S(Hjp) is given by the expression

C®) = lim ¢ (°), (13.9)
n—+oon X

where C(®) is defined in Definition 13.2.1.

The (HSW) theorem will be proved by the quantum version of the Feinstein lemma
below. The Feinstein lemma played an important role in the coding theorem in the
classical information theory. Shannon [140] in his noisy channel coding theorem
showed that information can be reliably sent over a classical channel at all rates up
to the channel capacity. The first rigorous proof of this fundamental theorem was
provided by Feinstein [50]. He used a packing argument to find an upper bound to
the maximal number of codewords that can be sent through the channel with a low
probability of error. His argument is often referred to as the Feinstein’ lemma.

13.2.2 Quantum version of Feinstein’s lemma

To state and prove the quantum version of Feinstein’s lemma, we repeatedly use the
concept of quantum typicality. The idea of a typical subspace plays an important role
in the proofs of many coding theorems. Its role is analogous to that of the typical set
in classical information theory (see Carver and Thomas [29]). We define quantum typ-
icality based on Nielson and Chuang [116] and Schumacher [138] below.

Let (X,);:5) be a sequence of independent identically distributed (i. i. d.) random
variables, each is distributed as the random variable X with distribution px(x) for x €
Qx, where Qy is the sample space of the random variable X. For each n € NN, let X"
be a finite sequence of random variables defined by the n-fold Cartesian product of X,
X" = Xx X x---xX, with a corresponding finite sequence of outcomes X" = x;x, ... X,
(x; € Qx,1=1,2,...,n). Similarly, we define Y*" and y*" as a finite sequence of random
variables and its corresponding outcomes.

Definition 13.2.3 (Quantum typicality). Letp € S(IH,) be a quantum state on complex

Hilbert space H, with the spectral decomposition,

p= z px()(IX)a(x]), where |x) (x| := [x)y, {x].

xeQy

The weakly typical subspace of the state p is defined as the span of all vectors such
that the sample mean (Shannon) entropy S(x*") is close to the true (Shannon) entropy
S(X) of the distribution py(x):

TX" = span{]x*™) e HS" | |5(x*™) - S(X)| < 6}, (13.10)
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where SO*") := —% log(py< (xX*™) and S(X) = - Y, px(x) log(px(x)). The projector PX’;

onto the typical subspace of p, Té‘xn, is defined as

PO = ) e, (13.11)

xn o XN
x"eTg

where T;(XH is also referred to as the set of §-typical sequences (Tg(x");fl’ defined by
(13.10).

The following lemma follows immediately from Definition 13.2.3.

Lemma 13.2.4. The typical operator P[()"; satisfies the following three properties:
L P > 1-¢
2. t[P] < 2"0®* ang

-n(S(X)+6) p(n) (n) .enp(n) -n(S(X)-6)p(n)
3. 2 Ppﬁstﬁp Pp,szz Ppﬁ.

In the following, a quantum version of Feinstein’s lemma is developed and used
to find an alternative proof of the direct channel coding theorem for transmission of
classical information through a quantum memoryless channel. The first proof of this
theorem, which states that all rates up to the Holevo y-capacity are achievable, was
provided independently by Holevo [69] and Schumacher and Westmoreland [163] and
referred to as the Holevo—Schmacher-Westmoreland theorem (see Theorem 13.2.2).

The following quantum version of Feinstein’s lemma, due originally to Datta and
Dorlas [31], is proved using a series of lemmas in which the concept of quantum typi-
cality is used repeatedly.

Theorem 13.2.5 (Feinstein’s theorem for memoryless quantum channels). Assume

that dim(H,) < +oo and dim(Hp) < +co. Let @ : S(H,) — S(Hp) be a memo-
ryless quantum channel. Given € > O, there exists n, € IN such that for alln > n,
there exist at least N(n) > 2%®© product states pg”), . pl(\’;()n) € B(HY") and positive

operators Dﬁ"), .. "Dz(\?()m € B(HE") such that 21,:’:(;') D,‘(") <1, and
tr[@®'(p")D"] >1-€, foreachk, (13.12)

where x(®) is the Holevo x-quantity and 1,, is the identity operator on Hg".
Proof. Let the maximum in (13.7) be attained at an ensemble {®) pj)}][:l, where ] < &%,

where d = dim(IH,). That is,

J
C (D) = Hgg{l&)}g{wm(u) = Xo({®BjP))}j)

] ]
= H(ijcmp,-)) - Y pH(®(p))).
j=1 j=1
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Denote 0 = ®(p)), & = Y1 p;0; = X} p;®(p;) and G, = 6°". Choose § > 0. We will
relate § to € at a later stage. The typical subspace theorem (see Lemma 13.2.4) (where
we let P;)"; = P,) ensures that there exists n; € N, such that for n > n;, there is a typical
subspace Ty with projection P,, such that if 6,, has a spectral decomposition

0= Y AP (W e ),

keJn

then

>

1 n . fy=
l;log/llz +H(0,)| <

€
3
forall k € J" such that [")yyen € T5, and

tr[P,G,] > 1- 6.

Let P;") be the projection operator on the subspace of Hy" spanned by the eigenvectors

of the operator oW =0, ®0;, ®-®0; with eigenvalues A = I, A, such that
j 1 2 Jn 7k i=17ik;

< (13.13)

1 _
ZlogA L H
’n 8k 3

where H is the average von Neumann entropy defined by H = Z]].ZI p;H(0j) with p; > 0,
21[21 p; = land H(0;) = -0;log 0; being the von Neumann entropy of the output state
0; € S(Hp).

For any 6 > O, there exists an n, € N such that for alln > n,,

]E(tr[oj_(”)P]ﬁ")]) >1- 6% (13.14)

where E[- - -] denotes the expected value of [ - -] with respect to the probability measure
P defined by P(X; = )l]-k) =PX = A]-k) = p]-/\jk foralli=1,2,...,n.
LetJ € N, and let

V" =A{Grjo - odp) lJi = 1,...,], fori=1,2,...,n}.

Let 0; € S(Hp) foreachj = 1,...,J with eigenvalue A]-k, where k = 1,2,...,d, in which
d = dim(Hp) is the dimension of the Hillbert space Hp.

We need the following series of lemmas for the completion of the proof of Theo-
rem 13.2.5.

Lemma 13.2.6. Given a finite sequence of length n € N and an n-component vector
j= Gpsdos---sdn) €T let P;") be the projection operator on the subspace of Hy" spanned
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by the eigenvectors of the operator 0(")

such that

- ...®0; withei m _ n
0;,®0;,®- - -®0; With elgenvalues)li = IG5 A

< (13.15)

‘l logA™ + H
n Jok 3

where H is the average von Neumann entropy defined by H = le.:l p;H(0)) with p; > 0,
Z] 1\pj = 1, and H(o;) = —0;log 0; being the von Neumann entropy of the output state
0; € S(Hpg). For any 6 > 0, there exists an n, € N such that for alln > n,,

]E(tr[of(")PlE")]) >1-68, (13.16)

where E[- - -] denotes the expected value of [- - -] with respect to the probability measure
PP defined by P(X; = Ay) = pjAji foralli=1,2,...,n

Proof of Lemma 13.2.6. Define independent and identically distributed (i.i.d.) ran-
dom variables X;, X5, ..., X,, with distribution given by

IP(X k) p] ko V] = 1, 2, ...n, (13.17)

where A;;, k = 1,2,... ,d', are eigenvalue of the quantum state 0;. By the weak law of
large numbers,

J d
nan = ngx E(logX) = zlkzl piAix log Ay
=
] —
- Y pjH(0)) = -H. (13.18)
j=1

It follows that there exists n, such that for n > n,, the typical set Té"e)

pairs ((j;, ky), - - ., (i k) such that

of sequences of

1 -
- Zlog)ljuk‘ +H|< =, (13.19)
nia . 3
satisfies
- 2
P(TY) = Y [1piAix >1-6 (13.20)
(k)i € TS =1
Obviously,
PP Y |zp(")> o (IIL ) (13.21)

j LL
kG ke T(”)
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and

E(tr[o;,(mP;?"’]) >P(TV) > 1- 6. (13.22)

N3
This proves the lemma. O

Foreachn € N, let N = N(n) be the maximal number for which there exists states

A", [)g’) on H}" of the tensor product form

=(n)

P =prep,@--@p,
and there exists positive operators Dg"), Dg"), e Dg’) on Hy" such that, defining c"rf(") =
dD@”([Ji")), we have:

1. Y,D" <P,and
2. tr[(rl((")Di")] > 1- e foreach k, and

3. tr[(),,D,i")] < 2 MHO-H-36) for each k = 1,2,...,n.

For any given j, define

N 1/2 N 1/2
v - <Pn -y D§<")> PnPS'”Pn(Pn -y D,ﬁ"’) . (13.23)
J k=1 J k=1
Clearly, V;”) <P,- ZIIL D,i"). We also have the following result.

Lemma 13.2.7. Let

W, ={j e tr[c™P™] > 1-6}. (13.24)
" i

Then, for allj' e W,
trfo,V{"] < o HO)-H-5e) (13.25)
Proof of Lemma 13.2.7. Put Q,, = N_(") D™, In this case, Q, and P, commute, i.e.,
n k=1 k n n
1
Q,P, = P,Q, for each n. Using the fact that P,5, P, < 2"H@3€) py (13.15), we have
n*n n*sn n¥n*n
tr[(r,,v;”)] = tr[G,(P, - Qn)lfzp,,P]ﬁ")Pn(Pn -Q)"?
= tr[P,5,P,(P, - Qn)l/zP;")(Pn -Q,)"?

<2705 (P, - Q)P (P, - Q)]

< 2 MHG)=3) gy pi] < p nHE)-H-3e)
- ]_ - >
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where, in the last inequality, we used the standard upper bound on the dimension of

the typical subspace: tr[P;")] < nif+3e)

lemma.

Since N(n) is maximal, it follows that forf e W,
tr[oV™M] < 1- 2.
L
We now show that the set W, has high probability.

(n)

Lemma 13.2.8. u(W,) > 1- 6, where u(W,) := Z;ew p,

Proof. 1fj ¢ W, then tr[aj,(”)P;")] <1-6. Hence,

Y " o () - P)] = Gu(Wy),
jew,

where Ifqn) is the identity operator on the tensor product Hilbert space H}"

other hand, by (13.16),

Y p,">tr AP - p;F"))]gE(tr[(l;")_ ;">)])<52.
jew,

Hence, u(Wy,) < %2 = §. This proves the lemma.

Lemma 13.2.9. Assumen < %e and § < €. Then for n > ns,
(tr

Q =P,-(P,-Q)"%

N
tr[an Y by
k=1

Proof of Lemma 13.2.9. Define

ol Z D" D > 1.

k=1

where Q, = Y, D\". It follows that
1- e > Eftr]o”(P, - Q)P (P, - Q)]
= E{tr[o;(’”PnP}.f")]} - ]E{tr[oy.(")Q;P]E")Pn]}
JE{tr[o;F")PnPIE")Q;]} + E{tr[o;,(")Q;PISWQ;]}
Since the last term is positive, by Lemma 13.2.9 we have

E{tr[ojf")Q;,P}i")Pn] + tr[(f;_(")PnP]E”)Q;l]} >€-n>2n.

, which follows from (13.15). This proves the

O

(13.26)

(13.27)

On the

(13.28)

(13.29)

(13.30)

(13.31)

(13.32)
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On the other hand, using the Cauchy-Schwarz inequality (1.2) for each term, we have

]E{tr[o;(")Q;,P}ﬁ")Pn] + tr[oi(")PnP]E")Q;]}

< 2(E(t[Q0" Q;))} " {E(rlo!" P, PP, )}

< Z{E(tr[aj,(”)Q;lz])}l/z. (13.33)
Thus,
]E{tr[oy,(")Q;lz]} >’ (13.34)
To complete the proof of this lemma, we now claim that
Q,>Q’. (13.35)

Indeed, this follows on the domain of P,, from the inequality 1-(1-x)> 2 x*for0 < x <1
This proves the lemma. O

To complete the proof of Theorem 13.2.5, we now have by assumption

tr[5,D{"] < 2 "H@-F-30) (13.36)

forall k = 1,...,N(n). On the other hand, choosing n < %e and § < %rl, we have by
Lemma 13.2.9,

N
tr[&n Y D}(")] >,

k=1
provided that n > n3. It follows from the definition of N(n) that

N(n) > rl22n(H((7)—H—§e) 5 JUH(@)-H-e)

forn>n;andn > —g log n. This proves the theorem. O

Note that the quantum in Feinstein’s lemma presented in this subsection, based
on the results obtained in Datta and Dorlas [32], can be extended explicitly to a class
of quantum channels with memory (see Chapter 14). This allows us to obtain a rig-
orous lower bound to the maximum achievable rate of transmission for this class of
channels, for the case of product state inputs. The generalized quantum in Feinstein’s
lemma and the direct coding theorem for these channels with memory are given in
Chapter 14.

The coding theorems for classical-quantum channel have also been extended by
Winter [180, 181] and also by Mosonyi and Ogawa [115], who determine the exact strong
converse exponent for classical-quantum channels.
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13.3 Classical capacity of constrained channels

In this subsection, we consider the linearly constrained infinite-dimensional memo-
ryless channel @ : S(H,) — S(Hjp) and explore the formula of classical capacity of
such a channel.

Let H be an $-operator on the input system H, and consider the linearly con-
strained set A = Ky (E) ¢ S(IHy) described by

Ku(E) = {p € S(H,) | tr[pH] < E}, E > 0. (13.37)

For arbitrary state p € S(IH,) with spectral decomposition p = ¥; A;l¢p;)p, (], we
define

tr[pH] := Z}lill VHIp)) I, < +oo.

The following constraint on the memoryless channel @ is imposed:

sup H(®(p)) < +oo, (13.38)
pey(E)

where E is a positive constant.

As noted earlier, the n-use of a memoryless quantum channel can be written as
@™ = @®", where ®*" is the tensor product channel on the Hilbert space H5". In this
case, the observable H™ on ]H;?i” corresponding to H on H, can be defined as

H” =Hel & ol + - +],®---®l, ®H, (13.39)

where I is the identity operator on the input system H,. We want the input state p™
on the tensor product space H3" to satisfy the additive constraint

tr[p™H™] < nE. (13.40)

Lemma13.3.1. Let @ : S(Hy) — S(Hg) be a memoryless channel and let H be an
$-operator on H. If @ satisfies (13.38), then ®*" satisfies the following relation:

sup  H(®®"(p™)) < +oo, (13.41)
pm EIC:_;‘()n) (nE)
where
K (nE) = {p™ € S(HG") | tr[p™H™] < nE}. (13.42)

Proof. The subadditivity of von Neumann entropy with respect to the tensor product
of channels yields
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M=

H(@™(p™)) < Y H(®(p;")),

k=1

where p,((") is the kth partial state of p™, i.e., pg(") (k =1,2,...,n) is the partial trace of

p™ taken over the tensor product space of

Hy® - @Hy;0H,® - ®H,.

k-1 factors n-k factors

By concavity of the entropy,

kzr_l:H((D(pl(f))) < nH(D(p™)),

(n)

x - The inequality (13.40) can be rewritten as

where 6 = 1 52,
n

% Y tefpH®] = [ H™] < E,
k=1

which implies that

sup  H(®™(p™))<n sup H(D(p)).
p(")EIC:()") (nE) pey(E)

This proves the lemma. O

For the infinite-dimensional memoryless channel @ satisfying the constraint
(13.41), the code, error probability and classical capacity for the channel is defied
below.

Definition 13.3.2. For each n ¢ N, and the n-use ®®*" of memoryless channel @ :
S(Hy) — S(Hp) satisfying (13.41), we define the following terminologies:
1. The triplet €™ = (p™,p™ D™) is said to be a code of length n and of size N,

where (i) p™ = {p}") |j=1,2,...,N,} is a probability distribution, i. e., p}f") > 0 for

eachj=1,2,...,N, with Z].Ii"l p}") =1; (i) p™ = {p;") |j=1,2,...,N,}isacollection
of N, states satisfying (13.40) and (iii) p™ = {D;") |j=12,...,N,}is a collection
of POMV on HY".

2. The maximum error probability for the code ¢™ is defined as

P, (¢™) = 1- tr[@®" (o)D"}
en(@) = max_ {1-tr[@ (o)D" ]}

With an abuse of the notation, the maximum error probability over all codes ¢
of length n and size N, is denoted by P,,,(n, N,)).
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3. The energy constrained classical capacity C(®; H, E) is defined as the least upper
bound of the rates R for which lim inf,_,, ., P, (,2"®) = 0. That s,

C(®;H,E) = inf{R > 0 | lim inf P, (n,2"%) = 0}. (13.43)

If a probability distribution p = {p]g") | j=1,2,...,N,} on the input codewords
p(”) = {p}?") |j=1,2,...,N,}is given, then using the transition probability

p(li) = tr[@™" (o)D" ]

we can find the joint distribution of input and output, compute the quantum informa-
tion I,,(p"™, p™, D™) and define the quantity

(@) = sup  L,(p™,p"™,D™), (13.44)
(p(n),pm))])(n))e@(n)
where
N'l NH
L™, p™, D) = H < Y o™ i"))> - Y PPH@T (). (1345)
k=1 k=1
By the quantum entropy bound (13.44), we have
Im(p(n),P(n), D(”)) < C)((”) (CD), v(p(n)’p(n)’ D(”)) € @(n). (1346)

We have the result due originally to Holevo [72, 73] and [78] that provides a
computational formula for the classical capacity C(®;H, E) in constrained infinite-
dimensional quantum systems.

Proposition 13.3.3. Assume that the channel @ satisfies (13.38). Then the classical ca-

pacity of this channel under the constraint (16.58) is finite and equals to

. 1
C(@®;H,E) = lim - sup L,(p™,p™, D)
M=+ M () pm) Py

lim lc)g“)(q:). (13.47)
n—+oo N

Proof. The first equality of (13.47) follows from Definition 13.3.2.
We now prove the second equality of (13.47), i. e.,

C@:HE) = lim %c)‘(m(q)).

We first note that the inequality C(®; H, E) < lim lC)((")((D) follows from (13.46).

n—+oco n

Therefore, we only need to prove the inequality
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C(®;H,E) > lim lc;(")(q».
n—-+ocon

Assume that the transmission rate R < C(®; H, E), then we can choose n, probability
distribution p™ = {p\™ | k = 1, 2,...,N, } and collection of states p" = P |k =
1,2,...,N, } on HY" such that (p™, p"), D)) ¢ ¢(") and

ny A

Ny, Ny,
noR < H( Y ploere (p,((""))> =3 PO H(@ (o). (13.48)
k=1 k=1

Consider the channel ® on S(Hjn(’) given by the formula

B(pM)) = z @ (pl((no))<ek|p(no)|ek>, (13.49)
k

and define the constraint function for this channel as f (k) = tr[p](("")H(”O)]. The condi-
tion (13.41) implies

sup H< > p @ (p,\)> < 0o, (13.50)
m AeA

where the supremum is over the probability distributions p = {p,,A € A}, satisfying

Y paf Q) < ngE. (13.51)

Ael

O

13.4 Entanglement-assisted classical capacity

The purpose of this section is to explore finite-dimensional and constrained infinite-
dimensional entanglement-assisted classical capacities of the memoryless channel ®.

Roughly speaking, the entanglement-assisted classical capacity C,,(®) is defined
as the maximum amount of classical information that can be reliably transmitted over
the quantum channel with the help of unlimited prior pure entanglement shared be-
tween sender and receiver.

What are the advantages of sharing pure entanglement between the sender and
the receiver in transmitting classical information via a quantum channel? Entangle-
ment is a useful resource in information transmission via a quantum channel. It can
be used to enhance the performance of quantum error correcting codes, and enhance
quantum channel capacities if shared between the sender and receiver prior to com-
munication, by encoding information into entangled states when making successive
uses of the channel. Precisely, one of the advantages for sharing prior entanglement
between sender and receiver is that it can exactly double the classical capacity of a
noiseless quantum channel and it can increase the classical capacity of some noisy
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quantum channels by an arbitrarily large constant factor depending on the channel,
relative to the best known classical capacity achievable without entanglement. In par-
ticular, the enhancement factor is greatest for very noisy channels, with positive clas-
sical capacity but zero quantum capacity.

This section explores concepts of entanglement-assisted classical capacity for
finite-dimensional and constrained infinite-dimensional memoryless channels. The
formula for the entanglement-assisted capacity of a noisy quantum channel can
be expressed as the maximum of mutual information over input states. The finite-
dimensional case was first obtained by Bennett—Shor-Smolin-Thapliya [8] and [9].
This section presents an alternative and simpler proof for the BSST theorem given
originally by Holevo [71] and [72]. A formula due originally to Holevo and Shirokov
[83] for computing the entanglement-assisted classical capacity for the linearly con-
strained infinite-dimensional channel is also presented. The main tools for obtaining
this formula are the coding theorem for classical-quantum constrained channels and
a finite-dimensional approximation of the input density operators for entanglement-
assisted capacity. We also give sufficient conditions under which supremum in the
capacity formulas can be achieved.

To facilitate a mathematical discussion of entanglement-assisted classical capac-
ity for a memoryless channel, we consider the following protocol of classical infor-
mation transmission through quantum channel ® : S(Hy) — S(Hy/), (Where Hy: is
another quantum system, which may be different from H, or Hy but is accessible by
both the sender and receiver for sharing entangled information). Here, the systems A
(possessed by Alice) and B (possessed by Bob) are represented by Hilbert spaces Hy
and Hp, respectively, where H,p := H, ® Hg. Suppose Alice has a set of messages,
labeled by the elements of the set A, = {A;,A;,..., 4y }, which she would like to com-
municate via the quantum channel ® : S(H,) — S(H,/) to Bob, exploiting this
shared entanglement. In the entanglement-assisted communication, Alice (quantum
system A) and Bob (quantum system B) share indefinitely many copies of an entangled
(pure) state w,p. Alice first chooses the classical message A at random from A, with
probability p; and then sends part of this shared state a’f}m = (Qfﬁ ® Jp)(wyp), through
the channel @ to B. Here, @ﬁ are encoding channels depending on the signal A. Thus, B
receives states (P®J B)(wﬁ ) with probabilities p; and aims to extract maximum infor-
mation about A by doing measurements on these states. To enable block encoding, this
procedure should be applied to the channel ®™. Then signal states a)i(é') = (wﬁB)(")
transmitted through the channel @™ ® 35" have a special form

W\ = (W), @}, 0}) = (€7 & 3)(0Y), (13.52)
where the encoded codewords wf{g is the pure entangled state for n copies of the sys-
tem ABand A — Eﬁ(") are encodings of n copies of system A.

Note that the codewords wi(g) are states shared between Alice and Bob. Alice then

sends her part of these shared states to Bob through n subsequent uses of the quantum
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channel ®. Hence, Bob’s final state corresponding to Alice’s classical message A is
A
Gﬁg) = ((D(") ® 3%")((4)&”).

In order to infer the message that Alice communicated to him, Bob makes a measure-
ment on the received state oﬁg'), the measurement being described by POVM elements
Dgg =DA", A € A, with Dﬁ(g) being a positive operator acting on Hjp, such that

4B
A(n) ®n
Z Dyp’ < Iyps

Aeh,

and I, denoting the identity operator acting in H,p. Defining

0(n) ,_ y®n A(n)
DAB =Ip - z DAB
Aeh,

yields a resolution of identity in Hyp. Hence, {D%’) }ren,uto) defines a POVM. An output
B € A, of ameasurement described by this POVM, would lead Bob to conclude that the
codeword was wﬁ(g), whereas the output 0 is interpreted as a failure of any inference.
The encoding and decoding operations, employed to achieve reliable transmission of
information by means of this protocol, together define a quantum code €™ (of length
n and size N,,), which is given by the triplet ¢™ := (p™, wi(g), Dgg).

13.4.1 Finite-dimensional channels

The presentation of this subsection is based on results obtained in Holevo and Shi-
rokov [83], Holevo [71, 72] and Bennett-Shor-Smolin-Thapliya [9].

Consider the Hilbert spaces H, and Hg, where dim(lH,) < +oo and dim(Hg) <
+00. In this case, the maximum over measurements of system B can be evaluated us-
ing the coding theorem for the classical capacity (see HSW theorem (13.2.2)). First, we
consider the one-shot entanglement-assisted classical capacity

@)= max {H( Y n@e JB)(wﬁB)> - ) pH(@w JB)(wﬁB))}, (13.53)
(P1whpD)p) AeA AeA

where the maximum is taken among all p; > 0 with )., py = 1, all shared entan-
gled state wﬁB corresponding to of classical message A € A,, and H(-) is the von Neu-
mann entropy function. This quantity is obtained by the maximization of the quan-
tum mutual information for single channel use, which yields one-use (or one-shot)
entanglement-assisted classical capacity Cég((b) that can easily be written as

Cel(@) = max {H(p) - H(®(p)) - H(@& Ip)(lw)an@))}.  (135)
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where |w) g(w| € S(Hyp) (Hyp = Hy ® Hp) is the maximally entangled pure state
shared between the sender and the receiver, which is also a purification of the input
state p € S(IHy). In this case, part of the purification, namely trg[|w) 4g5(wl], is trans-
mitted through the channel @ while the other part tr,[|w)45(w] is sent through the
identity channel Jg (this corresponds to the portion of the entangled state that the
receiver holds at the start of the protocol).

Using the memoryless channel ® n times and allowing entangled measurement
on system B, one gets

CR (@) = (). (13.55)

The full entanglement-assisted classical capacity C,,(®) for the memoryless channel
@ can then be written as

1 1
Cea(®) = lim_ Ecg;«@ = lim ;cg},;(@@"). (13.56)

The following theorem for finite-dimensional spaces H, and Hp is due originally
to Bennett-Shor-Smolin-Thapliya [8] and [9]. However, a simplified version of the
proof by Holevo [71] is provided below.

Theorem 13.4.1 (The BSST theorem, [8, 9]). Assume that dim(H,) = dim(Hp) < +co.
Then

Coa(@) = max L (wg; D), (13.57)
where w, = trglwyp] and
Ly(wa; @) = Hwy) + H@(w,)) - Hw,; ©) (13.58)

is the quantum mutual information with H(w,; ®) being the entropy exchange defined
by H((® ® Jp)(lw) ap{wl))-

The proof of Theorem 13.4.1 follows from the following two lemmas.

Lemma 13.4.2. Assume that all conditions of Theorem 13.4.1 hold. Then

Cea(D) 2 max I, (wy; D). (13.59)
A

Proof. To prove the lemma, we first claim that

CO (@) > Im< dirﬁ(P);qn(m) (13.60)

for arbitrary projection P in H}".
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To prove this claim, we let P = Y}, |e;) 4 (e, | on Hy, where {e;}}_, is an orthonor-
mal system, where m = dim(P). Define unitary operators U, V and W,z on H, by

2mik
Views = exp<7>|ek)A; Ule)a = lexiimodmylas k=12,...,m

Wy =UV af=12...m

on the subspace of H, generated by {e;}},, and as the identity operator on its orthog-
onal complement in H,. Let

1 m
Yap = W kZ:; lex)a ® leg) .

Then it is easy to show that:

(D) {(Weg®Ip)lhap);a B =1,...,m}is an orthonormal system in Hyp := H, ® Hg; in
particular, if m = dim(IH,), it is a basis;

(i) Yapo1(Wag ® Ip)Iap) (Wapl(Weg ® Ip)" = =Fer.

Without loss of generality, we can label the classical signal A € A to be transmitted as
= (a, B) with equal probabilities 1/m?. For the entangled state [1) 45) (5|, We assume
the unitary encodings Gﬁ(a) a8) = Wop(w AB)W;ﬁ. Then we have

Ce (@) 2 H<m Z(CDWB) wAB ) ) 2 H( (q)@JB)(‘”AB))
o

where (u = (Wap®Ip)[Pap) (Yapl(W,g ®1p)". Then, by the property (ii), the first term
on the rlght hand side of the above inequality equals

m(@om(en) () (o))

Since w,, is a purification of % in Hy, the entropies in the H (%; ®) in second term are
all equal to H (%; ®). By the expression for quantum mutual information (13.60), this
proves

@) ( q,®n P en
Cea ((D ) 2 Im( dim_(P)’(D ) (13.61)

for arbitrary projection P in HY". This proves the claim.

For future use, we comment without providing a proof that the last term in the
quantum mutual information (13.60), the entropy exchange H(w4; @), is equal to the
final environment entropy H(®g(w,)), where @ is a channel from the system space
H, to the environment space Hg. Now let p, = p be an arbitrary state in H,, and
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let P™%, be the typical projection of the state p® in HS". It was suggested that for the
arbitrary channel ¥ from IH, to possibly other Hilbert space H,

Pn,é‘

dim(P"9)

§—-0n—+toon

)) - )

which would imply by the expressions for the mutual information and the entropy
exchange that

. . 1 p ®n
%g?) nl_l)r}loo HIm<W’CD > = Im(p, CD), (13.62)
and hence, by (13.60), the required inequality (13.59).
We shall prove (13.62) with po being the strongly typical projection of the state p®".
Let us fix small positive §, and let Yj be the eigenvalues, |e}-) 4 the eigenvectors of
the density operator p. Then the eigenvalues and eigenvectors of p®" are Y=V Y

]Tl
and ledpen = l€j)a ® - ® e )45 respectively, where j = (j;,...,j,). The sequence j is
called strongly typical if the numbers N(j |7) of appearance of the symbol j inf satisfy
the condition

’N(;lll) <6 j=12..4

and N 0|7) = 0ify; = 0. Let us denote the collection of all strongly typical sequences
as B™, and let P" be the probability distribution given by the eigenvalues Y- Then by

the law of large numbers, P”(B"’d) — lasn — +oo. It can be shown that the size of
B™Y satisfies

2n(H(p)fA,,(6)) < |B")5| < 2"(H(P)+An(5))) (13.63)

where H(p) = - Z?:l Vi logy;, and limg_,( lim,,_, , A,(6) = 0. For the arbitrary function
fG,j=1,....d,andj = (j,,....j,) € B*®, we have

fG) + -+ )

n

d
=Y yfG)| <8 max f(). (13.64)

j=1
In particular, any strongly typical sequence is (entropy) typical: taking f(j) = —logy;
gives

n(H(p) - 6;) < - log y; < n(H(p) + 6,), (13.65)

where 6, = 6 max]-:yi>0(— logy;). The converse is not true; -- not every typical sequence
is strongly typical. The strongly typical projector is defined as the following spectral
projector of p®":
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= ) le¢el.

jeBmé

We denote d,, 5 = dim(P™®) = [B™| and p™° = P™® and we are going to prove that

lim lim ~HW®(™)) = H H(¥(p)) (13.66)

§—0on—+oo n
for the arbitrary channel ¥. We have
nH(¥(p)) - H(¥®"(3™°)) = H((¥(p))™") - H(¥*" ("))

_ H(\I_,®n (pn,ﬁ) ”\P@)n (p®n))
+ trflog((¥(0)™ (¥*" (") - (¥(0)™)], (13.67)

where H(-|-) denotes a relative entropy. Strictly speaking, this formula is correct if the
density operator (¥(p))®" is nondegenerate, which we assume for a moment. Later we
shall show how the argument can be modified to the general case. For the first term, we
have the estimate by the fundamental property of monotonicity of the relative entropy

H(‘P@n(pn’&)""l’@n(p@n)) < H(pn’5||p®n),

with the right-hand side computed explicitly as

Hp" o™ = ) —log<

- | = —logd logy:,
jeBnd drl5 > o Z d ) r

EBnE n,

which s less than or equal to n(6; +A,,(6)) by (13.65), (13.63), giving a sufficient estimate.
By using the identity,

log((¥(0)*") =log¥(p) ®l®---0l+---+I&---@Ielog ¥(p),

and introducing the operator § = ¥*(log ¥(p)) where ¥* : B(Hp) — B(H,) is the
dual channel of ¥, we can rewrite the second term of the right-hand side of (13.67) as

ntr[(3®l®--~®l+---+I®--~®I®3)(pn,5_p®n)]

n
FG) ++fG) & L
- Ly (%—gy,fm),

where f(j) = (¢lSle;), which is evaluated by né maxf via (13.64). This establishes
(13.66) in the case of a nondegenerate ¥(p).

Coming back to the general case, let us denote Py, the supporting projector of
¥(p). Then the supporting projector of (¥(p))®" is P, and the support of ¥*"(5™?) is
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contained in the support of (¥(p))®" = ¥**(p®"), because the support of ™ is con-
tained in the support of p®". Thus, the second term in (13.67) should be understood
as

tr[PY log(PY'(¥(p) ™" P§)PY (¥™"(6™°) - (¥(p))™")],

where now we have log of a nondegenerate operator in Py (H3"). We can then repeat
the argument with § defined as ¥* (Py(log Py'¥(p)Py)Py). This fulfills the proof of
(13.62), from which (13.59) follows. This proves the lemma. O

Lemma 13.4.3. Assume that all conditions of Theorem 13.4.1 hold. Then
Coa(D) < max I, (wy; D). (13.68)
A
Proof. We now prove the inequality

Coa (D) < mwaxlm(a)A;dD).
A

We first prove Cg((b) < max,,, I, (wy; @) as follows. Let us denote QS’)} the encodings
used by A. Let w,p be the pure state initially shared by A and B, then the state after
the encoding of the system AB and A are

wﬁB = (Qiﬁ ® Jp)(w,p) and wf}l = Qfﬁ(wA), respectively, (13.69)

where w, = trg[w,g]. Note that the partial state of B does not change after the encod-
ing, wé = wg. We are going to prove that

H(2p@03Whs) ) - Y pH(©@0Ip)(Whe) < In( S prwhi0) @370
A A A

By the quantum coding theorem, the maximum of the left-hand side with respect to
all possible p,, €4 and w} is just C) (®). Therefore, C(®) < max,,, I,(wy, ).

By using subadditivity of quantum entropy, we can evaluate the first term on the
left-hand side of (13.70) as

H(;m‘ﬂ‘”ﬁ)) +H(wp) = H(‘I)(;PA“&)) + ;PAH(CUB)-

Here, the first term already gives the output entropy from I,(3, p Awﬁ; ®). Let us pro-
ceed with evaluation of the remainder

Y pA(H(wg) - H(@ © Tp)(w)hp))-
1



366 —— 13 Classical capacities of memoryless channels

We first show that the term in the above-squared brackets does not exceed H (wﬁ) -

H(®®7J RA)(wiRA)), where R is the purifying (reference) system for wg, and (ugR,l is

the purified state. To this end, consider the unitary extension of encoding L’Eﬁ with the
environment E, which is initially in a pure state. From (13.69), we see that we can take
R'=BE ', (after the unitary interaction which involves only AE,). Then, again denoting
with primes, the states after the application of the channel ®, we have

H(wp) - H(® ® Jp)(wyp)) = H(wp) - H(w)p) = ~H(AIB), . (13.71)
Similarly,

H(w,) - H(® ® Jp) (@) 1)
= H(wh) -~ H(wy ) = -H(A'|RY),, =-H(A'|BE)),, .
! A'B

A'B

which is greater or equal than (13.71) by monotonicity of the conditional entropy.
We claim that the function w, — H(w,) - H(® ® Jg)(w,g)) is concave.
To prove this claim, we introduce an environment E for channel @ and we have

H(w,) - H(D ® Jp)(wagr) = H(wg) - Hwarg)
= H(wyp) - Hwg) = HA'IE).

The conditional entropy H(A'|E’) is a concave function of w, . The map wy — w g
is affine and, therefore, H(A'|E') is a concave function of w,. This proves the claim
that the function wy — H(w,) - H(® ® Jg)(wyg)) is concave.

Consequently,

ZP/IH((UQ) ~-H((®® jR")(ng/l))
A
< H(Zp,la&) ~H((® ® Jg)(@ap))
A

where @y, is the state purifying ', wﬁ with a reference system R.
Applying the same argument to the channel ®*" gives

C(®) < maxLy(w, ©™"). (13.72)
wy'
Then from subadditivity of quantum mutual information (see Proposition 11.1.4), we
have the remarkable additivity property

maxIm(wfqn);db(")) = nmax I, (w,; D).
wfqn) Wy

Therefore, we obtain C,,(®) < max,,, I, (wy; P).
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Lemmas (13.4.2) and (13.4.3) show that C,, (D) = max,, In(w,; ®). This proves The-
orem 13.4.1. O

13.4.2 Constrained infinite-dimensional channels

In this subsection, the BSST theorem for finite-dimensional input and output Hilbert
spaces presented in the previous subsection is extended to the infinite case with some
linear constraints described below.

When applying the protocol of entanglement-assisted communication to infinite-
dimensional channels, one has to impose certain constraints on the input states. Oth-
erwise, it can be shown that there exists the unconstrained memoryless channel ®
with Co, (@) = +00.

A typical physically motivated constraint is the bounded energy of states used for
encoding. This constraint is determined by the linear inequality

tr[pH] <E, E >0, (13.73)

where H is a positive self-adjoint operator—a Hamiltonian of the input quantum sys-
tem H,, which can be assumed to be a $)-operator. In this case, we again denote the
compact subset Ky (E) of S(H,) (see (3.3) for compactness of Ky (E) in Hy) as

Ku(E) = {p € S(H,) | trlpH] < E}.

For the $)-operator H on the infinite-dimensional space H, and any state p ¢
S(H,), the energy tr[pH] (finite or infinite) is defined as sup, tr[pP,,HP,], where P,
is the finite-dimensional spectral projector of H corresponding to the interval [0, n].

We impose the following linear constraint onto the input states p(”) of the channel
cD@n

tr[p™H™] < nE, (13.74)
where
H” =Hel,® -9l + - +,& - o, o H. (13.75)

In this case, the constrained Holevo x-capacity C,(®; H, E) is defined by

G(O;H,E) = sup C,(p, D), (13.76)
pekyu(E)
where
C(p.®) = sup xo(lpupi)). (13.77)

Yipipi=p
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is the constrained y-capacity of the channel ® at the state p (the supremum is over all
ensembles with the average state ) ; p;p; = p). If H(®(p)) < +00, then

C(p, @) = H(D(p)) - Hp(p), (13.78)

where Hq)(p) = infzi pipi=p H(@(p)) is the o-convex hull of the function p — H(D(p)).
Due to the concavity of the von Neumann entropy H(-), the infimum can be taken over
ensembles of pure states because any mixed quantum state can be expressed as a con-
vex combination of pure states. By the Holevo—Schumacher-Westmoreland (HSW)
theorem adapted to constrained channels (see (13.47)), the classical capacity of the
channel @ with constraint (16.92) is given by the following regularized expression:

COHE) = lim ~G(O”H,nE),

where H" is defined by (13.75).

Constraint (13.74) is equivalent to a similar constraint on input states of the chan-
nel ®*" @ J3" with the constraint operator Hgg =H" g Ig') on the composite Hilbert
space H5p, where I)” is the identity operator on HE". Denote by P\ the collection of
ensembles 7™ = {p/({'), wﬁ")}, where wf\") are states of the form (13.73) satisfying

Y pi? tr[w{"H{}] < nE.
AeA

The classical capacity of the above protocol is called the entanglement-assisted classi-
cal capacity of the channel @ under constraint (13.73) and is denoted by C,,(D; H, E).
In the following, we obtain

Coa®HE) = lim LC™(@;H, E), (13.79)
n—-+oo n
where
C(E_';)((ID;H,E): sup X@@nmgn({p;"),pf\")}). (13.80)
nmep

To establish the main result for the entanglement-assisted classical capacity for
the memoryless channel, we recall the definition and property of mutual information
I,(p, ©) below.

For finite dimensions, it is defined for arbitrary state p € S(IHy),

In(p, ®) = H(p) + H(®(p)) - H((® & T) (9)), (13.81)

where Hp, is a Hilbert space isomorphic to H, and p is the purification of p in the space
H, ® Hy, so that trz[p] = p. By the complementary channel @ : S(H,) — S(Hg), the
quantum mutual information I,,,(p, @) can also be written as
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Ly(p, @) = H(p) + H(®(p)) — H(D(p)). (13.82)

In the infinite dimension expressions (13.81), (13.82) may contain uncertainty “co-co,”
and to avoid this problem they should be modified as

I(p.®) = H(@ & T @)@ & Tp)p ®p)), (13.83)

where p = try[p] is the state in S(Hg) with the same nonzero spectrum as p. Analyti-
cal properties of the function (p, ®) — I,(p, @) were studied in Theorem 11.1.9 in the
infinite-dimensional case.

We also review property of conditional entropy H(:|-) below.

In finite dimensions, the conditional entropy of a state p of a composite system AB
is defined as

H(AIB), = H(p) - H(pp), (13.84)

where pgp = tr,[p]. The conditional entropy is finite, but in contrast to the classical
case it may be negative.

The conditional entropy of a state p of an infinite-dimensional composite system
AB is defined as follows (see Definition 8.3.2):

H(A|B), := H(p,) — H(pllps ® pp)> (13.85)

provided H(p,) < +oo. It is easy to see that the right-hand sides of (13.84) and (13.85)
coincide if H(p) < +oo (finiteness of any two values from the triple (H(p,), H(pg), H(p))
implies finiteness of the third one). It is proved in Proposition 8.3.6 that the above-
defined conditional entropy is a concave function on the convex set of all states p of
the system AB such that H(p,) < +00, possessing the following properties:

H(AIB),,, > H(AIBC), (13.86)
for any state p of ABC (monotonicity), and

H(AIB),,, = -H(A[C) (13.87)

Pac

for any pure state p of ABC, where it is assumed that H(p,) < +co.
With the above facts in mind, we have the following result.

Lemma13.4.4. Let ® : S(Hy) — S(Hy/) be a quantum channel and o an arbitrary
state in S(Hp). Then for an arbitrary ensemble {p;, w;} of states in S(Hyp), where H,p =
H, ® Hp, such that (w;)g := try[w;] = 0 € S(Hp) for alli, the inequality

Xaed, (1P wi}) < Ln(wy, @), (13.88)

holds, where w = Y ; p;w; is the average state of the ensemble {p;, w;} and w, = trglw].
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Proof. Let {p;, w;} be an ensemble of states in S(IH,5) with an average state w such that
(w;)p = 0 € S(Hp) for all i. We have to show that

2 PiH(@ @ Ip) (@) (@ ® Tp)(W)) < Iy(wy, D). (13.89)

First, let us prove inequality (13.88) assuming that @ is an FF channel, i. e., dim(H,) <
+00 and dim(H,) < +oco. In this case, the left-hand side of this inequality can be
rewritten as

Xaes, (1P wi}) = Zpl (@ ® Tp) (@) (P ® Tp)(w))
=H((P® Jp)(w)) - Z piH((®® Tp) (W)
< H(®(trg[w])) + H(Tp)(try[w]) - Z PpiH((® ® Jp)(w;))

H(D(wy)) + Zp, (0) - H((® ® Tp)(w)))),

where the inequality in the above is due to subadditivity of the von Neumann entropy.
Note that H((® ® Jp)(w;)) — H(0) is the conditional entropy H(A'|B) at the state (® ®
Jp)(w;). Let w; be a pure state in ABR; such that trg [@;] = w;. By monotonicity of the
conditional entropy (property (13.86)), we have

H((®@®Jp)(w;)) —H(o) = H(A'|B)(q>®33)(w,-) > H(A’|BR1')(<1>®33R,.)(GJ1~)’ (13.90)

where H(A'|BR;) is defined by (13.85) (the system R; is infinite-dimensional, but the
system A’ is finite-dimensional by the assumption). Since @; is a purification of the
state p; = (wy)a, i-€., (@1)4 = p;, property (13.87) of the conditional entropy im-
plies

!
H(A |BRi)q>®jBRi( (A IBR; )trE[ (VT pr, )0 (V*®Tpp, )]

! !
= ~HANE ),y (Vo anvogg)) = ~HA E)ypy-> (139D

where E is an environment system for the channel @ and V is the Stinespring isometry
(i.e., ®(p) = trg[VpV™*]). By using concavity of the conditional entropy (defined by
(13.85)) and property (13.87), we obtain

2 PH(AIE)yyy- < H(A'IE)y,y. = ~H(A'IR)y, ver,yove1,
i

where R is a reference system for the state p and p is a pure state in AR such that p,,
and (13.90) and (13.91) imply



13.4 Entanglement-assisted classical capacity =— 371

2 PiH((@ ® Ip)(@) (P ® Tp)(@)) < H(D(p)) — H(A'IR) 05,5
= H((® & TR DID(p) ® pr) = In(p, D),

where Definitions 13.83 and 13.85 were used. Thus, inequality (13.88) is proved under
the assumption that dim(Hy:) < +oo, dim(Hp) < +co.

Its proof in the general case can be obtained using approximation techniques as
follows. Let {p;, w;} be an ensemble such that (w;)p := try[w;] = 0 € S(Hp), and let Q,,
be the spectral projector of the state o corresponding to its n maximal eigenvalues.
Let A, = tr[Q,0] and C,, = I, ® Q,,. For n € N, consider the ensemble {p;, w!'} with the
average state ", where

of = ;' Cwi€, 0" = A, CC,.

Let (P,,)) be a sequence of finite-rank projectors in the space H,: strongly converging
to the identity operator 1/, and let 7 be a pure state in S(IH,/). Consider the sequence
of channels ®,, = II,, - @, where

IL,(D)(p) = PP, + ' tr[(Ly — Pp], p € S(H,).
Since (w!)g := try[w"] = A,'Q,0 for all i, the first part of the proof implies

3. PH (@, - Ip) @)@, - (@) < Iy (0] @)

Since 4w} < w,, we therefore have lim,_,, ., I,(w},®,) = I,(w,, ©). Hence, the
above inequality implies inequality (13.88) by lower semicontinuity of the relative
entropy. This proves the lemma. O

The following result is due originally to Holevo and Shirokov [83].

Theorem 13.4.5. Let ® : S(Hy) — S(Hy ) be a quantum channel, and let H be an
$-operator on Hy. The entanglement-assisted classical capacity (finite or infinite) of
the channel ® with constraint (13.73) is given by the expression

Cea(O;H,E) = sup I,(p; D). (13.92)
peky(E)

We prove the above theorem via the following three lemmas.

Lemma 13.4.6. Assume that dim(IH,) < +co. Let @ : S(H,) — S(Hy/) be a quantum
channel, and let H be a positive self-adjoint linear operator H,. Then the entanglement-
assisted classical capacity (finite or infinite) of the channel ® with constraint (13.73)
satisfies the following inequality:

Coa(D;H,E) > sup I,(p; D). (13.93)
peky(E)
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Proof. Assuming that dim(IHy/) < +oco, we observe the following:

1. Finite dimensionality of the system H,, implies finiteness of the output entropy
of the channel @ on the whole space of input states S(H,). That is, H(®(p)) < +oco
forallp € S(Hy);

2. Finiteness of tr[pH] implies that all the eigenvectors of the state p belong to the
domain of the operator VH.

3. Finite dimensionality of the system H, shows that for any finite-rank state p
the restriction of the channel ®®" to the support of the state p®" acts as a finite-
dimensional channel for each n;

4. If there are no states p satisfying the inequality tr[pH] < E but there exists an
infinite-rank state p, such that tr[poH] = E, then there is a sequence (p,);;>] of
finite-rank states converging to p, such that tr[p,H] = E for which

lim inf 1, (0, ®) > Iy (po, P)
by lower semicontinuity of the quantum mutual information.

With the observations above, the rest of the proof of this lemma follows similar to that
of Lemma 13.4.2. This proves the lemma. O

Lemma13.4.7. Let ® : S(H,) — S(Hy/) be a quantum channel, and let H be an
$-operator on H,. The entanglement-assisted classical capacity (finite or infinite) of
the channel @ with constraint (13.73) is given by the expression

Coa(@;HLE) > sup I,(p; D). (13.94)
peky(E)

Proof. Let ® : S(Hy) — S(IHy/) be an arbitrary channel. We prove that C.,(®; H, E) >
SUPpeicy (E) Im (05 @) as follows.

Let (P,),;,] be sequence of finite-dimensional projectors on H, strongly converg-
ing to the unit operator I;; on Hy,. The channel @ is approximated in the strong con-
vergence topology by the sequence (I, - @), %} with finite-dimensional output, where
I1,(0) = P,,oP, + (tr[o(I1, —P,)])T forall o € S(Hy/) and 7 is a given state in IHy,. Since
the inequality “>” in (13.93) is proved for a channel with finite-dimensional output
(see Lemma 13.4.6), the chain rule for the entanglement-assisted capacity implies

Coa(D;H,E) = Coy(T1,, o D; H, E) = I, (p; IT,, o D).

Lower semicontinuity of the function @ — I,,,(p; ®) in the strong convergence topology
and the chain rule for quantum mutual information (see Proposition 11.2.3) imply

nlir}lwlm(p; IT,, o @) = I,,,(0; D) < +00, Vp.
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Hence, the inequality “>” in (13.93) for the channel ® follows from the above inequal-
ity. This proves the lemma. O

Lemma13.4.8. Let ® : S(Hy) — S(Hy/) be a quantum channel, and let H be an
$H-operator on H,. The entanglement-assisted classical capacity (finite or infinite) of
the channel ® with constraint (13.73) is given by the expression

Coa(O;HE) < sup I, (p; D). (13.95)
pey(E)

Proof. We prove the inequality (13.95). For the ensemble {p,, w,} of encoded states in
S(MHyyr). Let (wy) 4 := try[w,] = 0 € S(H,), where try [- - -] denotes the partial trace of
[---] taken over H,:. By Lemma 13.4.4, we have the following inequality:

XCD®"®3®" ({p}l > w}( < I <Zp (D®n>
From (13.79), we have

Cea(®,H,E) < lim 1 sup Im<ZpA")( N d>®">

foon ")EPXg A

Now

sup I (Zp (”)) ,(D®">

n(")eP(")

< sup Ly(p™, @®") = I ().
pM:tr[pMH™ | <nE

We claim that the sequence (I ”)((D)); 1 is additive. To show that, it suffices to prove
that

I™(@) < nIY (). (13.96)
By the subadditivity of quantum mutual information,

Ln(p®™, ) < Y L (0", @
j
where p}") are partial states, and by concavity,
Z L(p", @) < nIm<Zp§"), CD>.
j j

The inequality tr[p™H™] < nE is equivalent to tr[(% Z}’Zl p;"))H] < E; hence, (13.96)
holds. Thus,
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Coa @ HE) < sup I(p:®).
peRy(E)

This proves the lemma. O

Lemmas 13.4.6, 13.4.7 and 13.4.8 together prove that

Cea(®.H,E) = sup I,(p; D).
peku(E)

Therefore, Theorem 13.4.5 follows.
The following corollary for unconstrained channels follows immediately from the
above theorem.

Corollary 13.4.9. Let @ : S(H,) — S(Hg) be a memoryless quantum channel. Then the
entanglement-assisted classical capacity (finite or infinite) of the unconstrained channel
@ is given by the expression

Con(@) = sup IL(p; D). (13.97)
peS(Hy)

13.4.3 Continuity of Cy,(-) : Q€(A, B) — [0, +00]

Since a physical channel is always determined with some finite accuracy, it is neces-
sary to explore the question of continuity of its information capacity with respect to
small perturbations of a channel. Mathematically, this means that we have to study
continuity of the capacity as a function of a channel assuming that the set of all chan-
nels is equipped with some appropriate topology. In this subsection, we consider con-
tinuity properties of the entanglement-assisted classical capacity with respect to the
strong convergence topology on the set of all channels. Recall that strong convergence
of a sequence of channels (CDH)ZZ?, @, : S(H,) — S(Hy) is said to converge strongly
to a channel @ : S(Hy) — S(Hy) if lim,,_, o, P,(p) = Dy(p) for all states p € S(Hy).

Proposition 11.1.7 and lower semicontinuity of quantum mutual information I,,,(-) :
0C(A,B) — [0,+00] as a function of a channel in the strong convergence topology
imply that ® — C.,(®;H,E) is a lower semicontinuous function in this topology on
the set of all quantum channels; i. e.,

lim inf Ceq(Dps H,E) > Cea(Do; H,E)

for any sequence (©,);% of channels strongly converging to the channel @y, i.e.,
lim,_,, o, ©,(p) = Dy(p) forall p € S(H,).

The following proposition, due originally to Holevo and Shirokov [83], gives suffi-
cient conditions for the continuity.
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Proposition 13.4.10. Let H be an $)-operator on H, such that tr[exp(-AH)] < +oco for
allA > 0, and let (D,)+% be a sequence of quantum channels from A to A’ that converges
strongly to a quantum channel ®,. Then the following relation:

lim Ce(@p HLE) = Cea(Pg; H,E) < +00 (13.98)

holds if one of the following conditions is met:

1. lim,_,, o H®,(p,)) = H(®y(py)) for any sequence of states (p, ;2‘1’ in S(H,) that
converges to p, under || - ||;-norm such that tr[p,H] < E forn=0,1,2,....

2. There exists a sequence of channels (dADn);‘:"l’ from A to E that converges strongly to
a channel ® such that (®,,, ®,,) forms a complementary pair of channels for each
n=0,12....

Proof. We first note that the set
Ku(E) = {p € S(Hy) | tr[pH] < E}

is a compact subset of S(H,) by Theorem 3.2.5 and the function p +— H(p) is con-
tinuous on this set, since tr[exp(-AH)] < +oo for all A > 0 by Proposition 7.3.7. By
Proposition 11.1.7, the function p +— I,(p; @,) is continuous on the compact set Ky(E)
for each n € N, and hence,

Coa @i HE) = sup I,(p;®@,) = lim I, (p,;®,) < +0o
peky(E) n—-+oo

for a particular sequence of states (p,,);5] in Kg(E). Assume that there exists @, €
0¢(A,A") such that the sequence (@,);%) converges strongly to @, and yet

UM Coq(@pi H,E) > Coa(@; H, E) (13.99)

n

for contradiction purpose. Since C., (s H, E) : Q€(A,B) — [0, +o0] is lower semicon-
tinuous under the strong convergence topology, we have

1rilrl]jgofcea(®n;H>E) > Coa(Pg; H,E).
Therefore, to show that
nHIPm Cea(q)n§ H) E) = Cea(q)0§ H, E)>

it suffices to show that (13.99) leads to a contradiction.
Since Ky(E) is a compact set, we may assume (by passing to a subsequence) that
the sequence (p,,);] converges to a particular state p, € Ky(E). Hence, to obtain a

contradiction to (13.99), it suffices to prove that
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i L(0ys @) = In(pos o). (13.100)

Conditions 1 and 2 of Proposition 13.4.10 provide two different ways to prove (13.99). If
condition 1 holds, then

Im(pn;quI) = H(pn) + H((Dn(pn)) - H(((Dn ® jR)(|¢n>AR<(7-'7n|))’

where |¢,,) 4 is any purification for the state p,, n = 0,1, 2,... with a reference system
R. By lower semicontinuity of the function (@, p) +— I,,(p; @), continuity of the entropy
on the set Ky (E), and condition 1, to prove (13.99) it suffices to show that

lim inf H((®, ® Tp)(1bn) ar{bul)) = H(@o ® Tp)(1) 4z (bol))-

This relation follows from lower semicontinuity of the relative entropy, since strong
convergence of the sequence (®,);] to the channel @, implies strong convergence of
the sequence (@, ® Jg)%) to the channel @, ® Ji, and we can choose a sequence of
purifications of |¢,,) 4, (I9,) ar)ses» that converges to the purification of |¢g) 4, [o) ar-
If condition 2 holds, then (13.99) directly follows from the continuity of mutual and

coherent information (see Proposition 11.1.7). This proves the proposition. O

Remark 13.1.

1. While Gaussian quantum channels is not a subject of discussion in this book,
we mention here that Condition 1 of Proposition 13.4.10 holds for any converg-
ing sequence of Gaussian channels provided that H is an oscillator Hamiltonian
of a Bosonic system. Gaussian quantum channels are real examples of infinite-
dimensional channels and is a currently a big research area that will have a huge
impact on modern quantum communication. The reader can consult the works by
Shirokov [148], De Palma et al. [36] and references contained therein for detailed
discussion of Gaussian quantum channels.

2. Condition 2 of Proposition 13.4.10 holds for the sequence of the channels

+00
D, (p) = Y VipVi™,
i=1

where (V});%] is a sequence of operators from H, to H, strongly converges to the
operator V{ for each i such that Y75 (V!)*V = I, for all n. Indeed,

+00

D, (p) = Y tr[(VipVi*)(li)g ()],

ij=1

where (|i) E)i*:"lo is an orthonormal basis in H, and it is easy to see the sequences
(@)% and (D), strongly converges, respectively, to @, and @, (@, and ©, are
defined by the same formula for n = 0).
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13.5 Comparison of classical capacities

Let ® : S(Hy) — S(Hp) be a quantum channel from A to B, and let D : SMH,) —
S(Hg) be its complementary channel (see Definition 5.7.1 for the definition of a com-
plementary channel), where Hy, is the Hilbert space representing environment sys-
tem E.

We have so far explored an unconstrained Holevo y-capacity CX((D), classical ca-
pacity C(®) and entanglement-assisted classical capacity C,,(®) for a memoryless
channel ®. The first of them, CX((D), is defined as the maximum rate of information
transmission between transmitter and receiver (generally called Alice and Bob) when
nonentangled block coding is used by Alice and arbitrary measurement is used by
Bob; the second one, C(®), differs from the first by the possibility of using arbitrary
block coding by Alice; while the entanglement-assisted capacity, C.,(®) is defined as
the maximum rate of information transmission between Alice and Bob under the as-
sumption that they share a common entangled state, which can be used in block cod-
ing by Alice to increase the rate of information transmission.

By their operations definitions (see (13.7), (13.9) and (13.57)), we have (@) <
C(®) < Cqy(®P) in general. The main goal of this section is to make detailed com-
parisons among these three channel capacities and those of constrained versions
Gy (@5 A), C(D;.A) and Ce, (D5 .A), correspondingly, where A is a certain closed subset
of S(Hy).

13.5.1 Finite-dimensional unconstrained capacities

We make comparisons among the three unconstrained capacities CX(QD), C(®) and
Cea (D) in finite-dimensional and infinite-dimensional cases below.

To draw some concrete conclusions, we first assume that Hy, Hp and Hg are
finite-dimensional Hilbert spaces. Let ® : S(Hy) — S(Hpg) be a quantum channel,
and @ : S(H,) — S(Hg) be its complementary channel, which can be uniquely de-
fined up to unitary equivalence (see Definition 5.7.1). For the entanglement-assisted
channel @ : S(H,) — S(H,), we assume that A’ = B for simplicity. Let H(p) be the
von Neumann entropy of p € S(IH,) and H(p|lo) be quantum relative entropy of p,
relative to 0 € S(H,) (see, e.g., Lemma 8.2.5 for definition of relative entropy and
approximation).

Recall that the Holevo x-capacity C, (®) is defined as (see Definition 12.2.1)

C, (®) = max ), 13.101
X( ) S( )XCD ) ( )
where

Xolp) = max > pH(®()I(p) (13.102)

i DiPi=|
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is the y-function of ®. Note that

XoP) = H(®()) - Hp(p), (13.103)

where Hcp(p) = minzl_ Pioi=p Y. piH(p;) is the convex hull of the function p — H(D(p)).
By concavity of this function, the above minimum can be taken over ensembles of pure
states. An ensemble {(p;, p;)} is called optimal of the channel @ (see Definition 12.2.5)
if

Cy(D) = X (P) = Zp, (@p)Ie@), p= Zplp,

By the Holevo—Schumacher-Westmoreland theorem (see Theorem 13.2.2), the classi-
cal capacity of the channel ® can be expressed by the following regularization for-
mula:

C@) = lim %CX((D@’).

By the Bennett—Shor-Smolin-Thapliyal theorem (see Theorem 13.4.1), the entan-
glement-assisted classical capacity of the channel @ is determined as follows:

Cop(D) = Erga]})I(A) I,(p; @), (13.104)

where I,,(p; @) is the mutual information of @ at p defined by

Ly(p; @) = H(p) + H(®(p)) - H(d(p))
=H(p) + Xo(P) — X4 (P)
=Xo(P) + Ap(p), (13.105)

where Ay (p) = H(p) — )((D(p) The above expression is obtained by using (13.103) and
the fact that Hq,(p) Hg (p) because of the coincidence of the functions p — H(®(p))
and p — H(D(p)) on the set of pure states.

Since H(p) = Y,; p;H(p;llp) for any ensemble {(p;, p;)} of pure states with average
state p, we have

Bo(p) = min Zp, H(pillp) - H(D(py) D (p))) = (13.106)

i FiFi

where p; are rank one pure states and the last inequality follows from monotonicity of
relative entropy, i. e., H(p;lp) > H ((ib(p,-)lldb(p)) (see Lemma 9.1.3).

The minimum in (13.106) is attained at an ensemble {(p;,p;)} of pure states if
and only if the maximum in (13.102) is attained at this ensemble. In addition, since
Y pH(®(p;) = Y; p;H(®D(p;)), this can easily shown by using expression (13.103) for
x-functions of the channels ® and ®.
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Proposition 13.5.1. Assume that dim(H,) < +oco and dim(Hp) < +co. Then
Cea(®@) < C((D) + log(dim(H,)) = C, (@) + nH(p). (13.107)

Proof. This follows from the definition of Cg,(®) for finite-dimensional H,. This
proves the proposition. O

Corollary 13.5.2. Assume that dim(H,) < +oo and dim(Hg) < +oco. The following in-
equalities hold:

H(py) = C(®) < Cea®@) ~ C, (@) < H(py) ~ X (p2)
< H(®(py)) - X¢(P) = 1(®) + Ho(py),

where p, and p, are states in S(IH,) such that xo(p;) = C,(®) and I, (053 ) = Cey (D).

13.5.2 Infinite-dimensional constrained capacities

When dealing with infinite-dimensional quantum systems and channels, it is neces-
sary to consider generalized ensembles defined as Borel probability measures y on
Borel subsets of S(H,). From this point of view, ordinary ensembles are described by
finitely supported measures u = {(p;, pi)}f\il, where N is a certain positive integer. We
denote by P(S(H,)) the set of all generalized ensembles of states in S(H,) (i. e., the
space of all probability measures on the Borel measurable space (S(Hy), B(S(Hy)))).
The Holevo y-quantity of a generalized ensemble u is defined as

x®= | HEIpeude) = HEw) - | Heudp) (13108)
S(Hy) S(Hy)

where the Bochner integral p(u) = Is (H,) pu(dp) is the barycenter or average state of
u and the second formula is valid under the condition H(p(u)) < +co (see Proposi-
tion 12.1.4). Recall that the Holevo y-quantity of the channel @ : S(H,) — S(Hjp) is
defined by

Xo () = j H(®()I0(p() )u(dp)

S(Hy)

=H(®(pW)) - J H(®(p))u(dp) (13.109)

S(Hy)

for all p € P(S(Hy)), where the second equality is valid under the condition
H(®(p))) < +oco. It is shown in Proposition 12.1.4 that the constrained Holevo
X-capacity defined by Definition 12.2.1 can be expressed as
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G (@A) = sup  xo(W) (13.110)

UEP(S(A))
for all closed subset A of S(IH,) (the supremum is over u € P(S(H,)) with the average
state p(u) € A). By letting A = Ky (E) for $H-operator H on H,, we write CX(<D, H,E) =

SUD540 e g () X (W)
In the following, we study general relations between the capacities C,(®, H, E),

C(®,H,E) and C,,(P,H,E) and give conditions for their coincidence under the as-
sumption

H(p) < +00, Vp € Ky(E), (13.111)

which implies, in particular, finiteness of all these values. A basic role in this analysis
is played by the following expression for the quantum mutual information:

In(p; @) = H(p) + Cy (D, {p}) - G, (D, {p}), (13.112)

which is valid under the condition H(p) < +oo (since CX(d), {p}) < H(p) for any chan-
nel @). This condition implies finiteness of all terms on the right-hand side of (13.112).

If H(®(p)) = H(®(p)) (this follows from the coincidence of H(®(p)) and H(®D(p))
for pure states p); in the general case one can show that this assumption holds if and
only if tr[exp(-AH)] < +co for some A > 0, which implies, in particular, finiteness for
all these values.

By subadditivity of the quantum mutual information, expression (13.112) implies
a formal proof of the inequality

C(@H.E) = lim_ %cx(cp; H,E) < Coy (D H, E), (13.113)

which looks obvious from the operational definitions of the capacities. It also implies
the following inequalities.

Proposition 13.5.3. Let ® : S(Hy) — S(Hjp) be a quantum channel, and let H be an
$-operator such that condition (13.111) is valid. The inequalities

Cea(@;H,E) > 2C,(D; H,E) - Cx(é); H,E), (13.114)
and
Cea(O;H,E) > 2C(D; H,E) - C(®,H,E) (13.115)

hold, where @ : S (H,) — S(Hg) is the complementary channel to @.

Note that, in contrast to (13.113), both inequalities (13.114) and (13.115) hold with
equality if @ is a noiseless channel. These inequalities show that coincidence of
Cea(®;H,E) = C,(D;H,E).
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Proof. For arbitrary € > 0, let p. be a state in S(IH,) such that
C((@;H,E) < C, (D, {p.}) +€, trlpH] <E.
Since C, (@, {p}) < H(p,) < +00, Theorem 13.4.5 and formula (13.112) show that

Cea(D;H,E) 2 Iy (p; @) 2 ZC)(((D7 {pe}) - C)(((i)7 {pe})
> 2C,(D; H,E) - C, (& H, E) - 2¢,

which implies (13.114). Inequality (13.115) is obtained from (13.114) by regularization.
This proves the proposition. O






14 Structure of quantum memory channels

In Chapter 13, we investigated n uses of memoryless quantum channels and studied
their various properties and classical capacities associated with them. This chapter is
devoted to the study of structures of memory quantum channels. As a special case,
a class of memory channels, namely forgetful channels will also be explored. This
chapter, however, does not address topics on the coding theorem and classical capac-
ity. Special cases of quantum memory channels such as channels with Markovian and
long-term memory and their classical capacities are the topics of interest in the next
two chapters.

For each n € IN, we use the block coding of length n and size N, as considered in
the previous chapter. Let the n-use of the channel @ : S(H,) — S(Hp) in transmitting
time-ordered sequence of possibly entangled codewords pX'n) 1 €S (HY") for classi-
cal information A, = {A;,A;,...,Ay } be denoted by " (pf(;) )- Roughly speaking, the
channel @ is said to be a channel with memory or a memory channel or a channel with
correlated noise, if o™ (pX? A) cannot be expressed as n-fold tensor product ®*" X? A),
i.e.,

o> ) )9&@(") (n)

(n )
ApA AA

for some pxq) A

For memoryless channels, the transmitted information and noise sources are
treated as independent random variables, whereas for real-world noisy quantum
channels, this independence assumption should be removed since the correlations
between the errors are real and common. Examples of quantum channels, which nat-
urally acquire a memory are common in quantum information processing. Recently,
an unmodulated spin chain has been proposed as a model for short distance quantum
communication. In such a scheme, the state to be communicated over the channel is
placed in one end of the chain, propagates for a specific amount of time, and is then
received at the other end. It is generally assumed that a reset of the spin chain occurs
after each signal (resulting in a memoryless channel). However, a continuous oper-
ation without reset leads to higher transmission rates and corresponds to quantum
memory channel.

The first model of a quantum memory channel was studied by Macchiavello and
Palma [111]. They showed that the transmission of classical information through two
successive uses of a quantum depolarizing channel, with Markovian correlated noise,
is enhanced by using inputs entangled over the two uses. In order to describe memory
channels, Kretschmann and Werner [100] proposed, in addition to Alice’s input regis-
ter system H, and Bob’s output register system Hp, that the transmission process also
involves an additional memory input H;, and an additional finite-dimensional mem-
ory output H;, be also taken into consideration in the formulation of such channels.
Readers are also referred to the review paper on the quantum channel with memory

https://doi.org/10.1515/9783110788105-014
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effects by Caruso et al. [18] for a thorough survey on various aspects of memory quan-
tum channels.

14.1 Representations of memoryless channels

In this section, Kraus and unitary representations of n-use of memoryless channel
db(")(pan) Nk " (pX’n) 4) in both Schrodinger and Heisenberg pictures are represented
as a motivation for describing these two pictures in terms of their memory counter-
parts, which are to be studied in detail in Subsections 14.2.2, 14.2.1 and 14.2.3.

The presentation of this section is largely based on results obtained in Giovannetti
[53] (see also Caruso et al. [18]).

14.1.1 Kraus representation in the Schrodinger picture

Consider a quantum channel ® with a Kraus representation (see Theorem 4.4.4)

+00
D(p) = Y KpK;', Vp € S(Hy),
i=1

where K; is a *-weakly continuous linear map from H, to Hy such that
+00
Y KK
n=1

converges strongly to the identity operator I (the identity operator in Hp) in ||-l;-norm.

As described in Kretschmann and Werner [100], the action of a quantum channel
@ on the input state density operator pX’n) A €S (]H}e;:’ A)» consisting of n qubits (includ-
ing entangled ones) is given by

V()= Y prex Ky, @@ KON, (Ky @ 0Ky ) (14D)
kyskas.okin

where the Kraus operators K; ®---®K; are applied with probability p; _; , which sat-

,,,,,,,,,,

a random sequence of operations is applied to the sequence of n qubits transmitted
through the channel. For a memoryless channel, these operations are independent,
therefore, py i, k. = PiPx, " Pk, Thatis,

W0~ 01,
=y pilpiz...p,-n(K,-n®.--®1<il)p§;1n’A(1<;®---®K;‘;),

i1515e0ln

for alle’)A € S(H.
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From the above, one can say that the Kraus operators of the memoryless channel
@™ can be expressed as a tensor product K; ®---®K; formed by independent and
identically distributed sequences extracted from the Kraus set {K;};} associated with
the single carrier channel @. In the presence of memory, they exhibit some correlation.
A simple example is given by the Markov chain, i. e.,

Piy,...k, = P Plolk, " Pk, - (14.2)

In the above expression, p; . . is the conditional probability that an operation,
say K , is applied to the nth qubit provided that it was applied on the (n—1)-th qubit.

14.1.2 Kraus representation in the Heisenberg picture

Kraus’ representation of the dual memoryless channel ®* : B(Hg) — B(H,) in the
Heisenberg picture can be expressed as

+00
"(A) = ) K{AK;, VA € B(Hp). (14.3)
i=1

The above expression is obtained via the following duality relation:

+00 +00
tr[AD(p)] = tr[A D KipKi*} = ) tr[AK;pK; ]
i=1 i=1

+00

= ) tr[K; AK;p] _tr[ZK AI(lp] tr[®" (A)p]. (14.4)

i=1 i=1

Note that the dual of a channel needs not be a channel, that is, it might not be trace
preserving. Instead, the completeness property of the Kraus operators {K;}\" implies
that ®*(Iz) = 1,. By the same token, the Kraus representation of ®™ : BHF) —
B(HY"), the dual of memory channel @™, can be written as

D (A™) (14.5)

= Y Piii K e oK )ADK; ©-- oK),
Kyskgsennskiy

forall A™ : BHE") — B(H").

14.1.3 Unitary representation in the Schrodinger picture

Let @ : S(H,) — S(Hp) be a quantum channel from the sender Alice to the receiver
Bob. By the Stinespring dilation theorem (see Theorem 4.3.4), any such map may be
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represented as a unitary operation between the input state p, and a known environ-
ment state wg. In this case, the output state of a single use of the channel is given
by

pp = P(py) = trg[Uyp(py ® wp)Uyg] (14.6)

with p, € S(Hy) being the state sent by Alice, and pp € S(Hjp) being the output
state received by Bob, where Uy is an unitary operator on S(Hyg). For a sequence of
transmissions of codewords for A, = {A;,A;,..., Ay } through the channel, we assume
that transmission of A € A, interacts with independent and identical environment
state w,, forn =1,2,.... We write a)g’) = W ®W,;® - ®wy. In this case, the memoryless

output of n transmissions can be written as

Py =@ ,) = ™ (), (14.7)
where
" (PX),A) =trg[Up g, - Up g, (PX?A ® wé”))Uil,El Uy g ] (14.8)

In the above, the state pX'n) 4 NOW represents a (possibly entangled) input state across
the nchannel uses. The unitary operations U, _areallidentical, and the environment
state is a product state wg’) =0)g,(0l®---®|0)g (0. Thus, we may write d)(")(pfn)’A) =
D" ( len)A ).

The presentation we made above of quantum channels and n-uses of these memo-
ryless quantum channels is typical of the Schrodinger picture of quantum mechanics.
The Schrodinger picture can be seen as being the resulting transformation of a quan-
tum state of H after a contact and an evolution with some environment. As usual,
for all quantum evolutions there is a dual picture, an Heisenberg picture, where the
evolution is seen from the point of view of observables instead of states. It so happens
that in the case of quantum channels this dual picture opens the door to a vast and
interesting field: the notion of completely positive maps that we shall explore in the
next section.

14.2 Constructive approach to memory channels

Bowen and Werner [14] (see also Caruso etal. [18]) proposed a constructive approach
to memory channels described below.

Foreachn € N, let A, = {A;,A,,..., Ay } be a collection of classical information to
be encoded and sent sequently by Alice through the noisy quantum memory channel
@ to Bob. In the following, we describe a model for transmitting a codeword down
through a memory channel ®. Here, one uses transmission of the code word through
the memory channel and can be written as a completely positive trace preserving map
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@ : S(Hyy) — S(Hpy),

where H,; is a Hilbert space that represents memory introduced by Bowen and
Mancini [14] and Kretschmann and Werner [100] and Hyy, = Hy ® Hy, Hpy =
Hg ® Hy,.

If Alice transmits an encoded input state p € S(IH,) with the initial memory state
|0)27(0| € S(H,,), then Bob will receive the output state @(p ® (|0),,(0])). If Bob is not
interested in the information on its memory component (or cannot access it), he can
ignore the memory output by tracing away H;,; such that the real output state received
by Bob is try; [®(p ® |0),,(0])]. To send an n-fold system in the state p™ ¢ S(HZ"), we
have to invoke the memory channel @ n times in succession. The kth invocation is
again a tensor product, but now the memory has to be taken into account such that
we get

O, =70---0730®J®---®7, (14.9)
k-1 n-k

which is a map of the form
@ : BHEY 0 Hy @ HE™ ) - B(HG @ Hy @ HE D), (14.10)

Note that the factor Hy, is shifted here from kth to (k + 1)-th position. This allows us
to write the overall operation as in (13.2) as a concatenation

@™ : B(Hy @ HY") — B(HY" ® Hy,) (14.11)
O™ =@, oD, 00D, (14.12)

If the memory is ignored at the end, Bob received the n-fold system as above in the
final state tr,; [®™(p ® |0),,(0])]. Note that in the contrast to the memoryless ®™ we
cannot write ®™ as a tensor product ®*" and even if the state p is a product state the
output state is not in general.

The scheme just constructed above describes a channel that can act on an arbi-
trary number n of systems (via the concatenations dD(")). Furthermore, it satisfies the
natural causality condition that the kth invocation depends on the k — 1 previous ones
but not the n— k that will take place in the future. It can be shown that is causal in this
way can be written as a concatenation of a memory channel ®.

The dimension of the memory is determined by the number of Kraus operators in
the single channel expansion and the correlation length of the channel, which may
be defined as the maximum number of channel uses for which the noise is not condi-
tionally independent. Any channel with a finite correlation length may be generated
by a channel with a finite memory, according to this model.

Bowen and Mancini [14] proposed a constructive approach to modeling quantum
memory channels described below.
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Definition 14.2.1 (Consistency condition). A family of CPTP maps {(1)(")}*00 CD(")
S (]HX’)) - S (]Hg')), is said to be consistent if for all 1 < m < n and for all p(")

smP),
o™ (er™[p,]) = ar ™ [@" (o )], (14.13)

where tr™ [pX“ 4] denotes the partial trace over all carriers but the first m and

(m) [<D(")(p5\") ,A)] denotes the partial trace over all received carriers but the first m.

In memory quantum channels to be discussed below, we shall treat those models
in which the noise respects the time-ordering of the carriers for the classical infor-
mation A so that at a given channel use, the output cannot be influenced by succes-
sive inputs. This property generalizes the notion of semicausality discussed in Sub-
section 14.3.2 to the case of multiple (ordered) subsystems. Inspired by the classical
theory of communication (Gallager [55]), one can name the quantum communication
lines, which fulfills such condition, nonanticipatory quantum channels. Notice, how-
ever, that in the approach of Kretschmann and Werner [100] these maps are called
just causal. Under the nonanticipatory condition, there must exist a family of CPTP
maps {cD(")};g;’ with @™ : s (]Hil”)) -8 (]Hg')), which allows one to express the output
states of the first n carriers in terms of the density operators of their associated inputs.
Precisely, the definition of nonanticipatory condition is given below.

Definition 14.2.2 (Nonanticipatory condition). A consistent family of CPTP maps
{@Myree o . S(IHX')) - S(IHg')) is said to be nonanticipatory if the output states of
the first n carriers in terms of the quantum states of their associated inputs, i. e.,

P, s (),

does not depend on pﬁ\m) 4 form>n.
A formal definition of quantum memory channels is given below.

Definition 14.2.3 (Definition of memory quantum channels). Let (d)("));;’j’ be a se-
quence of CPTP maps, where o™ . S(IHX’)) — S(IHg‘)) represents the n-use of the
quantum channel @ : S(H,) — S(Hp). Then the quantum channel @ is said to be
a quantum memory channel if the sequence (d)(")) satisfies the following three
conditions:

1. The family satisfies the consistency condition defined by Definition 14.2.1;

2. The family satisfies the nonanticipatory condition defined by Definition 14.2.2;

3. oW (p ',) cannot be written as CD®”(p ). That is,

o™ X:,)A) + Q" X? ,) forsome p(") € S(Hy")

where ®®"( p ) =(DP®- ®CD)(pX’)A) for all n.



14.2 Constructive approach to memory channels =—— 389

Some special cases of quantum memory channels such as channels with Markov
memory will be treated in the following chapters.

14.2.1 Unitary representation in the Schrodinger picture

In order to mathematically describe memory channels, Kretschmann and Werner [100]
and Bowen and Mancini [14] proposed that memory channels be modeled as a unitary
interaction between the states transmitted through the channel, independent environ-
ment and the channel memory state that remains unchanged during the interaction.
That is, in addition to Alice’s input register system H, and Bob’s output register sys-
tem Hp, the transmission process also involves an additional memory input H,, and
an additional finite-dimensional memory output H, be also taken into consideration
in the formulation of such channels, since the smaller of the two Hilbert spaces H;,
and H,; can always be thought of as being embedded in the larger one. In the follow-
ing, we will assume without loss of generality that Hy; = H,; and dim(H,;) < +co.

In this model of a quantum memory channel, the input state p; , € S(IH,) going
through the channel interacts unitarily with an identical channel memory state wy,
as well as an independent environment E; for i = 1,2,.... Therefore, after one use of
the channel the output state p, p after sending the codeword for classical data A can
be written as

.
Pag = Urmi (Pra ® Wy ® W)U p s

where U 1, is an unitary operator on the space S(IH, ® Hy ® Hg) and U,’{,M,Ei is
the adjoint operator Uy i . The backaction of the channel state on the message state
therefore gives a memory to the channel. The general model thus includes a channel
memory M, and the independent environments for each qubit E;. Memory of a quan-
tum channel can be described as subspace of the environment, which does not evolve
over the time scale of its successive uses. The dimension of memory subspace deter-
mines the number of channel uses for which the noise is not conditionally indepen-
dent.

Hence, the resulting map in a unitary representation (in the Schrodinger picture)
of n-uses of a memory channel can be written as

(n) (n)
PAY:I,B = (D(n)(p/\nn,A)
= ttye[Unme, - Urmp, (PX;),A ®wy ® wi“n))UiM,El o Upyp ] (1414)

where tryg[- - -] is the partial trace taken with respect to Hyy := Hy, ® Hg.
If the unitaries factor into independent unitaries acting on the memory and the
combined state and environment, that is, U, g = Uy, Uy, then the memory traces
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out and we have a memoryless channel. If the unitaries reduce to U, ,;, we can call it
a perfect memory channel, as no information is lost to the environment.

Example 14.1. Consider the Kraus representation of a Pauli channel defined by
3
p - ®p) =) KpK; (14.15)
i=0

where K; = \/p;0;, where 0;, i = 0, 1,2, 3 are defined by the Pauli matrices

10] O_[o 1] U_[O—l 0_[1 0]
o1} 'l1o])] 2 o0o])] P lo 4l

Here, we consider two consecutive uses of a Pauli channel with partial memory (see
Marchiavello and Palma [111]), i. e., py i, = (1= )Py, + M6y i, ,- This means that with
probability u the same rotation is applied to both qubits, while with probability 1 - u,
the two rotations are uncorrelated. Then

I=00=

(D(Z) (p 2) z }p(z) K
i,j=0

where the Kraus operators can be expressed as

I(i,j = \/pl[(l - H)p] + }161')]']0'1' ® O'j, 0< U< 1, (14.16)

where u is the memory coefficient of the channel and o;, i,j = 0,1,2,3 are the Pauli
operators with o, = 1.

14.2.2 Unitary representation in the Heisenberg picture

To illustrate an unitary representation for a quantum memory channel, we assume
long messages with n € IN signal states are to be processed by subsequent application
of memory channels @, resulting in the concatenated channel ®*™ : (B(Hg))*" ®
B(H,) — B(H,,) ® (B(H,))®" given as follows:

O = (@ @15 Moo (I PV ed" ®T ) (3G V@ D), (14.17)

where J 4, and Jz denote the identity operator on A = B(IH,) and B = B(Hjp), respec-
tively.

The above two different representations in the Schrodinger picture (14.14) and in
the Heisenberg picture (14.17) of the n-use of the memory channel ®™ and its dual
channel ®*™ are actually equivalent in the sense that

tr[ @™ ()] = tr[pf? , @), (14.18)
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14.2.3 Kraus representation of the memory channel

If the state input to the memory channel @ is p, , € S(IH,), then the action of the
channel is described as

+00
D(py ) = Z Kipaa Ky
k=1

where {K; };2, are the Kraus operators with Y ;% K{K; = L
The actlon of the memory channel @ on the input state p A, A, consisting of n qubits
(including entangled ones) is given by

()= Y b b (K ® 0 Ky pi) Ky @8 K ), (14.19)
k1k2 ’’’’’ n

where the Kraus operators K --- K are applied with probability py .
satisfies Y 1k Pk ..k, = 1. The quantity p;
probability that a random sequence of operations is applied to the sequence of n qubits
transmitted through the channel.

We have the following special cases:
(@ Ifpri,..k, =PxPk, Pk, then @ is a memoryless channel, which was treated in

Chapter 13; and

,,,,,,

~~~~~~~

(D) IEpy i,k = PiPiok, " Pk, k,» then (14.19) indicates thatp, . is the conditional
probablllty that an operation, say K , is applied to the nth qubit provided that it
was applied on the (n — 1)th qubit. In this case, @ is a channel with Markovian

memory, which will be treated in the next chapter.

14.3 Quasilocal algebras approach

Until now, we have followed a constructive approach in which memory quantum chan-
nels were always thought of as concatenations of smaller units which, starting from
an official “first carrier” element, process one quantum signal each. An alternative
view, where the communication lines are treated as mappings applied on infinitely
long message strings, is proposed in Bjelakovic and Boche, [12] and Kretschmann and
Werner [100] (see also the Appendix in Caruso et al. [18]).

This approach requires some advanced mathematical tools that are briefly re-
viewed in the following subsection.

14.3.1 Construction of quasilocal algebras

Quasilocal algebras are the proper mathematical tools to describe infinitely extended
quantum lattice systems (Brattelli and Robinson [15]). For the sake of simplicity, let
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us consider a chain of infinitely many qubits (spins) placed in a one-dimensional lat-
tice Z. Then, to each lattice sitej € Z = {...-3,-2,-1,0,1,2,.. .}, attach a Hilbert space
H; and consider the associated von Neumann algebra of bounded linear operators
A; = B(H;) on the quantum subsystem HH; located at the site j.

When A ¢ Z, we consider the following two cases:

(A)If A c Zisafinite subset, we denote H , the chain of quantum subsystems located
at sites A and A, the algebra of observables belonging to the sites A by

Hy =QH; and Ay = (X)A;. (14.20)

jeA jeA

Operators a € A, are called local operators as they are operators “localized” in A.
Whenever A; ¢ A, ¢ Z, alocalized operator a € A, can be extended to A,, by
tensoring with the identity operator on A,\A,;. That is,

ac A, and a®l, €A, (14.21)

The above two operators describe the same physical object. Therefore, we can identify
Ay, with the subalgebra Ay ® I, 4, 0f A4, through the map

AAI >am a®IA2\A1 € AAZ. (14.22)

To construct *-algebra of observables on the local quantum chain of the lattice
system A'° := | J, ., A4 (Where the union above is taken for all finite subsets A of Z),
we define the addition “+,” operator multiplication “-,” adjointness and the norm
“|| - |” of observables on .A'°C as follows.

(i) Fora; e Ay andc; € Cfori = 1,2, we define c,a; + c,a, by the above extension as

3 »”
*

ca;+ca - @ e I(Alqu)\Al) +0(a,® I(Alqu)\Az)'

(ii) In the same way, the product a;a, := a, - a, of operators a; € A;, i = 1,2 can be
extended to A; U A, by

@, — (@ @I ua,)\4,)@ @I un)\0,)-

(iii) The adjoints a; and a; of a; and a,, respectively, are extended to the common set
of sites A; U A,.

(iv) Since tensoring with the identity operator I 4 does not change the norm, for a; €
Ap,»1=1,2, we have

lagll = lla; ® Lz, una, -

We define
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A= ) A, (14.23)

finite AcZ

Note that A" is not complete under the norm | - || defined in (iv) above, and we
consider the C*-algebra .4, defined by (14.23) under the norm that yields a normed
algebra of local observables, and will be denoted by

Ay = Aloc (14.24)
——Il
where Al°c " denotes the closure of A'°¢ under the norm | - ||.

(B) For infinite subset A c Z, we define A, as the closure of the union of all .44, for
finite A’ c A. That is,
—
Ag= J Ax - (14.25)

A CA finite

In particular, we will consider the left-half and right-half chains A)_., o) and Ay
respectively.

The algebra A is interpreted as the algebra of physical observables for a subsys-
tem localized in the region A c Z. The quasilocal algebra A, then corresponds to the
extended algebra of observables on the infinite chain Z.

Here, quasilocal stands for the fact that .A,, besides all local observables, it also
contains nonlocal observables, which can be approximated in norm by local ones. A,
results a C*-algebra and its elements can be regarded in many respects as bounded
operators.

It is also useful to consider methods to transform abstract elements a € A, into
operators m7(a) acting on a Hilbert space H, i. e., representations of quasilocal alge-
bra. A representation 77 on the Hilbert space H is a homomorphism 7 : A, — B(H),
i.e., a linear map satisfying rr(ab) = m(a)zr(b) and 7(a*) = m(a)*. Unfortunately, for
spin chains there is not a unique representation that can be used for all purposes, but
one has to choose the representation, which is most appropriate to the given physi-
cal context. This ambiguity also reflects on the definition of states. In fact, one might
be tempted to use density operators p on the Hilbert space H, which carry the repre-
sentation 77. However, since different representations correspond to different physical
contexts one should use all possible representations (in fact, each density operator in
any representation can describe a state). Clearly, it would be much better to describe
states in a way independent from the representation. Thus, a state of A, is defined as
alinear functional ¥ : A, — C, which is positive ({)(a*a) > 0, for all a € .A,) and nor-
malized ((I) = 1). This means that given a representation ¢ and a density operator
p on H, the corresponding state is the functional i,(a) = tr[n(a)p]. The possibility to
find for each state i a Hilbert space H carrying a representation 77 and a density op-
erator p such that i =, is guaranteed by the Gelfand-Naimark- Segal theorem (see
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Proposition 2.5.2). It states that each state 1 can be represented by a state vector [vy)
on a suitable Hilbert space. In other words, it is like to say that it is always possible to
provide a ‘purification’ of the state 1.

On the quasilocal algebra .4,, we introduce a shift operator ¢ : A, — Ay by
setting

U(a) = IA ®a e AA+1’ Va € AA’ (14.26)

where we have used the notation A +1:= {z+1| 2z € A}and A®I (resp., I, ® A)
stands for the tensor product between A belonging to .44 and identity of .4 on the site
to the right of A (resp., between identity of A on the site to the left of A and a belonging
to A, ). Moving from the action of the shift g, it is possible to introduce the notion of
the stationary state i on .4, when i - 0 = 1 holds true. The set of stationary states on
A turns out to be convex. Then a state i on A, is called ergodic (with respect to the
shift) if it is extremal on this set.

The canonical extension of ¢ onto the quasilocal algebra .4, is a *-automorphism
on A, and the integer powers {¢%,z € Z} represent an action of the translation group
Z by automorphisms on A,

A quantum state w on the infinite chain is a positive and normalized linear func-
tional on .4,. Equivalently, a quantum state w is given by a family {w4,A c Z} of
density operators on A4 for finite A c Z such that w(a) = tr[w,a] fora € Ay4. The lo-
cal density operators have to satisfy the consistency condition that try 4 [ws,] = w,4,
whenever A; c A,. This equivalence reflects the fact that the quantum state of the
entire infinite chain is assumed to be determined by the expectation values of all ob-
servables on finite subsystems A c Z.

14.3.2 Structure of causal channels

To set the stage for treating memory effects of quantum communication, we assume
that Alice, the sender, has at her disposal a quantum channel to transmit at every dis-
crete time step n a sequence of time-ordered classical messages A, = {A;, A, ..., Ay },
using block coding of length n and size N, to the receiver Bob. Recall that in the
Schrodinger picture, a quantum channel is a completely positive, trace preserving lin-
ear map that transforms input states in S(IH, ) to output states in S(Hp). In the quasilo-
cal algebra approach for memory effects of quantum communication, we consider its
corresponding dual channel in Heisenberg’s picture. The dual channel is a completely
positive and unital map that transforms quantum observables from observable alge-
bra at receiver’s end B to quantum observables from observable algebra at the sender’s
send A (see Definition 5.2.1).

In the following, we explore the quasilocal approach constructed in Subsec-
tion 14.3.1 to the quantum communication with memory. In this content, the dual



14.3 Quasilocal algebras approach =—— 395

channel is represented (in the Heisenberg picture) by a completely positive and unital
map Y : B, — Ay between the quasilocal algebras 5B, and .4, on Bob’s and Alice’s
side of the channel, respectively. In the following, we will restrict ourselves to transla-
tional invariant channels, i. e., we assume that Y commutes with the shift on the spin
chain: g4 o Y = Y o 0g. In addition, we impose the physically reasonable constraint
that outputs up to some time t do not depend on inputs at times t' > ¢, leading to the
following definition.

Definition 14.3.1 (Causal channels). A causal channel Y : B, — Ay is a completely
positive and unital translational invariant map such that for every z € Z,

Y(B]—oo,z] ® 1[Z+1,+00[) = Y(B]—oo,z]) ® 1[z+1,+oo[ (14.27)

for all B_o, ;) € B|_o0]> Where B,_, ,; denotes the set of bounded operators defined
on lattice elements up to that associated with the label z.

Note that memoryless configurations are obtained if in addition to (14.27) the fol-
lowing condition:

Y(1)_o2) ® Bizs1.00]) = L—coz) ® YBiza1.000) (14.28)

also holds for all B, o[ € B14z,00[-

Since Y is translational invariant, we can henceforth set z = 0, and we will use
the shorthand A_ := A|_, o; and A, := A ;[ t0 denote the left- and right-half chain,
respectively. 6_ and B, are defined analogously as the set of bounded operators on
]-00,0] and [1, oo, respectively.

It can be shown that a concatenated memory channel is a causal channel.

The following structure theorem due originally to Kretschmann and Werner [100]
states that every causal channel can be represented as a concatenated memory chan-
nel.

Theorem 14.3.2 (Structure theorem). LetY : B, — Ay be a causal channel. Then, by
ignoring its outputs on the left-hand chain B_, there exist a memory observable algebra
M and an initializing channel R : M — A_ such that for alln € N,

Y(1_®B,) = (Re 3P0 "B, ®1,,) (14.29)

for all B, € By, = B*", where ®*™ is the n-fold concatenation of a memory channel
@ : Be M — Mo Aas defined in (14.17).

Proof. Let H be the Hilbert space associated with the universal representation of the
left-half chain .A_. Note that in general H will not be separable. However, separability
is not required in Stinespring’s theorem. Suppose that (K, 7, V) is a minimal Stine-
spring dilation for Y|z , i.e.,
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Y(b) =V'n(b)V, VbeB_ (14.30)

for some Stinespring isometry V : H — K, where K is a certain Hilbert space, 7 :
B_ — Kis a *-homomorphism and V* : K — H is the adjoint operator of V. From
Stinespring’s representation (14.30) and the causality property (14.27), we conclude
that

Vr(be13)V=Y(be1y") = Y(b) ® 1%
=(V'a()V)e1y = (V' 1) (n(b) 15)(Ve1y), (14.31)

forallb € B_. Since V is a minimal dilation for Y so is V& 1% for Y ® 1%'. As explained
earlier, we conclude that there exists an isometry W, : K® (C?" — K defined by

W, (1(b) @15 (Ve 157 ) @ ip,) = (b @ 15 )V @ P,) (14.32)
forallb € B_, ¢ € H, and ¥, € A®" such that
n(be 13" )W, = W,(7(b) ®1%") (14.33)
forallb € B_, and
W,(Vel1y)=V. (14.34)

We now reconstruct the memory algebra as follows. Let M := n’ (B_), the commu-
tant of the observable algebra B_, and let &, : B*" @ M — B(K) ® B(CY") be defined
by

@*™(b ®m) := W:7(b)mW,, (14.35)
forallb € B_ and m € M. The memory initializing channel R : M — A_ is given by

R@m) :=V'mV, Vme M. (14.36)
In order to justify these choices, we will first show that

O*M(B™ @ M) c M &A™, (14.37)
Noting that 7(15 ® B*")M c 7' (B_ ® 13"), we see from (14.33) that

W1z ®b,)mW,(n(bs )®1%)
=W;n(1z ®b,)mr(bs ®135)W,
=W;n(bg ®13")n(15 ®b,)mW,
= (n(bg ) ® 15 )W, (15 ®b,)mW, (14.38)
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forallb, € B*" and by € B_, implying that
[@*™(bem) | n(bs )®1%] =0, (14.39)

from which (14.37) follows. To complete the proof, it suffices to show that ®™ has the
right concatenation properties, i. e.,

R(m) = (Re 1) (13 e m) (14.40)
and
Y(b) = (ReIy)D" P (bel,,) (14.41)

forallm ¢ M andb ¢ B*'. However, this is immediately from the definitions of
@™ and R and (14.35). The result then follows by setting ®* := ®*, This proves the
theorem. O

14.4 Forgetful channels

In this section, we explore a special but important class of quantum memory channels,
namely, the class of forgetful channels. Forgetful channels have been studied by Bowen
and Mancini [14] and more recently by Kretschmann and Werner [100].

The presentation of the concept and properties of forgetful channels in this section
can be found in Kretschmann and Werner [100] (see also Caruso et al. [18]).

14.4.1 Definition of forgetful channels

Forgetful channels have been studied by Bowen and Mancini [14] and more recently
by Kretschmann and Werner [100].

Consider a quantum memory channel in the Heisenberg picture ®* : Bo® M —
M® A, where A = B(H,), B = B(Hg) and M = B(H,,), respectively, represent C*-
algebras of operators on systems A, B and the memory system M. The n-concatenation
of the channel ®* is the channel ®*® : B*" & M — M & A®" given as

O™ = (@ @35 Moo (IR PV e®" ©T ) (I 0 D),

where J 4 and Jz denote the identity operator on A = *B(IH,) and B = B(Hjp), respec-
tively.

Forgetful channels in the Heisenberg picture are quantum memory channels @™ :
B(Hp)eM — MB(H,) in which the effect of the initializing memory state dies away
with time. More formally, Kretschmann and Werner [100] give the following definition.
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Definition 14.4.1. Let ®* : B® M — M ® A be a (dual) quantum memory channel,
where A = B(H,) and B = B(Hjp), and let ®*™ : B @ M — M & A®" be its n-fold
concatenation. Let ®*®™ : M — M ®.A®" be the concatenated channel in which Bob’s
output is ignored: ®*™(m) := ®*™(J,; ® m) for all m € M, where J is the identity
operator on B. The quantum memory channel ®* is said to be forgetful if there exists
a sequence of channels @), : M — A®" such that

: Fx(n)  ~ 3% _
Jim 07 -3 @D ||, =0, (14.42)
where | - ||, denotes the complete bounded norm defined in Definition 6.3.1 and J 5,
is the identity operator on M.

In other words, a quantum channel ®* (or equivalently @) is called forgetful if the
memory behavior does not depend on the initial memory configuration. That is, if for
any input state p(") and € > 0 there exists an N(¢) such that for all n > N(e),

[0 00) -0 5 0], < ¢ (1443)

for any pair of initial memory w and o, in which ®*® : B®" @ M — M ® A®" denotes
concatenated channel given as

CD*(H) _ ((D* ® ji(n—l)) P (j%(n—m ® cD* ® j_A) o (j%(n—l) ® CD*))

where J 4, and Jz denote the identity operator on A = B(IH,) and B = B(Hjp), respec-
tively.
The following example can be found in Kretschmann and Werner [100].

Example 14.2. Consider the classically mixed channel @ = pJ + (1 — p)o, wherep €
[0,1[ and o is the shift operator introduced in (14.26). When this channel is concate-
nated, in every step either the ideal channel J or the shift channel o is chosen with
probabilities p and 1 - p, respectively. The only possible way for an n-fold concatena-
tion ®*™ not to be forgetful is to choose the ideal channel J in every step. However,
the probability for this event is p", and thus vanishes in the limit n — oo, implying
that (14.42) holds.

Example 14.3. A forgetful channel is a special case of the quantum channel with
Markovian memory. Specifically, if the Markov transition matrix {g}; ¢y is stationary,
the quantum channel with Markovian memory @, defined in (15.4) is a forgetful
channel.

Remark 14.1. Note that Definition 14.4.1 for the forgetful channel can be relaxed by
requiring that (d)n)g‘;l being a sequence of linear maps only. To see that this leads to
the equivalence of the definition of forgetfulness, assume that |&*™ -3 Mm@y < €
for some € > 0 and n > 0 and some linear operator ®,,. Replacing J ,, ® ®; with the
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quantum channel (’ﬁ@jﬁf) o®*™ where : M — CJ s the completely dephasing
channel (see Wilde [178] and Watrous [173] for a definition and examples of dephasing
channels), we see that

| — (B o 35) o &M,
<[ -3 8 B}, + (R OIT) e (a0
<2)®* ™ -3, @d;|, < 26 (14.44)
where thus lim,,_,, o, [®*" — (P&IF) o d* ™|, = 0, implying the channel @ is indeed
forgetful by Definition 14.4.1.

The following lemmas are needed for proving Proposition 14.4.4, which charac-
terizes a forgetful channel.

Lemma 14.4.2. Let (d,);2, be a positive and nonincreasing sequence satisfying the sub-
additivity inequality

dpom < dpdyy,  Yn,m e N (14.45)
Assume further that dy < 1 for some N € IN. Then

d,<c", vn=N (14.46)

for some constant c < 1.

Proof. Assume that dy < 1for some N € N. From the subadditivity inequality (14.45),
we then see that dy_ y < dlzv, and by induction, d,y < dj, for all v € N. By the mono-
tonicity of (d,),;, we may then conclude that for n € [VN, (v + 1)N[ we have

1
dy <dyy < dyy < (dF)" =" (14.47)

1
with ¢ := d < 1. This proves the lemma. O

Lemma14.4.3. Let % : B(H,) — .A be a linear operator, and assume that dy; :=
dim(H,,) < co. We then have

IR0l < daglRleo. (14.48)

Proof. By definition of the cb-norm | - |, (see Definition 6.3.1), we have |R|., =
supi il ® Jill}, where J; is the identity operator of k x k matrices B(Cy). Every
x € B(Hy,) ® B(Cy) can have the expansion of the form

du

dy
X = gma ®Ky =) ) Mol (l @Ky = Y Iy (ilxy, (14.49)

@ jj=1 ij=1
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where {|i) M}i’”1 is an orthonormal basis for Hy, and X;; := ¥, Mg 3K, Note that [[X;]l, <
Xl foralli,j =1,2,...,dy, implying that

dy
Y R l) ®x;

ij=1

IR @ T )Xo =

[ee]

dy
< 3 1R oo M) pr Glloo Xl < diglRNolXly  (14.50)
ij=1

holds independent of k. Consequently, we have

192l = sgp{nmwknm} < dy IR oo

This proves the lemma. O

There exist several equivalent criteria for a quantum memory channel to be for-
getful. In particular, to show the channel @ is forgetful, it is sufficient to show that the
norm distance [|®*™ -3 M ®®d, |, < 1for some n € N. What is more important is that
the memory effects can always be assumed to vanish exponentially fast. In addition,
if the memory algebra M has finite dimension, the cb-norm criterion (14.42) can be

replaced by the usual operator norm | - ||, In fact, we have the following result.

Proposition 14.4.4. Let ®* : B® M — M ® A be a quantum memory channel, and for
n e N, let ®*™ be as defined in Definition 14.4.1. Then the quantum memory channel
@* is forgetful if and only if there exists an integer N € N and some linear operator
d,: M — AN (not necessary a channel) such that

o™~ 3, @Dy, < 1. (14.51)

Assume in addition that the memory algebra M has finite dimension. Then ®* is forget-
ful if and only if for every m € M and € > O there exist a positive integer N € N and
ay € A®N such that

&N — 3, ®ay], < elmll. (14.52)
Proof. 1. We first prove part one of the proposition, where no assumption on the di-
mensionality of M is made. If @ is forgetful, (14.51) is immediate from the definition.
In order to prove the converse, let

dy = inf{|&*™ — 3, D], | D, : M — A" is a linear map}, (14.53)

for n € N. Our strategy is to show that the sequence (d,);;5] satisfies the conditions
of Lemma 14.4.2. From (14.51), we can then conclude that d,, < ¢" foralln > N for
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some constant ¢ < 1, and thus @ is forgetful with exponentially vanishing errors by
Remark 15.1.

We start by showing that the sequence (d,,);%] is nonincreasing, i. e., d,,; < d, for
all n € N. From the definition of Cb*("), we have

= (" @ 3%) o (D" - 3y ®,) + (B @ IF) o (I Dy)
= (" @I (D* ™ -7, d,) + T\ @T 40D, (14.54)

where in the last step we have applied the unitarity of the channel ®. From (14.53) and
unitality of the ch-norm, we may conclude that

dy,q < ||<D*("“) T ®JI 40D,
< |0 @ 3% |D* ™ = T Do, <

This proves d,,,; < d,,. We now want to prove d,,,,, < d,d,, for all n,m € N. Similar to
the above estimate, we have

q*)*(n+m) _ (CID*(H) j®m) o (i)*(m)
= (&M eI (D* ™ -7, D) + (D @IF") 0 (30 Dpy)
= (@™ -3, ®,) @ IF (D™ — T D) + Ty @ Py (14.55)

where we have introduced the shorthand
By = IX @D, + (B, @ TF) (D™ - IV D). (14.56)

Invoking again the unitality and multiplicativity of the cb-norm | - ||, we conclude
from (14.55) that

"ci)*(mm) - jM ® d)n+m"cb

<& T3 © Dy | D™ - Ty © Dol oy < B (14.57)

m“cb =

This proves the estimate. Note that ®,,,,, is clearly a linear and unital but not neces-
sarily positive. This is why we did not require the maps ®*™ to be channels in the
definition of the sequence (d,);2;. This completes the first part of the proof.

2. For the second part, assume that M = B(H,,) with dj; := dim(H,;) < oo. If
(14.52) holds, by the same reasoning as in Remark 15.1, we may conclude that 7, ® ay
can be replaced by (p ® jﬁN ) o ®*®(m), implying that for every € > 0 and every
m € M, we can find a positive integer N € N such that

[&* M (m) - (P I%)m)|, < 2elml,. (14.58)
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In order to arrive at the uniform bound, we introduce an orthonormal basis {|i) }?:Ml

for Hy,. Since Hy, is finite-dimensional, (14.58) holds uniformly for the basis operators

{1y G |}f}."i , for some possibly larger N. Thus, by settingm = ij"i L Myili) p(jl, we see that
[&" ) - (B e3%) - & V)],

dy R R
< Y Iml| &M (1D G1) - (B @ I e @ W (1)
ij=1

dy
<2y |my < 2edylml, (14.59)
ij=1

where in the last step we have used that |m;| < [m||,, foralli,j = 1,...,dy. Making

use of Lemma 14.4.3, we may conclude from (14.59) that

&N — (B eIq)e &™), < 2edj. (14.60)

ﬁ, we may choose N € IN such that (14.51) holds. Therefore, @ is
M

forgetful by the first part of the proof. The converse is immediate from the definition
of forgetfulness. This proves the proposition. O

Thus, choosing € <

From the proof of the above proposition, we may immediately deduce the follow-
ing.

Corollary 14.4.5. Let ®* : B® M — M ® A be a forgetful quantum channel. Then the
effect of the initial memory vanishes exponentially fast, i. e., we may find a constant ¢ < 1
such that

& ™ — (B I%) e D™, < " (14.61)

for all sufficiently large n.

Proposition 14.4.6. Let ®* : B® M — M ® A be a quantum memory channel. Let
€ >0, and forn € N, let ®*™ be defined as in Definition 14.4.1. Assume that

[&*™ — (Pe %) - & <€, (14.62)

(0]

where 3 : M — CJ,, is completely depolarizing channel. We then have
e e [@ (1 — )], < 2€ (14.63)

forall p;,p, € M* ® A" ® nsuch that tr y,[p;] = tr[p,]. Conversely, suppose (14.63)
holds. Then (14.62) holds with the substitution € +— 2¢.

In particular, if the quantum channel @ is forgetful, then from Remark 16.1 we
know that the condition in (14.62) is satisfied, and thus (14.63) holds. If in addition
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the memory algebra M is finite-dimensional, (14.62) is a necessary and sufficient cri-
terion for forgetfulness by Proposition 14.4.4. By the above proposition, (14.63) then
gives a necessary and sufficient criterion for forgetfulness in the Schrodinger picture
language.

Proof. Note that for any linear operator ¥ : B — A, the operator norm |T||., equals
the norm of the adjoint operator on the dual space, i. e.,

ITleo = sup [T ()] (14.64)
lloll <1

Suppose that (14.62) holds. Since 3" ®B" () = tr ([, the partial trace on the memory
algebra M, we may conclude from (14.62) and the norm duality (14.64) that

O™ (p) - D (tr \q o))y <€ Vp e M* @ A, (14.65)

which implies that for arbitrary p;,p, € A* ® A™" such that tr[p;] = try,[p,], we
have

DT (o)) — D™ (p,)|, < 2¢ (14.66)

by application of triangle inequality. Equation (14.63) then follows by noting ®™ =
tr Ben Od)(n) .
Conversely, from (14.63), we conclude that

D™ (o - tr oy [])], < 2 (14.67)

which implies (14.62) (with the substitution € — 2¢) by means of the norm duality
(14.64). This proves the proposition. O

Proposition 14.4.4 and its Schrodinger dual proposition 14.4.6 can be employed to
test whether a given quantum memory channel is forgetful as shown in the following
example.

Example 14.4. Consider the unitary partial flip operation
8, = (cos ) +i(sinn)J, i= V-1, (14.68)
for n € [0,2m[, where § : B® M — M ® A denotes a flip operation defined by § :=

Zi,i |ij) (ji]. Since §(m ® b)F = be®mforallb € Band m € M, U, = Fwhenn =0is
simply a shift operator, which has been proven to be a forgetful channel.



404 —— 14 Structure of quantum memory channels

14.4.2 Topological properties

Let Q¢ (4, B) be the collection of forgetful channels and let Q¢ .., (4, B) be the set of
all quantum memory channels from system A to system B. In the following, we demon-
strate that Q¢;,.(4, B) is a topologically important class of quantum memory channels
by showing that Q¢;,,(A, B) is dense and open in Q¢,,., (4, B) under || - || ;,-norm. That
is, for every nonforgetful quantum memory channel we may find a forgetful memory
channel, which differs arbitrarily small from it under | - || ;,-norm.

Theorem 14.4.7. The set of forgetful quantum channels Q¢;,.(A, B) is open and dense
in the set of quantum memory channels Q€. (4, B) in || - || .,-norm topology.

Proof. 1. We first prove that Q¢;,,(A, B) is dense in Q€ .., (4, B) under the || - || ,-norm
topology. Let ®* : B® M — M ® A be (in the Heisenberg picture) of any quantum
memory channel. We can easily construct a forgetful channel by mixing it with the
completely depolarizing channel

D(bem) :=tr[(b®m)b]|Ty; ® A, (14.69)

where 6 € B* ® M" is an arbitrary quantum state.

Just as in the classically mixed shift channel discussed above, all of the terms in
an n-fold concatenation of the mixed channel @, := (1 - €)® + €D yield the identity
operator M in the memory input, possibly apart from the ®™-contribution, which
scales as (1 — €)n, and thus vanishes as n — +oco. Since this holds for all € > 0, and
|O-D|.p < 2€, we have found a forgetful channel @, arbitrarily close to @, completing
the proof of the first part of the theorem.

2. We will now show that the set of forgetful quantum channels Q¢;,,(A, B) is open.
So, assume that we are given a forgetful memory channel ® : Be M —» M & A. We
will show that @ has a finite-size neighborhood in which all memory channels are
forgetful. Clearly, by the definition of forgetfulness we can find N € IN and a quantum
channel &y : M — A®N such that |[&*™ -7, @ Dyl < % Thus, for all quantum
memory channels ¥ such that [¥* - @*| 4, < %, we have
[ =300 Dy, < [0 - T © Dy, + N - @7, < 1 (14.70)

and the forgetfulness of ®* immediately follows from Proposition 14.4.4. This proves
the theorem. O



15 Channels with Markovian memory

This chapter constructs and explores classical capacities for channels with ergodic
and general Markov memories.

15.1 A brief review on Markov chains

We first review some concepts of a homogeneous discrete time Markov chain with a
finite state space from probability theory. The review material presented in this section
can be found in the research monograph by Norris [117].

A discrete-time Markov chain is a sequence of random variables {X, } ) defined on
a probability space (Q, Z, Pr) and taking its values in a state space I (which is assumed
to be a finite set) with the following Markov property:

Pl’(Xn+1 :XYI+1 |XTI :XTI""’Xl :XI’XO = Xo)

= Pr(Xn+1 = Xp1 | X, = Xn)’

foralln>0andforallx; € I,i = 0,1,2,...,n, if both conditional probabilities are well
defined, i. e., if

Pr(X, = x,,....Xo = xg) > 0.

The Markov chain {X,};;% is said to be time homogeneous if P(X,,,; = X,,11X,, = x,)
S P(Xl = X1|XO = Xo).

A. Probability transition matrix

The stochastic behavior such as the joint probability distribution Pr(X, = x,,X;
Xy>...,Xp = X,) of the Markov chain {X,,},;% is completely determined by the transition
probability matrix P = [g;];;y and its initial value X, where g;; is the probability that
the Markov chain jumps from state i to state j in one time step, i. e.,

gjj = Pr[Xp =j | X, =1, vn=0,1,....

In particular,
n
Pr(Xg =x0, Xi =x1,..., X, =x,) = Ay, qui—l»xi’
i=1

where g, = Pr(X, = xo) is the initial distribution of the Markov chain. The n-step
probability transition matrix P™ = [qlg.")]i,je]I is determined by transition matrix P by
the following relation:

https://doi.org/10.1515/9783110788105-015
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P™M=  PoPo...oP

n-fold matrix multiplication

where qgj") is the probability that the Markov chain jumps from state i to j in n time
steps, i.e., ¢" = Pr(X, =j | Xo =1),Vi=0,1,2,....

The following is the celebrated formula for computing probability transition ma-
trices.

Proposition 15.1.1 (Chapman-Kolmogorov). Foranyn > 0,m > 0,
ptm) _ p(m) pm) _ p(m) p(n)
where PP = p(W , pM gpg ptmp®) — pm o pM That s, for alli,j € 1,

(n+m) (n) (m)
z qzk qk] >

where qlfl.”) is the (i, j)-entry of the n-step probability transition matrix P™ = [q;.")]i’jd for

alln € N.

B. Stationary distribution
A time-homogeneous Markov chain {X,,}) at time n is characterized by its distribu-
tion y m = (y(”) i € I) (which is treated as a row vector), where yl. = Pr(X,, = i) and
y = y®p i e, y("“) Yicr yl.(")qij, forallj e I.
We have the following definition of stationary distribution:
- Adistributiony* = (y;,i € I) is said to be a stationary distribution for the Markov
chain {X,},5 if y* = y*P,i.e., ¥ = Yier ¥ gy, forallj € L.

C. Classification of states

We list here a set of basic definitions (see Norris [117]).

— Statejis said to be accessible from state i, denoted by the notation i — j, if qlg.”) >0
for somen > 1.

— State i and j communicate, denoted by i < j, if both j is accessible from i and i is
accessible from j. Note that the binary communication relation “<” is an equiva-
lence relation: reflexivity: i always communicates with i (by definition); symmetry:
if i communicates with j, then j communicates with i (also by definition); transi-
tivity: if i communicates with j and j communicates with k, then i communicates
with k.

— Two states that communicate are said to belong to the same equivalence class,
and the state space I is divided into a certain number of such classes.

- The Markov chain {X,,},%] is said to be irreducible if there is only one equivalence
class (i. e., all states in II communicate with each other).
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— Astateiis absorbing if g; = 1.

— Astateiis periodic with period L if L is the smallest integer n > 1such that qg’) > 0.
In case L = 1, the state is said to be aperiodic.

— It can be shown that if a state i is periodic with period L, then all states in the same
class are periodic with the same period L, in which case the whole class is periodic
with period L.

D. Ergodic Markov chains
A Markov chain {X,,};%] is said to be ergodic if there exists a positive integer T such
that qlg.”) > O for all pairsi,j € Tand foralln > T.

For a Markov chain {X,}; to be ergodic, two technical conditions are required
of its states and the nonzero transition probabilities; these conditions are known as
irreducibility and aperiodicity. Informally, the first ensures that there is a sequence
of transitions of nonzero probability from any state to any other, while the latter en-
sures that the states are not partitioned into sets such that all state transitions occur
cyclically from one set to another.

A proof of the following theorem can be found in Norris [117].

Theorem 15.1.2. For any ergodic Markov chain, there is a unique stationary probability
vectory* = (y;,i € I) that is the principal left eigenvector of P, such that if n(i, n) is the
number of visits to state i in n steps, then

lim @ = 71(i), (15.1)

n—+oo

where 11(i) > O is the steady-state probability for state i.

15.2 Constructions of Markov memory models

The presentation of the remainder of this chapter is largely based on results obtained
by Datta and Dorlas [31-34], Dorlas and Morgan [42], and Rybar and Ziman [136].

In this section, we consider quantum channels with Markovian memory as first
introduced by Macchiavello and Palma [111].

Let there be given a homogeneous Markov chain {X,},°) defined on a probabil-
ity space (Q, %, Pr) with a finite state space I, (one-step) transition probabilities P =
(@3] jer, 1. €., g3 = Pr(Xp,y = j | X, = 1) and the initial distribution g;, = Pr(X, = iy). Let
{Vi}ier be a stationary (or invariant) distribution for this chain, i. e.,

Vi = ZYiqij: jel (15.2)

iell

To construct a quantum channel with Markovian memory, let ®; : B(H,) — B(Hjp)
be given completely positive trace-preserving (CPTP) maps for each i € I, where H,
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and Hy, are assumed to be finite-dimensional Hilbert spaces for illustration simplicity.
However, many of the results presented in this chapter hold or can be easily extended
to infinite-dimensional Hilbert spaces. The family of channels {®;};.; will be referred
to as component channels corresponding to the Markov chain.

In the following, we adapt the notation and terminologies introduced in Sec-
tion 14.3 and consider the tensor product algebras 2A™ = B(HF") and the infinite
tensor product C*-algebra obtained as the strong closure

I

A = Jum (15.3)
n=1

where we embed 2™ into A in the obvious way and the closure is with respect to
the operator norm | - ||, Similarly, we define B™ = B(HZ") and B A state on an
algebra A is a positive linear functional w on %) with w(I) = 1, where I denotes
the identity operator on () 1F9((*) jg finite-dimensional, then there exists a density
matrix p,, € 2, such that w(A) = tr[p,Al, for any A ¢ A, We denote the quantum
states on A by S(2°) and those on A™ by S(A™), etc. We now define a quantum
channel with Markovian-correlated noise by the CPTP map @ : S(2*) — S(B()
on the states of 2 by

DV = Y Vi, i, i, L@ ® - ©D; )(p,, )A] (15.4)

ishrmin €l

for A € 8™, Here, w, is the restriction of w to 2A™ and Puw,» its density matrix. It is eas-
ily seen, using the property 15.2, that this definition is consistent and defines a CPTP
map on the states of Ql(oo), and moreover, that it is translation-invariant (stationary).
We denote the transpose action of the restriction of @ to (™) by @™ : BMHT) —
BHF, i.e.,

tr[®™ (p,)A] = D (w)(A),

for a density matrix p,, € BHY"), w € S (2A™). Thus, @™, the n-use of the channel
with Markovian memory can be expressed as

qa(")(pX?A) = Y 4G, i, (@0 ® q)in)(PX;),A)> (15.5)

i€l

for the codeword px’q) A€ S(A™) of the classical data A, = {A;,A,,... » Ay, } of length n
and size M,,.

We can also write @™ (pX')’ ,) defined in (15.5) in terms of the Markov chain {X,},%
and the family of componentnchannels {®D;}icy as follows:

o™ (o) = E[(@x, ® - @ Dy ) (o)), (15.6)
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where E[- -] is the expectation of [-- -] associated with the probability space (Q, Z, Pr)
of the Markov chain {X,},;%3

The CPTP map @ : SEA®)) — S(B*)) defined in (15.5) will be referred to as a
quantum channel with Markovian correlated noise or simply quantum channel with
Markov memory.

Writing (15.5) in the form of Kraus representation, we have

q)(")(PK),A): Y a0 A Azl)P(") (A - A]). (15.7)

1155l €1

15.3 Channels with ergodic Markovian memory

In this section, we assume that the underlying Markov chain {X,},;%] is aperiodic and
irreducible so that, in particular, the invariant distribution, {y;};cy, is unique. It is well
known in Norris [117] that the corresponding Markov chain is ergodic, and conse-
quently, the output states of the channel are also ergodic. In this case, the Markov
chain satisfies the property of convergence to equilibrium, i. e.,

ngglmq =y, Viel,
where qgj") denotes the n-step transition probability from the state i to the state j,
(i,j € I). This implies that the correlation in the noise, acting on successive inputs to
the channel, dies out after a sufficiently large number of uses of the channel. Hence,
in this case the family of n-uses of the channel {o™ 19) defined in (15.6) belongs to
the class of channels introduced and studied by I(retschmann and Werner [100], and
referred to as forgetful channels treated in Section 14.4.

15.3.1 Classical capacity

To explore the classical capacity of the channel with ergodic Markov memory, we recall
(see Definition 12.1.2), the channel output Holevo y-quantity as follows.

For each n € N, suppose that {p("), p(”)}] ™ js an ensemble of states given by den-
sity operators p; ™ on H" with probabilities p; ™ 5 o, Z] " (") = 1, where J(n) is a
positive integer that depends on n. In this case, the Holevo quantity for the channel
restricted to 2A™ = B(HY") is given by

x({p™, @™ (™)}

J(n)
_ H( Zp;n)(b(n)(p]gn))> _ Z p;n)H(q)(n)(p;n))), (15.8)
j=t j=1
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Lemma 15.3.1. Let ®™ be the n-use of the quantum channel with ergodic Markov mem-
ory described in (15.5). Then the following limit exists:

N 1
X" (@)= lim - sup X({p(" d)(")(p("))}) (15.9)
n—+oo n {p(n p}n)}

We first note that the limit (15.10) in the following result exists by Corollary 15.4.9,
where the classical capacity of channels with ergodic Markov memory is stated.

Theorem 15.3.2. The classical capacity of a quantum channel with memory, ®, de-
fined by (15.4), where the underlying Markov chain is aperiodic and irreducible, is given
by

x (@) = lim 1 sup X({p(") CD(H)(P(H 13 (15.10)

n—+oco n
w]n)’p}(n)}

First, we note that the limit defining x* (@) in (15.10) exists by Lemma 15.3.1.
The proof of Theorem 15.3.2 consists of the following two parts:

(i) Proposition 15.3.3, the direct part of Theorem 15.3.2, proves that for any rate R <
X" (®) is achievable.

(if) The weak converse part of Theorem 15.3.2 is a special case of Proposition, which
proves that it is impossible for the sender to transmit classical messages reliably
to the receiver through the channel ®* at arate R > X (@),

The following quantum version of the Feinstein lemma is due originally to Datta and
Dorlas [33].

Proposition 15.3.3 (Quantum version of the Feinstein lemma). Let ®‘° be a quantum
channel with Markov memory defined by (15.4), where the underlined Markov chain is
ergodic. Lety™ = x (<D )be givenin (15.10). Then, given € > 0, there exists n, € N such
that for alln > n there exzst atleast N > 2" =€) states with states . ﬁ;’,’) e S(HY,
and positive operators D{", ..., D\ € S(HE") such that Y3, D{" < 1™ (where 1" is the
identity operator on Hy") and

tr[ @™ (p)DM] > 1-e. (15.11)

Proof. By the definition of y* given in (15.10), for the given € > 0, we can choose [, € N
so large that

1 #
= sup x(p|”, 0% (o)) -x"| < £ (15.12)
l B 5} 6

Assume that the supremum in (15.12) is attained at an ensemble {p(l‘)), p(l0 }] for a

finite J. Denote form € N,
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Ty, = D (1)), (15.13)

where p(lo) Z] 1 p p] ). These states {C’mzo} form a compatible system of states

on {BMh) 1 (where g (mho) _ %(IHE"’IO)), and hence exists a state ¢ on B such
that

P (A) = tr[6,, Al, VA € B, (15.14)

This state is clearly l,-periodic, i. e., invariant under translations over multiples of [,.
Therefore, the following mean entropy Hy;(¢*) exists:

Hy (™)) := lim —H(a y) = inf H(amlo). (15.15)
The following lemma shows that for [, sufficiently large, the mean entropy,
HM(qZ)(OO)), is close to the von Neumann entropy of the average output of I, uses of
the channel, H(3,) = H@" (p)).
Precisely, we have the following.

Lemma 15.3.4. Givene > 0, there exists L > O such that for ly > L,

(@) - CH@ W) < £ (15:16)

where ¢ is given by (15.14) and p® = Z] lp](IO)

The proof is similar to (15.12) and is therefore omitted here.

Henceforth, the natural number [, is assumed to be fixed to a value such that
Lemma 15.3.4 and (15.12) hold. For notational simplicity, explicit dependence on ; is
often suppressed.

The proof of Proposition 15.3.3 requires the sequence of lemmas given below.

Lemma 15.3.5. The state <f)(°°) is strongly clustering, and hence completely ergodic for

l-shifts, i. e., for any A, B € B0,

Jim P oo (AT (B)) = 1[5,y Al tr[6,, B, (15.17)
—+00

where 7™ is the shift operator defined in Subsection 14.3.1.

Proof. The proofis standard and relies on the fact that the expectations of A and B in
the state (fb(oo) decouple as their supports are separated by a sufficiently large distance.
This is because

Jm gy, gy i, 8(0) = vig(M)
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for any function g(i), since the Markov chain is irreducible and aperiodic. This proves
the lemma. O

We also use the following lemma.
Lemma 15.3.6. For any 6 > 0, there exists m; € IN such that for all m > m, there exists

a subspace Té’") C IHglOm with projection Pmlo such that

PG B <2 MHR@)-{10mb) (15.18)

mly ¥ mly* mi, <
and

tr[gMpm)] 5 1 - 52, (15.19)

where 170 s the identity operator on the space ]Hgml".

Proof. Let; be so large that

Hy(@) < TH(@Y) < Hy (@) +
1

| m

Let Q = {A;} denote the spectrum of o = Q(’l)(p(ll)), and let 1, be the projection onto
the eigenvector with eigenvalue A;. For any r > 0 and C ¢ Q™' put

e = Z T[k1®7'[k2®"'®7'[kr,
Ay Ay e ) €C

and define the probability measures v, on Q" and v, on Q™ by
v(€) = [ @D (pF )] and  veo(€) = ().
We state McMillan’s theorem [112] below: For each source symbol from the alphabet,
S={s,5,...,8}

that is encoded into a uniquely decodable code over an alphabet of size n with code-
word lengths,

0.,0,,...,6,,

then

n
Z o<1,

i=1

Conversely, for a given set of natural numbers,
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b, b,

satisfying the above inequality, there exists a uniquely decodable code over an alpha-
bet of size r with those codeword lengths. By Lemma 15.3.5, v is ergodic, and there
exists a typical set

T8 = {( - o Ay,) € Q7 | 27 sle)s)
<V ({2 )}) < 277 PrsOe) =80 (15.20)

satisfying v,(T[‘(er)) > 1- 82 for r large enough, where hys(v,) denotes the Kolmogorov—
Sinai entropy (see Billingsley [10] for a definition). Now,

his(Voo) = inf %S(vr) < Sy = H@GW) < 11<HM(§500) + g) (15.21)

where S(v) denotes the Shannon entropy corresponding to the measure v. On the other
hand,

hgs(Voo) = Hy (o) (15.22)
because, by positivity of the relative entropy,

H(a—("ll)) - _ tr[a—(’h) log O—(rll)]

6_(r11) 10g< @ tr[a(rll)(ﬂkl ® - ® nk,)](ﬂkl ® - ® ﬂk,)>]
Kook,

< -—tr

=- Z tr[a(’ll)(nkl®-~~®nkr)] log(tr[(f(rll)(nkl ®---@m)]) = SW,).
Kok,

For arbitrary m, let r = [m/l;] and define
n"=m e em ®le BH™), k=(kk....k).
Let
T = {K | Wy ny) € TOL,
and define

T(em) _ @ nlim)(ﬂ_lgmlo).
keT™

Clearly,
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bl D M) = 00V ] =y (1) > 1-8

7(m)
keT\"

Moreovet, if k ¢ Té’m, it follows from (15.21) and (15.22) that

1 r le
108V o)D) < =4 (Huo) - 15 ).

and

%logv({(/\kl,...,/lk,)}) > —%(HM@OO) + (1 + %)g)

Taking [; > 3 and m large enough, we obtain

y

%logv({(/lkl,...,/lky)}) (Hy(doo))| <

Now let

mlo @ ﬂ<m)

keTm™

and assume that [; is so large that €l;/12 > —108 y i, Where Yo, = AierVi-
Note that y;, > 0. Define

Z P z Yidii, i, i, Pi0j,) ® - ® Dy (pj),
Jiohi= bl g
wherej = (1>J2> - - -»j1)- Then we can write as in the proof of Lemma 15.3.4,

_ Qiyi, 9i,i 4i,i,.,
Oy = o T
T1lg5eenslars yls yhﬁ yer+1

% 6y, (i1, 1) ® -+ ® 0 (i1, 2r) ® 7" 70 (1, 20).
Using the positivity of the transition probabilities, we have
Py, Oy, By, < 27U Beo)=E1 (o)
By the fact that 7;, is an eigenprojection of ", we then have

5 m[H, d)oo mI)
Pmloaml0 ml, < y T 0

Buty™" < 27™€/12 by the above assumption. This proves the lemma.
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Let] € IN, and let

]I :{(jl:jz)---,jn) |ji:1,..-,], fOl’iZl,Z,...,}’l}.

Let 0; € S(Hp) for eachj = 1,...,] with eigenvalue Ay, where k = 1,2,...,d, in which
d = dim(Hp) is the dimension of the Hillbert space Hp.
For any given j, define

1/2 1/2

N N
- (f{n -y DE{")> ﬂnn;")ﬁn<r‘1n -y D}(”)> : (15.23)
k=1

k=1

Clearly, V;") <P,-Yy, Di"). We also have the following result.

Lemma 15.3.7. Given § > 0, there exists m, € N such that for all m > m, there exist, for
allj = (Gyy-..rjm) € {1,...,J™, one-dimensional subspaces T.(’f') of ]H®mzo (indexed by

k in some set T M) with projections n(m °”in the ]th component of Apy,» such that for all
keT™
je

- Tog(w{) + Hy({p. '} <

where w](']"lo) = tr[@(mlo)(p]grglo))] and

gbm(@ $H nf,'f'l" ) >1-6%

j keT(”"

Proof. In the following, we suppress the dependence on [,. We follow the argument
in the proof of Lemma 15.3.6. Fix [ > 12 large enough so that

€

1
7HE,) < Hy(heo) = - (15.24)

Let Y be the spectrum of g™ = (D(Ho)(p]gll") ® pg‘)) ® - ® p}gl")). Note that %, can be
represented as a block-diagonal matrix in EB£ it Hgllo with spectrum consisting of
eigenvalues Vik pf”a« with;' e {l,2,... ,]}l, k=12..., (dim(]Hglo))l, and P being

the eigenvalues of 0](110 Let

w=U "

jefL.2..J}

For each s € N, we now define measures i, on ())° by
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(0= p(Sl tr[o“’ 9, Cc,
jer2..p

and

qc = Z o ® @M o = Greed),

)eC

!

]s ks

where T denotes the projection onto the kth eigenvector of Ol . We also define the

projective limit p,, on yl by

Moo (€) = 15(C) = Yoo (@),
for a cylinder set C € ())°. It follows that u, is ergodic. Define typical sets
}), < 2—s(h1<s(ym)_%)}

(S) S 1 5=S(hgs(Hoo)+15)
{( j v ,A75)ks) € yl | 2 Y s HS({(A;.DkI’ T ’Ajs’ks)

where hgg(v,,) denotes the Kolmogorov-Sinai entropy of u, By the McMillan theorem,
F(S) 1.
w(U)50)>1-38
for s large enough. Now,

.1 _ - €
P o) = 108 15009 < ) = HCE) = @) < I Hyo) + 5 ),
by (15.24), and on the other hand,

hgs(Uoo) = Hy (Po,)

by positivity of the relative entropy.
For arbitrary m, we argue as in Lemma 15.3.4, and let s = [m/l]. Writing, m = sl +r
andj =Gy, -.-jm) = Upb- - ->JsrJo)» We have

(ml, L
Jok

()

n =7z . AN
7'[]1’k1® c®TT Iks®ﬂ

where rr;_(r) is the projection of &, , Hy' onto the joth summand. Let T].['e"] = T;(Se)
0 N K

J15eees J r=
Then

S B )l

]e{12 ..... J }'"keT“") sl 12,73

:I,ls<U 7( >>1——62
j

(@ o)

€



15.3 Channels with ergodic Markovian memory =— 417
Moreover, if (A: , ,... )€ T[m]
ik k

1
L 10gu({(h 4 Ay D) < —E<HM(¢OO) , __>,

and

108 H({0h g Ay D) = =2 (Hyp) + (147) 5 )
Finally, define the typical set of indices j:
Tém] = {f e{,2,....71"| 27 M) sp; < 2 M5 }
Then for m large enough, we obtain

P[] = 1- 28

if P denotes the probability with respect to the ensemble probabilities {Pj},Ll- Defin-
ing

[m]  c2 [m]
o _ Tie ifjeT;
re 0 ifjeT™,
(m)
we have for (Afpkl""’/lfsks) € T],,)G ,
1 ! . 1
— IOg(/‘}S)r]g)) - _— 10g({(p() (>)}) + P 1OgHS({(A71J<1’ e ,A;sks)})

€
<=2 (Huta) - 155 )+ () + 5
S—I:IM+E

and

1 1 1
o 108(Y) = = log({(p) . ")) + L Tog({Chy oo A5 0D)

10

for m large enough. Moreover,
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oo @)oo Do)

jeTim ke T]f’:” jertm >
- Y 0™ - (T ) - e
]ﬂ.eTf[m]p;m) J€ ;
>1- 6
This proves the lemma. O

We now continue the proof of Proposition 15.3.3. Consider the averaged von Neu-
mann entropy H = 21]':1 piH(0;), where p; > 0 with Z}Ll p; =1land H(0)) = —0jlogo; is
the von Neumann entropy of the output state 0; € S(IHp).

Foreachn € N, let N = N(n) be the maximal number for which there exists states

", pé"), - pﬁ) on HY" of the tensor product form

A =pr®p,®-®py,

and there exists positive operators D§”>, Dé"), o Dj\;') on HE" such that, defining (7}(") =
("), we have:

1. Y ,D" <P,and
2. tr[c'rl({")Di”)] >1- e foreach k, and

3. tr[(anf(")] < 2 MHO-H-30) foreach k = 1,2,...,n.

For any given 7, define

1/2 1/2

N N
m _ [ 1 (m) 7 111 [ 1 (n)
v = (Hn—kZDk ) I, I nn<nn— > D] ) . (15.25)
=1 k=1
Clearly, V]f") <P, - Y} D{". We also have the following result.
Lemma 15.3.8. There exists an n; € N such that if n > n; then
alo V"] < 27 @36, (15.26)
and
IE(tr[U;,(")V?)]) <l-¢€ (15.27)

Proof of Lemma 15.3.8. PutQ, = Y3, D\". Note thatQ, is_ of the form Q,, = Q. 1y, »
since D;") = D].ml"ln,mlo. Note that Q,, commutes with II, by condition (i). Now by
Lemma 15.3.6, we have
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Py Ot Py < 2_m(HM(li)oo)_%e)1(mlo)
0 0 0
and assuming I, > L, we have by Lemma 15.3.4,

P, G,y P,y <2 MH@ @)1 0+31)e) (my)
mily = miy ™ miy

< 2—m<QH(cD“m(p))—ze)l(sz)

provided that

n- mlO H(q)(lo)(p)) < %(n -m- %(mlo)e)

0

which holds if [, > 6 and m > 22 log(dim(Hp)), since %H(CD(I")([))) < log(dim(Hp)).
Using this, we have

tr, V"] = tr[6,(IT, - Q) "M, I I, (T, - Q)]
= [0, T, (1T, - Q) I (I, - )"
= tr[Pyyy, Oyt Pt Pt — leo)l/ ZPJEmIO)(meO - leo)uz]
< GHOY DO i p Q) P B, — Q)]

1 0) (5. )1
< 2—"( I H(®™ (Pn) €) tr[P(mlo)]
J

However,
(mlp)y _ m(Hy(p p%)+1e)
tr[P;™07] < 2MM B R T
]
<2n( Hm({p“‘)) o)y h+z€)

(10) £7,.-Uo)
Szn(gz,»p,- H(p; )+7€)

where the last inequality follows from the subadditivity of the von Neumann entropy.
Inequality (15.26) now follows from (15.12). Since N(n) is maximal, it follows that
tr[aj,(”)V;")] < 1- €. Consequently, (15.27) holds. This proves the lemma. O

Since N(n) is maximal, it follows that for j € W,
trfo" V"] <1-2e. (15.28)
We now show that the set W, has high probability.

Lemma 15.3.9. Assume that n > 36. Then for alln > n, = mjly v myl,,

E(tr[o;”)ﬁnﬂ;")ﬁn]) >1-n. (15.29)
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Proof of Lemma 15.3.9. We write

E(t [ ', IL"’H )
_]E(tr[ "’n“’]) (tr[o 1‘1,,)11;?")])
—IE(tr[] M n7 - Hn)]) (15.30)

The first term equals E(tr[o: mIO)P ]) >1-6% provided n > n,.
Note that

lE(tr[o;(")(l - ﬁn)n;f”’]) = E(tr[o;,(m’o)(l - Pm,O)P]E'"’O)]), (15.31)
and similarly,

]E(tr[o.,(")H(")(l ~1)))
(tr[o(’"’O’P"”’O)(l P.y,)))- (15.32)

Using (15.31) and (15.32), the last two terms of the right-hand side of (15.30) can be
bounded using the Cauchy-Schwarz inequality and Lemma 15.3.6 as follows:

]E(tr[o;(")(l - ﬁn)H;S")]) <8
and

]E(tr[o;,(")H]E")(l ~M)]) <6

provided n > n,. Choosing n; = n; v n, and 62 + 28 < n the result follows. This proves
the lemma. O

Lemma 15.3.10. Assumen < %e andn > 36. Thenforn>n3 =n; vn,,
(tr

Q, =10, - (I, - Q"2 (15.34)

N
tr[(fn Yy Dy

k=1

ol z D" ] > . (15.33)

k=1

Proof of Lemma 15.3.10. Define

where Q, = Y3, D\ It follows that
1-e 2 Eftr{of" (T, - Q)L (TT, - Q;)]}
(] 1,111, ]} - Eft{o 11,
- Eftr]o" I, 11" Q) ]} + E{r]o{" Q11" Q; ]} (15.35)
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Since the last term is positive, by Lemma 15.3.9 we have
IE{tr[a;,(")Q;lHlE")fIn] + tr[ojf”)f[nl'[;")Q;]} >e-n>2n. (15.36)
On the other hand, using the Cauchy-Schwarz inequality (1.2) for each term, we have

IE{tr[G;_(")Q;lH]E")ﬁn] + tr[oi_(")f[nﬂ;f")Q;]}

< 2(E(t[ Q0" Q) )} {E(trlof 1,111, )}
< 2{]E(tr[07_(")Qf])}l/ ?, (15.37)
Thus,
]E{tr[o;_(")Qf]} >’ (15.38)
To complete the proof of this lemma, we now claim that
Q,>Q7. (15.39)

Indeed, this follows on the domain of IT,, from the inequality 1-(1-x)? > xX*for0 < x < 1
This proves the lemma. O

To complete the proof of Theorem 13.2.5, we now have by assumption
tr[g,D{"] < 27 "H @50 (15.40)

forall k = 1,...,N(n). On the other hand, choosing n < %e and 8§ < %n, we have by
Lemma 13.2.9,

N
tr[(;n Y Df("’] >

k=1
provided that n > ns. It follows from the definition of N(n) that
N(n) > rlzzn(H((r)—H—ge) 5 Jn(H(@)-H~e)
forn>n;andn > —g log n. This proves the theorem. O
To complete the proof of Proposition 15.3.3, we now have by assumption,
tr[a™DM] < 27" @) yk=1,2,.. . N(n).

On the other hand, choosing n < %e and 6 < %n, we have by Lemma 15.3.10,



422 —— 15 Channels with Markovian memory

provided n > ns. It follows that
N(n) > nzzn(x*(o)%a S i (@)-6)

foralln > nyandn > —g log n. This proves the proposition. O

15.4 Channels with general Markov memory

We consider the quantum channel with Markovian memory @) = {®™}** defined
in (15.4), where {X, } is a general Markov chain defined on a probability space
(Q, Z, Pr) with finite states 1.

In this section, we first construct a preamble for channels with general Markovian
memory and then explore the formula for computing its classical capacity (see Datta
and Dorlas [33]).

15.4.1 Preamble for Markovian memory

Let C be the set of communicating classes of the Markov chain {X,,},°} and let C € C be
a certain communicating class for which

Ye=2.%>0,
ieC
where {y;};c; denotes the invariant/stationary distribution of the Markov chain. We
disregard all communicating classes C, where y. = 0. For C € C with y. > 0, define

e M S R P PR
l€

which represents the restriction of the Markovian memory of the channel to the
class C. Notice that the Markov chain restricted to C € C is necessarily irreducible, and
is either aperiodic or periodic with a single period. In fact,

C= Caper u Cperr

where C,p,, denotes the set of communicating classes in C, which are aperiodic, while
Cper denotes the set of communicating classes in C, which are periodic.

In the following, we try to distinguish the QDE”) of the channel @ for different classes
of communication class C. To do so, we add a preamble of quantum states to the input
state encoding each message in the set A, = {A,A;,..., Ay .
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Let us first sketch the idea behind adding such a preamble. Helstrom [65] showed
that two quantum states g; and o,, occurring with a priori probabilities p; and p,,
respectively, can be distinguished with an asymptotically vanishing probability of
error, if a suitable collective measurement is performed on its m-fold tensor prod-
ucts of™ and 03", for a large enough m € N. The relevant projection operators,
which we denote by II, and II_, are the orthogonal projections onto the positive and
negative eigenspaces of the difference operator A,,, = p,o7™ - p,05™ in Helstrom’s
scheme.

We generalize the Helstrom result to distinguish between the different classes
CD(C”), where the preamble is given by an m-fold tensor product of suitable states de-

scribed as follows. If the preamble is given by a state w®™, then by using Helstrom’s
(n) ,_
e

(D(C”) (w®™™) corresponding to the different classes dD(C”). The outcome of this POVM mea-

result, we can construct a POVM, which distinguishes between the output states o,

surement would in turn serve to determine which class of the channel is being used

for transmission.

1. Following the idea sketched above (see Datta and Dorlas [33]), we first show that
there exists a preamble that can distinguish between the channels for different
communicating classes. In fact, we can do more than just distinguish the channel
for different communication classes. In the case of periodic classes, we also want
to distinguish between initial states of the class.

We, therefore, subdivide the problem into the following four possibilities:

(A) to distinguish between two aperiodic classes;

(B) to distinguish between an aperiodic class C; and an initial state o, of a peri-
odic class Cy;

(C) to distinguish between two periodic classes C; and C, and

(D) to distinguish between the states of a single periodic class.

The existence of preamble for each of the above four cases will be provided in part (A)
to part (D) below.

(A) The following shows how we can distinguish between two aperiodic classes
C; and C,. We can obviously assume that the (D(C’I) # <D(C';) for some n: otherwise the
classes are identical and we can combine their probabilities into one aperiodic class.
This means that for any pair of aperiodic classes C;, C, there exists n = n(C;, C;) and a
state @™ = wgl'?cz such that dDg)(w(")) # CD(C';)(w(")). In fact, in most cases we can take
n = 1, and we shall assume this for simplicity in the following, even though this is not
necessary.

Recall from (6.1) that the fidelity of two states o and p is defined by

F(o,p) = tr[\Jo2pa'/?],
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which can be used to measure the distinguishability of o and p. Since dD(Cll)(w) +

dD(Clz) (w), we then have
FOP ), 0P @) < f <1, (15.42)

for all distinct pairs C;, C, with C; < C, in some arbitrary ordering of the set of aperiodic
classes, Caper-

The following lemma shows that the distinguishability of any two aperiodic
classes C; and C, asymptotically vanishes via the use of quantum fidelity.

Lemma 15.4.1. For any two aperiodic classes C, and C,, (15.42) implies that

lim F(O" (W, ), O (W, ) = O. (15.43)

m—-+oo CZ

Proof. Since f < 1, we can choose & > 0 so small that 1+a < f1. First, let k be so large
that

(1-a)y; < z gii, -+ 4i,_j < 1+ a)y; (15.44)

Iyt

for alli,j € I. By Theorem 6.1.10, we can choose a POVM {E,}, such that

F(0},07) = ) \tr[0,E,] tr[0,E, ], (15.45)

where we denote
01 =D (w ¢,) and 0y = DY (w, c,)- (15.46)

Then we have

k k k k-
F((D(Crln +m) (w?l(’rgz +m) ), (Dgzn +m) (wcél(,)gz +m) ))

< Y (u[eg M (wgle ™) ol E, 8 1)
T 95l

k k 1/2
x e[ @ (W) ol (B, @ 1))
m
<@+a)™! H(Z tr[o;E, ] tr[o,E, ])
i=1 "
=(1+a)"'F(0,,0,)™ >0 asm — +oo. (15.47)

This proves the lemma. O

(B) Next, consider the second case, i. e., to distinguish an aperiodic class C; and
an initial state j of a periodic class C,.
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In this case, there exists a state w = wc,jonHy such that

f = F(@E (e, ), @ (g, ) < 1 (15.48)

The following lemma shows that the channels @ and ®; are asymptotically
nondistinguishable.

Lemma 15.4.2. Let C; be an aperiodic and C, be a periodic class with period L = L(C,).
Letj € C, and choose wc, ; as above. Then

lim F(O" (wf), o™ (@) = 0. (15.49)

m—+oo Coj

Proof. We proceed as in Lemma 15.4.1 and choose a > 0 so small that 1+ a < f' and
let k be so large that (15.44) holds and in addition such that k is a multiple of L. Again,
we let {E,}, be a POVM such that

F(0y,0,) = ) \tr[0E,] tr[0,E, ], (15.50)

where now
0 =0 () and 0, = 0P (wg,y). (15.51)

Then we have

(mk+m) ¢, ®(mk+m) (mk+m) /, ®(mk+m)
F(@g™ ™ (we, ;) @y ™ we i ™)

(tr[@é?"*’”(w@(’f’k*’")) &, (E, ®1y)]

< Cyj
5125l
m 1/2
(mk+m) (mk+m)
x H [q)CTIHm (CU® mk+m )ErI]>
m-1 m
< Z 1+a) 2 H tr[o,E, ] tr[o,E, ]
ST ST i=1
m-1
=(1+a) ? F(0,,0,)" -0 asm — +oo. (15.52)
This proves the lemma. O

(C) Distinguishability of two periodic classes vanishes asymptotically as illus-
trated below.

Lemma 15.4.3. If C; and C, are two different periodic classes with periods L(C;) and
L(G,), respectively, then there exists a state a)c c,on ]Hff‘iL, where L = L(C;)L(C,) such
that
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lim F(@™ (@@ )™), oI (wd )™)) = 0. (15.53)

m—+00 GG

Proof. Since the two periodic classes are distinct, there exists a state ‘”(cLl?cz such that
L), (L L), (L

O (Wl ) # O (WEe). (15.54)

(In fact, we can take L to be the least common multiple of L(C;) and L(C,).) Then writing

w=wcc, ®¢@®, where @ is an arbitrary state on H 4 and k is so large that (15.44) holds,
and we have

lim F((D(mL+mk)( ®m),q)g2nL+mk)(w®m))

m—+00
(L) @m (L) enmy
< ml—1>IPoo(1 + Q) F(((IDCl (w)) ,((IDC2 (w)) ) =0. (15.55)
This proves the lemma. O

(D) Finally, to distinguish the initial states of a given periodic class C, notice first
of all that the corresponding CPTP maps ®; need not all be distinct. However, we may
assume that there is no internal periodicity of these maps within a periodic class; oth-
erwise the class can be contracted to a single such period. This means, that for any
two states i,j € C there exists [ < L(C) - 1 such that @;,; # @;,,. Then choose w = w;
such that

ij

f = F((Di-f-l(w)’q)j-f-l(w)) <1 (15.56)

Lemma 15.4.4. If Cis a periodic class with period L(C), i,j € C and w is a state as above,
then

; (m), ®m (m)(, ®myy _
mgrPOOF(GDi (@), @ (™)) = 0. (15.57)
Proof. We have the following inequality:
F(@{™ (w®"), o™ ("))

= (F(0{ ("), 0P (™))"
< (F(®(@), D))" = f" >0 asm — +co. (15.58)
This proves the lemma. O
2. We now introduce, in each of the four cases, difference operators AC Gy’ A(Crl"})

and A ) with i ,j in a periodic class, and corresponding projections Hg Gy Hc j and
H onto their positive and negative eigenspaces, which serve to distinguish the dif-
ferent possibilities, as in Datta and Dorlas [33]. The difference operators are defined
by
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m m
ALY = e, (P (@, c) ™ =y, (@ (we ) s (15.59)
m m
A(Crlrl’]) = yC1 (CD(Crln) ((UCI)]')) - YJ((DE‘T)((’UCI,})) 5 (15.60)
and
AT = y( @ @)™ - (@ (w;) ™" (15.61)
The following lemma is due originally to Datta and Dorlas [33].
Lemma 15.4.5. Suppose that for a given 6 > 0,
|te[IAE™, 1] = (vc, + ve,)| < 6. (15.62)
Then
+ (m),, ®m 6
|tr[Hc,C’(ch (wc,c’))] - 1| < i (15'63)
c
and
- (m),, ®m 6
|tr[Hc,c’ ((Dc (wc,c’))] - 1| s i (15.64)
C/

Here, c, ¢’ denote either two different classes C;, C, or one aperiodic class C and
an initial state j in a periodic class, or two different initial states in the same periodic
class. To compare the outputs of all the different branches of the channel, we define

projections IT on the tensor product space IH?’"M , Where

M = Ml + M2 + M3 + MQ, (15.65)

with:

(i) M is the total number of pairs of aperiodic classes;

(i) M, is the total number of pairs of periodic classes;

(iii) Mj; is the total number of pairs of aperiodic classes and initial states of periodic
classes; and

(iv) M, is the total number of pairs of states in the same periodic class.

We introduce an arbitrary order on the classes C € C assuming C; < G, if C; € Cyper and
C, € Cper- Then we put

= & 19 (15.66)

C/ CH’
g
{c',c"}:c’ <"

where
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I, ifc’ #candc” #¢
ro =41, ifc’"=c

c'c" c'c

o+, ifcd =c.

c,C

If follows from the fact that 1'[:, I, .. =0 the projections I1.. are also disjoint:

"
Ne

I, I, =0 forc #c, (15.67)

We use the following lemma.

Lemma 15.4.6. For all aperiodic classes C,
lim tr[ o0 (w™)] = 1, (15.68)
and for all periodic classes C and all statesi € C,
lim [T, @ (™)) =1, (15.69)
Proof. Notice that for all (c, c),

hm F(yC <mM)( cc’) yC’CD<mM)( cc’))

= lim_\yeyo PO (wep ), @0 (W)
_0 (15.70)

Using the inequalities,
tr[A;] + tr[A,] — 2F (A, Ay) < |A; — Ayl < tr[A] + tr[A,] (15.71)

for any two positive operators A; and A,, we have

. (m) : —
mliIPooltr“Ac,C’” -ty < ml~1>IPoo 8,=0, (15.72)
since
tr[|AM] = [F(y. @™ (@), yo @50 (wi))]. (15.73)

We now replace m by m' = m + k, where k € N is large enough so that (15.44) holds,
and define

™M =R wdm, (15.74)

[SEE
1y
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Using (15.44) to separate the different classes, we then have for any C € Cypey,

1> tr{f[C(D(Cm,M)<® wﬁ{'&*k))]
€<¢y
>1-o™  [] g @ ()]
C'eCyper:C'<C
)
C"€CaperiC">C

<[] []ul, o i)
C'€Coper:C'<Ci'eC’

|Caper|_1+zc’ecapper |C,|
> 1 (15.75)

>(1+a)M (1 -

2yc

since §,, —» 0 as m — +co. The last inequality follows from Lemma 15.4.5. The anal-
ogous result, (15.69), for periodic classes, is proved in a similar manner. This proves
the lemma. O

15.4.2 Classical capacity

This section investigates classical capacity of channels with general Markovian mem-
ory.

Due to the results in Section 15.4.1, we only need to consider the classical capac-
ity of the channel restricted to a single communication class C € C, since distinction
of channel between different classes and between different states in a periodic class
vanishes asymptotically as the number of use increases to infinity.

Let C be the collection of communicating classes of the Markov chain {XH}ZS?) as
discussed earlier.

We consider the following two cases: (I) C € Cyper; and (II) C € Cpe, as follows.

() If C € Cyper» We define, for any ensemble {p;”), p}")} of states on H}", the mean

Holevo quantity for the class C as

_ 1 1
X (p™.p"™)) = ;H(Zp,?")cbé") (p;"’>) - Y pPH@P (), (1576)

where H(-) : S(Hy) — [0, +00] is the Shannon entropy function.
(I) If C € Cpe, is periodic, with period L, then C = {iy,1;,...,i;_4} for certain iy, ...,
iiqy€landg;; =1fork=0,...,L-2andg; ; =1.Inthiscase,

1 .
Yi=1Ve (ieC) (15.77)
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and we set

-(n)
’ > > 1 .
(" nLlEZCx ", p"}) (1578)

where, fork € {1,2,...,L -1},

)" ") = (@, 00, 000088 )

Z pVH(@;, @@y ©---ady (o)), (1579)

lis1

and the indices in the subscripts being taken modulo L.

In either of cases (I) and (II), the average probability of error for the code ¢™ is given
by

S

_ 1 &
Per(€™) = — 3 (1 - tr[@™ (o)D) (15.80)

nij

IR
—

If there exists an ny € N such that for all n > n,, there exists a sequence of codes
{e¢M}roe of sizes M, > 2"F, for which P,,(¢™) — 0asn — oo, then R is said to be an
achievable rate.

The following result is due to Datta and Dorlas [33].

Theorem 15.4.7 (Datta and Dorla [33]). The classical capacity of a quantum channel
with general Markovian memory, ®* = {@™ 190, defined by (15.4) is given by

mar T (n
C™(@) = lim {pzypn)}[rgelgx ({p".p"))], (15.81)
where X(")({p(’”, p™1) is given by (15.76) for C € Caper and given by (15.78) for C € Cpe,

We postpone the proof of the above theorem until the following results are estab-
lished.
First, we prove that the following lemma shows that the limit in (15.81) exists.

Lemma 15.4.8. Let @ = {® ")} be a quantum channel with general Markov mem-
ory defined by (15.4). Then the followzng limit exist:

lim sup [mmxc (p ;”),plgn)})], (15.82)

n—-+oo ceC
{p;n) ’p;n)}

where X(")({p(”), p"™}) is given by (15.76) for C € Caper and given by (15.78) for C € Cpe;
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Proof. Foreachn € N, write

%a= sup [ming®({p”,p"})] (15.83)
{p](.n)’p;n) CeC

We first assume that for any § > 0 there exist n, and m, such that for all n’ > n, and
n> mon' s Xn = Xp — 6. Under this assumption, the lemma follows because obviously,
0 < x" < log(dim(HHp)), and it follows that

lrllr_l)llglof)_(n 2)_(nl -6

and hence, liminf,_,, X, = limsup,_,,., Xx — 8, where § > O is arbitrary. Therefore,
lim,_,, ., Xn exists.

We now prove that for any § > 0 there exist n, and m, such that for all n’ > n,
and n > myn', ¥, > X,y — 6 as follows. Let n’ be large, and suppose that {p(”’), p("’)} isa
maximizing ensemble for (15.83), with n replaced by r’, i. e.,

v, = minv ) )
Ko = ming¢((p". p"}).

Givenn > n’, putm = [n/n'] (the integral part of n/n') and | = n—mn’. Define the states
4") =Q@,p (") p]fl) 1,]’ = (1ofos- - »Jms1)» Where p© is the reduced state on HS". Then

'(" =Q, P & p?, with p(" )= =Y p(" )p(m ). We now write for any class C € C,
%, 4y
(D(C")([)(")) _ z Z iy T
if5eensly 1 €C if i1 €C ylZ YIm+1
x o, 11) & ®0 (i il) © OV (i lyr):  (15.84)
where
(c" '(@,1 Z Yidi,dii, i, 1 (@@ Dy @+ ® @;)(p™) (15.85)

1/1

and similarly for G(Cl) (i,i'). Lety = )\jq ¥i = min;; y;. Using the positivity of the density
operators and the fact that g;; < 1 < y;/y, we obtain a simple operator inequality

n)(p n)) cD(n)(p(n )®(Dn)(p”))® ‘1321’)([3("’))®®(Cl)(p(”)- (15.86)

m factors

Inserting this into the definition of H(®(p)) and using the operator monotonicity of
the logarithm and the fact that (y;) is the equilibrium distribution, i.e. ¥,y ¥iq; = g;»
we obtain
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H@P (p™)) > mH(@ (")) + H@P(p")) + mlogy. (15.87)

On the other hand, by subadditivity,

H(@ (o)) si @7 (™)) + H@P (o)) (15.88)
r=1
so that
(R, 0" (")) = ™+ Mlogy, veec. (15.89)
This proves the lemma. O

The existence of the following limit follows from Lemma 15.4.8.

Corollary 15.4.9. Let ®® = {®™} be the quantum channel with ergodic Markov
memory described in (15.5). Then the following limit exists:

X (@) = Jim 1 sup x({p; - d)(")(p("))}) (15.90)
+toon {p(n p}n)}

We follow the approach presented in Datta and Dorla [34] and [33] to prove The-
orem 15.4.7 by establishing the following two propositions (Proposition 15.4.10 and
Proposition 15.4.17), where its direct part is proved in Proposition 15.4.10 and Proposi-
tion 15.4.17 provides its weak converse part.

Proposition 15.4.10. Let O = (@ ")} be a quantum channel with general Markov
memory defined by (15.4), where @ : S (IHA) — S(Hgp). For all € > 0, there exists n, € N
such that there exist at least N = M,, > 2"C" ®=9 product states ", p;"), e ﬁj(\?) on
H§" and positive operators D\”, D\”, ..., DV on HE" such that ¥/, D <1,

tr[ @™ (pI" D] > 1€ (15.91)

forallk =1,...,N.

Remark 15.1. Note that the above proposition implies thatarate R < C™®(®) is achiev-
able. This can be seen as follows: Given an R < C™(®), choose € > 0 such that
R < C™(®) — €. Then Theorem 15.4.7 guarantees the existence of codes ¢™ of length
n and size,

N. > 2n(Cma'((D)f€) > an
n < = >

with codewords given by product states p}"), and POVM elements {D;”)}, for which the

probability of error, P™, can be made arbitrarily small, for eachj € {1,2,...,N,} and n

large enough. Hence, the rate R is achievable.
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Proof of Proposition 15.4.10. Given 6 > 0, we can choose m, large enough such that

e[ @M (™M) > 1 -6 (15.92)
forall C € Cyper and
tr[flgy @09 (™)) > 1- 6 (15.93)

forall C' € Cye; and i’ € C'. Here, M is given by (15.65). The product state w™™, de-
fined through (15.75), is used as a preamble to the input state encoding each message,
and serves to distinguish between the different branches of the channel, i. e., between
@, C € Capey and Dy ;,C' € Cpepandi € C'.

If p,((") € S(HY" is a state encoding the kth classical message in the set A, then
the kth codeword is given by the product state

MM g (™

First, we fix [, large enough, and an ensemble {p}lO), p}l")} such that

C™ (D) - min ¥ ({p; (o) p](lo)})| < g (15.94)

Let N = N(n) be the maximal number of product states [)5"), s [)x‘) on H}" for which

there exist positive operators D(") ... D(") on IH®'"°M ® HE" such that:

L D,((n) =Ycec
P; ,, and

2. Yee,, vetrl(flg ® DY )‘D(moMm)(w "M @ piM)] + Ycrecy, Xirec Vi tr[(ey ®

aper

D)@ EM ™ (Mo g p‘" )] >1-¢€,and

( (n)
II; ®ch+2c'ec' Yireo Hery '®D " and 331, DYy < PO YL DY <

aper

chi
M ~
3. ZCeCape, yetr[(fe ® D(") AL (m, +n)(w(moM) ® p(n) )] + Zc’ecpe, Yoo Vi tr[(HC, . ®
mar 1
c)cbc’f’i’,M*")(w""OM)@pi” )] < 2ET @0,

Note that, as in the ergodic case, we can append 1™ to all POVM elements, to re-
duce the proof to the case n = ml,. In the following, we therefore assume n = ml,
for simplicity. The typical projection P, for an aperiodic class is defined as before by
Lemma 15.3.6. For a periodic class C’, we define the typical spaces by interlacing those
for the product channels @} (i € C'), as stated in the following lemma.

Lemma 15.4.11. Let C' be a periodic class with period L. Given €,8 > 0, there exists
m' € N such that for m > m' there are subspaces K™ ¢ (]Hg"))@’m (i € C',n = mly),
with projections P; , such that

P, Dc (0 )P < 2o =3, (15.95)
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where

Hp = - ZH 0 (p%))
and

@) ((6") m)Py,] > 1- 6

(15.96)

Proof. We simply let I'('.(") be the subspace spanned by the vectors [¢;;) ® ---

®
1
|1p,+lo(n Dk, ) where |1/)lk) is an eigenvector of CD(O) and ;) ® |l/)i’kL+l> ® - ®
()
ik (n-1)/141) belongs to the typical space for ‘DC?I- (P(IO)), Wik,) ® Wip,,) ® @
O

|zp,~+1)kl(n_l)/m+2> to that of d)(cl"ill(p(lo)), etc. This proves the lemma.

Similarly, we have the following lemma.

Lemma 15.4.12. Let C' be a periodic class with period L. Giveni € C', and a sequence
7 e{1,...,.j™, let P?’}?) = PEZ), Dj by the projection onto the subspace of Hy" spanned by

the vectors
(n) () (Ip) (o)
CD (p v ®(Dc(’)z+r 1)lo(p 0)
with ezgenvalues =TT A Dy, k, Such that
1 _
- log)lﬁ( +Hep| <
where
— (l
He = ml_lg_loo mL z Zp (CDH ®-- 0Dy "+mly+1 (P &

ieC’ j

For any 6 > 0, there exists mg such that for m > mg,

(tr CD(mlf’)<®p]l°)>P(")] ) >1-62

The proof of Proposition 15.4.10 is continued as follows.
For each ¢ = Corc = (C',i') withi' € C' € Cpey, and j = (jy, ..

1/2

N
VZ}) — (pgn) _ Z D;:,IL)~> P(n)P(n)P(n) (P(n) Z D(n)

k=1 k=1

(15.97)

.»Jm), We define

1/2

(15.98)
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Clearly, VS}) <Py, Di"c) Put

(n) _ (n) n)
v _CZ H®vyﬁ+ D ch,l,@»vc, i (15.99)
€Caper C'eCpe i'eC’

This is a candidate for an additional measurement operator, D N +1, for Bob with cor-
responding input state [)%’il = p}E") = pj, ® pj, ® ---p; . Clearly, the condition (1) given
under (15.94) is satisfied and we also have the following lemma.

Lemma 15.4.13. The following inequality holds:

Y yvet(fic e VINOEm (@™ o (o))

CeCyper
~ ! ! _ [ /l ]
+ z Z Vi tr[(HC:,i: ®V(C’,i’),7)q)?m M+n(w(m M o (p(lo))® n/ly )]
C'eCpe i'eC’
< EM @50, (15.100)

withyy = 1/L(C") fori' € C' € Cey.

Proof. Writing 0(") CD(C”) (p(”)), by the proof of Lemma 15.3.8, the following inequality
holds for an apenodic class C, for n large enough:

tr[o V<">] < e (15.101)

where y. = )‘((CI") is given by (15.76), for the maximizing ensemble, with n = I,. Then

Y e t(fle @ VO)@IM (o m0M g 50)]
CeC, »

aper

< ) v tr[(‘I(C")V(C"]Z]
CeCaper >

< ) ye2 e sel (15.102)
CeCaper

where we used the fact that IT < 1and (15.100).

Similarly, for i’ ¢ C' ¢ Cper» denoting Q,; = Zk 1 k ) we have using Lem-
ma 15.4.11,
H,-
(D<Cr:1’(p®m) m[ ¢ 4]>

and hence,
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1/2 1/2

tl’[O-Cr’l)l’ 1n])] tr[og’l)z’ (Pén’ i Q”’i') Pg’l)z’P(n PCr’l)z’(P(Cr:)z’ Q",i') ]
= = 1/2 1/2
<2 mlte = tr[( C’ il in ) P(n (Pg})/ Qn,i’) ]

nly (H—He)

—(p)
<27l e[l Ml<2 Jomie’ 3l (15103)

<

where

_( 1 o) = -
AW == ¥ (H@E) « p") - ).
loL ieC’

In the above, we have used the fact that tr[Pf,";] < Zch'+5, which is a standard conse-

quence of Lemma 15.4.12. We obtain the last line of (15.103) by using the subadditivity
of the von Neumann entropy. Summing (15.103) over i’ and C’, and adding to the bound
for C € Cyper, yields the following bound:

Y e (I e VB0 6 (p0)1 )

CeCaper
i z Z Vi tr[(I:IC,)i, ®V(C,)i,)j)q)?m'Mm(w(m'M) ® (p(lo))®[n/lo])]
C'eCper i'eC’
(o) e (Y} e
< Y oy 3y e
CeCaper C'eCper icC’
Now by (15.94),
C™ (@) < minge +
and hence,
(o) _e max 3
ik 0 _¢) < pie (Q),%]’ VC e,
and, therefore, (15.100). This proves the lemma. O

By maximality of N, it now follows that the condition (2) above cannot hold, that
is, we have the following.

Corollary 15.4.14.
Y yeB(ul(e o VIO (@M & (60"
CeCaper
M 'M _(ly)\®[n/ly]
+ Y wB(Mey © Vi, DO (@™ e (51) 7))
C'eCper '€C’

<1-2e. (15.104)
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We also need the following lemma.

Lemma 15.4.15. Assume ' > 36. Then for n large enough,

Y vetl(fl e VNG W™ o (1))
CeCaper >

. ' ' _ 1
+ Z Z Y tl’[(HC:,i: ® V(C’,i’)j)q)?m M+n(w(m M) ® (p(lo))®[n/ o])]
C'eCpe i'eC’
;

>1-n. (15.105)

Proof. This is a simple consequence of Lemma 15.3.9 and its analogue of periodic
classes, together with (15.93) and (15.94). This proves the lemma. O

The next lemma is analogous to Lemma 15.4.11 and is omitted here.

Lemma 15.4.16. Assumen’ < %e and write

N
Q) = ZD (C € Capey) and Q) = kzlng.{ (i eC' eDyy).  (15106)

Then for n large enough,

Y yetr[(ce Q,, )" M (0 ®P1£n))]

CeCaper
£ Y Y e trl(fley @ Q@M (@ g o))
C'eCper '€C’
> (') (15.107)

Back to the proof of Proposition 15.4.10, it now follows, as before, that for n large

~ max 2e
enough, N(n) > (' 221 @31 e take the following states as codewords:
p;(mOM+n) _ w(m0+M ®l~)](<n)

For n sufficiently large, we then have

N =N,

~ max 2 max
oM = N(n) > (}’[')ZZH[C (®)-3€] > 2(m0M+n)[C ((D)—e].

To complete the proof of Proposition 15.4.10, we note as before for large enough n that
~ mar 3
N(n) > (q’)ZZ"[C (@)-7€l We take the following states as codewords:

pIm = ™ @ p M, (15.108)

where ™" is the preamble defined by (16.13). Consequently, for sufficiently large n,
we have
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o Im Im
NmL+n =N(n) =z (n’)zzn[cpmd(d))—%e] > 2(mL+n)(Cpmd(<D)—e).

To complete the proof, we need to show that the set {D;{")} satisfies (15.96). But this
follows immediately from condition (2) stated earlier:

tr[cD(moMJrn)(pl(<m0M+n))D]((n)]
_ z yctr[CD<Cm0M+n)(a)(m°M) p(n )Din)]

CeCyper
+ z z Vi tr (D(moM"'” ( (moM) p(n))Din)]
C'eCper i€C’

= ¥ ite[(fTc © D)™ (™)) tr[ 0 (™M & )]

+ Z Zthr H®D(")) m9M+”)( (moM) ﬁ(n))]
C'€Cpey i€C’

>1-e€.

This proves Proposition 15.4.10. O

The following proposition proves that it is impossible for Alice to transmit clas-
sical messages reliably to Bob through the channel ® with general Markov memory
defined by (15.41) at a rate R > C™ (D).

Proposition 15.4.17 (Weak converse of Theorem 15.4.7). Inthe sense that the probabil-
ity of error does not tend to zero asymptotically as the length of the code increases, for
any code with rate R > C™(®).

Proof. To prove the weak converse, suppose that Alice encodes messages labeled by
A€ Ay = {A4,A,..., Ay } by the state p(”) € S(IH®") Let the corresponding outputs for

the class C ¢ C of the channel be denoted by o A c’ ie.,
=0 (pM). (15.109)

Further define

_ 1
o = Y o
|A | Aeh, ’

Let Bob’s POVM elements corresponding to the codewords pﬁ") be denoted by D,
A € A,,. We may assume that Alice’s messages are produced uniformly at random from
the set A,,. Then Bob’s average probability of error is given by

) 1 M) (M)
Pere = 1= 1 2 (@ (o)D", (15.110)
| "l Aeh,

So that
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PO =Y ycP.. (15.111)
CeC

Let X™ be a random variable with a uniform distribution over the set A, characteriz-
ing the classical message sent by Alice to Bob. Let Yé") be the random variable corre-
sponding to Bob’s inference of Alice’s message, when the codeword plf") is transmitted
through class C. It is defined by the conditional probabilities

PrY{" = yIX™ = 1] = tr[@F"(p{”)D{"]. (15.112)
By the following Fano’s inequality (see also (16.36)),

(
h(]Perr C) + ]Perrlr C
>H(X™ 1Y)

=HX™)-HEX" 1Y) (15.113)

log(1A| - 1)

Here, h,(-) denotes the binary entropy and H(-) denotes the Shannon entropy. Using
the Holevo bound and the subadditivity of the von Neumann entropy (see Proposi-
tion 7.2.8), we have

H(X(n) " Y(n) )

<|A| 2 oy ) |A1n| 2 HOF (")

Aeh,

- ()
=n s s (15.114)
XC<{ T }AGA)

where jy({ ﬁ pﬁ") Hen,) is given in (15.78).
For C € Cp, with period L,

HX™ )

i 2 2] 2 2 00)

nltAepn, 7 ieC ieC
SO 3 1 T ole)
|A | Aeh, < ieC |A | YEN, lEC
1 < 1 oM
< = Y o0 (py" ))
|A"|L AeA,, ieC |A |yeA

2ellierl.
== D XCi v
L,-ezc CNUALTA Ten,

(11 W} ) (15.115)
- e <{|An|’pA re,




440 — 15 Channels with Markovian memory

In the above, we use the convexity of the relative entropy H(o|w) := tr[o(log 0 -1log w),
for quantum ¢ and w.
Therefore, for any class C, we have the upper bound

1
HX™y™) < n-(n)({ , (n)} )
( ¢ ) Xe |An| Pa Aeh,
Inserting this into Fano’s inequality, (15.113), now yield
_ _ _ 1
h(PY) ) + BY log(1A,]) 2 log(IA,) - nxé’”({— pﬁ"’}AeA )
However, since
C™ (D) > minx‘")qi p““} > (15.116)
cec “C N\ LA™ Jpen,

andR = % log |A,| > C™* (D), there must be at least one class C such that

mar
_ C" (D) +1/n S

P 21 = 0. (15.117)
We conclude from (15.111) and (15.117)) that
_ C™ (D) +1/n\ .
Py > <1 - T) minyc. (15.118)

This proves the theorem. O



16 Channels with long-term memory

Datta and Dolas [31] (see also Dorlas and Morgan [42] and Datta—Suhov-Dorlas [35])
investigated the product state classical capacity as well as entanglement assisted clas-
sical capacity of a convex combination of memoryless channels that are the subjects
of exposition in this chapter.

16.1 The model

The model obtained in [31, 42] and [35] for quantum channel with long term memory
is described below.

Given a collection of M memoryless channels {®;}¥; with common input Hilbert
space H, and the common output Hilbert space Hg, a convex combination (or aver-
age) of these channels is defined by the map

M
D(pg) = ) pi®;(pa),  Vps € S(Hy), (16.1)
i-1

where {pi}ﬁ‘il is probability distribution over choices of memoryless channels {(Dl-}f‘ﬁl.
The n-use of ® defined in (16.1) yields a channel ®™ : S (HY") — S(H") defined
by

M
o) = Y PO (), el € S(E) (6.
i=1

forn =1,2,.... Note that the probability p; in the above expression remains unchanged
even after n uses of the channel. This is because this model implicitly assumes that
once the channel @; is chosen then it will be used for the n-consecutive times. There-
fore, the “long term memory” is named. This implicit assumption will be mathemat-
ical expressed later.

The convex combination channel @ defined in (16.1) will have a long-term mem-
ory in the sense that it is the simplest of nonforgetful channels. The channel with
long-term memory is a channel with Markovian memory, which is aperiodic but not
irreducible, using Markov chain terminologies in Section 15.1. This can be seen as fol-
lows. An n-use of a quantum channel with Markovian correlated noise given by a CPTP
map O™ : B(HT") — B(HE" (see (15.5) for the definition of channels with Markov
memory) can be stated as

M
o™ (p}) = Z Yibii, 3, -+ i, i, (P, ® ®CDin)(P,(4n)), (16.3)

iy iy =1

https://doi.org/10.1515/9783110788105-016
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where (i) g; = Pr[X,,; = jlIX, = i] denotes the elements of the transition matrix of
a discrete time Markov chain {X,},;% with a finite state space I = {1,2,...,M}; (ii)
¥i, = lim,,_,,, Pr[X, =] is the stationary distribution of {X,},% at i; € I and (iii) for
eachi e I, ®; : S(H,) — S(Hp) is a memoryless channel. Casting the channel defined
by (16.2) in this form (16.3) yields g;; = 6; and y; = p;. Hence, the transition matrix of
the Markov chain, in this case, is the identity matrix. In other words, once a particular
branchi; € I = {1,2,..., M} has been chosen with the probability y; , the successive
inputs are sent through this branch. Transition between different branches (which cor-
respond to the different states of the Markov chain) is not permitted. In this case, the
Markov chain {X,},,% that governs the switching among the M branches of memory-
less channels @;, i = 1,2,..., M is therefore aperiodic but not irreducible. Hence, the
channel @ defined by (16.1) possess long-term memory and does not lie in the class of
forgetful channels explored in Section 14.4.

This chapter details developments of product state capacity C;Tod(d)) and en-
tanglement assisted classical capacity C!™(®) for both infinite-dimensional uncon-
strained and energy constrained long term memory channel ®. These develop-
ments extend finite-dimensional results due originally to Datta and Dolas [31] and
Datta—Suhov—Dorlas [35], respectively.

It is an important issue to consider infinite-dimensional and yet constrained
quantum communication systems. When applying the protocol of classical and
entanglement-assisted communication to infinite-dimensional quantum channels
one has to impose certain constraints on the input states, in particular, the con-
strained on each branch of the memoryless channels ®;,i = 1,2,..., M, that constitute
the channel @ with long-term memory defined by (16.1).

16.2 Classical product state capacity

We consider the scenario in which the sender, Alice, wants to send a sequence classi-
cal messages to the receiver, Bob, through repeated usage of the channel @ : S(H,) —
S(Hg) described by (16.1) as follows. For each n € IN, Alice will first choose a classical
message A € A, = {A, A, ..., Ay } at random, and encode the classical message A into
the codeword pf{'; € S(IHS")), where we have assumed that H; 4 = H, forall A € A.
She then will send the codeword through n-use of the channel ® that consists of M
memoryless branches @;. Since one of the memoryless channels ®; will be used with
probability p; fori = 1,2,..., M. This introduces long-term memory and as a result the
(product-state) capacity of the channel ®™ is no longer given by the supremum of
the Holevo quantity such as those given in Theorem 13.2.2. Instead, it was proved in
[32] that the finite-dimensional product-state capacity C;Tod(dD) (where the superscript
“lm” means “long-term memory” and the subscript “prod” means the input states p;
are product states instead of entangled ones) is given by



16.2 Classical product state capacity = 443

Chrop(®) = sup {minf({p, @(pp}).i = 1.2.... M},
iPi

where y(-) is the Holevo y function defined in (13.102).
The finite-dimensional product state capacity cim

proa(P) for long-term memory
channel @ is stated below.

Theorem 16.2.1 (Datta and Dorlas [32]). Let @ : S(H,) — S(Hjp) be a quantum chan-
nel with long term memory defined in (16.1), where dim(IH,) < +oco and dim(Hg) < +oo.

Then the product state capacity Clljrfod(tl)) of @ is given by

Com g(®) = ;UP}{min{X({pj’ Di(p})i=12,....M}}, (16.4)
oPj

where (i) x({p;, @;(0;)}) is the x-function of {p;, @;(p;)} and (ii) the supremum is taken
over all finite ensembles of states p; € B(IH,) with probabilities p;.

16.2.1 Infinite-dimensional classical capacity

The above theorem is extended to infinite-dimensional Hilbert spaces H, and Hg and
is stated as follows.

Theorem 16.2.2 (Infinite-dimensional case). Let ® : S(H,) — S(Hp) be a quan-
tum channel with long term memory defined in (16.1), where H, and Hy are infinite-

dimensional Hilbert spaces. Then the product state capacity C})Tod(tb) of @ is given
by

Com (@) = ;up}{min{)(({pj, i(pp}).i=1,2,....M}}, (16.5)
Pi

where (i) x ({p;, @;(0;)}) is the x-function of {p;, ®;(p;)} and (ii) the supremum is taken over
all finite ensembles of states p; € B(IH,) with probabilities p;.

The above theorem will be proved in the following three parts, where construction
of preambles, proofs of direct part and converse of Theorem 16.2.2 are provided in
details.

A. Preambles with long-term memory

As noted earlier, a channel with long-term memory is the channel consisting of a con-
vex combination of different branches of memoryless channels as originally inves-
tigated by Datta and Dorlas [32]. To distinguish between the different memoryless
branches, ®;, i = 1,2,..., M, of the quantum channel ® defined in (16.2), we proceed
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similar to those presented in Section 15.4.1 and add a preamble to the input state en-
coding each message in the set A, = {A;,4,,..., Ay }. This is given by an m-fold ten-
sor product of a suitable state as described below. Let us first sketch the idea behind
adding such a preamble which distinguishes different branches of the channel ®. The
basic idea is based on the work by Helstrom [65] who showed that two states o, and
0,, occurring with a priori probabilities y; and y,, respectively, can be distinguished,
with an asymptotically vanishing probability of error, if a suitable collective measure-
ment is performed on the m-fold tensor products o7™ and 65, for a sufficiently large
m € N. The relevant projection operators, which we denote by II, and II_, are the
orthogonal projections onto the positive and negative eigenspaces of the difference
operator A, = y,07" — y,05™".

In the construction of preamble (see Datta and Dorlas [31]), we generalize Hel-
strom’s result to distinguish between the different branches @;. If the preamble is given
by a state w, then by using Helstrom’s result, we can construct a POVM which distin-
guishes between the output states o™ = (®;(w))®™ corresponding to the different
branches @;, i = 1,2,..., M. The outcome of this POVM measurement would in turn
serve to determine which branch of the channel is being used for transmission.

We first note that we may assume that all branches ®@; are different. Indeed, oth-
erwise we do not need to distinguish them and can introduce a compound probability
for each set of identical branches. This assumption means that there exist states w;;;
on H, for each pair 1 < i < j < M such that @;(w;;) # @;(w;;). Introducing the fidelity
of two states as in (6.1), we then have

F(o,0") = tr[Vo12g'¢12], (16.6)
we obtain
F(CDi(CUi,j), CDj(wi,j))

:tr[\/(q)i(wi,j)) Dj(w;) (Pi(wyy)
<f <1 (byProposition 6.1.1 because @;(w;;) #+ D;(w;;)) (16.7)

12 12
]

for all pairs (i,j). We now introduce, forany m € Nand 1 < i < j < M, the difference
operators

Al(’;n) = pl(q)l(wu))‘@m _p](q)](wu))@)m (16.8)

Let Hii’j be the orthogonal projections onto the eigenspaces of A;;.") corresponding to
all nonnegative, and all negative eigenvalues, respectively.

Following the approach used in Datta and Dorlas [32], we prove the following se-
ries of lemmas.
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Lemma 16.2.3. Suppose that for a given § > 0,

|te[|A{ (] - (s +pp)| < 6. (16.9)
Then
8
I0;; -1 < 16.1
eI (@i, ) ™ 1] < 5 - (16.10)
and
®m 6
|tr [T (D (w; )] - 1] < e (16.11)

Proof. Write A = Ag and IT* = H for notational simplicity. We first note that

tr[[T*A] = %tr[A +(II" -T17)A]
1 1 1
= itr[A] +tr[|A]] = E(p,- -pj) = Etf[lAI],

so that we have by the assumption

|tr[IT"A] - py| = —%(pl- +p)) + %tr[A]

NIP—‘

1
= iltr[lAl (p; +p))| <
and similarly,
_ 1
|tr[TI"A] + pj| < 58.

Now, writing 0; = (®;(w;;))®™ and 0; = (j(w;;))®™, we have obviously, tr[II"o;] > 0,
and on the other hand,

- _ _ 1 1
pitt[IT 0] = tr[IT"A] + p; tr[IT 0;] < —p; + 55 +pj = 55.
The first result thus follows from IT* + II~ = I, and tr[o;] = 1. Similarly,
+ + + 1 1
pjtt[llo;] = —tr[IT"A] + p; tr[IT"0;] < —p; + 56 +p; = 56.

This proves the lemma. O

To compare the outputs of all the different branches of the channel, we define
projections II; on the tensor product space @i jey Hy" = Hy™ with L = (¥) as
follows:
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L= & 1o, (16.12)

where

I, ifij#iandi,#i
® _ -
Lii =1 Wi

I, ifiy =1i.

1,i,

ifi,=i

Notice that it follows from the fact that HZI.HZj = 0, that the projections II; are also
disjoint:

Introducing the notation,

0™ = (R i (16.13)

ip,iy?
i)<i,

we now have the following.

Lemma 16.2.4. Foralli=1,..., M,
lim tr[0™ (w™)] = 1. (16.14)

m—+o0o

Proof. Notice that for alli < j,
F(p,®@;(w;)°", p;@;(w;)™™) = BB (@;(w; ), @j(w;))" < ™
Using the inequalities,
tr[A] + tr[A,] — 2F (A, Ay) < [|A; — Ayl < tr[A;] + tr[A,]
for any two positive operators A; and A,, we find that
[te[|ATP]] - oy + p2)| < 2™,
since
tr[[AT]] = Ipi®; (@)™ - pi®y(wi)*" 1.

Using Lemma 16.2.3, we then have
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1> o mor™( Qof") |

i)<i,
= [ [ e[ o(@i(w;, ™)) | ] tr[IT (@i(wy,) ™))
i<i i,
m\ M-1
> (1 - f_) .
b;
This proves the lemma. O
We now fix m so large that

tr[[LOP™ (w™)] > 1-6 (16.15)

foralli=1,2,...,M.

The product state @™, defined through (16.13) is used as a preamble to the in-
put state encoding each message, and serves to distinguish between the different
branches, ®;,i = 1,2,...,M, of the channel. If pi") € B(HY" is a product state en-
coding the kth classical message in the set A,,, then the kth codeword is given by the
product state

"™ eop™, vk=12...,N, (16.16)

B. Direct part of Theorem 16.2.1
Im

To prove the direct part of the classical capacity Cp;o4 (P) of long-term memory channel
@ in (16.4), i. e., the fact that a rate R < C;Tod(cb) is achievable, we employ below the

quantum analogue of Feinstein’s fundamental lemma for the class of channels defined
by (16.1).
Consider the n-use of the quantum memory channel ®™ : S(H%") — S(HE"),

M
(D(n) (An)) _ Zplq)fbn ‘Eln))) VPXI) c S(]Hin),
i=1

that is a convex combination of M memoryless channels ®;,i = 1,2,...,M, as described

in (16.1). For any ensemble of states ({pi}f‘i > {pi}f‘ﬁl) where p; € S(Hy), define

Xo({pi-pi}) = min{y;({py.pi}) i = 1,2,..., M}, (16.17)

where x;({p;, p;}) = Xo, () p;}) = x({pj Pi(pp}), fori=1,..., M.

Theorem 16.2.5 (Feinstein’s theorem for long-term memory channels). Given ¢ > 0,
there exists ny € N such that for all n > n, there exist at least N,, > 2Cpea(®)-e) product
states pg"), s pg;) € S(HY") and positive operators Dﬁ”), .. .,D](\',? € B(HE") such that
Zfi"l DE") < I, and such that for eachk = 1,...,N,,
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tr[@™ (p" D] > 1-e. (16.18)
Here,
Com g (@) = ;up}{min{)(i({p]-, pi}i=12....,M}}, (16.19)
P

where the supremum is taken over all finite ensemble of states p; with probability p;.

Im
prod

able. This can be seen as follows: Given an R < CLTOP(QD), choose € > 0 such that

R< CLTOP((D) — €. Then Theorem 16.2.5 guarantees the existence of codes ¢e™ of length

n and size

Remark 16.1. Note that the above theorem implies that a rate R < C . ;(®) is achiev-

N > 2" Croa(@)-€) 5 1R
n < = >

with preamble-included codewords given by product states w(mL)p;"), and POVM el-

ements {D}(”)}, for which the probability of error for the codes e, IPeH(Qi(”)) can be
made arbitrarily small, for eachj € {1,2,...,N,} and n large enough. Hence, the rate R
is achievable.

Proof of Theorem 16.2.5. Since (16.19) holds, for every € > 0 we can choose an ensem-
ble {p;, pj}][:l such that

1 .
Come g (@) < xi(1pjo051) + 26 Vi=12..M. (16.20)

r=1

Define 0;; = @;(p;), al_(;) = ®)_,0, 0; = Z]].:l p;®;i(p;) = ;(p), and 65") = 67", where
j = Gpjr---rjn)- Let Pl@, i = 1,2,...,M be the orthogonal projections on the typical

subspaces for the states (_)';H)

. Then, by Lemma 13.2.4, we have

5(n) /= 2

P"(G)>1-6 (16.21)
for n large enough, and

— — = 1
PP < o HOD), (16.22)

By Lemma 13.2.6, there also exist typical subspaces with projections PE’;’) for which
]E(tr[oi(?)Pg';)]) >1-68° (16.23)

for sufficiently large n. Let N = N(n) be the maximal number of product states
[)g"), . [)I(\;') on H}" (each of which is a tensor product of states in the maximizing en-
semble {p;, pi}1[=1) for which there exist positive operators Di"), . ,D}G’) on HY™ @ HY"
such that:
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1. DY =y ;D" and ¥, D} < P{";
2. Y p e[0T (™) tr[@;(5")DI"] > 1 - €; and

ki

~ Im
3. S P O™ (™)) tr[(@(3)*" DY) < 27 (@29,

forp = Z][:lpjpj. Foreachi=1,...,Mandj = (j,,...,j,) € J*", we define, as before

N 1/2 N 1/2
m _ [ pi (n) pppm) [ ph) (n)
vy = <PI. = Dk)l.> PP P; <Pi -y Dk),.> (16.24)
k=1 k=1
D N
Clearly, ng) <P -y¥, Df{')’i). Put
M ~
RO LA B (16.25)
i=1 ’
(n)

This is a candidate for an additional measurement operator, Dy;,, for Bob with cor-
responding input state [)5\',21 = p}f") = pj, ® pj, ® ---p; . Clearly, the condition (1) given
above is satisfied and we also have the following.

Lemma 16.2.6. The following inequality holds:

M - 1m
Y by L™ (™)) 6" V] < 2729, (16.26)
i=1 k

where c'fl.(") = (@;(p)®".
Proof. By the definition of the typical subspaces, we have

tr[(;‘”’V;F")] < o MH@)-H-3e] _ yonlxi-3el (16.27)

for n large enough, where x;({p;, p;}) = Xo, (D50 = xUpj, ©;(p)}), fori =1,...,M.
Then

M
> pi el T &7 (™) oV
i=1 >

M 7 ] 1
<tr[g"VP] <} pi O
’ i=1
< ornlk@)-fel _ zfn[CL‘I‘w(@)—%e], 6

where we used the fact that tr[IT; ®*™ (w™)] < 1and {o,({p;, p;}) := ming_;__y x; (D5 Pi})-
This proves the lemma. O
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By maximality of N, it now follows that the condition (2) above cannot hold, i. e.,

Zpl tr [0 (w ™)) tr[@?"(p;"))vg)] <l-€

for every j, and this yields the following.

Corollary 16.2.7.
M
sz tl’ (D®mL( (mL))] tr[q)®n(p (n) )V(n ] —e
i=1

We also need the following lemma.

Lemma 16.2.8. Foralln' > 6 + 36,

ifnis large enough.

Proof. Using Corollary 16.2.7 and 16.15, we have

> 1y {1,070 (o BV PR
i=1

<(1-n1-96),

provided 17 > 8% + 26. Hence, the results follows. This proves the lemma.

Lemma 16.2.9. Assumen’' < %e and write

N
(n) _ ()
Q" = Z D
k=1
Then for n large enough,

M
> by el TP (") (e (p)Q{"]) 2

i=1

Proof. Define

By the Corollary 16.2.7,

(16.29)

(16.30)

(16.31)

(16.32)

(16.33)

(16.34)
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M
l1-e2)p; tr[ﬁiQ?mL(w(mL))]E(tr[d)g")(p]ﬁ"))vg;')])
i=1 ’

M ~
= > pi [0 (™) E ([0 (o) Q")

i=1

M ~
- pi tr[ 0" (™))

i=1

(MpMp)pn) (M pn)p)p)

< Bt VRPEB] + trfo B PIR))

i)

M
+3p; tr[nicp,i@'"L(w(mL))]E(tr[ogﬁkg")py;})ng")]).
i=1 ’ b

Since the last term is positive, we have by Lemma 16.2.8,

M
2 tr[ 0™ (™))
i=1

x E(tr[oi(?)R§")P§;)P§”)] + tr[oi(?)l_)g")PE;)Rg")]) >e-2n'>21'.

On the other hand, using the Cauchy-Schwarz inequality for each term, we have

M
Z i tr[LOF™ (™))
i=1
(Mp () p)pn) (n)pn)pm)pn)

X ]E(tr[oi’7 R; Pij P] + tr[aij P; Pij R™])
u 12
< z{zpi {0 (") (oo (R%'“)z])}

i=1 >
u 1/2
x {Zpi tr[f[i(D?mL(w(mL))]IE(tr[al_(?)Plf")P;;)Pg")] )}
i=1 i >
1/2

M

< Z{Zpi {05 (") (o (R%’”)z)]}
i=1 ’

Thus,

M - 2

Nz tr[Hiq)?mL(w('"”)]E(tr[af}.’)(R?")) D)=

i=1 ’

To complete the proof, we remark as before that

2
Q" > R™)".

This proves the lemma. O
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To completle the proof of Theorem 16.2.5, we note as before for large enough n that
~ m 3
Nn) =@ )22"[Cpr°d@)7€]. We take the following states as codewords:

pIm = ™ @ p M, (16.35)
where w™ is the preamble defined by (16.13). Consequently, for sufficiently large n,
we have

o~ Im Im
Nygon = N() = (/)2 (Croa(@=7€] 5 p0mben) Corg(@)-0),

To complete the proof, we need to show that the set {D]((")} satisfies (16.18). But this
follows immediately from condition (2) stated earlier:

tr [q)(mL+n) (p](<mL+n) )D](<n)]

M
= Y {0 W™ @ 5()D{]
i=1

M
- L, (mL .
- Z p; tr[IL;@°" (w™)] tr[@" ;{"’)D;{’})]

ij=1
a mL, (mL) mMyp M
r ® m Qn ( ~(n n
> Y p [0 (™)) e[ @F" (57)Dy ]
ij=1
>1-e.
This proves Theorem 16.2.5. O

C. Weak converse of Theorem 16.2.1

We first recall Fano’s inequality without proof as follows (see Fano [49]). Suppose the
random variables X and Y represent input and output messages with a joint probabil-
ity p(x, y). Let the event {X # X} be the event representing an occurrence of error with
X = f(Y) being an approximate version of X. Let P,,, := Pr{X # X} be the probability of
error. Then we have the following Fano’s inequality holds:

H(X|Y) < h(Perr) + Perr 10g(|X| - 1)’ (1636)
where X denotes the support of X and

H(X|Y) = - ) p(x;,y;) log p(x;ly;) (16.37)
ij

is the conditional entropy and
hZ(Perr) = _Perr 1ngerr - (1 - Perr) IOg(l - Perr)

is the corresponding binary entropy.
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Fano’s inequality is often used to find a lower bound on the error probability of
any decoder as well as the lower bounds for minimax risks in density estimation in
information theory.

Going back to providing a proof of weak converse of Theorem 16.2.1, we prove that
it is impossible for Alice to transmit classical messages reliably to Bob through the
long term memory channel @ defined in (16.1) at a rate R > C}J’;‘Od(db). This is the weak
converse of Theorem 16.2.1 in the sense that the probability of error does not tend to
zero asymptotically as the length of the code increases, for any code with rate R >
Clljr;lod(d)). To prove the weak converse, suppose that Alice encodes messages labeled
by A € A, by product states pfl") = P11 ® -+ ® Py in S(HY). Let the corresponding
()

outputs for the ith branch of the channel be denoted by (e i.e.,

UX? = of" ;”) )= afu ® - ® o,il,n, ofu = D;(py))- (16.38)
We further define
~m _ 1 (n)
OA,i = A_ Z O-A,i (1639)
| "l AeA,
and
_ 1 i
ai,j = A z 0'/11’]-. (16.40)
1Aql A€,

Let Bob’s POVM elements corresponding to the codewords p;") be denoted by D",
A € A,. We may assume that Alice’s messages are produced uniformly at random from
the set A,,. Then Bob’s average probability of error is given by

Py =1

We=1-— Y tr[@™(p")D{"]. (16.41)
Al

en,

We also define the average error corresponding to the ith branch of the channel

PO —1- Y (o)D), (16.42)
Al 7,
So, that
_ M iy
PO =Y piPn . (16.43)
i=1

Let X be a random variable with a uniform distribution over the set A, characteriz-

ing the classical message sent by Alice to Bob. Let Yl.(") be the random variable corre-
(n)

sponding to Bob’s inference of Alice’s message, when the codeword p;™ is transmitted



454 —— 16 Channels with long-term memory

through the ith branch, @™ of the channel @™, 1t is defined by the conditional prob-
abilities

Pr[Y(™ = yIX™ = 2] = tr[®}" (p{”)D"]. (16.44)
By Fano’s inequality (see (16.36)),

hy (P2 + P2 log(IA,| - 1)

err Lerr

>HX™ 1Y) =HX™) - HX™|r™) (16.45)

Here, h,(-) denotes the binary entropy and H(-) denotes the Shannon entropy. Using
the Holevo bound and the subadditivity of the von Neumann entropy (see Proposi-
tion 7.2.8), we have

1
H(X(")llYl.("))sH< ™ Y ofr 5{”)) ™ )
nl Aen, AeA,
1
=H< <">> H(o (n)
IAnIAg\n A A, I,g
n
j=1 AeA
L 1
-Sxl{mpet,, )
j:zl : |An| A Aeh,
n
1 P
= Y ——H(0};l0y;) (16.46)
[Apl

The latter expression can be rewritten using Donald’s identity restated below:

Y piH(wjlp) = ) pH(w;j|@) + H@|p), (16.47)
j j

where @ = }; p;w;. We apply this with p replaced by

_ 1 < ;
0; = W Z Z Opj (16.48)

16, + H(a;l07)) (16.49)
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But it follows from the convexity of relative entropy that the right-hand side of the
second term equals zero:

_ 1& .,
0 < H(@illoy)) < - > H(G;0;)) = 0. (16.50)

Inserting into (16.46), we now have

=

HX™|y™) < H(d}16,)
A j=1AeA, !
-x({m ,pA,} ) (1650
Fano’s inequality (16.45) now yields
h(P{y,) + PG, 10g(IA,))
> log A, —n)(l-({ ™ l,pM} ) (16.52)
However, since
. 1 .
C;Tod(db) > mln{)(,({ i ,p/\]} > i= 1,2,...,M} (16.53)
Aj

andR = % log |A,| > C:)T(,d(CD), there must be at least one branch i such that

prodl(db) +1/n o

H (1)
P 21- = (16.54)
We conclude from (16.43) and (16.54) that
cm (@) +1/n
P > <1 - W‘T>min{pi,i =12,...,M}. (16.55)
This proves the theorem. O

16.2.2 Constrained classical capacity in infinite dimensions

Let H be a positive self-adjoint operator on the input system H, and consider the lin-
early constrained set A = Ky (E) ¢ S(H,) described by

Ku(E) = {p € S(H,) | tr[pH] < E}, E > 0. (16.56)
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For arbitrary state p € S(IH,) with spectral decompositionp = Y'; A;|;) 4, (¢;, we define

tr[pH] := Z)l,-n VHIp)) I3, < +oo.

As noted earlier the n-use of a memoryless quantum channel can be written as @™ =
@®", where @®" is the tensor product channel on the Hilbert space H}". In this case,
the observable H™ on H3" corresponding to H on H, can be defined as

H” =Hol,® -0l + - +,®-- o, ®H, (16.57)

where 1, is the identity operator on the input system H,. We want the input state p™
on the tensor product space H}" to satisfy the additive constraint

tr[p™H™] < nE. (16.58)

We make the following basic assumption on energy constraint on each branch
@;S(Hy) —» S(Hp),i=1,2,...,M, of memoryless channels.

Assumption 16.1. The following constraint on each of the memoryless channel @;,

i=12,...,M,is imposed:

sup H(®;(p)) < +oo, Vi=12,....M, (16.59)
peKn(E)

where E is a positive constant and H(-) : S(H,) — [0, +co] is the von Neumann en-
tropy.

Lemma 16.2.10. Let @ be the channel with long-term memory defined by (16.1). Then
under Assumption 16.1,

sup  H(®®(p™)) < +oo, (16.60)
p™ eIC;_’:()n) (nE)
where
K (nE) = {p™ e S(HE") | tr[p™H™] < nE}. (16.61)

Proof. Based on Assumption 16.1, we have the following immediately result on the
channel ®(p) = Z?ﬁl p;D;(p),

sup H(®(p)) < +oo. (16.62)
pPeRyu(E)

This is because



16.2 Classical product state capacity = 457

M M
H(®(p)) =H (Zm@(p)) < Y piH(Di(p)) < +00 (16.63)
i=1 i=1

by the convexity of the von Neumann entropy function H(-) (see Theorem 8.1.6). Note
that (13.38) implies similar property of the channel ®}";

sup  H(®(p™)) < +c0. (16.64)
p(n) EICS()") (nE)

Indeed, the subadditivity of von Neumann entropy with respect to tensor product

H(@P (™)) < kiH(cDi(p;"))),

(n)

. 1s the kth partial state of p("). Also, by concavity of the entropy

where p
n

> H(®(p")) < nH(®;(p™)),

k=1

wherep™ = 1 y% | pg("). The inequality (16.58) can be rewritten as
1 n
S ) - ) < £
k=1

which implies that

sup  H(®"(p™)) <n _sup H(®i(p)).
prEKS, (nE) PEXH(E)

Consequently,

M
sup  HOP(p™) = sup H(zp@?"(p(")))
(nE)

p‘")elcg’()m(nE) p(”)elcg'()n) i=1
M

= sup Y pH(®(p™))
p(”)el(::'()n) (nE) i=1

M
<n sup Y pH(@()

(n) (n) P
p™n eICH(n)(nE) i=1

< 400. (16.65)

This proves the lemma. O

In this subsection, we investigate classical capacity C;Tod(CD; H, E) with each of @;,
i=1,2,...,M that satisfying Assumption 16.1.
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For infinite-dimensional memoryless channel @ satisfying the constraint (16.1),
the code, error probability and classical capacity for the channel is defied below.

Definition 16.2.11. Let ®™ : S(HS") — S(HE") be the n-use of the channel ® defined
by (16.1).
1. The triplet €™ = (p™,p™ D™) is said to be a code of length n and of size N,

where (i) p™ = {p]f") |j=12...,N,} is a probability distribution, i. e., p}f") > 0 for

allj =1,2,...,N, with ¥ p™ = 1; (ii) p = {p{” | j = 1,2,..., N} is a collection
of N, states satisfying (16.58) and (iii) D™ = (D{" | j = 1,2,..., N,} is a POVM on
H3" that represents the decoding operators used by the receiver, Bob.

2. The average error probability P,,,(¢™) for the code ¢ is defined by

N,

_ 1 &
Pen(€") = 1= 2 1" {1 - [0 (o)D"}

n j=1

Let P, (n, N,,) be the average error probability for any code ¢™ with length n and
size N,,.

3. The energy constrained classical capacity Cg?Op(CD; H,E) of the channel ® de-
fined by (16.1) is defined as the least upper bound of the rates R for which
liminf,_,, Pe,(n,2"%) = 0,i.e.,

Comea (D HLE) = inf{R > 0| lim inf Py, (n, 2"%) = o}, (16.66)

pro

The following result enables a computation of energy constrained CLTod((D; H,E).
We omit the proof here because it is a special case of entanglement-assisted classical
capacity C'™(®; H, E), which is the center of investigation in the next section.

Theorem 16.2.12. LetH be an $)-operator defined on H,. Then the constrained classical

capacity C;Tod(db; H, E) of @ defined by (16.1) satisfies the following equation:

Comg(@HE) = sup  {minfy({p™, @i(p"™)}),i=1,2,..., M}}, (16.67)
prEK, (nE)

wherex({(p™, @;(p™)}) is the x-quantity at the ensemble {(p™, ®;(p™))} defined in Def-
inition 12.1.1.

16.3 Entanglement-assisted classical capacity

Following the protocol for entanglement assisted communication for memoryless
quantum channel introduced in Section 13.4, we follow the approaches used in Datta
and Dorlas [33, 34], Datta—Suhov-Dorlas [35] and Holevo and Shirokov [83] to explore
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the entanglement assisted classical capacity for quantum channel with long term
memory as follows.

Let A’ be a quantum system which may be different from system B but is accessible
by both Alice (system A) and Bob (system B). As defined in (16.1), let @ : S(H,) —
S(H,) be a channel with long term memory with

M
Dpy) = Y pi@i(pa),  Vpa € S(Hy),
i1

where @; : S(Hy) — S(Hy/),i =1,2,...,M is a memoryless channel, and p; > 0 with
Z?/:Id’i =1L

Suppose Alice has a set of messages, labeled by the elements of the set A, =
A Ay, ,/\Mn}, which she would like to communicate via the quantum channel (16.1)
to Bob, exploiting this shared entanglement. In the entanglement-assisted channel
as described by Holevo and Shrikov [83], Alice (quantum system A) and Bob (quan-
tum system B) share indefinitely many copies of an entangled (pure) state w,z. Alice
first makes encodings A — @ﬁ of a classical signal A, which was chosen at random
from a finite alphabet A with probabilities p;, > 0 (where Z/\eAn py = 1) and then
sends part of this shared state ) through the channel ® to B. Here €} are encod-
ing channels depending on the signal A. Thus, B receives states (0 ® J B)(a)fw), where
wﬁB = (031 ® Jp)(wyp), with probabilities p;, and B aims to extract maximum informa-
tion about A by doing measurements on these states. To enable block encoding, this
procedure should be applied to the channel ®™. Then signal states wﬁ%” transmitted
through the channel ™ ® 3%" have a special form

W = (& e 31) (), (16.68)
where wg}; is the pure entangled state for n copies of the system ABand A — in(") are
encodings of n copies of system A.

For this purpose, she uses encoding (CPTP) maps {Q‘Eﬁ} Aea, acting on B(Hy). In
order to transmit her classical messages through the quantum channel, Alice encodes
each of her messages in a quantum state in Hjj in the following manner. To each
A € A, she assigns a quantum state (or codeword) where

W\ = w®---ew] e B(HSp), (16.69)
where wﬁ = (éjkcbjB)lpAB € B(Hyp), fork =1,...,n.Here, j; €{1,...,J} and Jz denotes
the identity map in 8(Hp). Note that the codewords are states shared between Alice
and Bob. Alice then sends her part of these shared states to Bob through n subsequent
uses of the quantum channel (16.1). Hence, Bob’s final state corresponding to Alice’s
classical message A is

o = (@™ & IF) (WD)
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In order to infer the message that Alice communicated to him, Bob makes a measure-
ment on the state Jﬁ(g) he received, the measurement being described by POVM ele-
ments Dﬁ%’), A€ A, with Dﬁ’g’) being a positive operator acting on Hjp, such that
Y
Z DA(]Er;) <Iip
AeA,

and I, denoting the identity operator acting in H,p. Defining

0(n) ,_ y®n A(n)
DAB =Ip - Z DAB
Ael,

yields a resolution of identity in Hyj. Hence, {D/};g) }ren,uto) defines a POVM. An output
B € A, of ameasurement described by this POVM, would lead Bob to conclude that the
codeword was A(g), whereas the output 0 is interpreted as a failure of any inference.
The encoding and decoding operations, employed to achieve reliable transmission of
information by means of this protocol, together define a quantum code €™ (of length
nand size N,), which is given by the triple ¢™ := (A, {Eg(")}, {D’;(") 1), with N, denoting
its size, and {Eﬁ(")} and {D’}B(")}, being the encoding and decoding maps employed.
Assuming equidistribution of messages among A, = {A;,4;,...,Ay }, the average

probability of error for the code ¢™ is given by

1
1Al

]perr(a(n)) = Z (1 - tr[(CD(n) ® jgn) Xg)]) (16.70)

Aeh,

If for a given R > 0, there exists a sequence (An);fl’ with
.1
R < liminf — log(|A,]),
n—-+oo n

and a sequence of codes (€<"));§‘1’ of size |A,,| such that

: I (my _
n1—1>IPoo ]Perr(e ) =0,
then R is said to be an achievable rate. We define the one-shot entanglement-assisted
classical capacity of the long-term memory channel defined by (16.1) as

C(lg’(l)(d)) := sup{sup{R | R is achievable}}, (16.71)

Wpp
where the internal supremum is over the rates achievable under the choice of the
initial shared state w,5. More generally, Alice and Bob may share indefinitely many
copies of a pure state wﬁ’g") in H7 for some given m > 1. In this case, Alice can per-
form a similar construction using encoding CPTP maps, 0354’"), which act in H". In
other words, she uses m-block encoding, and encodes a message A € A, by the state
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A,m (1)
)" = e op" e S(HGE"),

where

(m) _ (m) _ ~®my, .m
Py = (€ ® " )Jwyp,

fork = 1,2,...,nand j; € {1,2,...,]}. As before, Bob uses decoding POVM elements
DX’), which are positive operators acting in H3z", with yiAlp o prmn,

B i=1 JAB =
The average probability of error for the resulting code ¢™ is given by

Ip(m)

err,m

]Perr (Q:(n))

1 A.B; (mn)  ~® AB;
™ g (1 - tr [y, (@™ @ T™) (o) ])- (16.72)

This gives rise to the m-shot entanglement-assisted classical capacity of the long-term
memory channel defined by (16.1):

CL’;"('")(CD) := supsup{R | R is achievable}, (16.73)

(m)
Wag

where the internal supremum is over the rates achievable under the choice of the ini-

tial shared state “’Xg)' Finally, the full entanglement-assisted classical capacity of @ is
given by

C™ (@) := lim sup %cgg’(m)(qn). (16.74)

a
m—+oo

16.3.1 Unconstrained case

Theorem 16.3.1. Let H, and Hy be two separable complex Hilbert spaces. The en-
tanglement assisted classical capacity of a channel ® with long-term memory, defined
through (16.74), is given by

C™@) = max {min{l,,(o;®;),i=1,2,...,M}} (16.75)
peS(Hy)

with I, (p; @;) := H(p)+H(D;(p))—-H(p; D;), where H(p; D;) denotes the entropy exchange
and is defined as follows:

H(p; @;) := H((D; @ R)PR), (16.76)

with l/)AR being a purification of p on a reference system R.

Theorem 16.3.1 will be proved in the following two results.
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(A) Converse of Theorem 16.3.1
In the following, we prove that for any rate R > Clm(CD), with Cg;‘(q)) given by (16.75),
reliable entanglement-assisted transmission of classical information from Alice to Bob
via the quantum channel @ is impossible, regardless of the encoding used.
Suppose Alice and Bob share multiple copies of an entangled bipartite pure state
wm 3 B € S(H3%), where m is a given positive integer. Then, given n € Z, Alice encodes
her classical messages by applying chosen m-block encoding CPTP maps, n times, to
her part of the shared state (w(m) )®". Here, we show that the average error probability of
the corresponding code does not tend to zero as n — +00, for any m and any choice of
encoding maps. For notational simplicity, we will omit the label m and the superscript
AB in the rest of this section.
Let 0/(1")(1') = 0/11(1') ®-® of(i) denote Bob’s final state, if the codeword

PV =pie-®p) € BHGE", (16.77)

(16.77) corresponding to the message A is transmitted through the ith branch, ®@;, of
the channel ®. Here, a/’{(i) =(d;® TJB)p’/{, fork=1,2,...,n,

_ (), 1
a" Zp, Wiy 6™G) = o (1)
10045

and

Then the average probability of error (16.72) equals

(1) 1 My (n)
P, =1- — t D, 16.78
err |An| A; r[a ] ( )

We also define the average probability of error corresponding to the ith branch of the
channel as

M

5 1 M) (P () _ )

Py =1- T™ Y t[oP@DV]  sothat Py = ) p; P (16.79)
nl Aen, i=

Let X™ be a random variable with a uniform distribution over the set A,,, character-
izing the classical message sent by Alice to Bob. Let Y™ be the random variable cor-
responding to Bob’s inference of Alice’s message, when the codeword is transmitted
through the ith branch of the channel. It is defined by the conditional probabilities

Pr(Y® = BIX® = a] = t{F(@" & 35")(p{")].
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By Fano’s inequality,

h(P™ )+ P™ log(|A,l - 1)

Lerr Lerr

>HX™ ™) =HX™) - HX™IY™). (16.80)

Here, h(p) = -plogp — (1 — p)log(1 - p) denotes the binary entropy, H(A) :=
- Y .Dqlogp, denotes the Shannon entropy of a random variable A with probability
mass function p,, and H(A|B), H(A|B) denote, respectively, the conditional entropy
and the mutual information of two random variables A and B. Using the Holevo bound
and the subadditivity of the von Neumann entropy, we have

HX™|v™)

"

< i H(0(1) - = Y H(op,(0)
|A |

I/\

Bet) il 3o

AeA,

Ael,
-2 <{|A|’”“')}Mn>
=Z Z (0 Dl15(D) : ka (16.81)
k:l Aeh,

In the above, the symbol H(p|w) denotes the quantum relative entropy of states p
and w. The expression V; can be rewritten using Donald’s identity:

Y pHWlp) = Y pH (@) + H@lp),
Aeh, Aeh,

where @ = Y., paw). We apply this with p replaced by

w) replaced by 0y (i), py by ﬁ, and consequently, @ replaced by d; ,(i). Hence,

1 = s
™ > H(0y,(0)10x (i)

nt Aep,

Y. H(0p@Dl5y () - H(G 1 ()15(0))

IA I AeA,

1
Anl e,

H(0y Dlo(D)),
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where we have used the nonnegativity of the quantum relative entropy. Inserting this
into (16.81), we now have

H(X‘" 1Y) <

The inequality (16.80) now yields

h(P™ )+ PM log(IA,D)

Lerr 1,err

> log(IA,]) - nx<{ m(z)} )
i, nOf
> 10g(1A]) - nl (s D),

where

p=Y ParPi
Ak

with py ;. = IA | for each A and k, andpAk = trglppil, k= 1,2,.

However, since
CI™@) > min{I,,(0; ®;),i = 1,2,..., M}
andR = % log(IA,]) > Cg;‘(fb), there must be at least one branch i such that

1
p 5 g Ca(@ ¥l

m - (16.82)

We conclude from (16.79) and (16.82) that

IP(n)

err —

(1  Cop (@) +1/n

R >min{pi,i=1,2,...,M}.

Hence, IP?’grr does not tend to zero as n — +oo, which in turn implies that
™) < max{min{l,,(p; ®),1=1,2,..., M}

This proves the converse of Theorem 16.3.1. O
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(B) Direct Part of Theorem 16.3.1
In the following, we prove that C};“(CD), defined by

a

CI™(@) = lim sup €™ (@) (16.83)
m—+oo M
satisfies the lower bound
Ce(®) > max{min{l,,(ps @, i = 1.2....., M}}, (16.84)

where the maximum is taken over all states p € S(IH,). To prove this, we employ the
following result, which we proved in Theorem 16.2.5, for each of memoryless channel
®@; fori,2,...,M, which is restated below.

The product state capacity CLTod(d)) of a channel ® with long-term memory is given
by

Cot (@) = {sup}{min{)(((qj, D;(p),i =1,2,...,M}}, (16.85)
qj>P;j

where the supremum is taken over all finite ensembles of states pj € S(Hy), chosen
with probabilities g;.

From the definition of the one-shot entanglement assisted capacity C:™(®) de-
fined in (16.85), it follows that

Co(@) = sup {min{(x({(m, (@ ® Ip)p{*)D.i=1,2,...,M}},

7;,E;,Wap

where (i) w,p is the bipartite entangled pure state, indefinitely many copies of which
are shared by Alice and Bob and (ii) €; are encoding maps acting on S(H,), as de-
scribed in earlier, i. e., pr = (€; ® Jp)w,p. Moreover, from the definition (16.73) of the
m-shot entanglement assisted capacity it follows that

Cea " (@)
= sup {minfy({nr™, (@™ & 3p)p/®"}),i=1,2....M}}.  (16.86)

(m) J

m)
€)W

Now, consider a specific encoding ensemble {nj(m), QE;’")}, where a,b = 1,2,...,4, for
some integer g, and
m _ 1 e _ gpm
b = F’ Qfa,b - QIIa,b :

Here, 91751"})) denotes the discrete Weyl-Segal operators for a g-dimensional subspace
Q,, of ]Hff‘i’". Further, consider the codewords to be given by
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Pay " = (WG @ I5" W) Wiy’
where |1/)an )y denotes a maximally entangled state of rank g:

= Z le{™) © le"

where {Iel((’"))}zz1 is an orthonormal system of vectors in Q,,. Hence,

(@) > min{x({%, (D" ® Jg’")pﬁm}),i =1, 2,...,M]» (16.87)
It follows that
X({i ((Dopm®j®m)pAB,m}> I ( pim _(D@m) (16.88)
qz’ i B a,b m tr[P(m)]’ i .

where P™ is the orthoprojection onto Q,,. Further, it can be proved in that if Q,, is
chosen to be the strongly 8-typical subspace for an arbitrary state p®™ ¢ S(H®™), and
P ig its orthoprojection, then

lim lim 11( il ; DY ) n(0; D;) (16.89)
tr[Pm5]’ '

§—0m—+too m

From (16.87), (16.88), (16.89) and (16.86) of the full entanglement-assisted capacity, it
follows that

CI™(@) > min{l,,(p; ®;),i = 1,2,...., M}. (16.90)

16.3.2 Energy constrained case

In this subsection, we assume that all Hilbert spaces are infinite-dimensional and in-
vestigate classical capacity Clm((D H, E) for the constrained channel ® with long-term
memory described by (16.1), where H is an $-operator on H,. This constraint is deter-
mined by the linear inequality

tr[pH] <E, E>0. (16.91)

As mentioned earlier, we again denote the compact subset Ky (E) of S(IH,) (see (3.3))
as

Ku(E) = {p € S(H,) | tr[pH] < E}.



16.3 Entanglement-assisted classical capacity =—— 467

For the $3-operator H on infinite-dimensional space H, and any state p € S(IHy),
the energy tr[pH] (finite or infinite) is defined as sup, tr[pP,HP,], where P, is the
finite-dimensional spectral projector of H corresponding to the interval [0, n].

We impose the following linear constraint onto the input states w™ of the channel
(D(Yl)’

trlw™H™] < nE, (16.92)
where
H" —Hel & -0l + - +I,8 -0, ®H. (16.93)

Constraint (16.92) is equivalent to a similar constraint on input states of the channel
@®" @ J3" with the constraint operator Hgg = H" o lg” on the composite Hilbert
space H33, where IJ(B”) is the identity operator on H3". Denote by ng the collection of
ensembles 7™ = {pfln), wf\”)}, where w)(l”) are states of the form (13.73) satisfying

> P tr[w("H)] < nE.
AeA

The classical capacity of the of the long-term memory channel ® defined by (16.1) and

under constraint (13.73), denoted by Cé?(@; H, E), is given in the following result.

Theorem 16.3.2. Let ® : S(H,) — S(Hy/) be a quantum channel, and let H be an
$-operator on Hy. The entanglement-assisted classical capacity (finite or infinite) of
the channel ® with long-term memory described by (16.1) and with constraint (13.73) is
given by the expression

C™@;H,E) = sup (min{L,(o;®,),i=12,...,M}) (16.94)
Pekyu(E)

where I, (p; ®;) is the mutual information of ®; at the input state as defined in Defini-
tion 11.1.1.

We prove the above theorem via the following three lemmas. The proofs of Lem-
mas 16.3.3 and 16.3.4 are obtained based on necessary modifications of results found
in Holevo and Shirokov [83].

Lemma 16.3.3. Assume that dim(Hy:) < +oo. Let @ : S(Hy) — S(Hy:) be a channel
with long-term memory described by (16.1), and let H be an $-operator defined on H,.
The entanglement-assisted classical capacity (finite or infinite) of the channel ® with
constraint (13.73) is given by the expression

C™@;H,E) > sup (min{l,(o;®;),i=12,...,M}). (16.95)
Pey(E)
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Proof. Assuming that dim(Hy/) < +co, we follow the proof in Holevo and Shrikov [83]

and observe the following:

1. Finite-dimensionality of the system H,, implies finiteness of the output entropy
of the channel ® on the whole space of input states S(IHy). That is, H(®(p)) < +oco
forallp € S(Hy);

2. Finiteness of tr[pH] implies that all the eigenvectors of the state p belong to the
domain of the operator VH.

3. Finite-dimensionality of the system H,, shows that for any finite-rank state p
the restriction of the channel ®®" to the support of the state p®" acts as a finite-
dimensional channel for each n;

4. If there are no states p satisfying the inequality tr[pH] < E but there exists an
infinite-rank state p,, such that tr[poH] = E, then there is a sequence (p,);;%] of
finite-rank states converging to p, such that tr[p,H] = E for which

l%r_r)lgloflm(pn, D) > I,,(0g, D)
by lower semicontinuity of the quantum mutual information.

With the observations above the rest of the proof of this lemma, follows similar to the
direct part of that of Theorem 16.3.1. This proves the lemma. O

The following result removes the condition that dim(H:) < +oo from the above
lemma.

Lemma16.3.4. Let @ : S(Hy) — S(Hy) be a quantum channel, and let H be an
$-operator on H,. The entanglement-assisted classical capacity (finite or infinite) of
the channel @ with constraint (13.73) is given by the expression

C™@;H,E) > sup (min{l,(o;®;),i=1,2,...,M}). (16.96)
PERy(E)

Proof. We follow the proof provided in Holevo and Shirkov [83] below. Let ®
S(Hy) — S(Hy) be an arbitrary channel. We prove that

C™@;H,E) > sup (min{l,(o;®;),i=1,2,...,M})
PERH(E)

as follows.

Let (P,);] be sequence of finite-dimensional projectors on H, strongly converg-
ing to the unit operator I, on Hy,. The channel @ is approximated in the strong con-
vergence topology by the sequence (I, - @), %} with finite-dimensional output, where
II,(0) = P,oP, + (tr[o(I1y —P,)])T forall o € S(Hy/) and 7 is a given state in Hy,. Since
the inequality “>” in (16.95) is proved for a channel with finite-dimensional output
(see Lemma 16.3.3), the chain rule for the entanglement-assisted capacity implies
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C™@;H,E) > C™(T1,, o ®; H, E) > min{l,,, (0, o ©;),i = 1,2,...., M}.

Lower semicontinuity of the function ® — I,,,(p; @) in the strong convergence topology
and the chain rule for quantum mutual information (see Proposition 11.2.3) imply

,,HIPOOIm(p; IT,, e @) = I,,,(0; D) < +c0, V.

Hence, the inequality “>” in (13.92) for the channel @ follows from the above inequal-
ity. This proves the lemma. O

Lemma 16.3.5. Foreachi = 1,2,...,M, let ®; : S(Hy) — S(H,:) be a memoryless
channel, and let H be an $)-operator on H,. The entanglement-assisted classical capac-
ity (finite or infinite) of channel ® with long-term memory described by (16.1) and with
constraint (13.73) is given by the expression

C™@;H,E) < sup (min{L,(o;®;),i =1,2,...,M}). (16.97)
peku(E)

Proof. We prove the inequality (16.97). For the ensemble {p;, w,} of encoded states in
S(Hyy), let (wy)y = trpw,] = 0 € S(Hy), where try [- - -] denotes the partial trace
of [---] taken over H, . By Lemma 13.4.4 and by the proof of the converse of Theo-
rem 16.3.1, we have the following inequality:

Xq;(n)@j@n({pA ) w}) < mln{ <Zp (D®"> i= 1,2,...,M}.
From (13.79), we have

Clm((DHE)< lim 1 sup min{ <Z (D®"> '—1,2,...,M}

n—+oo n ﬂ(")E,le?

Now

sup (min{ <Zp(") ) @?"),i:l,Z,...,MD

(n)
nMePyy

< sup  (min{(p™, ®f"),i=1,2,...,M})
pM:tr[p™WHM <nE

= min{I®(®,),i = 1,2,..., M}.

We claim that for each i = 1,2,...,M the sequence (I, ™ (D; )) 1 is additive. To show
that, it suffices to prove that

min{I"(®,),i = 1,2,...,M}
<nmin{IP(@,),i = 1,2..., M} (16.98)



470 —— 16 Channels with long-term memory

By subadditivity of quantum mutual information,

min{I,,(o™, ®"),i = 1,2,..., M}
< Y min{l,(p\", ®;),i=1,2,...}
j

where p}") are partial states, and by concavity,

Y minfl, (o, @;),i=1,2,..., M}
j
< nmin{[m(Zp]?”),cDi),i =1,2,.. M}
j

The inequality tr[p™H™] < nE is equivalent to tr[(% Z}'-Ll p;"))H] < E, hence (16.98)
holds. Thus,

C™M@;H,E) < sup (min{l,(o;®;),i=1,2,...,M}).
peRu(E)

This proves the lemma. O

Lemmas 16.3.3, 16.3.4 and 16.3.5 together prove that

C™@;H,E) = sup I,(o; D).
PERH(E)

Consequently, Theorem 16.3.2 follows. This proves the theorem. O

The following corollary for unconstrained channels follows immediately from
Theorem 16.3.2 by the fact that limg_,, ., Kg(E) = S(Hy) in the | - |;-norm.

Corollary 16.3.6. Foreachi = 1,2,...,M, let ®; : S(H,) — S(Hpg) be a memoryless
quantum channel. Then the entanglement-assisted classical capacity (finite or infinite)
of the unconstrained channel ® with the long-term memory described by (16.1) is given
by the expression

C™@) = sup (min{l,(o;D;),i=1,2,...,M}). (16.99)
peS(Hy)
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