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Preface
Quantum information theory has now become a significant and important branch of
scientific research. This is evidenced by its research activities during the last decade
that have resulted in ahugebodyof literatures.However, a vastmajority of theseworks
have only focused on finite-dimensional and memoryless quantum channels without
addressing increasingly important and yet realistic issues of infinite dimensionality
andmemory effects in quantum communication. Thismonograph is the first in a book
form that addresses these two issues. It aims to give a systematic and mathematically
rigorous treatment and to address the mathematical challenges that these two issues
have posed.

This book is the product of a set of research notes that the author prepared during
his study, learning and research on these two issues. Its content is largely based on
the current account of relevant research results, published or not-yet-published, and
contributed by many prominent researchers. The list of bibliography is certainly not
exhaustive and is likely to have omitted works done by many researchers. The author
apologizes for any inadvertent omissions of their works.

This book is intended to be as self-contained as possible in terms of mathematical
prerequisites. With the exception of a few well-known theorems in functional anal-
ysis and operator theory that are stated in Chapter 1 without proofs, detailed proofs
are provided for most of all other results for the reader’s convenience and for reader’s
preparations in order to familiarize themselves with mathematical and theoretical as-
pects of the quantum information. On the other hand, mathematical topics are pre-
sented only if they will be used either as tools for rigorously treating relevant topics in
quantum information or they will provide insights and motivations for extending the
frontier in the field.

The birth of this book would not have been possible without the contributions of
the following groups of people. The author would first like to thank many prominent
researchers in this subject area who have made tremendous contributions in the liter-
ature. Their research and publications have greatly influenced the style and the pre-
sentation of many topics in this book. The author would also like to thank the readers
of the earlier draft of this book for their suggestions that have led to this much im-
proved final version. Last but not least, the author would especially like to thank Dr.
DamianoSacco ofDeGruyter for his foresight and enthusiasmon this bookproject and
Karolina Sobanska for her editorial assistance during and throughout publication of
this project.

Raleigh, North Carolina, USA, April 2022 Mou-Hsiung Chang
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Introduction
One of the most common and essential tasks of everyday life is transmission or com-
municationof information. Today’s society is in continuous andpermanent communi-
cation:weoften exchangemessages via a classical communicationdevice suchas tele-
phones, mobile phones, the internet, the radio and in many other ways. Convention-
ally communications through classical devices, messages are encoded in a sequence
of bits. In this case, the signals, which carry the information corresponding to voltages
or strong light pulses, the physical device is usuallymodeled by a classical channel. In
modern day’s communication, we also often communicate through quantum devices.
Quantummessages aswell as classicalmessages canbothbe transmitted via quantum
communications devices, which incorporate intrinsically quantummechanics effects.

Traditionally, two main approaches to quantum information processing and
quantum communication have been pursued. On one hand, a “digital” one, accord-
ing to which information, is encoded in systems with a discrete quantum unit (such
as qubits or qudits) with a finite number of degrees of freedom. Typical examples of
qubit implementations are the nuclear spins of individual atoms in a molecule, the
polarization of photons, ground/excited states of trapped ions, etc. In parallel, an
“analog” approach has also been devised, based on quantum information and corre-
lations being encoded in degrees of freedomwith a continuous spectrum (continuous
variables). These are often associated with positions and momentum of quantized
particles. This second approach has witnessed considerable success due to its ver-
satility, with implementations often encompassing different physical systems, e. g.,
light quadratures and collective magnetic moments of atomic ensembles, which obey
the same canonical algebra. In either case, laws of quantum mechanics dictate the
behavior of the signals and the underlying device is modeled by a quantum channel.

In both classical and quantum communication scenarios, an immediate question
arises:what is themaximal amount of classical information in the unit of bits (for clas-
sical communication) or of quantum information in the basic unit of qubits or qudits
(for quantum communication) that can be transmitted reliably per channel use? In
other words, what is the capacity of the channel? The answer to this question is quan-
tified by the classical capacity of the classical channel and the classical capacity and
quantum capacity of quantum channels in modern day communication depending
on whether classical or quantum information is transmitted via the quantum channel
and what resources are used in the transmission.

The classical information theory developed by Claude Shannon in his 1948 semi-
nal paper [140] centered around the investigation of the classical capacity of classical
channels and achievability of channel capacity (see also Cover and Thomas [29]). En-
couraged by the success of classical information theory and the need to efficiently
apply quantum resources for modern day information processing and communica-
tion, the creation of quantum information theory beganwith pioneer works byHolevo
[67, 68] and continued to grow for the last couple of decades (see the monographs by
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VIII | Introduction

Holevo [77], Hayashi [61], Ohya and Petz [121], Watrous [173] and Wilde [178] for sys-
tematic expositions of some topics in mostly finite- dimensional theory).

What is this book all about?

Quantum information theory has now become a significant branch of research during
the last few years. However, most of these works have focused on finite-dimensional
andmemoryless quantum channelswithout addressing increasingly important issues
of infinite dimensionality and memory effects on quantum communication. The pur-
pose of this book is to give a systematic and mathematically rigorous treatment of
these two important and yet realistic issues and to address the mathematical chal-
lenges these two issues have posed.

A. The issues of infinite dimensionality
Why infinite-dimensional quantum information theory? Recently, an important class
of infinite-dimensional Gaussian channels (see, e. g., Holevo andWerner [86] andGio-
vanneti et al. [54]) have been discovered and created in laboratories that can be im-
mediately implemented in communication. Although many questions for Gaussian
Bosonic systems with a finite number of modes can be solved with finite-dimensional
matrix techniques, a general underlying Hilbert space operator analysis is indispens-
able. Moreover, it was observed recently by Shirokov [141, 142] that Shor’s proof of
global equivalence of different forms of the famous additivity conjecture is related to
weird discontinuity of the χ-capacity in the infinite-dimensional case. All of this calls
for a mathematically rigorous treatment involving specific results from the infinite-
dimensional operator theory in a Hilbert space and measure theory.

In addition, it iswell known thatmany relevant quantumproperties behave differ-
ently in infinite-dimensional spaces than those in finite-dimensional spaces. For ex-
ample, the properties of the entropy for infinite- andfinite- dimensionalHilbert spaces
differ quite substantially. In the latter case, the entropy is a bounded continuous func-
tion on the space of quantum states, while in the former it is lower semicontinuous but
discontinuous at every point, and infinite most everywhere in the sense that the set of
states with finite entropy is a first category subset of the collection of quantum states
(see, e. g., Wehrl [175]).

There are two important features essential for channels in infinite dimensions.
One is the necessity of the input constraints (such as the mean energy constraint for
Gaussian channels) to prevent channels fromhaving infinite capacities, although con-
sidering input constraints was recently shown quite useful also in the study of the
additivity conjecture for channels in finite dimensions. Another is the natural appear-
ance of infinite and, in general, continuous state ensembles understood as probability
measures on the set of all quantum states. By using compactness criteria from proba-



What is this book all about? | IX

bility theory and operator theory, one can show that the set of all generalized ensem-
bleswith the average in a compact set of states is itself a compact subset of the set of all
probability. Interesting and important features in infinite-dimensional quantumchan-
nels such as χ-capacity have been demonstrated in Holevo and Shirokov [80, 82] and
Lindblad [107]. In [158], Shirokov and Holevo developed an approximation approach
to infinite-dimensional quantum channels based on a detailed investigation of conti-
nuity properties of entropic characteristics of quantum channels and operations. Re-
cently, mutual information and coherent information for infinite-dimensional quan-
tum channels are established and discussed by Holevo and Shirokov in [82].

The research works and rationales cited above call for a systematic treatment of
infinite-dimensional quantum information theory, which is emphasized in the book.

B. The issues of channel with memory
Memory effects have appeared in nonquantum systems (such as classical and stochas-
tic systems) as well as quantum systems. Major research efforts devoted to nonquan-
tum systems have resulted in many important breakthroughs (see the monograph by
Chang [21] and references contained therein). However, research onmemory effects in
quantum communication has just begun in recent years.

Why quantum channel with memory? We now give rationales for emphasizing
systematic and mathematical treatment of memory effects on quantum channels in
this book. First, the vast majority of the work on quantum communication has been
concerned with the study of memoryless configurations on quantum channels where
sequences of exchanged quantumcarriers are supposed to undergo the action of noisy
transformations, which affect them independently and identically. In this scenario,
coding theorems have been derived, which allow one to express the various capacities
of the communication line in terms of rather compact entropic formulas. For instance,
the classical (resp., quantum) capacity of a memoryless quantum channel is char-
acterized in terms of the Holevo (resp., coherent) information (see Barnum, Nielsen
and Schumacher [5], Devetak [37], Holevo [69], Lloyd [109], Schumacher and Nielsen,
[162], Schumacher and Westmoreland [163], Shor [159]). The memoryless assumption
is indeed a useful hypothesis, which simplifies the input–output mapping induced
by the noise. However, in real communication, assumption of independent actions
of multiple uses of the memoryless channel cannot be justified. For instance, with
increasing signal feeding rates, successive transmissions happen so rapidly that the
environment may retain a “memory” of past events, Similarly, in quantum informa-
tion processors, especially in solid-state implementations, qubits may be so closely
spaced that the same environmental degree of freedom will interact jointly with sev-
eral of them (even if they are not nearest neighbors) leading to cross-talks and corre-
lations in the noise (see, e. g., Duan and Guo [43]). The consideration of spatial and
temporal memory effects is therefore becoming increasingly pressing with the contin-
uing miniaturization of information processing devices and with increasing commu-
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nication rates through channels. Moreover, from a fundamental point of view, quan-
tum memory channels provide a general framework, which encompasses the memo-
ryless ones as a special case. Apparently, the interest toward information transmission
through quantum channels with memory spread after a model introduced by Macchi-
avello and Palma [111] and intensive research on memory quantum channels is fol-
lowed and summarized in the review paper by Caruso et al. [18].

This book consists of a total of sixteen chapters, all of which are in an infinite-
dimensional setting and have never been covered elsewhere in book forms. The last
three chapters are devoted tomemory channels of various types.Whilememory effects
on quantum channels is one of themain emphases in this book, they are placed at the
end of the book because memory effects can physically take place only when chan-
nels are used repeatedly and these topics can be presented only after the prerequisite
material is introduced and treated.

While Gaussian states and Gaussian channels provide ample real world examples
of infinite-dimensional theory of quantum information, they are not discussed here
at all due to page limitations of an already lengthy volume of this book. The theory of
Gaussian quantum information constitutes substantial research efforts documented
in the literature and it definitely deserves more serious and thorough treatment in
a separate book by itself. This book also put disproportional emphasis on infinite-
dimensional classical capacities of various types of quantum channels instead of
quantum capacities. This is because, while some results on finite-dimensional quan-
tum capacities have been obtained, developments on infinite-dimensional quantum
capacities are still in their infancy. Concerted research efforts are much needed in
order to achieve significant progress in this important area for modern quantum
communications.
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1 Basic notation and preliminaries
The purposes of this chapter are twofold: (1) to set basic notation that are universal
throughout the book and (2) to review relevant preliminaries from functional anal-
ysis and operators theory that will be used as tools in the following chapters. It is
not intended for readers to dwell too much into this chapter because its details can
be found in most of the standard functional analysis textbooks or monographs. The
readers who are familiar with the topics can use it as a reminder and quickly glance
through them. The readers who are not familiar with the topics and would like to read
the proofs omitted in this chapter are encouraged to consult standard functional anal-
ysis textbooks or reference books such as Rudin [134], Conway [28], Reed and Simon
[128], Yosida [182] and a more recent monograph by van Neerven [171]. To shorten the
presentation of this chapter, other mathematical tools will be presented and mingled
with topics of quantum information when and where they are needed throughout the
book.
– It is recommended that readers skip the proofs of the results in this chapter at the

first reading and revisit them when it is needed at a later time.

1.1 Complex Hilbert and Banach spaces

This section serves as a review of complex Hilbert and Banach spaces. Some of the
frequently used theorems and/or propositions are stated without a proof.

Complex Hilbert spaces play an important role in the description of quantum
systems. As mentioned in Chang [24], every quantum system is associated with an
infinite-dimensional separable or a finite-dimensional complex Hilbert space, which
consists of the states of the quantum system. In physics terminology, the Hilbert
space is usually referred to as the space of (pure) states. Throughout this monograph,
the mathematical description of a quantum system shall be based on a certain com-
plex (separable) Hilbert space ℍ and, therefore, the quantum system will simply be
denoted byℍ.

The quantum system ℍ is said to be a finite-dimensional system if ℍ is a finite-
dimensional complex Hilbert space. Otherwise, the quantum system ℍ is said to be
an infinite-dimensional system.

We first set some basic notation below.
Let ℝ and ℂ denote the field of real numbers and the field of complex numbers,

respectively. If z = x + iy ∈ ℂ, where x, y ∈ ℝ, let ̄z = x − iy ∈ ℂ and |z| = √x2 + y2 ∈
ℝ+ denote the complex conjugate and the modulus of the complex number z ∈ ℂ,
respectively. In this case, x = ℜ(z) is the real part of z and y = ℑ(z) is the imaginary
part of z . Throughout the end, elements inℝ orℂ shall be denoted by lowercase letters
such as a, b or c and sometimes lower case Greek alphabets such as λ and α.

We also use the following conventional notation throughout the book:

https://doi.org/10.1515/9783110788105-001
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– ℕ is the set of all natural numbers, positive integers, i. e.,ℕ = {1, 2, ⋅ ⋅ ⋅ , n, ⋅ ⋅ ⋅}.
– ℤ is the set of all integers, i. e., ℤ = {⋅ ⋅ ⋅ , −2, −1,0, 1, 2, ⋅ ⋅ ⋅}.
– ℤ+ is the set of nonnegative integers, i. e., ℤ+ = ℕ ∪ {0}.
– ℝ+ = {c ∈ ℝ | c ≥ 0}.
– For −∞ < a < b < +∞, we use the usual convention for closed, open and half-

open intervals on the real line ℝ such as [a, b], [a, b[, ]a, b], ] − ∞, a], ]−∞, a[,
[b, +∞[ and ]b,∞[, etc.

Letℍ be a (generic) Hilbert space over the field of complex numbersℂ and be referred
to as a complex Hilbert space throughout the end. The complex Hilbert spaceℍ shall
be equipped with the (Hermitian) Hilbertian inner product ⟨⋅, ⋅⟩ℍ : ℍ × ℍ → ℂ that
satisfies the following conditions:
(i) (linearity in second argument)

⟨ϕ, aφ + bς⟩ℍ = a⟨ϕ,φ⟩ℍ + b⟨ϕ, ς⟩ℍ, ∀a, b ∈ ℂ and ∀ϕ,φ, ς ∈ ℍ,

(ii) (conjugate-linearity in first argument)

⟨aϕ + bφ, ζ ⟩ℍ = ā⟨ϕ, ζ ⟩ℍ + b̄⟨φ, ζ ⟩ℍ, ∀a, b ∈ ℂ and ∀ϕ,φ, ζ ∈ ℍ.

(iii) (conjugate symmetry)

⟨ϕ,φ⟩ℍ = ⟨φ,ϕ⟩ℍ, ∀ϕ,φ ∈ ℍ, and

(iv) (positive definiteness)

⟨ϕ,ϕ⟩ℍ ≥ 0, ∀ϕ ∈ ℍ, and ⟨ϕ,ϕ⟩ℍ = 0 if and only if ϕ = 0.

The Hilbertian norm ‖ ⋅ ‖ℍ : ℍ → ℝ corresponding to the inner product ⟨⋅, ⋅⟩ℍ is
defined by

‖ψ‖ℍ = √⟨ψ,ψ⟩ℍ, ∀ψ ∈ ℍ.

The complex conjugation ϕ̄ of ϕ ∈ ℍ can be considered as any operation on ℍ
that satisfies the following two properties:
1. aϕ + bψ = āϕ̄ + b̄ψ̄, ∀a, b ∈ ℂ and ∀ϕ,ϕ ∈ ℍ;
2. ̄ϕ̄ = ϕ, ∀ϕ ∈ ℍ.

A vector ϕ ∈ ℍ is said to be a real vector if ϕ̄ = ϕ. The set of all real vectors forms a
real subspace ofℍ, denoted byR(ℍ). This is clearly not a complex subspace. In fact,
every φ ∈ ℍ can be written uniquely as φ = ϕ + ιψwith ϕ,ψ ∈ R(ℍ), where ι = √−1 is
the imaginary unit.
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While complexHilbert spaces are themain framework,wewill beworkingwithin,
andwe occasionally alsoworkwith amore general complete normed linear space over
the complex field, called a complex Banach space𝔹 equippedwith the (Banach) norm
‖ ⋅ ‖𝔹. Recall that the function ‖ ⋅ ‖𝔹 : 𝔹 → ℝ+ is said to be a (Banach) norm if the
following conditions are satisfied:
(i) ‖φ‖𝔹 ≥ 0 for all φ ∈ 𝔹;
(ii) ‖cφ‖𝔹 = |c|‖φ‖𝔹 for all c ∈ ℂ and φ ∈ 𝔹;
(iii) ‖ϕ + φ‖𝔹 ≤ ‖ϕ‖𝔹 + ‖φ‖𝔹 for all ϕ,φ ∈ 𝔹 and
(iv) ‖φ‖𝔹 = 0 if and only if φ = 0, where 0 is the zero vector in 𝔹.

Recall that a linear vector space 𝕏 with norm ‖ ⋅ ‖𝕏 over a complex field is said to be
complete if every Cauchy sequence converges to an element/vector in the space (see,
e. g., Rudin [134], Conway [28], Reed and Simon [128] and Yosida [182]). A sequence
(φn)
+∞
n=1 ⊂ 𝕏 is said to be a Cauchy sequence if for every ϵ > 0 there exists an N ∈ ℕ

such that ‖φn − φm‖𝕏 < ϵ for allm, n ≥ N .
It is clear that a complexHilbert space is a special case of a complex Banach space

under the Hilbertian norm ‖ ⋅ ‖ℍ. However, the converse is not true, because a Banach
space lacks Hilbertian inner product structure, in general.

Throughout the end, elements (or vectors) of𝕏 (here𝕏 = ℍ or𝔹) shall be denoted
by lowercase Greek symbols such as ϕ, φ and ζ and, occasionally, the lowercase let-
ters such as u, v and w. Using Dirac’s “bra” and “ket” notation (see Dirac [38]), those
vectors in the complexHilbert spaceℍ are alsowritten as |ϕ⟩ℍ, |φ⟩ℍ, |ζ ⟩ℍ, |u⟩ℍ, |v⟩ℍ,
|w⟩ℍ, (or simply |ϕ⟩, |φ⟩, |ζ ⟩, |u⟩, |v⟩, |w⟩ when there is no danger of ambiguity), etc.
These notation are used interchangeably throughout to the end. We also often write
|ϕ⟩A = |ϕ⟩ℍA , ϕ⟩B = |ϕ⟩ℍB , etc., for vectors in Hilbert spacesℍA andℍB with index A
and B, etc.

We review some of the topological concepts and properties ofℍ or 𝔹 below.
For 𝕏 = ℍ or 𝔹, the closure of A ⊆ 𝕏 in the norm ‖ ⋅ ‖𝕏 is denoted by Ā. A sub-

set A ⊆ 𝕏 is said to be dense in 𝕏 if Ā = 𝕏. In this case, every element in 𝕏 can be
approximated by elements from A. More precisely, for every ψ ∈ 𝕏 there exists a se-
quence (ψn)

+∞
n=1 ⊆ A such that limn→+∞ ‖ψn − ψ‖𝕏 = 0. A subset A ⊂ 𝕏 is said to be

a compact subset of 𝕏 if every open covering of A has a finite subcovering. That is, if
A = ∪λ∈ΛOλ, where Oλ, λ ∈ Λ, is an open subset of 𝕏, then there exist finite number
of open sets Oλi , λi ∈ Λ for i = 1, 2, . . . ,N such that A = ∪Ni=1Oλi . The above is a for-
mal definition for compactness of a set (see Rudin [134], Conway [28]). However, for
convenience, we often adapt the following definition whenever there are sequences
of elements in A are involved: A is compact in 𝕏 if every sequence (φn)

+∞
n=1 in A has a

subsequence (φnk )
+∞
k=1 that converges to some vector φ in A under the norm ‖ ⋅ ‖𝕏. Note

that A ⊂ ℍ is said to be relatively compact in ℍ if Ā (the closure of A) is a compact
subset of 𝕏. We say that A ⊂ ℍ is weakly compact if every sequence (ϕn)

+∞
n=1 in A has

a subsequence, which converges weakly to a vector in Ā (see (1.4) for the definition of
weak convergence sequence below in a complex Hilbert space).
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The complex Hilbert or Banach space 𝕏 is said to be separable if it contains a
countable dense subset. Examples of separable Hilbert or Banach spaces are abun-
dant and we often assume that the Hilbert spaces that describe the quantum systems
of interest are separable. Recall that a subset A of𝕏 is said to be total in𝕏 if span(A)
is dense in𝕏, where span(A) is the space spanned byA. In other words, span(A) is the
space of all finite linear combinations of elements in A and is also referred to as the
linear manifold generated by A.

Two vectors ψ and ϕ in Hilbert spaceℍ are said to be orthogonal if ⟨ψ,ϕ⟩ℍ = 0.
In this case, we denote ψ ⊥ ϕ. A set A ⊂ ℍ is called an orthogonal set of vectors if
ψ ⊥ ϕ for all ψ,ϕ ∈ A and ψ ̸= ϕ. An orthogonal set A ⊂ ℍ is an orthonormal set
if ‖ψ‖ℍ = 1 for all ψ ∈ A. An orthonormal basis A for ℍ is a maximal orthonormal
set. That is, if B ⊂ ℍ is such that A ⊂ B then B is not an orthonormal set. A set of
mutually orthogonal unit vectors in a (possibly infinite-dimensional) vector space is
said to be a complete orthonormal basis if it is contained in no larger such set. In other
words, no other nonzero vector is orthogonal to all the vectors in the set. A complete
orthonormal set is also known as a closed orthonormal set.

If A ⊂ ℍ, we set

A⊥ = {ψ ∈ ℍ | ⟨ψ,ϕ⟩ℍ = 0, ∀ϕ ∈ A}.

If A and B are subsets ofℍ such that A ⊆ B, then it is easy to verify that B⊥ ⊆ A⊥ and
A⊥⊥ = Ā (the closure of A).

Hilbert spaceℍ is said to be N-dimensional if its orthonormal basis A consists of
N elements (vectors) for some positive integerN . The separable Hilbert space is said to
be infinite-dimensional if its orthonormal basis A consists of infinitely but countably
many elements (vectors).

Definition 1.1.1. Letℍ and𝕂be two complexHilbert spaceswith inner products ⟨⋅, ⋅⟩ℍ
and ⟨⋅, ⋅⟩𝕂, respectively. The Hilbert spacesℍ and𝕂 are said to be isomorphic if there
is a bijective (one-to-one and onto) linear mapping U : ℍ → 𝕂 such that

⟨Uϕ,Uφ⟩𝕂 = ⟨ϕ,φ⟩ℍ, ∀ϕ,φ ∈ ℍ.

In this case, the linear mapping U is said to be an isomorphism.

It is clear that every complex Hilbert spaceℍ is isomorphic to itself with the iden-
tity operator Iℍ : ℍ → ℍ being an isomorphism. Note that Iℍ is the identity operator
if Iℍϕ = ϕ for all ϕ ∈ ℍ.

Some of the widely known and frequently used Hilbert spaces are given below.

Example 1.1. ℂN , the space of N-component complex vectors, is an N-dimensional
Hilbert space equipped with the inner product ⟨⋅, ⋅⟩ℂN : ℂ

N × ℂN → ℂ defined by
⟨a, b⟩ℂN = ∑

N
i=1 aibi for all a = (a1, a2, . . . , aN ) and b = (b1, b2, . . . , bN ) in ℂ

N , where ai is
the complex conjugate of ai.
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Example 1.2. The space of square summable complex sequences,

l2(ℕ;ℂ) = {(an)
+∞
n=1 |an ∈ ℂ for all n and

+∞
∑
n=1
|an|

2 < +∞},

is an infinite-dimensional complex Hilbert space equipped with the inner product

⟨⋅, ⋅⟩l2 : l
2(ℕ;ℂ) × l2(ℕ;ℂ) → ℂ

defined by ⟨(an)+∞n=1 , (bn)
+∞
n=1⟩l2 = ∑

+∞
n=1 anbn for all sequences (an)+∞n=1 and (bn)

+∞
n=1 ∈

l2(ℕ;ℂ). From a functional analysis point of view, all infinite-dimensional separable
complex Hilbert spaces are isomorphic to l2(ℕ;ℂ). Nevertheless, finite-dimensional
(say dimension = N) Hilbert spaces occur in quantum systems as well. In this case,
the N-dimensional complex Hilbert spaceℍ can be identified as ℂN .

For notational simplicity, we often write ⟨⋅, ⋅⟩l2 as ⟨⋅, ⋅⟩2.

Example 1.3. Let (𝕏,ℬ(𝕏), μ) be a Borel measurable space, where 𝕏 is a metric
space, ℬ(𝕏) is the Borel subsets of 𝕏 and μ is a σ-finite measure on ℬ(𝕏). Let
L2(𝕏,ℬ(𝕏), μ; ℂ) (or simply L2(𝕏,ℬ(𝕏), μ) for notational simplicity) be the space of
complex-valued measurable functions f : 𝕏 → ℂ such that ∫𝕏 |f (x)|

2μ(dx) < ∞. The
space L2(𝕏,ℬ(𝕏), μ; ℂ) is an infinite-dimensional separable complex Hilbert space
equipped with the inner product

⟨f , g⟩L2 = ∫
𝕏

f (x)g(x)μ(dx), ∀f , g ∈ L2(𝕏,ℬ(𝕏), μ).

For notational simplicity, we often use the same notation as that for l2 and write
⟨⋅, ⋅⟩L2 as ⟨⋅, ⋅⟩2 when there is no ambiguity that can arise.

The concept of a Borel measurable space and integral of measurable functions
will be briefly introduced later when we define positive operator-valued measures in
Subsection 2.6.1 and their details can be found in [134] and [28], etc.

All of these Hilbert spaces given in Examples 1.1–1.3 are separable.
If (en)+∞n=1 (or (|en⟩ℍ)

+∞
n=1 in Dirac’s notation) is a complete orthonormal basis of an

infinite-dimensional separableHilbert spaceℍ, then every vectorψ (or |ψ⟩ℍ inDirac’s
notation) inℍ can be expanded in terms of (en)+∞n=1 as

|ψ⟩ℍ := ψ =
+∞
∑
n=1
⟨ψ, en⟩ℍen, ∀ψ ∈ ℍ,

and the following Parsaval equation holds:

‖ψ‖2ℍ =
+∞
∑
n=1
⟨ψ, en⟩

2
ℍ. (1.1)
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The above expansion also applies to finite-dimensional Hilbert spaces in a trivial
manner.

The following well-known Cauchy–Schwarz inequality in ℍ will be used fre-
quently as well:

󵄨󵄨󵄨󵄨⟨ϕ,φ⟩ℍ
󵄨󵄨󵄨󵄨 ≤ ‖ϕ‖ℍ‖φ‖ℍ, ∀ϕ,φ ∈ ℍ. (1.2)

A sequence (ϕn)
+∞
n=1 in a complex Hilbert space ℍ is said to converge strongly to

ϕ ∈ ℍ (or equivalent converges in ‖ ⋅ ‖ℍ-norm) and denoted by (s) limn→+∞ ϕn = ϕ if

lim
n→+∞
‖ϕn − ϕ‖ℍ = 0, (1.3)

and the sequence (ϕn)
+∞
n=1 is said to converge weakly to ϕ ∈ ℍ and denoted by

(w) limn→+∞ ϕn = ϕ if

lim
n→+∞
⟨ϕn,ψ⟩ℍ = ⟨ϕ,ψ⟩ℍ or lim

n→+∞
⟨ψ,ϕn⟩ℍ = ⟨ψ,ϕ⟩ℍ, ∀ψ ∈ ℍ. (1.4)

It is clear that strong convergence implies weak convergence. That is,

(s) lim
n→+∞

ϕn = ϕ⇒ (w) limn→+∞
ϕn = ϕ, (1.5)

or precisely,

lim
n→∞
‖ϕn − ϕ‖ℍ = 0⇒ lim

n→∞
⟨ϕn − ϕ,ψ⟩ℍ = 0, ∀ψ ∈ ℍ. (1.6)

This is because

lim
n→∞
󵄨󵄨󵄨󵄨⟨ϕn,ψ⟩ℍ − ⟨ϕ,ψ⟩ℍ

󵄨󵄨󵄨󵄨 = limn→∞
󵄨󵄨󵄨󵄨⟨ϕn − ϕ,ψ⟩ℍ

󵄨󵄨󵄨󵄨
≤ ‖ψ‖ℍ lim

n→∞
‖ϕn − ϕ‖ℍ = 0,

where the Cauchy–Schwarz inequality (1.2) is applied to the last inequality in the
above.

Next, we state without proof that a weakly convergent sequence in a complex
Hilbert space ℍ is bounded, and gives a useful necessary and sufficient condition
for weak convergence. We recall equation (1.4) for the definition of a weak converge
sequence. The proof of the following two results can be found in Rudin [134].

Theorem 1.1.2. Suppose that (ϕn)
+∞
n=1 is a sequence of vectors in a Hilbert spaceℍ and

𝔻 is a dense subset ofℍ. Then (ϕn)
+∞
n=1 converges strongly to ϕ if and only if:

1. If there exists a constant M > 0 such that ‖ϕn‖ℍ ≤ M for all n ≥ 1 and
2. ⟨ϕn,ψ⟩ℍ → ⟨ϕ,ψ⟩ℍ as n→ +∞ for all ψ ∈ 𝔻.



1.2 Linear operators and their adjoints | 7

Proposition 1.1.3. If the sequence (ϕn)
+∞
n=1 ⊂ ℍ converges weakly to ϕ ∈ ℍ, then

‖ϕ‖ℍ ≤ lim inf
n→+∞
‖ϕn‖ℍ. (1.7)

If, in addition,

lim
n→+∞
‖ϕn‖ℍ = ‖ϕ‖ℍ, (1.8)

then the sequence (ϕn)
+∞
n=1 converges to ϕ strongly.

Aproof of the theorem stated below can be found in any standard functional anal-
ysis textbook (see, e. g., Section 3.15, p. 18 of Rudin [134] and Chapter 5, Section 3 of
Conway [28]) and is therefore omitted here.

Theorem 1.1.4 (Banach–Alaoglu theorem). The closed unit ball of a Hilbert space is
weakly compact.

Throughout to the end of this book, we assume that all complexHilbert spaces are
separable (and hence a countable complete orthonormal basis exists for the space)
without specifically mentioned.

1.2 Linear operators and their adjoints

Let 𝕏 and 𝕐 be two separable complex Banach spaces equipped with Banach norms
‖ ⋅ ‖𝕏 and ‖ ⋅ ‖𝕐, respectively.

A map (or transformation) T : dom(T) ⊆ 𝕏 → 𝕐 is said to be linear if

aϕ + bψ ∈ dom(T)

and

T(aϕ + bψ) = aT(ϕ) + bT(ψ), ∀a, b ∈ ℂ and ∀ϕ,ψ ∈ dom(T),

where dom(T) ⊆ 𝕏 is called the domain of T. Note that dom(T) ̸= 𝕏, in general. How-
ever, it is known that dom(T) is a dense subset of𝕏.

The following are some known cases where dom(T) = 𝕏:
(i) T is a bounded linear operator (see the following subsection for the definition of

a bounded linear operator);
(ii) 𝕏 = ℍ is aHilbert space and dim(ℍ) < +∞, where dim(ℍ)denotes the dimension

of ℍ. In this case, every linear operator is a bounded linear operator (see (1.10)
below for the definition of a bounded linear operator).
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Assuming dom(T) is dense in𝕏 or dom(T) = 𝕏, the collection of such linearmapswill
be denoted by L(𝕏,𝕐). The linear map T will be called a linear operator if dom(T) ⊆
𝕏 = 𝕐. The collection of linear operators will be denoted by L(𝕏).

Throughout to the end, linear maps/operators on a complex Banach or Hilbert
space will be denoted by boldfaced letters such as S,T, a,b,X,Y, etc., and a linear
map T ∈ L(𝕏,𝕐) acting on a vector ϕ ∈ 𝕏 will be denoted by either Tϕ or T(ϕ).

Let T : dom(T) → range(T) (where range(T) := {Tϕ ∈ 𝕐 | ϕ ∈ dom(T) ⊂ 𝕏}
denotes the range of T) be a bijective (one-to-one and onto) linear map. A linear map
S : range(T) → dom(S) is said to be the inverse of T if S ∘ T = I𝕏 and T ∘ S = I𝕐, where
I𝕏 and 𝕀𝕐 are the identity operator on 𝕏 and 𝕐, respectively. That is, I𝕏(x) = x for all
x ∈ 𝕏 and I𝕐(y) = y for all y ∈ 𝕐. In this case, we write S = T−1.

For a linear map T : dom(T) ⊂ ℍ → 𝕂, where ℍ and 𝕂 are complex Hilbert
spaces, ker(T) (the kernel of T), range(T) (the range of T) and supp(T) (the support
of T) are defined as:

ker(T) = {ϕ ∈ dom(T) ⊂ ℍ | Tϕ = 0};
range(T) = {ψ ∈ 𝕂 | ψ = Tϕ for some ϕ ∈ dom(T) ⊂ ℍ};
supp(T) = (ker(T))⊥ := {ψ ∈ ℍ | ⟨ψ,ϕ⟩ℍ = 0, ∀ϕ ∈ ker(T)}.

A linear map T : dom(T) → 𝕂 is said to be closed if its graph,

graph(T) := {(ϕ,T(ϕ)) ∈ ℍ × 𝕂 | ϕ ∈ dom(T)},

is a closed subset ofℍ ×𝕂.

1.2.1 Adjoint and self-adjoint operators

Although one can consider adjointness of a linear map from one Banach space to an-
other, we consider for simplicity in the following adjoint map of the linear map T,
when ℍ and 𝕂 are complex Hilbert spaces with inner products ⟨⋅, ⋅⟩ℍ and ⟨⋅, ⋅⟩𝕂, re-
spectively.

If dom(T), the domain of T, is dense inℍ, i. e., dom(T) = ℍ. Let dom(T∗) be the
subset of𝕂 defined by

dom(T∗) = {ϕ ∈ 𝕂 | ∃φ ∈ ℍ such that ⟨Tζ ,ϕ⟩𝕂 = ⟨ζ ,φ⟩ℍ, ∀ζ ∈ dom(T)}.

For each such ϕ ∈ dom(T∗), we define T∗ϕ = φ. We call the operator T∗ : dom(T∗) ⊂
𝕂 → ℍ the adjoint of T. In this case,

⟨Tζ ,ϕ⟩𝕂 = ⟨ζ ,T
∗ϕ⟩ℍ ∀ζ ∈ dom(T) and ϕ ∈ dom(T

∗). (1.9)
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If S,T ∈ L(ℍ) (i. e., S and T are linear operators on Hilbert spaceℍ), then:
(i) T∗∗ := (T∗)∗ = T,
(ii) (cT + S)∗ = c̄T∗ + S∗ and
(iii) (ST)∗ = T∗S∗, where (ST)ϕ := (S ∘ T)ϕ = S(Tϕ), ∀ϕ ∈ ℍ.

The linear operator T ∈ L(ℍ) is said to be symmetric if dom(T) ⊂ dom(T∗) and Tζ =
T∗ζ for all ζ ∈ dom(T). Equivalently, T is symmetric if and only if ⟨Tζ ,φ⟩ℍ = ⟨ζ ,Tφ⟩ℍ
for all ζ ,φ ∈ dom(T). The linear operator T ∈ L(ℍ) is called self-adjoint if T = T∗, i. e.,
T is symmetric and dom(T) = dom(T∗).

The collection of linear self-adjoint operators will be denoted by Lsa(ℍ).

Example 1.4. We consider the N-dimensional complex Hilbert spaceℂN . Every linear
operator T : ℂN → ℂN can be represented as an N × N complex matrix denoted by

T =
[[[[[[

[

a11 a12 . . . a1N
a21 a22 . . . a2N
...

...
. . .

...
aN1 aN2 . . . aNN

]]]]]]

]

.

(i) T∗, the adjoint of T, can be expressed as

T∗ =
[[[[[[

[

a11 a12 . . . a1N
a21 a22 . . . a2N
...

...
. . .

...
aN1 aN2 . . . aNN

]]]]]]

]

⊤

=

[[[[[[

[

a11 a21 . . . aN1
a12 a22 . . . aN2
...

...
. . .

...
a1N a2N . . . aNN

]]]]]]

]

,

where aij is the complex conjugate of aij and A⊤ denotes the transpose of the ma-
trix A.

(ii) T is said to be a Hermitian if it is self-adjoint, i. e., T = T∗.

1.2.2 Bounded linear operators

Let 𝕏 and 𝕐 be complex Banach spaces (or Hilbert spaces) equipped with the norm
‖ ⋅ ‖𝕏 and ‖ ⋅ ‖𝕐, respectively.

A linear map T : dom(T) ⊂ 𝕏 → 𝕐 is said to be a bounded linear map if T(B) is a
bounded subset of𝕐 for every bounded B ⊂ dom(T) ⊂ 𝕏. Equivalently, T is a bounded
linear map if there exists a constant K > 0 (that depends on T only) such that

‖Tψ‖𝕐 ≤ K‖ψ‖𝕏, ∀ψ ∈ dom(T) ⊂ 𝕏. (1.10)
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In this case, it can be proved (see, e. g., Reed and Simon [128] andRudin [134]) that
dom(T) = 𝕏. The collection of bounded linear maps from 𝕏 to 𝕐 will be denoted by
B(𝕏,𝕐). If 𝕏 = 𝕐, thenB(𝕏,𝕐) can be written asB(𝕏) and T ∈ B(𝕏) will be called
a bounded linear operator.

The following is a Banach–Schauder theorem, which is also known as an open
mapping theorem. A proof can be found in standard functional analysis texts such as
Rudin [133] and is omitted here.

Theorem 1.2.1 (Banach–Schauder theorem). If𝕏 and𝕐 are complex Banach spaces or
complex Hilbert spaces and T : 𝕏 → 𝕐 is a surjective (or onto) bounded linear operator,
then T is an open map (i. e., if U is an open set in𝕏, then T(U) is open in𝕐).

We have the following corollary.

Corollary 1.2.2. If 𝕏 and 𝕐 are complex Banach or Hilbert spaces and T ∈ L(𝕏,𝕐)
is invertible (i. e., a bijective linear map), then the inverse map, T−1, is bounded, i. e.,
T−1 ∈ B(𝕐,𝕏). (Note that T−1 is automatically linear.)

If T ∈ B(𝕏), we define the operator norm ‖T‖∞ of T as

‖T‖∞ = sup
ϕ ̸=0

‖Tϕ‖𝕏
‖ϕ‖𝕏
= sup
‖ϕ‖𝕏=1
‖Tϕ‖𝕏. (1.11)

There are two trivial bounded linear operators 0𝕏 (the zero operator) and I𝕏 (the iden-
tity operator) that will appear often throughout the book. The zero operator 0𝕏 is the
operator that maps every vector ϕ ∈ 𝕏 to the zero vector 0 in 𝕏 (i. e., 0𝕏ϕ = 0 for all
ϕ ∈ 𝕏) and the identity operator Iℍ is the operator that maps every vector ϕ ∈ 𝕏 to
itself (i. e., I𝕏ϕ = ϕ for all ϕ ∈ 𝕏.)

A bounded linear operator T onℍ is said to be a contraction if there exists a pos-
itive constant c ≤ 1 such that

‖Aϕ‖ℍ ≤ c‖ϕ‖ℍ, ∀ϕ ∈ ℍ. (1.12)

In this case, ‖A‖∞ ≤ 1.
Recall that ifℍ is finite-dimensional then all linear operators onℍ are bounded

linear operators. However, if ℍ is infinite-dimensional, then there are linear opera-
tors that are not necessarily bounded. As noted earlier that if the linear operator T is
unbounded, then T is normally not defined on the entire Hilbert spaceℍ and we de-
note its domain by dom(T) as indicated in the previous section. In this case, dom(T)
is normally a dense subset ofℍ.

The following polarization formula (1.13) can be easily obtained by expanding the
right-hand side of the equation.

Lemma 1.2.3 (Polarization formula). Let A ∈ B(ℍ) be a bounded linear operator on a
complex Hilbert spaceℍ. Then the following polarization formula holds:
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⟨Aϕ,φ⟩ℍ =
1
4
{⟨A(ϕ + φ), (ϕ + φ)⟩ℍ − ⟨A(ϕ − φ), (ϕ − φ)⟩ℍ
− ι⟨A(ϕ + ιφ),ϕ + ιφ⟩ℍ + ι⟨A(ϕ − ιφ),ϕ − ιφ⟩ℍ} (1.13)

for all ϕ,φ ∈ ℍ, where ι = √−1 denotes the imaginary unit.

Proposition 1.2.4. LetA ∈ L(ℍ) be a linear operator on a Hilbert spaceℍ that satisfies
⟨Aϕ,ψ⟩ℍ = ⟨ϕ,Aψ⟩ℍ for all ϕ,ψ ∈ ℍ. Then A is bounded.

Proof. Suppose to the contrary that A is unbounded. Then there is a sequence (ψn)
+∞
n=1

inℍ such that ‖ψn‖ℍ = 1 and yet ‖Aψn‖ℍ → +∞. Consider the sequence of functionals
(fn)+∞n=1 definedby fn(ϕ) = ⟨Aϕ,ψn⟩ℍ. For eachϕ ∈ ℍ, fn(ϕ) is bounded for eachn, since

󵄨󵄨󵄨󵄨fn(ϕ)
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨⟨Aϕ,ψn⟩ℍ

󵄨󵄨󵄨󵄨 ≤ ‖Aϕ‖ℍ‖ψn‖ℍ = ‖Aϕ‖ℍ, ∀n.

By the uniform boundedness theorem 2.3.2, the sequence (‖fn‖∞)+∞n=1 is bounded.
That is, there exists a c > 0 such that ‖fn‖∞ < c for all n. Finally, note that ‖Aψn‖

2
ℍ =

⟨Aψn,Aψn⟩ℍ = |fn(Aψn)| ≤ c‖Aψn‖ℍ for all n, and thus ‖Aψn‖ℍ ≤ c, a contradiction
to the assumption that ‖Aψn‖ℍ → +∞. Therefore, A ∈ B(ℍ). This proves the propo-
sition.

Lemma 1.2.5. If A : ℍ → ℍ is a bounded linear operator on ℍ, then (ker(A∗))⊥ is a
closed subspace ofℍ.

Proof. Let (ϕn)
+∞
n=1 ⊂ (ker(A

∗))⊥ be a sequence that converges strongly to ϕ ∈ ℍ (i. e.,
limn→+∞ ‖ϕn − ϕ‖ℍ = 0). We want to show that ϕ ∈ (ker(A∗))⊥. For any ψ ∈ ker(A∗),
we have for all n,

0 = ⟨ϕn,A
∗ψ⟩ℍ = ⟨Aϕn,ψ⟩ℍ.

This shows that

⟨ϕ,A∗ψ⟩ℍ = ⟨Aϕ,ψ⟩ℍ = lim
n→+∞
⟨Aϕn,ψ⟩ℍ = 0,

sinceA is a bounded linear operator and (ϕn)
+∞
n=1 is strongly convergent (which implies

weak convergence by (1.6)). Consequently, ϕ ∈ (ker(A∗))⊥. Therefore, (ker(A∗))⊥ is a
closed subset ofℍ. It is easy to show that by linearity thatϕ, ϕ̃ ∈ (ker(A∗)⊥ anda, ã ∈ ℂ
imply that aϕ + ãϕ̃ ∈ (ker(A∗)⊥. Therefore, (ker(A∗)⊥ is a closed subspace.

The following theorem can be found in Rudin [134], Yoshida [182], van Neerven
[171], etc.

Theorem 1.2.6. If A : ℍ → ℍ is a bounded linear operator, then

range(A) = (ker(A∗))⊥ and ker(A) = (range(A))⊥. (1.14)
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Proof. 1. We first want to prove that range(A) ⊂ (ker(A∗))⊥. Ifψ ∈ range(A), then there
is a ϕ ∈ ℍ such that ψ = Aϕ. For any φ ∈ ker(A∗) (i. e., A∗φ = 0), we then have

⟨ψ,φ⟩ℍ = ⟨Aϕ,φ⟩ℍ = ⟨ϕ,A
∗φ⟩ℍ = 0.

This proves thatψ ∈ (ker(A∗))⊥. Consequently, range(A) ⊂ (ker(A∗))⊥. Since (ker(A∗))⊥

is closed by Lemma 1.2.5, it follows that range(A) ⊂ (ker(A∗))⊥. On the other hand, if
ψ ∈ (range(A))⊥, then for all ϕ ∈ ℍ we have 0 = ⟨Aϕ,ψ⟩ℍ = ⟨ϕ,A∗ψ⟩ℍ. Therefore,
A∗ψ = 0, and hence ψ ∈ ker(A∗). This means that (range(A))⊥ ⊂ ker(A∗). By taking
the orthogonal complement of this relation, we get

(ker(A∗))⊥ ⊂ (range(A))⊥⊥ = range(A),

which proves the first part of (1.14).
2. To prove the second part, we apply the first part toA∗, instead ofA, use (A∗)∗ =

A∗∗ = A and take orthogonal complements. This proves the theorem.

An equivalent formulation of this theorem is that ifA is a bounded linear operator
onℍ, thenℍhas the orthogonal direct sumℍ = range(A)⊕ker(A∗) (see Theorem 1.6.2
for the definition of direct sum).

Lemma 1.2.7. If A is a bounded self-adjoint operator on a Hilbert spaceℍ, then

‖A‖∞ = sup
‖ϕ‖ℍ=1

󵄨󵄨󵄨󵄨⟨Aϕ,ϕ⟩ℍ
󵄨󵄨󵄨󵄨 = sup
‖ϕ‖ℍ=1

󵄨󵄨󵄨󵄨⟨ϕ,Aϕ⟩ℍ
󵄨󵄨󵄨󵄨.

Proof. Let ‖ϕ‖ℍ = 1 and

α = sup
‖ϕ‖ℍ=1

󵄨󵄨󵄨󵄨⟨Aϕ,ϕ⟩ℍ
󵄨󵄨󵄨󵄨 = sup
‖ϕ‖ℍ=1

󵄨󵄨󵄨󵄨⟨ϕ,Aϕ⟩ℍ
󵄨󵄨󵄨󵄨.

The inequality α ≤ ‖A‖∞ is immediate, since

󵄨󵄨󵄨󵄨⟨Aϕ,ϕ⟩ℍ
󵄨󵄨󵄨󵄨 ≤ ‖Aϕ‖ℍ‖ϕ‖ℍ ≤ ‖A‖∞‖ϕ‖

2
ℍ,

where thefirst inequality above is by theCauchy–Schwarz inequality (1.2), and the sec-
ond inequality is by the fact that ‖Aϕ‖ℍ ≤ ‖A‖∞‖ϕ‖ℍ. To prove the reverse inequality,
we use the definition of the operator norm ‖ ⋅ ‖∞,

‖A‖∞ = sup
‖ϕ‖ℍ=1
‖Aϕ‖ℍ.

For any φ ∈ ℍ, we have

‖φ‖ℍ = sup
‖ψ‖ℍ=1

󵄨󵄨󵄨󵄨⟨ψ,φ⟩ℍ
󵄨󵄨󵄨󵄨.



1.3 Positive operators | 13

It follows that

‖A‖∞ = sup{
󵄨󵄨󵄨󵄨⟨Aϕ,ψ⟩ℍ

󵄨󵄨󵄨󵄨 | ‖ϕ‖ℍ = 1, ‖ψ‖ℍ = 1}. (1.15)

The polarization formula (see (1.13)) implies that

⟨Aϕ,φ⟩ℍ =
1
4
{A(ϕ + φ), (ϕ + φ)⟩ℍ − ⟨A(ϕ − φ), (ϕ − φ)⟩ℍ
− ι⟨A(ϕ + ιφ),ϕ + ιφ⟩ℍ + ι⟨A(ϕ − ιφ),ϕ − ιφ⟩ℍ}.

Since A is self-adjoint, the first two terms are real, and the last two are imaginary. We
replaceφby eιθφ,where θ ∈ ℝ is chosen so that ⟨eιθφ,Aϕ⟩ℍ is real. Then the imaginary
terms vanish, and we find that

󵄨󵄨󵄨󵄨⟨Aϕ,φ⟩ℍ
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨⟨ϕ,Aφ⟩ℍ

󵄨󵄨󵄨󵄨

=
1
4
󵄨󵄨󵄨󵄨⟨(ϕ + φ),A(ϕ + φ)⟩ℍ − ⟨ϕ − φ,A(ϕ − φ)⟩ℍ

󵄨󵄨󵄨󵄨
2

≤
1
4
α2(‖ϕ + φ‖2ℍ + ‖ϕ − φ‖

2
ℍ)

2

=
1
4
α2(⟨ϕ + φ,ϕ + φ⟩ℍ + ⟨ϕ − φ,ϕ − φ⟩ℍ)

=
1
4
α2(⟨ϕ,ϕ⟩ℍ + ⟨φ,φ⟩ℍ)

2

=
1
4
α2(‖ϕ‖2ℍ + ‖φ‖

2
ℍ)

2
=
1
4
α2(1 + 1)2 = α2,

where we have used the definition of α and the parallelogram law. Using this result
and (1.15), we conclude that ‖A‖∞ ≤ α. This proves the lemma.

We recall the following closed graph theorem (see, e. g., Rudin [134]) without
proof. This theorem will be useful later on.

Theorem 1.2.8 (Closed graph theorem). Let𝕏 be a complex Banach space. If T : 𝕏 →
𝕏 is a bounded linear operator on𝕏, then the following two statements are equivalent:
1. If the sequence (xn)+∞n=1 ⊂ 𝕏 converges in ‖ ⋅ ‖𝕏-norm to some element x ∈ 𝕏, then

the sequence (T(xn))+∞n=1 converges to T(x) ∈ 𝕏 in ‖ ⋅ ‖𝕏-norm.
2. For every sequence (xn)+∞n=1 in 𝕏, if the sequence (xn)

+∞
n=1 converges in ‖ ⋅ ‖𝕏-norm to

some element x ∈ 𝕏 and the sequence (T(xn))+∞n=1 converges to some element y ∈ 𝕏
in ‖ ⋅ ‖𝕏-norm, then y = T(x).

1.3 Positive operators

A linear (but not necessary bounded) operator T ∈ L(ℍ) on a complex Hilbert space
ℍ is said to be positive and to be denoted by T ≥ 0 if ⟨Tφ,φ⟩ℍ ≥ 0 for all φ ∈ dom(T).
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Let T1,T2 ∈ L(ℍ). We say that T1 ≥ T2 if T1 − T2 := T1 + (−T2) ≥ 0, where −T is the
linear operator such that T + (−T) = 0.

The set of all positive linear operators (resp., positive bounded linear operators)
on ℍ will be denoted by L+(ℍ) (resp., B+(ℍ)). Both L+(ℍ) and B+(ℍ) are positive
cones in the sense that T ∈ L+(ℍ) (resp., B+(ℍ)) and c > 0 imply that cT ∈ L+(ℍ)
(resp.,B+(ℍ)).

A sequence of bounded linear operators (An)
+∞
n=1 ⊂ B(ℍ) is said to converge

strongly to A ∈ B(ℍ) if

lim
n→+∞
‖Anϕ − Aϕ‖ℍ = 0, ∀ϕ ∈ ℍ. (1.16)

We will use the following monotone convergence theorem of a sequence of non-
decreasing positive bounded linear operators.

Theorem 1.3.1 (Monotone convergence theorem for operators). Let (An)
+∞
n=1 be a

bounded monotone sequence of bounded linear operators on ℍ. Then the sequence
(An)
+∞
n=1 is strongly convergent.

Proof. Assume, for example, that (An)
+∞
n=1 is such that

A1 ≤ A2 ≤ ⋅ ⋅ ⋅ ≤ An ≤ ⋅ ⋅ ⋅ ≤ M

for someM ∈ B(ℍ). Since supn ‖An‖∞ ≤ ‖M‖∞ < +∞, we obtain that for any ϕ ∈ ℍ
the sequence ⟨Anϕ,ϕ⟩ℍ is convergent. Therefore, due to ”polarization” (1.13),

⟨Anϕ,ψ⟩ =
1
4
{⟨An(ϕ + ψ),ϕ + ψ⟩ℍ − ⟨An(ϕ − ψ),ϕ − ψ⟩ℍ

+ ι[⟨An(ϕ + ιψ),ϕ + ιψ⟩ℍ − ⟨An(ϕ − ιψ),ϕ − ιψ⟩ℍ]}.

We have that limn→+∞⟨Anϕ,ψ⟩ℍ exists for any ϕ,ψ ∈ ℍ. Such a limit defines a self-
adjoint bounded operator A onℍ. Denote by c = supn ‖An − A‖∞. Then for all ϕ ∈ ℍ,

‖Anϕ − Aϕ‖ℍ ≤ c[⟨Anϕ,ϕ⟩ℍ − ⟨Aϕ,ϕ⟩ℍ] → 0, ∀ϕ ∈ ℍ.

This shows that the sequence (An)
+∞
n=1 converges strongly. This proves the monotone

convergence theorem.

Positive operators play a role similar to that of the positive real numbers in polar
decomposition (see Theorem 1.8.11). Note that for any T ∈ L(ℍ), the operator T∗T is
positive, since for all ϕ ∈ ℍ,

⟨T∗Tϕ,ϕ⟩ℍ = ⟨Tϕ,Tϕ⟩ℍ = ‖Tϕ‖
2
ℍ ≥ 0. (1.17)

Lemma 1.3.2. If T ∈ B+(ℍ), then for each S ∈ B(ℍ), it follows that STS∗ ∈ B+(ℍ).
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Proof. Let T = A∗A for some A ∈ B(ℍ). Then

STS∗ = SA∗AS∗ = (AS∗)∗AS∗ ≥ 0

This proves the lemma.

Riesz proved (see Riesz [129]) that every bounded positive self-adjoint operator
has a unique positive square root that has certain commutative properties below. The
proof of the Riesz lemma below is omitted.

Theorem 1.3.3. Let A be a positive self-adjoint operator in the real or complex Hilbert
space ℍ. Then there exists a unique positive self-adjoint operator S such that S2 = A.
Furthermore, DA ⊂ AD implies DS ⊂ SD for any bounded linear operator D.

1.4 Resolvent set and spectrum

Definition 1.4.1. Let 𝕏 be a complex Hilbert space or complex Banach space. Let T ∈
B(𝕏) and λ ∈ ℂ. Then λ is said to be in the resolvent set ρ(T) of T if the linear transfor-
mation T− λI is a bijection (i. e., one-to-one and onto), where I is the identity operator
on 𝕏. In this case, its (bounded) inverse (T − λI)−1 is called the resolvent of T at λ. If
λ ∈ σ(T) := ℂ\ρ(T), then λ is in the spectrum σ(T) of T.

Note that if T − λI is surjective (one-to-one and onto), then the open mapping
theorem implies that (T−λI)−1 is bounded.Hence, λ ∈ ρ(T) andbothT−λI and (T−λI)−1

are surjective bounded linear operators.
As in the finite-dimensional case, a complex number λ is called an eigenvalue of

T if there is a nonzero vector u ∈ ℍ such that Tu = λu. In that case, ker(T − λI) ̸= {0},
so T − λI is not one-to-one, and λ ∈ σ(T). This is not the only one, however, that a
complex number can belong to σ(T). We further decompose the spectrum, σ(T), of a
bounded linear operator T as follows.

Definition 1.4.2 (Spectrum of bounded linear operator). Let T ∈ B(ℍ). Then

σ(T) = σp(T) ∪ σc(T) ∪ σr(T),

where:
1. σp(T), the point spectrum of T, consists of all λ ∈ σ(T) such that T−λI is not a one-

to-one map. In this case, λ is called an eigenvalue of T and any nonzero u ∈ ℍ
such that Tu = λu is called an eigenvector corresponding to the eigenvalue λ.

2. σc(T), the continuous spectrumofT, consists of those λ ∈ σ(T) such that range(T−
λI) is a proper dense subset ofℍ.

3. σr(T), the residual spectrum of T, consists of the spectrum λ ∈ ℂ that are neither
an eigenvalue nor a continuous spectrum of the operator T.
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Proposition 1.4.3. IfA : ℍ → ℍ is a self-adjoint bounded linear operator, then its point
spectrum σp(A) ⊂ ℝ, i. e., all eigenvalues of a self-adjoint operators are real.

Proof. If λ ∈ σp(A), then there is 0 ̸= ϕ ∈ ℍ such that Aϕ = λϕ. In this case,

λ⟨ϕ,ϕ⟩ℍ = ⟨ϕ, λϕ⟩ℍ = ⟨ϕ,Aϕ⟩ℍ = ⟨Aϕ,ϕ⟩ℍ = ⟨λϕ,ϕ⟩ℍ = λ⟨ϕ,ϕ⟩ℍ.

This shows that λ = λ. Therefore, λ is a real number.

Some of the bounded linear operators relevant to quantum communication are
presented below.

1.5 Unitary operators

A unitary transformation in quantummechanics is obtained by applying an operator
U to a state that leaves the square modulus of the state (i. e., the probability density)
unchanged. We can write this condition as the following.

Definition 1.5.1. A bounded linear operator U on a complex Hilbert spaceℍ is said to
be a unitary operator if it satisfies the following relations:

range(U) = ℍ (1.18)

and

⟨Uϕ,Uψ⟩ℍ = ⟨ϕ,ψ⟩ℍ, ∀ϕ,ψ ∈ ℍ. (1.19)

We have the following equivalent definition of a unitary operator.

Definition 1.5.2. A unitary operator is a bounded linear operator U : ℍ → ℍ on a
complex Hilbert spaceℍ that satisfies U∗U = UU∗ = I, where U∗ is the adjoint of U,
and I : ℍ → ℍ is the identity operator.

The weaker condition U∗U = I in the above defines an isometry. The other con-
dition, UU∗ = I, defines a coisometry. Thus, a unitary operator is a bounded linear
operator, which is both an isometry and a coisometry (see Section 127 of Halmos [58])
or, equivalently, a surjective isometry (see Proposition I.5.2 of Conway [28]).

We have the following proposition.

Proposition 1.5.3. A linear operator U : ℍ → ℍ is an isomorphism and range(U) = ℍ
if and only if U is an unitary operator.

To see that the above two definitions are equivalent, notice that U preserving the
inner product impliesU is an isometry (thus, a bounded linear operator). The fact that
U has a dense range ensures it has a bounded inverse U−1. It is clear that U−1 = U∗.
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If U : ℍ → ℍ is a unitary operator with an eigenvalue λ ∈ ℂ, then (i) ‖U‖∞ = 1
and (ii) |λ| = 1 (i. e., all eigenvalues of U lies on the unit circle of complex plane). This
is because U∗U = I implies that ‖U∗U‖∞ = ‖U‖2∞ = ‖I‖∞ = 1. Hence, |U‖∞ = 1. If λ is
an eigenvalue of U, then it has an eigenvector x ∈ ℍ with ‖x‖ℍ = 1 such that Ux = λx.
In this case, ‖Ux‖ℍ = |λ|‖x‖ℍ. Since ‖U‖∞ = 1, we have 1 = supx ̸=0

‖Ux‖ℍ
‖x‖ℍ
= |λ|. As a

consequence, all eigenvalues λ ofU are of the form λ = e𝚤θ , θ ∈ ℝ. In fact, on the vector
space ℂ of complex numbers, multiplication by a complex number of modulo 1, that
is, a number of the form e𝚤θ for θ ∈ ℝ, is a unitary operator, where θ is referred to as a
phase, and this multiplication is referred to as multiplication by a phase. Notice that
the value of θ modulo 2π does not affect the result of the multiplication, and so the
independent unitary operators on ℂ are parametrized by a circle.

The unitary operator U is a bijective and surjective map on ℍ. This is because
range(U) = ℍ. Therefore, U−1 (the inverse of U) exists and U−1 = U∗.

Note that a unitary operator on an infinite-dimensional Hilbert space may not
have eigenvalues at all.

The following are some examples of unitary operators.

Example 1.5. An n × n real matrix Q is orthogonal if Q⊤ = Q−1 and an n × n complex
matrix U is unitary if U∗ = U−1, where U∗ is the complex conjugate of U⊤.

Example 1.6. If T is a bounded self-adjoint operator, then

e𝚤T =
∞
∑
n=0

(𝚤T)n

n!

is unitary, since (e𝚤T)∗ = e−𝚤T = (e𝚤T)−1, where ι = √−1.

1.6 Projection operators

In this section, we begin by describing some algebraic properties of a projection oper-
ator. If𝕄 andℕ are subspaces of a complexHilbert spaceℍ such that every ζ ∈ ℍ can
bewritten uniquely as ζ = ϕ+ψwithϕ ∈ 𝕄 andψ ∈ ℕ, thenwe say thatℍ = 𝕄⊕ℕ is
the direct sum of𝕄 andℕ, and we callℕ a complementary subspace of𝕄 inℍ. The
decomposition ζ = ϕ + ψ with ϕ ∈ 𝕄 and ψ ∈ ℕ is unique if and only if𝕄∩ℕ = {0},
where 0 is the zero vector in ℍ. A given subspace𝕄 has many complementary sub-
spaces. For example, if ℍ = ℝ3 and 𝕄 is a plane through the origin 0 ∈ ℝ3, then
any line through the origin that does not lie in𝕄 is a complementary subspace of𝕄.
However, every complementary subspace ℕ of𝕄 has the same dimension, and the
dimension ofℕ is called the codimension of𝕄 inℍ.

Ifℍ = 𝕄 ⊕ℕ, then we define the projection p : ℍ → 𝕄 ofℍ onto𝕄 alongℕ by
pζ = ϕ, where ζ = ϕ + ψ with ϕ ∈ 𝕄 and ψ ∈ ℕ. This projection is a bounded and
linear operator onℍwith range(p) = 𝕄 and ker(p) = ℕ, and satisfies p2 := p ∘ p = p.
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It can be shown that the property p2 = p characterizes projections. We therefore give
its definition as follows.

Definition 1.6.1. A projection on the Hilbert spaceℍ is a bounded linear operator p :
ℍ → ℍ such that

p2 = p. (1.20)

The collection of projections onℍ will be denoted byBproj(ℍ) ⊂ B(ℍ).
Any projection operator is associated with a direct sum decomposition.

Theorem 1.6.2. Letℍ be a complex Hilbert space. The following two properties hold:
1. Ifp : ℍ → ℍ is a projection, thenℍ canbe uniquely decomposed asℍ = range(p)⊕

ker(p).
2. Ifℍ = 𝕄⊕ℕ, where𝕄 andℕ are linear subspaces ofℍ, then there is a projection

p : ℍ → ℍ with range(p) = 𝕄 and ker(p) = ℕ.

Proof. (1). To prove (1), we first show that ζ ∈ range(p) if and only if ζ = pζ . If ζ = pζ ,
then clearly ζ ∈ range(p). On the other hand, if ζ ∈ range(p), then ζ = pξ for some
ξ ∈ ℍ, and since p2 = p, it follows that pζ = p2ξ = pξ = ζ . This concludes that
ζ ∈ rangle(p) if and only if ζ = pζ .

Now assume that ζ ∈ range(p) ∩ ker(p). Then ζ = pζ (from the conclusion from
the previous paragraph) and pζ = 0 (since ζ ∈ ker(p)). Consequently, ζ = 0 and
range(p) ∩ ker(p) = {0}. If ζ ∈ ℍ, then we have

ζ = pζ + (ζ − pζ ),

where pζ ∈ range(p) and (ζ − pζ ) ∈ ker(p), since

p(ζ − pζ ) = pζ − p2ζ = pζ − pζ = 0.

Thus,ℍ = range(p) ⊕ ker(p). This proves (1).
(2). To prove (2), we observe that ifℍ = 𝕄⊕ℕ, then ζ ∈ ℍ has the unique decom-

position ζ = ϕ +ψwith ϕ ∈ 𝕄 and ψ ∈ ℕ, and pζ = ϕ defines the required projection
p. This proves (2).

If S ⊂ ℍ, recall that S⊥ is defined by

S⊥ ≡ {ϕ ∈ ℍ | ⟨φ,ϕ⟩ℍ = 0 ∀φ ∈ S}.

Let⋁ S denote the linear span of S, i. e., span(S) is the space of all finite linear combi-
nations of elements of S. Then it is clear that span(S), the closure of span(S) under the
Hilbertian norm ‖ ⋅ ‖ℍ, is the smallest closed subspace ofℍ, which contains S.
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Let (pi)i∈I be a family of projections or a complex Hilbert spaceℍ, where I is an
index set. Denote by⋁i∈I pi the projection onto⋁i pi(ℍ), the closure of the linear sub-
space ofℍ generated by the ranges of the pi’s.

Suppose𝕄 is a closed subspace of a Hilbert spaceℍ. Then by Theorem 1.6.2, we
have ℍ = 𝕄 ⊕ 𝕄⊥. We call the projection of ℍ onto 𝕄 along 𝕄⊥ the orthogonal
projection ofℍ onto𝕄. If ζ = ϕ+ψ and ζ ′ = ϕ′ +ψ′, whereϕ,ϕ′ ∈ 𝕄 andψ,ψ′ ∈ 𝕄⊥,
then the orthogonality of𝕄 and𝕄⊥ implies that

⟨pζ , ζ ′⟩ℍ = ⟨ϕ,ϕ
′ + ψ′⟩ℍ = ⟨ϕ,ϕ

′⟩ℍ = ⟨ϕ + ψ,ϕ
′⟩ℍ = ⟨ζ ,pζ

′⟩ℍ. (1.21)

This equation states that an orthogonal projection is self-adjoint. As we will show,
properties (1.20) and (1.21) characterize orthogonal projection. We therefore have the
following definition of orthogonal projection.

Definition 1.6.3. An orthogonal projection on a complex Hilbert space ℍ is a linear
operator p : ℍ → ℍ that satisfies

p2 = p and ⟨pζ , ξ ⟩ℍ = ⟨ζ ,pξ ⟩ℍ ∀ζ , ξ ∈ ℍ.

The collection of projection operators onℍ is denoted byBp(ℍ) and the collec-
tion of orthogonal projection operators is denoted byBop(ℍ).

Note that it is trivial that an orthogonal projection is necessarily bounded. We
therefore have the following result.

Proposition 1.6.4. If p : ℍ → ℍ is a nonzero orthogonal projection, then ‖p‖∞ = 1.

Proof. If ζ ∈ ℍ and pζ ̸= 0, then the use of the property of orthogonal projection and
the Cauchy–Schwarz inequality implies that

‖pζ ‖ℍ =
⟨pζ ,pζ ⟩ℍ
‖pζ ‖ℍ

=
⟨ζ ,p2ζ ⟩ℍ
‖pζ ‖ℍ

=
⟨ζ ,pζ ⟩ℍ
‖pζ ‖ℍ

≤
‖ζ ‖ℍ‖pζ ‖ℍ
‖pζ ‖ℍ

= ‖ζ ‖ℍ.

Therefore, ‖p‖∞ ≤ 1. If p ̸= 0, (i. e., p is a nonzero operator), then there is a ζ ∈ ℍ
with pζ ̸= 0, and ‖p‖∞‖pζ ‖ℍ ≥ ‖p(pζ )‖ℍ = ‖pζ ‖ℍ, so that ‖p‖∞ ≥ 1. This proves that
‖p‖∞ = 1.

There is a one-to-one correspondence between orthogonal projections p and
closed subspaces 𝕄 of ℍ such that range(p) = 𝕄. The kernel of the orthogonal
projection is the orthogonal complement of𝕄.

Theorem 1.6.5. Letℍ be a complex Hilbert space. The following two statements hold:
1. If p is an orthogonal projection onℍ, then range(p) is closed, and

ℍ = range(p) ⊕ ker(p)

is the orthogonal direct sum of rangle(p) and ker(p).
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2. If𝕄 is a closed subspace ofℍ, then there is an orthogonal projection p onℍ with
range(p) = 𝕄 and ker(p) = 𝕄⊥.

Proof. (1). To prove (1), we assume that p is an orthogonal projection onℍ. Then by
Theorem 1.6.2, we haveℍ = range(p) ⊕ ker(p). If ζ = pξ ∈ range(p) and φ ∈ ker(p),
then

⟨ζ ,φ⟩ℍ = ⟨pξ ,φ⟩ℍ = ⟨ξ ,pφ⟩ℍ = 0,

so range(p) ⊥ ker(p). Hence, we see thatℍ is the orthogonal direct sum of range(p)
and ker(p). It follows that range(p) = (ker(p))⊥, so range(p) is closed.

(2). To prove (2), we suppose that𝕄 is a closed subspace ofℍ. Then Theorem 1.6.2
implies thatℍ = 𝕄 ⊕𝕄⊥. We define a projection p : ℍ → ℍ by

pζ = ϕ, where ζ = ϕ + ψ with ϕ ∈ 𝕄 and ψ ∈ 𝕄⊥.

Then range(p) = 𝕄, and ker(p) = 𝕄⊥. The orthogonality ofpwas shown in (1.21).

If p is an orthogonal projection onℍ, with range(p) = 𝕄 and associated orthog-
onal direct sumℍ = 𝕄⊕ℕ, then I − p is the orthogonal projection with rangeℕ and
associated orthogonal direct sumℍ = ℕ ⊕𝕄.

The following are some examples of projections and/or orthogonal projections.

Example 1.7 (One-dimensional projection pϕ). Let ϕ ∈ ℍ. We define the operator pϕ :
ℍ → ℍ by

pϕψ = ⟨ϕ,ψ⟩ℍϕ ∀ψ ∈ ℍ.

This operator, called the one-dimensional projection along the vector ϕ, projects a
vector orthogonally onto its component in the direction ϕ. In this case, the Hilbert
spaceℍ has the following orthogonal direct sum decomposition:

ℍ = range(pϕ) ⊕ ker(pϕ) = ℂϕ ⊕ (ℂϕ)
⊥,

where ℂϕ = {cϕ | c ∈ ℂ} is the one-dimensional subspace ofℍ generated by ϕ.

Example 1.8. The space ℍ = L2(ℝ) is the orthogonal direct sum of even functions
𝕄 and odd functions ℕ. The orthogonal projections p and q of ℍ onto 𝕄 and ℕ,
respectively, are given by

pf (x) = f (x) + f (−x)
2
, and qf (x) = f (x) − f (−x)

2
,

respectively. Note that I − p = q.



1.7 Finite rank and compact linear operators | 21

1.7 Finite rank and compact linear operators

1.7.1 Finite rank linear operators

A linear map, T ∈ L(ℍ,𝕂), is said to be a map with rank n, if range(T) (the range of T)
is an n-dimensional subspace of𝕂.

One can visualize that finite-rank maps/operators are matrices (of finite size)
transplanted to the infinite-dimensional setting. As such, these maps/operators may
be described via linear algebra techniques. From linear algebra, we know that a rect-
angular matrix with complex entries, M ∈ ℂn×m, has rank 1 if and only if the n × m
matrixM is of the form

M = αuv∗,

where u = (u1, u2, ⋅ ⋅ ⋅ , um) ∈ ℂm and v = (v1, v2, ⋅ ⋅ ⋅ , vn) ∈ ℂn are unit vectors, v∗ =
(v̄1, v̄2, ⋅ ⋅ ⋅ , v̄n)⊤ and α ≥ 0. Exactly the same argument shows that a linear operator T
on a Hilbert spaceℍ is of rank 1 if and only if

Tψ = α⟨ψ,ϕ⟩ℍφ, ∀ψ ∈ ℍ,

whereα ≥ 0,ϕ andφ are unit vectors inℍ. The above representation of rank 1 operator
T can be easily extended to the operator of rank n as follows.

If T is a linear operator of rank n on ℍ, then it has the following representa-
tion:

Tψ =
n
∑
i=1

αi⟨ψ,ϕi⟩ℍφi, ∀ψ ∈ ℍ,

where {ϕi}
n
i=1 and {φi}

n
i=1 are orthonormal bases of range(T) ⊂ ℍ.

The linear map T is said of finite rank, if it is a map of rank n for some n ∈ ℕ. The
collection of linear maps of finite rank fromℍ to 𝕂 will be denoted by Lf (ℍ,𝕂) and
collection of finite rank linear operators onℍ will be denoted by Lf (ℍ).

It is clear that every linear map of finite rank is bounded. Therefore, Lf (ℍ,𝕂) ⊂
B(ℍ,𝕂) and Lf (ℍ) ⊂ B(ℍ).

The following result states that the collection of finite rank operators forma closed
(under the operator norm ‖ ⋅ ‖∞) two-sided ideal in operator algebra (see, e. g., Rudin
[134], Conway [28] and Bratteli and Robinson [15]).

Proposition 1.7.1. If ℍ is a complex Hilbert space, then Lf (ℍ) is a closed two-sided
ideal in the Banach algebra B(ℍ) of bounded linear operators on ℍ. That is, AT ∈
Lf (ℍ) and TA ∈ Lf (ℍ) for all A ∈ Lf (ℍ) and T ∈ B(ℍ).
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1.7.2 Compact linear operators

Consider a linear map T ∈ L(ℍ,𝕂). Let B ⊂ ℍ and let T(B) ⊂ 𝕂 denote the image of
B ⊂ ℍ under T, i. e.,

T(B) = {Tψ ∈ 𝕂 | ψ ∈ B ⊆ ℍ}.

A linear map T ∈ L(ℍ,𝕂) is said to be a compact map if T(B) is relatively compact
in 𝕂 (i. e., T(B) (the closure of T(B) under ‖ ⋅ ‖𝕂) is a compact subset of 𝕂) for any
bounded subset B ⊂ ℍ.

The collection of all compact linearmaps fromℍ to𝕂will be denoted byLc(ℍ,𝕂)
and the collection of compact linear operators on ℍ will be denoted by Lc(ℍ). It is
clear that a compact linear map/operator is bounded. Therefore, Lc(ℍ,𝕂) ⊂ B(ℍ,𝕂)
and Lc(ℍ) ⊂ B(ℍ).

Proposition 1.7.2. Let (Tn)+∞n=1 be a sequence of compact linear maps fromℍ to𝕂 that
converges to T in the operator norm. Then T is a compact linear map fromℍ to𝕂.

Proof. Given ϵ > 0, let N > 0 be a sufficiently large integer such that ‖Tn − T‖∞ < ϵ/2
for all n ≥ N . Let B ⊂ ℍ be a bounded set. Since TN (B) is relatively compact (i. e., its
closure TN (B) is a compact subset of 𝕂), there are finitely many points y1, y2, . . . , ym
in 𝕂 such that for any x ∈ B there is i such that ‖TNx − yi‖𝕂 < ϵ/2. By the triangle
inequality,

‖Tx − yi‖𝕂 ≤ ‖Tx − Tnx‖𝕂 + ‖Tnx − yi‖𝕂
≤ ‖Tn − T‖∞‖x‖ℍ + ‖Tnx − yi‖𝕂
< ϵ/2 + ϵ/2 = ϵ.

This proves that T(B) is covered by finitely many balls of radius ϵ in𝕂. Therefore, T(B)
is compact in𝕂. This proves the proposition.

The following result states thatLc(ℍ) is also a closed two-sided ideal ofB(ℍ) just
as Lf (ℍ) is. A proof can be found in Rudin [134] and is therefore omitted here.

Proposition 1.7.3. If ℍ is a complex Hilbert space, then Lc(ℍ) is a closed two-sided
ideal in the Banach algebraB(ℍ) of bounded linear operators.

Remark 1.1. We recall the following facts (without proofs) regarding Lc(ℍ) below:
1. If A is a compact linear operator onℍ, λ ∈ ℂ and λ ̸= 0, then A(ℍ) = rangle(A)

(the range of A) is closed and

dim(ker(A − λIℍ)) = dim(ker(A − λIℍ)
∗) < ∞.

This is often referred to as the Fredholmalternative theorem in functional analysis
(see Conway [28], Rudin [134] and Bratteli and Robinson [15]).
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2. The linear operator A is compact if and only if its adjoint A∗ is compact.
3. Let T be a compact operator on Hilbert spaceℍ and let A be the unique positive

square root of T∗T. Then (a) ‖Ah‖ℍ = ‖Th‖ℍ for all h ∈ ℍ. (b) There is a unique
operatorU such that ‖Uh‖ℍ = ‖h‖ℍ when h ⊥ ker(T), andUh = 0, when h ∈ ker(T)
and UA = T. This is the so-called polar decomposition of a compact operator,
whichwill beused frequently later on.Aproof of thepolar decomposition theorem
will be provided in Theorem 1.8.11.

The proof of the following theorem can be found in Rudin [134], Conway [28] and
Reed and Simon [128] and is omitted here.

Theorem 1.7.4 (Spectral theorem for self-adjoint compact operator). Let T be a self-
adjoint compact operator on a complex Hilbert spaceℍ. Then:
1. One or the other of the two values ±‖T‖∞ is an eigenvalue of ‖T‖∞.
2. ⊕λ∈σp(T)ℍλ = ℍ, where σp(T) is the point spectrum (i. e., the set of all eigenvalues)

of T andℍλ is the subspace ofℍ generated by the eigenvectors of T corresponding
to the eigenvalue λ. That is, there is a basis of T that consists of eigenvectors of T.

3. The eigenspacesℍλ are finite-dimensional subspaces ofℍ.
4. The only possible accumulation point of the set of eigenvalues of T is 0. If dim(ℍ) =
+∞, then 0 is the accumulation point of the set of eigenvalues of T.

Corollary 1.7.5. For every compact self-adjoint operator T on a complex separable
infinite-dimensional Hilbert spaceℍ, there exists a countably infinite orthonormal basis
{en}+∞n=1 ofℍ consisting of eigenvectors ofT, with corresponding eigenvalues {λn}

+∞
n=1 ⊂ ℝ,

such that λn → 0.

Example 1.9. Let ℍ = L2([0, 1]; ℂ), the space of squared integrable complex-valued
functions on [0, 1]. The multiplication operatorM : ℍ → ℍ defined by

(Mf )(x) = xf (x), ∀f ∈ ℍ, x ∈ [0, 1]

is a bounded self-adjoint operator on ℍ that has no eigenvector, and hence, by the
spectral theorem 1.7.4, cannot be compact.

Example 1.10. LetK(x, y)be square integrable on theunit square [0, 1]×2 := [0, 1]×[0, 1]
and define TK onℍ = L2([0, 1]; ℂ) by

(TK f )(x) =
1

∫
0

K(x, y)f (y)dy.

Then TK is a compact operator onℍ. Suppose that the kernel K(x, y) satisfies the Her-
miticity condition

K(y, x) = K(x, y), ∀x, y ∈ [0, 1].
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Then TK is compact and self-adjoint onℍ; if {ϕn}
+∞
n=1 is an orthonormal basis of eigen-

vectors, with eigenvalues {λn}, it can be proved that

+∞
∑
n=1

λ2n < ∞, K(x, y) =
+∞
∑
n=1

λnφn(x)φn(y),

where the sum of the series of functions is understood as L2-convergence for the
Lebesgue measure on [0, 1]×2.

While every bounded and closed set in a finite-dimensional space is compact
(see the Heine–Borel theorem 1.7.6), the conclusion, however, is not true in infinite-
dimensional spaces.

We state the Heine–Borel theorem below without proof for a later use (see, e. g.,
Rudin [133] and Wheeden and Zygmund [177]).

Theorem 1.7.6 (Heine–Borel theorem). For a subset S of a finite-dimensional space𝕏,
the following two statements are equivalent:
1. S is a bounded and closed subset of𝕏;
2. S is a compact subset of𝕏.

Remark 1.2. A closed ball of radius r > 0, B(0; r) := {ϕ ∈ ℍ | ‖ϕ‖ℍ ≤ r}, is not rela-
tively compact if dim(ℍ) = ∞. This is because if {en}+∞n=1 is an orthonormal basis of the
infinite-dimensional Hilbert spaceℍ, then {ren}+∞n=1 is a sequence with no convergent
subsequence, since all these points are distance r√2 apart, i. e., for all i ̸= j,

‖rei − rej‖ℍ

= r‖ei − ej‖ℍ = r√⟨ei − ej, ei − ej⟩ℍ

= r√⟨ei, ei⟩ℍ − ⟨ei, ej⟩ℍ − ⟨ej, ei⟩ℍ + ⟨ej, ej⟩ℍ

= r√‖ei‖2ℍ + ‖ej‖2ℍ (since ⟨ei, ej⟩ℍ = ⟨ej, ei⟩ℍ = 0 for i ̸= j)

= r√2.

This confirms the remark.

Remark 1.3. If the Hilbert space is infinite-dimensional, then a compact operator T ∈
B(ℍ) cannot be invertible. Consequently, σ(T) (the spectrum of T) always contains 0.
The spectral theorem 1.7.4 shows that σ(T) consists of the eigenvalues {λn}+∞n=1 of T,
and of 0 (if 0 is not already an eigenvalue). We first verify that T is not invertible if
dim(ℍ) = +∞. If the compact operator T ∈ B(ℍ) were invertible when dim(ℍ) = ∞,
thenT−1T = TT−1 = Iℍ (Iℍ is the identity operator onℍ) would be a compact operator.
But Iℍ(B(0; 1)) = B(0; 1), where B(0; 1); = {ϕ ∈ ℍ | ‖ϕ‖ℍ ≤ 1} is the unit closed ball
in ℍ. When dim(ℍ) = ∞, the closed unit ball B(0; 1) is not relatively compact (see
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Remark 1.2). Therefore, B(0; 1) is not relatively compact and Iℍ is not compact, con-
tradicting the supposition that T is invertible. That is, T − λIℍ is not invertible and so
λ = 0 is in σ(T).

The following result gives a characterization of compact operators T ∈ Lc(ℍ) (see
Conway [28]).

Proposition 1.7.7. A linear operator T on an infinite-dimensional Hilbert space ℍ is
compact if and only if it can be written in the form

T =
∞
∑
n=1

λn⟨ϕn, ⋅⟩ℍψn, (1.22)

where {ϕn}
+∞
n=1 and {ψn}

+∞
n=1 are orthonormal sets (not necessarily complete) of ℍ and

(λn)+∞n=1 is a sequence of positive numbers with limit zero, called the singular values of
the operator.

It can be shown that the singular values can accumulate only at zero. If the se-
quence becomes stationary at zero, that is, λN+k = 0 for some N ∈ ℕ, and every
k = 1, 2, . . . , then the operator has finite rank, i. e., a finite-dimensional range and can
be written as T = ∑Nn=1 λn⟨ϕn, ⋅⟩ψn. The sum on the right- hand side of (1.22) converges
in the operator norm ‖ ⋅ ‖∞.

Now that we know Lf (ℍ) ⊂ B(ℍ) and Lc(ℍ) ⊂ B(ℍ). The following result gives
the relation between Lf (ℍ) and Lc(ℍ).

Proposition 1.7.8. Let ℍ be a complex Hilbert space. Then Lf (ℍ) = Lc(ℍ) under the
operator norm ‖ ⋅ ‖∞.

1.8 Trace-class and Hilbert–Schmidt operators

1.8.1 Trace-class operators

Let {ϕn}
+∞
n=1 be an orthonormal basis of the complex Hilbert spaceℍ. For each positive

linear operator T ∈ L+(ℍ), define tr[T], the trace of the operator T, as

tr[T] :=
+∞
∑
n=1
⟨ϕn,Tϕn⟩ℍ ≤ +∞. (1.23)

Proposition 1.8.1. The following statements hold:
1. The quantity tr[T] is independent of the choice {ϕn}

+∞
n=1 of orthonormal basis of the

Hilbert spaceℍ.
2. tr[S + T] = tr[S] + tr[T], for all S, T in L+(ℍ).
3. tr[cT] = c tr[T], for all c ≥ 0 and for all T ∈ L+(ℍ).
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Proof. 1. For a given orthonormal basis {ϕn}
+∞
n=1 , to distinguish the trace of T under

this orthonormal basis we define trϕ[T] = ∑
+∞
n=1⟨ϕn,Tϕn⟩ℍ. Using the result (see The-

orem 1.3.3) that every positive operator has a unique square root that is necessarily
self-adjoint, we have

trϕ[T] =
+∞
∑
n=1
⟨ϕn,Tϕn⟩ℍ =

+∞
∑
n=1
⟨√Tϕn, √Tϕn⟩ℍ =

+∞
∑
n=1
‖√Tϕn‖

2
ℍ. (1.24)

If {ψn}
+∞
n=1 is another orthonormal basis of ℍ, we can expand ‖√Tϕn‖ℍ for each n in

terms of this orthonormal basis and have

trϕ[T] =
+∞
∑
n=1
‖√Tϕn‖

2
ℍ =
+∞
∑
n=1
(
+∞
∑
m=1

󵄨󵄨󵄨󵄨⟨ψm, √Tϕn⟩ℍ
󵄨󵄨󵄨󵄨
2
)

=
+∞
∑
n=1
(
+∞
∑
m=1

󵄨󵄨󵄨󵄨⟨√Tψm,ϕn⟩ℍ
󵄨󵄨󵄨󵄨
2
) (since√T is self-adjoint)

=
+∞
∑
m=1
(
+∞
∑
n=1

󵄨󵄨󵄨󵄨⟨√Tψm,ϕn⟩ℍ
󵄨󵄨󵄨󵄨
2
) =
+∞
∑
m=1
‖√Tψm‖

2
ℍ = trψ[T]. (1.25)

Therefore, tr[T] defined in equation (1.23) is independent of the choice of an orthonor-
mal basis.

Parts 2 and 3 are trivial by the definition of tr[⋅]. This proves the proposition.

Given a linear operator T ∈ L(ℍ), define |T| := √T∗T, the (positive) square root
of T∗T, where T∗ is the adjoint of T. It is clear that if T ∈ L(ℍ), then for any c ∈ ℂ,
|cT| = |c||T|. However, we remark that: (i)√T∗T is usually not the same as√TT∗; (ii) it
is not true in general that |ST| = |S||T| or that |T| = |T∗| and (iii) it is not true in general
that |S + T| ≤ |S| + |T|.

Definition 1.8.2. T ∈ L(ℍ) is a trace-class operator if ‖T‖1 := tr[|T|] < ∞. The collec-
tion of all trace-class operators will be denoted by T(ℍ).

The map ‖ ⋅ ‖1 : T(ℍ) → ℝ+ defined in Definition 1.8.2 is indeed a Banach norm.
That is, it satisfies: (i) ‖cT‖1 = |c|‖T‖1 for all c ∈ ℂ andT ∈ T(ℍ); (ii) ‖S+T‖1 ≤ ‖S‖1+‖T‖1
for all S,T ∈ T(ℍ); and (iii) ‖T‖1 = 0 if and only if T = 0 ∈ T(ℍ).

It will be shown in Corollary 2.3.7 that the space of trace-class operators T(ℍ) is a
complex Banach space under ‖ ⋅ ‖1-norm.

Lemma 1.8.3. If T is a self-adjoint trace-class operator, then its positive and negative
parts, T+ and T−, are also trace-class operators.

Proof. If T is trace class, then tr[|T|] < ∞. But tr[|T|] = tr[T+ + T−] = tr[T+] + tr[T−] for
T+ and T− are positive operators. Hence, tr[T+] and tr[T−] are both finite quantities.
The operators T+ and T− are thus trace class. This proves the lemma.
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The following result follow easily from the definition of trace-class operators
T(ℍ).

Proposition 1.8.4. The following results follow easily from the definition of trace-class
operators T(ℍ):
1. The trace is linear functional over T(ℍ), i. e.,

tr[aS + bT] = a tr[S] + b tr[T], ∀a, b ∈ ℂ and ∀S,T ∈ T(ℍ).

2. T(ℍ) forms a two-sided ideal of B(ℍ). That is, if S ∈ B(ℍ) and T ∈ T(ℍ), then
ST,TS ∈ T(ℍ). Furthermore,

‖ST‖1 = tr[|ST|] ≤ ‖S‖∞‖T‖1 and ‖TS‖1 = tr[|TS|] ≤ ‖S‖∞‖T‖1.

Moreover, tr[ST] = tr[TS] for all S ∈ B(ℍ) and T ∈ T(ℍ).

The proof of the following result is a consequence of Young inequality for a com-
pact operator (see Erlijman–Farenick–Zeng [46]). The proof is rather lengthy and is
omitted.

Proposition 1.8.5. Young’s inequality for trace-class operators Let A,B ∈ T+(ℍ), we
have

tr[|AB|] ≤ tr[A
p]

p
+
tr[Bq]
q
. (1.26)

The equality holds if and only if for all positive real numbers p, q satisfying 1
p +

1
q = 1.

Moreover, the equality holds only if Bq = Ap.

Proposition 1.8.6. Let ℍ be an infinite-dimensional complex Hilbert space. Assume
that A ∈ T(ℍ) and (Tn)+∞n=0 ⊂ B(ℍ). If limn→+∞ ‖Tn − T0‖∞ = 0 for some T0 ∈ B(ℍ),
then limn→+∞ tr[TnA] = tr[T0A].

Proof. We first note from Part 2 of Proposition 1.8.4 that tr[TnA] = tr[ATn] < +∞ and
tr[T0A] = tr[AT0] < +∞. As Tn converges to T0 under the operator norm ‖ ⋅ ‖∞, there
is a constant d > 0 such that supn ‖Tn‖∞ ≤ d. For any ϵ > 0, there exists a finite rank
projection Pϵ such that ‖A−PϵAPϵ‖1 < ϵ/(2d+1) becauseA ∈ T(ℍ). Since Pϵ is of finite
rank, this together with the fact that limn→+∞ ‖Tn − T0‖∞ = 0, imply that

lim
n→+∞
󵄩󵄩󵄩󵄩Pϵ(Tn − T0)Pϵ

󵄩󵄩󵄩󵄩∞ = 0.

So, for above ϵ > 0, there exists some N such that

󵄩󵄩󵄩󵄩Pϵ(Tn − T0)Pϵ
󵄩󵄩󵄩󵄩∞ <

ϵ
(2d + 1)‖A‖1
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whenever n > N . Thus, we have

󵄨󵄨󵄨󵄨tr[(Tn − T0)A]
󵄨󵄨󵄨󵄨 ≤
󵄨󵄨󵄨󵄨tr[(Tn − T0)(A − PϵAPϵ)]

󵄨󵄨󵄨󵄨 +
󵄨󵄨󵄨󵄨 tr[(Tn − T0)PϵAPϵ]

󵄨󵄨󵄨󵄨
≤ ‖Tn − T0‖∞‖A − PϵAPϵ‖1 +

󵄩󵄩󵄩󵄩Pϵ(Tn − T0)Pϵ
󵄩󵄩󵄩󵄩∞‖A‖1

< 2d‖A − PϵAPϵ‖1 +
ϵ

2d + 1
<

2dϵ
2d + 1
+

ϵ
2d + 1
= ϵ.

Therefore, limn→+∞ tr[TnA] = tr[T0A]. This proves the proposition.

Lemma 1.8.7. Let Ak ,A ∈ B(ℍ) such that

sup
k
‖Ak‖∞ < +∞ and lim

k→+∞
‖Akϕ − Aϕ‖ℍ = 0, ∀ϕ ∈ ℍ.

Let T ∈ T(ℍ). Then

lim
k→+∞
‖AkT − AT‖1 = 0 and lim

k→+∞
‖TAk − TA‖1 = 0.

Proof. We only need to prove limk→+∞ ‖AkT − AT‖1 = 0. The proof of the second con-
clusion is similar. We first note supk ‖Ak‖∞ < +∞ and limk→+∞ ‖Akϕ − Aϕ‖ℍ = 0 for
all ϕ ∈ ℍ imply that limk→+∞ ‖Ak − A‖∞ = 0. In this case,

lim
k→+∞
‖AkT − AT‖1 ≤ lim

k→+∞
‖Ak − A‖∞‖T‖1 = 0.

This proves the lemma.

Corollary 1.8.8. If (Pk)+∞k=1 is a sequence of projectors onℍ that converges in the strong
operator topology to the identity, and if ρ ∈ T+(ℍ), then

lim
k→+∞
‖PkρPk − ρ‖1 = 0.

It turns out that there is a simple connection between trace-class operators and
compact operators. The following result states that every trace-class operator is com-
pact and every compact operator is a trace-class operator if all of its singular values
(see (1.22) for the definition of singular values) are finite.

The proof of the following theorem can be found in Reed and Simon [128] and is
omitted here.

Theorem 1.8.9. Every A ∈ T(ℍ) is compact. Conversely, a compact operator A is in
T(ℍ) if and only if ∑i λi < +∞, where {λi} are the singular values of A.

Denote Lc,λ<+∞(ℍ) ⊂ Lc(ℍ) as

Lc,λ<+∞(ℍ) = {A ∈ Lc(ℍ) | all singular values are finite}.
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The following corollary serves to provide one with an intuitive understanding of
the size of T(ℍ), and thus allows for the application of approximation arguments in
what follows.

Corollary 1.8.10. The finite rank operators are dense inT(ℍ) under the ‖ ⋅ ‖1-norm. That
is, Lf (ℍ)

‖⋅‖1 = T(ℍ), where {⋅ ⋅ ⋅}
‖⋅‖1 denotes the closure of {⋅ ⋅ ⋅} under the ‖ ⋅ ‖1.

Summarizing from all our presentations on all different classes of bounded linear
operators such as projection operators, finite rank operators, compact operators and
trace-class operators, we have the following relationship among them:

Lf (ℍ) ⊂ Lf (ℍ)
‖⋅‖1 = T(ℍ) = Lc,λ<+∞(ℍ) ⊂ Lc(ℍ) = Lf (ℍ)

‖⋅‖∞ ⊂ B(ℍ).

Wehave followingduality relationbetweenT(ℍ)andB(ℍ) through ⟨⟨⋅, ⋅⟩⟩ : T(ℍ)×
B(ℍ) → ℂ as

⟨⟨ρ,A⟩⟩ := tr[ρA], ∀ρ ∈ 𝒮(ℍ) and ∀A ∈ B(ℍ). (1.27)

An element ρ ∈ 𝒮(ℍ) is called a quantum state (see Definition 2.4.1 and Chap-
ter 3 for a definition of quantum state and its properties), which is the counterpart
in probability distribution in classical/noncommutative probability theory. A positive
bounded linear operator A ∈ B(ℍ) represents an observable in the quantum system.
The quantity ⟨⟨ρ,A⟩⟩ := tr[ρA] represents the expectation of the observableAwhen the
quantum system is under the quantum state ρ.

1.8.2 Hilbert–Schmidt operator

Given an orthonormal basis (ϕn)
+∞
n=1 of the complex Hilbert space ℍ and a bounded

linear operator T ∈ B(ℍ), we put the Hilbert–Schmidt norm ‖T‖HS as follows:

‖T‖HS := (
+∞
∑
n=1
‖Tϕn‖

2
ℍ)

1/2

≤ +∞. (1.28)

It can be shown that ‖T‖HS = ‖T∗‖HS. An operator T ∈ B(ℍ) is said to be a Hilbert–
Schmidt operator if it has a finite Hilbert–Schmidt norm (i. e., ‖T‖HS < +∞). The space
of all Hilbert–Schmidt operatorswill be denoted byHS(ℍ). Note thatHS(ℍ) is itself a
Hilbert space under the Hilbert–Schmidt inner product ⟨⋅, ⋅⟩HS : HS(ℍ)×HS(ℍ) → ℂ
defined by

⟨S,T⟩HS = ∑
n
⟨Sϕn,Tϕn⟩ℍ, S,T ∈ HS(ℍ).

It appears that both the Hilbert–Schmidt norm ‖ ⋅ ‖HS and the trace defined above
are expressed in terms of an orthonormal basis (ϕn)

+∞
n=1 . However, a further analysis
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(which we shall omit here) shows that they are both independent of the orthonormal
basis chosen.

For a finite-dimensional Hilbert spaceℍ = ℂn, the polar decomposition of an n×n
real or complex matrix A is a factorization of the form A = UP, where U is a unitary
matrix (a rotation matrix) and P is a positive-semidefinite Hermitian matrix (a scaling
of the space along a set of n orthogonal axes), both of size n × n. The polar decom-
position of a square matrix A always exists. In fact, if A is invertible, the decomposi-
tion is unique, and the factor Pwill be positive-definite. In that case, A can be written
uniquely in the form A = UeX, where U is unitary and X is the unique self-adjoint log-
arithm of the matrix P. The polar decomposition can also be defined as A = PUwhere
P and U have the same properties as above (but are different matrices, in general, for
the same A).

The polar decomposition of a matrix can be seen as thematrix analog of the polar
form of a complex number as z = ur, where r is its absolute value (a nonnegative real
number), and u is a complex number with unit norm (an element of the circle group).

For the infinite-dimensional Hilbert space ℍ, the polar decomposition of a
bounded linear operator A ∈ B(ℍ) can roughly be stated as follows. If A is a bounded
linear operator, then there is a unique factorization of A as a product A = UPwhere U
is a partial isometry, P is a nonnegative self-adjoint operator and the initial space of
U is the closure of the range of P.

A bounded linear operator U ∈ B(ℍ) is said to be an isometry if ‖Uϕ‖ℍ = ‖ϕ‖ℍ
for all ϕ ∈ ℍ, a partial isometry if its restriction to (ker(U))⊥ is an isometry.

The polar decomposition is formally stated and proved as follows (see, e. g., Hall
[56]).

Theorem 1.8.11 (Polar decomposition). LetA ∈ B(ℍ). Then there exists a partial isom-
etryU such that A = U|A|, where |A| = √A∗A. The operatorU is uniquely determined by
the condition that ker(U) = ker(A).

Proof. Let U : range(|A|) → range(A) such that U(|A|ϕ) = Aϕ for all ϕ ∈ ℍ. This
implies that

󵄩󵄩󵄩󵄩U(|A|ϕ)
󵄩󵄩󵄩󵄩ℍ = ‖Aϕ‖ℍ, ∀ϕ ∈ ℍ.

Then

󵄩󵄩󵄩󵄩|A|ϕ
󵄩󵄩󵄩󵄩
2
ℍ = ⟨|A|ϕ, |A|ϕ⟩ℍ
= ⟨ϕ, |A|2ϕ⟩ℍ (since |A|

∗ = |A|)
= ⟨ϕ,A∗Aϕ⟩ℍ = ⟨Aϕ,Aϕ⟩ℍ = ‖Aϕ‖

2
ℍ.

The definition of U and the above equality together imply that

󵄩󵄩󵄩󵄩U(|A|ϕ)
󵄩󵄩󵄩󵄩ℍ = ‖Aϕ‖ℍ =

󵄩󵄩󵄩󵄩|A|ϕ
󵄩󵄩󵄩󵄩ℍ, ∀ϕ ∈ range(A).
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Consequently, U is an isometry on range(|A|) = range(A). Clearly, |A|ϕ = 0 is equiv-
alent to Aϕ = 0 and, therefore, ker(|A|) = ker(A), and thus, ker(U) = ker(A). There-
fore, the restriction of U to (ker(U))⊥ (= (ker(A))⊥ = range(A) by Theorem 1.2.6) is
an isometry, and hence, U is a partial isometry. This proves the polar decomposition
theorem.

The properties of polar decomposition is used in the proof of the following theo-
rem.

Theorem 1.8.12. A bounded linear operator is a product of two Hilbert–Schmidt opera-
tors if and only if it is a trace-class operator.

Proof. (⇐) Let us assume tr[|a|] < +∞ (i. e., a ∈ T(ℍ)) and let b = √|a|. We note
that b = √|a| is self-adjoint by Theorem 1.3.3 and claim that b is a Hilbert–Schmidt
operator. To prove the claim, we choose any orthonormal basis (ϕn)

+∞
n=1 ofℍ and have

‖b‖2HS =
+∞
∑
n=1
⟨bϕn,bϕn⟩ℍ =

+∞
∑
n=1
⟨ϕn,b

∗bϕn⟩ℍ

=
+∞
∑
n=1
⟨ϕn,b

2ϕn⟩ℍ =
+∞
∑
n=1
⟨ϕn, |a|ϕn⟩ℍ = tr[|a|] < +∞.

In this case, by Theorem 1.8.11, a = u|a| = (ub)b is a product of two Hilbert–Schmidt
operators.

(⇒) Conversely, let a = hk be a product of two Hilbert–Schmidt operators h and
k onℍ. Then |a| = u∗a = (u∗h)k and gives

tr[|a|] ≤ 󵄩󵄩󵄩󵄩u
∗h󵄩󵄩󵄩󵄩HS‖k‖HS ≤ ‖h‖HS‖k‖HS < +∞,

since ‖u‖∞ ≤ 1. Therefore, a is a trace-class operator. This proves the theorem.





2 Formulation of quantum systems

In this chapter, we give a concise and yet rigorous mathematical formulation of a
generic infinite-dimensional quantum system based on the following set of postu-
lates originated from von Neumann [172] (see also Chang [22–24]). These postulates
are commonly accepted by quantum probabilists and quantum physicists alike as the
starting point for a systematic study of quantum systems.

Postulate 1. With every quantum system, there is associated a separable complex
Hilbert space ℍ on which a C∗ or von Neumann algebras of linear operators 𝒜 is
defined. This complex Hilbert space ℍ is called in physics terminology the space
of states. The Hilbert space of a composite quantum system can be represented as a
tensor product of Hilbert spaces of the component systems involved.

Postulate 2. Given aC∗ or vonNeumann algebra of operators𝒜 onℍ for the quantum
system, the space of quantum states 𝒮(𝒜) of the quantum system then consists of all
positive trace-class operators ρ ∈ 𝒜 with unit trace, tr[ρ] = 1. The pure states are
projection operators onto one-dimensional subspaces of ℍ. A state ρ will be called
the density operator or density matrix if tr[ρa] = tr[a] for all a ∈ 𝒜.

Postulate 3. An observable of the quantum system is a positive operator-valuedmea-
sure a defined on a certain Borel measure space (ℝ,ℬ(ℝ)). Specifically, for each Borel
set B ∈ ℬ(ℝ), a(B) is a self-adjoint linear (but not necessarily bounded) operator on
the Hilbert spaceℍ.

Postulate 4. A process of measurement in a quantum system is the correspondence
between the observable-state pair (a, ρ) and the probability measure μa on the real
Borel measurable space. For every Borel subset E ∈ ℬ(ℝ), the quantity 0 ≤ μa(E) ≤
1 is the probability that when a quantum system is in the state ρ, the result of the
measurement of the observableabelongs toE. The expectation value (themeanvalue)
of the observable a in the state ρ is

⟨a|ρ⟩ =
∞

∫
−∞

λdμa(λ),

where μa(λ) = μa((−∞, λ)) is the distribution function for the probability measure μa.

While these postulates are widely-known in the quantum physics community, a
detailed and rigorous mathematical formulation for each of the above postulates for
infinite-dimensional quantum systems is needed. Thiswill be beneficial to all readers,
especially to those mathematical inclined readers who are not familiar with quantum
physics and to those who desire to place quantum physics in a rigorous mathematical
framework. In addition, the topics in this chapter will serve as the foundation upon
which the subsequent chapters are built. Interested readers are also referred to Chang

https://doi.org/10.1515/9783110788105-002
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[24], Brattellie and Robinson [15] and Takesaki [168] for a further reading in this area.
Unless otherwise stated, we shall assume thatℍ is an infinite- dimensional (separa-
ble) complex Hilbert space (and hence the quantum system it represents is an infinite-
dimensional system), unless otherwise stated. The notation, definitions and the pre-
liminary functional analytic results introduced or outlined in Chapter 1 are applicable
in this chapter in order to describe the quantum systemℍmathematically.

Letℍ be a complex Hilbert space that presents a quantum system. The notation,
definitions and the preliminary functional analytic results introduced or outlined in
Chapter 1 are applicable in this chapter in order to describe the quantum system ℍ
mathematically.

2.1 Operator topologies

This section is devoted to the studies of some operator topologies, including strong/
norm, weak, σ-strong, σ-weak topologies that play an important role in describing
a quantum system. Details of these treatments can be found in Chang [22–24] and
Bratteli and Robinson [15].

Wefirst recall that the operator norm ‖a‖∞ for a bounded linear operatora ∈ B(ℍ)
is defined by

‖a‖∞ := sup
ϕ ̸=0

‖a(ϕ)‖ℍ
‖ϕ‖ℍ

= sup
‖ϕ‖ℍ=1

󵄩󵄩󵄩󵄩a(ϕ)
󵄩󵄩󵄩󵄩ℍ, ∀a ∈ B(ℍ).

In the norm topology, all open sets are generated by the open set of the following
form:

{a ∈ B(ℍ) | ‖a‖∞ < ϵ}.

Let a,b ∈ B(ℍ); we say that a ≤ b if b − a ≥ 0. Recall that a bounded linear
operator a is a positive operator (denoted by a ≥ 0) if there exist a b ∈ B(ℍ) such that
a = b∗b := b∗ ∘ b.

The following definitions and remark can be found in Chang [23].

Definition 2.1.1. A subset of operators (aα)α∈L ⊂ B(ℍ) is said to be a net if L is a to-
tally ordered set with the order relation “≤.” The net (aα)α∈L (or simply (aα)α if there
is no danger of ambiguity) is said to be increasing if α ≤ α̃ implies that aα ≤ aα̃. The
increasing net (aα)α is said to be bounded above if there exists an a ∈ B(ℍ) such
that

aα ≤ a, ∀α ∈ L.

Definition 2.1.2. Let (aα)α∈L be a net of operators inB(ℍ) and let a ∈ B(ℍ). We say
that:
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1. (aα)α∈L converges to a in norm-topology if (‖aα − a‖∞)α converges to 0.
2. (aα)α∈L converges strongly to a if aα(ϕ) converges to a(ϕ) in ‖ ⋅ ‖ℍ-norm for every

ϕ ∈ ℍ.
3. (aα)α∈L converges to a in strong∗ topology if the net (‖aα(ζ )‖ℍ + ‖a∗α (ζ )‖ℍ)α con-

verges to ‖a(ζ )‖ℍ + ‖a∗(ζ )‖ℍ for all ζ ∈ ℍ.
4. (aα)α∈L converges weakly to a if ⟨φ, aα(ϕ)⟩ℍ converges to ⟨φ, a(ϕ)⟩ℍ for every

ϕ,φ ∈ ℍ.
5. (aα)α∈L converges σ-strongly to a if the sum ∑

∞
n=1 ‖(aα − a)ϕn‖

2
ℍ converges to 0 for

every sequences (ϕn)n inℍ such that∑∞n=1 ‖ϕn‖
2
ℍ < ∞.

6. (aα)α∈L convergesσ-weakly toa if the sum∑
∞
n=1⟨φn, aα(ϕn)⟩ℍ converges to∑

∞
n=1⟨φn,

a(ϕn)⟩ℍ for every pair of sequences (ϕn)n, (φn)n inℍ such that ∑∞n=1 ‖ϕn‖
2
ℍ < ∞

and ∑∞n=1 ‖φn‖
2
ℍ < ∞.

7. The increasing net (aα)α∈L converges to a in weak
∗ topology if for every trace-class

operator b ∈ T(ℍ) the sequence (tr[baα])α converges to tr[ba].

The following remark can be found in Chang [23].

Remark 2.1. Let (aα)α be an increasing net of operators in B(ℍ), and let a ∈ B(ℍ).
We have the following observations:
1. The increasingnet sequence (aα)α converges strongly toa if andonly if it converges

in operator norm, i. e., (‖aα−a‖∞)α converges to 0. This is because (aα)α converges
to a in operator norm if and only if (‖(an − a)ϕ‖ℍ)α converges to 0 for all ϕ ∈ ℍ.

2. (aα)α converges σ-weakly to a if and only if it converges to a in weak∗ topology.
The weak∗ topology (or σ-weak topology) is the weak topology arising from the
operator pairing (a,b) 󳨃→ tr[ab] of B(ℍ) with the trace-class operators. That is,
it is the weakest topology that makes the map a 󳨃→ tr[ab] continuous for the all
trace-class operator b ∈ T(ℍ).

3. The weak∗ topology is finer than the weak operator topology but the weak and
weak∗ topology coincide on bounded subsets ofℍ.

4. Thepositive coneB+(ℍ) is sequentially closed in theweakoperator topology, i. e.,
for (Tk)+∞k=1 ⊂ B+(ℍ) such that (Tk)

+∞
k=1 converge to T ∈ B(ℍ) in the weak operator

topology. It follows that T ≥ 0.

We recall Zorn’s lemma (see Zorn [184], Rudin [133, 134] andReed and Simon [128])
as follows. A totally ordered subset A of a partially ordered set S with an ordering
inequality ⪯will be called a chain. The chain A is said to have an upper bound if there
exists a u ∈ S such that x ⪯ u for all x ∈ A. The element m ∈ S is said to be a maximal
element for S ifm ⪯ x implies x = m.

Zorn’s lemma is stated below without proof.

Lemma 2.1.3 (Zorn’s lemma). Suppose a partially ordered set S has the property that
every chain has an upper bound. Then the set S contains at least one maximal element.
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The following result, which can be considered as a special case of Zorn’s lemma
(Lemma 2.1.3), shows that if the increasing net (aα)α∈L ⊂ B+(ℍ) is bounded above,
then it has the least upper bound that belongs toB+(ℍ).

The following result can be found in Chang [23].

Proposition 2.1.4. Let (aα)α∈L be an increasing net in B+(ℍ) with an upper bound in
B+(ℍ). Then the net (aα)α∈L has a least upper bound (l. u. b) to be denoted by ∨α∈Laα.
In this case, the net converges σ-strongly to ∨α∈Laα.

Proof. Let Aα be the weak closure of the set {aβ | β > α}. Since the closed unit ball,

B(0; 1) := {a ∈ B(ℍ) | ‖a‖∞ ≤ 1} ⊂ B(ℍ),

is weakly compact by the Banach–Alouglu theorem (see Theorem 1.1.4), there exists
an element a in ∩αAα. For all aα, the set

{c ∈ B+(ℍ) | c ≥ aα}

is σ-weakly closed and contains Aα; hence, a ≥ aα. Consequently, a ≥ aα for all α and
lies in the weak closure of {aα | α ∈ L}. If b is another operator majorizing {aα | α ∈ L},
then it majorizes its weak closure; thus, a ≥ a and a := ∨αaα is the least upper bound
of {aα | α ∈ L}. Finally, if ζ ∈ ℍ then

‖(a − aα)ζ ‖
2
ℍ ≤ ‖a − aα‖∞‖(a − aα)

1/2ζ ‖2ℍ
≤ ‖a‖∞⟨ζ , (a − aα)ζ ⟩ℍ
→ 0 as α goes to +∞.

This proves the proposition.

2.2 Operator algebras

This section is devoted to studies of some algebras of operators on ℍ, including C∗-
algebra and von Neumann algebra, that play an important role in describing a quan-
tum system.

As usual, the addition a + b, the multiplication ab and the involution a∗ on L(ℍ)
are defined as follows. For all a, b ∈ L(ℍ), ϕ ∈ ℍ and a, b ∈ ℂ:
1. (a + b)(ϕ) = a(ϕ) + b(ϕ);
2. (ab)(ϕ) = a(b(ϕ)) = (a ∘ b)(ϕ);
3. (aa + bb)∗ = āa∗ + b̄b∗, (a∗)∗ = a, and (ab)∗ = b∗a∗.
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2.2.1 C∗-algebras

Definition 2.2.1. A complex algebra 𝒜 is a vector space of operators 𝒜 over ℂ, which
is closed under operator addition “+” (i. e., a+b ∈ 𝒜 for all a,b ∈ 𝒜) and under vector
multiplication/convolution “∘” (i. e., ab := a ∘ b ∈ 𝒜 for all a,b ∈ 𝒜) and satisfies the
following distributive and associative laws:
1. (aa + bb)c = aac + bbc and c(aa + bb) = aca + bcb;
2. a(bc) = (ab)c; for all a, b, c in𝒜 and a, b in ℂ.

Definition 2.2.2. A Banach algebra is a complex Banach space of operators 𝒜 under
a norm ‖ ⋅ ‖, where 𝒜 is a complex algebra of operators (see Definition 2.2.1) and the
norm ‖ ⋅ ‖ is a Banach norm that satisfies the inequality ‖ab‖ ≤ ‖a‖‖b‖ for all a and b
in𝒜.

Recall that ‖ ⋅ ‖ : 𝒜 → ℝ+ is said to be a Banach norm if (i) ‖a‖ ≥ 0 for all a ∈ 𝒜;
(ii) ‖ca‖ = |c|‖a‖ for all c ∈ ℂ and a ∈ 𝒜; (iii) ‖a + b‖ ≤ ‖a‖ + ‖b‖ and (iv) ‖a‖ = 0 if and
only if a = 0.

Definition 2.2.3. Let𝒜 be a complex algebra of operators. A map a 󳨃→ a∗ is called an
involution on𝒜 if it satisfies:
1. (a∗)∗ = a;
2. ab∗ = b∗a∗;
3. (aa + bb)∗ = aa∗ + bb∗,

for all a and b in𝒜, and all a, b inℂ. A complex algebra equippedwith an involution ∗

is called a ∗-algebra.

It is clear that the adjointness of an operator a 󳨃→ a∗ defined is an involution as
defined in Definition 2.2.3. For convenience, we shall treat a∗, the involution of a, as
the adjoint of the operator a ∈ L(ℍ).

Definition 2.2.4. A C∗-algebra of bounded linear operators onℍ is a Banach algebra
𝒜 under the operator norm ‖ ⋅ ‖∞ (see (1.11)) equipped with an involution “∗” (which
is taken to be the adjointness) if it satisfies the condition

󵄩󵄩󵄩󵄩a
∗a󵄩󵄩󵄩󵄩∞ = ‖a‖

2
∞ ∀a ∈ 𝒜. (2.1)

Let𝒜 be a C∗-algebra of bounded linear operators onℍ. Then𝒜 is said to be:
1. unital if it contains the unit operator 1ℍ, where 1ℍa = a1ℍ = a for all a ∈ 𝒜. Note

that 1ℍ = 1∗ℍ with ‖1ℍ‖∞ = ‖1
∗
ℍ‖∞ = 1.

2. Abelian if ab = ba for all a,b ∈ 𝒜.

We assume throughout the end of this book that all C∗-algebras are unital because it
can expanded to a larger C∗-algebra that includes the identity operator (see Arveson
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[2] for such detail). Therefore, due to the remark above we can and will assume all
C∗-algebras involved are unital throughout the end of this book.

The following are some examples of C∗-algebras (see Chang [22, 23]):
1. First, it is clear that both L(ℍ) andB(ℍ) are complex vector spaces of operators

under pointwise addition and scalar multiplication (by complex numbers) and
they are complex algebras under additional operation of composition (i. e., ab ≡
a ∘ b ≡ a(b) for all a,b ∈ L(ℍ)). Adding the involution a 󳨃→ a∗ of taking adjoints,
both L(ℍ) andB(ℍ) are ∗-algebras. Furthermore,B(ℍ) is a C∗-algebra, since it
is complete with respect to the operator norm ‖ ⋅ ‖∞ and satisfies the basic axiom

󵄩󵄩󵄩󵄩a
∗a󵄩󵄩󵄩󵄩∞ = ‖a‖

2
∞, ∀a ∈ B(ℍ).

To prove the above assertion, we note that B(ℍ) contains the identity operator
Iℍ and adjoint ∗ as an involution, and it is certainly complete with respect to the
operator norm ‖ ⋅ ‖∞, sinceB(ℍ) is a Banach space under this operator norm. It
remains to show that

󵄩󵄩󵄩󵄩a
∗a󵄩󵄩󵄩󵄩∞ = ‖a‖

2
∞, ∀a ∈ B(ℍ).

We first note that ‖a∗a‖∞ ≤ ‖a‖2∞, since ‖a
∗a‖∞ ≤ ‖a∗‖∞‖a‖∞ = ‖a‖2∞. On the

other hand,

‖a‖2∞ = sup
‖ϕ‖ℍ≤1

󵄩󵄩󵄩󵄩a(ϕ)
󵄩󵄩󵄩󵄩
2
ℍ = sup
‖ϕ‖ℍ≤1
⟨aϕ, aϕ⟩ℍ = sup

‖ϕ‖ℍ≤1
⟨a∗aϕ,ϕ⟩ℍ ≤

󵄩󵄩󵄩󵄩a
∗a󵄩󵄩󵄩󵄩∞.

Since a is bounded so are a∗ and a∗a. Therefore, ‖a∗a(ϕ)‖ℍ ≤ ‖a∗a‖∞‖ϕ‖ℍ for all
ϕ ∈ ℍ and the last inequality of the above expression holds true.

2. C∗-algebras are noncommutative analogues of the algebra C(K) of continuous
complex-valued functions over a compact space K with uniform topology, the
complex conjugation as involution, and the constant function 1 as unit. Thus,
bounded linear functionals on C∗-algebras are the non-commutative analogues
of (bounded) complex measures on a compact space K.

3. Let𝒜 be a C∗-algebra with unit 1 and let a,b ∈ 𝒜.
(1) If a is self-adjoint then a ≤ ‖a‖∞1.
(2) If 0 ≤ a ≤ b, then ‖a‖∞ ≤ ‖b‖∞.
(3) If a,b ∈ 𝒜+, then ‖a − b‖∞ ≤ max{‖a‖∞, ‖b‖∞}.

Definition 2.2.5. A bounded linear map π : 𝒜 → ℬ between two C∗-algebras 𝒜 ⊂
B(ℍ) and ℬ ⊂ B(𝕂) is called a ∗-homomorphism, if for any a,b ∈ 𝒜 and a, b ∈ ℂ,

π(aa + bb) = aπ(a) + bπ(b),
π(ab) = π(a)π(b),
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and

π(a∗) = π(a)∗.

The following remark and definition can be found in Chang [23].

Remark 2.2. It can be shown that any ∗-homomorphism π between two C∗-algebras
is nonexpansive, i. e., ‖π‖𝒜,ℬ := sup‖a‖∞=1 ‖π(a)‖∞ ≤ 1. Therefore, a ∗-homomorphism
between ∗-algebras is isometry due to the norm condition.

Definition 2.2.6. Let𝒜 andℬ be twoC∗-algebras of bounded linear operators (but not
necessarily acting on the same Hilbert space). A bijective (i. e., one-to-one and onto)
∗-homomorphism π : 𝒜 → ℬ is called a ∗-isomorphism, in which case 𝒜 and ℬ are
called isomorphic. A ∗-isomorphism is a ∗-automorphism if it maps a C∗-algebra onto
itself.

2.2.2 von Neumann algebras

For each subset𝒜 ⊂ B(ℍ), define𝒜′, the commutant of𝒜, as

𝒜′ = {b ∈ B(ℍ) | ab = ba ∀a ∈ 𝒜 }.

Clearly,𝒜′ is a complex algebra of operators containing the identity operator Iℍ. If𝒜 is
invariant under the ∗-operation, i. e., if a ∈ 𝒜 implies that a∗ ∈ 𝒜, then the commutant
𝒜′ is a C∗-algebra of bounded linear operators acting onℍ, which is closed under any
of the topologies defined in Definition 2.1.2.

As shown in Chang [22], there are at least two equivalent ways to define a von
Neumann algebra. The first and most common way is to define them as weakly closed
∗-algebras of bounded linear operators (on a Hilbert space) containing the identity I.
In this definition, the weak (operator) topology can be replaced by many other com-
mon operator topologies. The ∗-algebras of bounded linear operators that are closed
in the norm topology are C∗-algebras, so in particular any von Neumann algebra is a
C∗-algebra.

We present the first definition of von Neumann algebra below (see Takesaki [168],
Dixmier [39], Bratteli and Robinson [15] Sakai [137] and Chang [22–24]).

Definition 2.2.7 (von Neumann algebra 1). A vonNeumannalgebra𝒜 is a ∗-subalgebra
ofB(ℍ) that contains the identity operator I and is strongly closed. That is, if

ai ∈ 𝒜 and lim
i→∞

ai(ϕ) = a(ϕ) ∀ϕ ∈ ℍ,

then a ∈ 𝒜.
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Note that a subalgebra 𝒜 ofB(ℍ) is called a sub∗-algebra if it is invariant under
the involution ∗. That is,

a∗ ∈ 𝒜 for all a ∈ 𝒜.

The second definition is that a von Neumann algebra is a subset of the bounded
linear operators that is closed under the involution ∗ and equal to its double commu-
tant, or equivalently

Definition 2.2.8 (von Neumann algebra 2). A von Neumann algebra of bounded lin-
ear operators onℍ is a ∗-subalgebra𝒜 ofB(ℍ) such that𝒜 = 𝒜′′.

The von Neumann double commutant theorem (von Neumann [172]) states that
these two definitions are equivalent. A proof is included here for the sake of complete-
ness and can be skipped from the first reading.

Theorem 2.2.9 (von Neumann bicommutant theorem). . Let 𝒜 be a sub∗-algebra of
B(ℍ) containing the identity operator Iℍ. Then the bicommutant 𝒜′′ is exactly the
strong (= weak) closure of 𝒜. In particular, 𝒜 is a von Neumann algebra if and only if
𝒜 = 𝒜′′.

Proof. It is clear that the closure of 𝒜 under strong convergence (see Definition 2.1.2)
is contained in 𝒜′′. We must prove conversely that, for every a ∈ 𝒜′′, every ϵ > 0 and
every finite family x1, . . . , xn of elements ofℍ, there existsb ∈ 𝒜 such that ‖bxi−axi‖ℍ ≤
ϵ for all i. We begin with the case of one single vector x. Let 𝕂 = {bx | b ∈ 𝒜} be the
closed subspace inℍ generated bybx,b ∈ 𝒜. In this case,𝕂 is closed under the action
of𝒜, and the same is true for𝕂⊥. That is,𝒜(𝕂) ⊆ 𝕂 and𝒜(𝕂⊥) ⊂ 𝕂⊥. This is because
if ⟨y,bx⟩ℍ = 0 for every b ∈ 𝒜, we also have for c ∈ 𝒜 ⟨cy,bx⟩ℍ = ⟨y, c∗bx⟩ℍ = 0.
This means that the orthogonal projection p on 𝕂 commutes with every b ∈ 𝒜. That
is, p ∈ 𝒜′. Then a ∈ 𝒜′′ commutes with p, so that ax ∈ 𝕂. This implies that there exist
a sequence (an)n≥1 in𝒜 such that limn→∞ ‖anx − ax‖ℍ = 0. We now extend the above
result to n vectors. Let ℍ̂ be the direct sum of n copies ofℍ. A linear operator on ℍ̂ can
be considered as a n×nmatrix of operators onℍ, andwe call ̂𝒜 the algebra consisting
of all operators â repeating a ∈ 𝒜 along the diagonal (â(y1 ⊕ . . . ⊕ yn) = ay1 ⊕ . . . ayn). It
is easy to see that ̂𝒜 is a von Neumannwhose commutant consists of all matrices with
coefficients in 𝒜′, and whose bicommutant consists of all diagonals â with a ∈ 𝒜′′.
Then the approximation result for n vectors (x1, . . . , xn) in𝒜 follows from the preceding
result applied to x1 ⊕ . . . ⊕ xn. This proves the theorem.

Remark 2.3. As mentioned in Chang [23] that ifℍ is finite-dimensional (sayℍ = ℂN

for some positive integer N), then every ∗-subalgebra 𝒜 of B(ℍ) is also a von Nue-
mann algebra. This is because in finite-dimensional space ℍ, normal topology and
Euclidean topology coincide. However, there are ∗-algebras that are not a von Nue-
mann algebra as shown in the following example, whenℍ is infinite-dimensional.
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The following example can be found in Chang [23].

Example 2.1. Let ℍ = L2([0, 1]), the space of Lebesque square integrable functions
defined on the interval [0, 1] and let 𝒜 = C([0, 1]), the commutative algebra of con-
tinuous functions on the unit interval. We can consider A ∈ 𝒜 as an operator on ℍ
under pointwise multiplication, i. e., (Aψ)(x) = A(x)ψ(x) for every ψ ∈ ℍ. Then𝒜 is a
∗-algebra but is not closed under normal topology, and hence it is not a von Neumann
algebra. Indeed, we can construct a sequence of increasing functions {An}∞n=2 ⊂ 𝒜 that
converges pointwise to the indicator function χ[0,1/2] ∉ 𝒜. For example, we can let
An ∈ 𝒜 be defined by

An(x) =
{{{
{{{
{

1 for x ∈ [0, 12 −
1
n ),

−n(x − 1
2 +

1
n ) + 1 for x ∈ [ 12 −

1
n ,

1
2 ),

0 for x ∈ [ 12 , 1].

It is a well-known fact that a net (aα)α∈L in 𝒜 is σ-weakly convergent to a ∈ 𝒜 if
and only if tr[ρ(an − a)] → 0 as n→ +∞ for all ρ ∈ T(ℍ).

Definition 2.2.10. Given any 𝒮 ⊂ B(ℍ) that is invariant under the involution “∗”, we
call vN(𝒮) = 𝒮′′ the von Neumann algebra generated by 𝒮.

This construction of a von Neumann subalgebra vN(𝒮) has been used frequently
in treatment of quantum stochastics and control (see, e. g., Chang [24]).

Definition 2.2.11. Let 𝒜 be a von Neumann algebra of bounded linear operators on
someHilbert spaceℍ. LetT be a self-adjoint operator defined on a dense domain𝒟(T)
ofℍ. T is said to be affiliated to𝒜 if (T − 𝚤I)−1 is an element of𝒜, where 𝚤 = √−1.

Let𝒜sa be the subset of self-adjoint operators in𝒜.

Definition 2.2.12. Let 𝒜 and ℬ be von Neumann subalgebras ofB(ℍ) andB(𝕂), re-
spectively. A positive linear map ϒ : 𝒜 → ℬ is said to be normal if, for each bounded
monotone increasing net (aα)α∈L in 𝒜sa with a = ∨α∈Laα, the net (ϒ(aα))α∈L increases
to ∨α∈Lϒ(aα) = ϒ(a) ∈ ℬsa.

Definition 2.2.13. A linear map ϒ : B(ℍ) → B(ℍ) is called ultra-weakly continuous if

lim
n→∞

tr[ρϒ(Xn)] = tr[ρϒ(X)]

whenever

lim
n→∞

tr[ρXn] = tr[ρX] for all trace-class operator ρ inB(ℍ).
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2.3 Bounded linear functionals

Let𝕏 be a Banach or Hilbert space over the complex field ℂ.
1. A function ρ : 𝕏 → ℂ is said to be a linear functional if

ρ(ax + by) = aρ(x) + bρ(y), ∀a, b ∈ ℂ and ∀x, y ∈ 𝕏.

2. The linear functional ρ : 𝕏 → ℂ is said to be bounded (or continuous) if there
exists a constant K > 0 such that

󵄨󵄨󵄨󵄨ρ(x)
󵄨󵄨󵄨󵄨 ≤ K‖x‖𝕏, ∀x ∈ 𝕏.

3. A function ρ : 𝕏 → ℝ is said to be a sublinear functional if

ρ(ax) = aρ(x) and ρ(x + y) ≤ ρ(x) + ρ(y), ∀a ∈ ℝ+ and ∀x, y ∈ 𝕏.

Note from Section 1.1 that every seminorm (in particular, every norm) ‖ ⋅ ‖𝕏 : 𝕏 → ℝ is
a sublinear functional since

‖cx‖𝕏 = |c|‖x‖𝕏, ∀c ∈ ℂ and ∀x ∈ 𝕏,
‖x + y‖𝕏 ≤ ‖x‖𝕏 + ‖y‖𝕏, ∀x, y ∈ 𝕏.

If ρ : 𝕏 → ℂ is a bounded linear functional, we define the (operator) norm

‖ρ‖∞ = sup
x ̸=0

|ρ(x)|
‖x‖𝕏
= sup
‖x‖𝕏=1

󵄨󵄨󵄨󵄨ρ(x)
󵄨󵄨󵄨󵄨. (2.2)

The space of bounded linear functionals on 𝕏 will be denoted by 𝕏∗, which will be
referred to as the topological dual space of𝕏.

Let𝕏 = ℍ. The spaceℍ∗, the space of bounded linear functionals onℍ, is often
referred to as the topological dual space ofℍ and can be identifiedwithℍ through the
following celebrated Riesz representation theorem due originally to Frechet [51] and
Riesz [129].

Theorem 2.3.1 (Riesz representation theorem). The map F : ℍ → ℂ is a bounded lin-
ear functional on a complex Hilbert spaceℍ if and only if there is a unique ψ ∈ ℍ such
that

F(ϕ) = ⟨ψ,ϕ⟩ℍ, ∀ϕ ∈ ℍ.

In this case, ‖F‖∞ = ‖ψ‖ℍ, where ‖F‖∞ is the operator norm of F defined in (2.2).

The Riesz representation theorem implies thatℍ∗, the topological dual ofℍ, can
be identified with the Hilbert spaceℍ itself. We frequently use Dirac’s notation ⟨ψ|ℍ :
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ℍ → ℂ for a bounded linear functional, where ψ ∈ ℍ is the Riesz representation of
F ∈ ℍ∗ and write

F(ϕ) = ⟨ψ|ϕ⟩ℍ := ⟨ψ,ϕ⟩ℍ, ∀ϕ ∈ ℍ.

For notational simplicity, we often write ⟨ψ|ℍ as ⟨ψ| and ⟨ψ|ϕ⟩ℍ as ⟨ψ|ϕ⟩ when
there is no danger of ambiguity.

If 𝔻 ⊂ ℍ is dense and if F : 𝔻 → ℂ is a bounded linear functional, then F can
be extended as a bounded linear functional on ℍ. This is because if ϕ ∈ ℍ, then
there exists a sequence (ϕn)

+∞
n=1 in𝔻 such that (s) limn→+∞ ϕn = ϕ (i. e., limn→+∞ ‖ϕn−

ϕ‖ℍ = 0). In this case, we define its extension F : ℍ → ℂ by F(ϕ) = limn→+∞ F(ϕn).
One can easily prove the extended F : ℍ → ℂ is a bounded linear functional.

The following uniform boundedness theorem (or Banach–Steinhaus theorem) is
one of the fundamental results in functional analysis. In its basic form, it asserts that
for a family of bounded linear functionals on a Banach space, pointwise bounded-
ness is equivalent to uniform boundedness in operator norm. The theorem was first
published in Banach and Steinhaus [4]. The proof is omitted here.

Theorem 2.3.2 (Uniform boundedness theorem). Let 𝕏 be a complete normed linear
space equipped with the norm ‖ ⋅ ‖𝕏, where 𝕏 = 𝔹 or ℍ. Suppose that (Fn)+∞n=1 is a se-
quence of linear functionals on 𝕏 such that the set {Fn(u)}+∞n=1 is bounded in ℂ for each
u ∈ 𝕏. Then the sequence (‖Fn‖∞)+∞n=1 is bounded inℝ, where ‖Fn‖∞ is the operator norm
of Fn defined in (2.2).

We recall one of the important tools, the Hahn–Banach theorem, on bounded lin-
ear functional 𝕏∗ below. The Hahn–Banach theorem is a central tool in functional
analysis. It allows the extension of bounded linear functionals defined on a subspace
of somevector space to thewhole space, and it also shows that there are “enough” con-
tinuous linear functionals defined on every normed vector space to make the study of
the dual space “interesting.” Another version of the Hahn–Banach theorem is known
as the hyperplane separation theorem, and has numerous uses in convex geometry.

Let us recall the Hahn–Banach theorem (in a general form) as follows (see Theo-
rem 3.2 of Rudin [134]).

Theorem 2.3.3 (Hahn–Banach theorem). If𝒩 : 𝕏 → ℝ is a sublinear functional on the
real vector space 𝕏 and φ : 𝕌 → ℝ is a linear functional on a linear subspace𝕌 of 𝕏,
which is dominated by𝒩 on𝕌,

φ(x) ≤ 𝒩 (x), ∀x ∈ 𝕌

then there exists a linear extension ψ : 𝕏 → ℝ of φ from 𝕌 to the whole space 𝕏, i. e.,
there exists a linear functional ψ such that

ψ(x) = φ(x), ∀x ∈ 𝕌 and ψ(x) ≤ 𝒩 (x), ∀x ∈ 𝕏.
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TheHahn–Banach separation theoremsare thegeometrical versions of theHahn–
Banach theorem. The separation theorem is derived from the original form of Theo-
rem 2.3.3.

Let 𝕏 be a real vector space, A and B nonempty subsets of 𝕏, f ̸= 0 a real linear
functional on 𝕏, s ∈ ℝ a scalar, and let V = f −1({s}) := {x ∈ 𝕏 | f (x) = s} be a
hyperplane. We also define the lower (resp., upper) half-space to be {x ∈ 𝕏 | f (x) ≤ s}
(resp., {x ∈ 𝕏 | f (x) ≥ s}). We define the strict lower (resp., strict upper) half-space to
be {x ∈ 𝕏 | f (x) < s} (resp., {x ∈ X | f (x) > s}).

We say that the hyperplane V (or f ) separates A and B if sup f (A) ≤ s ≤ inf f (B) or
equivalently, if f (a) ≤ s ≤ f (b) for all a ∈ A and b ∈ B.

Note that A and B are separated if and only if {0} and B\A are separated.
If a0 ∈ A and V separates A and {a0}, then V is called a supporting hyperplane

of A at a0, a0 is called a support point of A, and f is called a support functional. If A
is convex and a0 ∈ A, then we call a0 a smooth point of A if there exists a unique
hyperplane V such that a0 ∈ A ∩ V . We call a normed space𝕏 smooth if at each point
x in its unit ball there exists a unique closed hyperplane to the unit ball at x.

The Hahn–Banach separation theorem is stated below without proof.

Theorem 2.3.4 (Hahn–Banach separation theorem). Let A and B be nonempty and
convex subsets of a real normed vector space𝕏. Furthermore, assume that A and B are
disjoint and that A has an interior point. Then there is a hyperplane that separates A
and B.

2.3.1 Bounded linear functionals onℍ

Recall thatB(ℍ) and T(ℍ) represent, respectively, the space of bounded linear oper-
ators (under the operator norm ‖ ⋅ ‖∞) and the space of trace- class operators (under
the trace norm ‖ ⋅ ‖1) on the complex Hilbert spaceℍ.

A bounded linear functional ϒ : B(ℍ) → ℂ is said to be real if

ϒ(a∗) = ϒ(a), ∀a ∈ B(ℍ),

where ϒ(a) is the complex conjugate of ϒ(a). ϒ is said to be positive if

ϒ(b∗b) ≥ 0, ∀b ∈ B(ℍ),

and has mass 1 if ϒ(Iℍ) = 1, where Iℍ ∈ B(ℍ) denotes the identity operator on ℍ,
i. e., Iℍϕ = ϕ for all ϕ ∈ ℍ. A bounded linear functional ϒ : B(ℍ) → ℂ is said to be
self-adjoint if ϒ = ϒ∗, where ϒ∗ denotes the adjoint of ϒ as defined in Chapter 1. It is
known that every linear functional onB(ℍ) can be uniquely represented in the form
ϒ = ϒ1 + 𝚤ϒ2 (𝚤 = √−1), where ϒ1,ϒ2 are real self-adjoint linear functionals. In fact, we
may simply let
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ϒ1 =
ϒ + ϒ∗

2
and ϒ2 =

ϒ − ϒ∗

2𝚤
.

Note that if ϒ is positive (denoted by ϒ ≥ 0), it is automatically self-adjoint.

Lemma 2.3.5. For each φ,ψ ∈ ℍ, define Sφ,ψ : ℍ → ℍ by

Sφ,ψϕ = ⟨ψ,ϕ⟩ℍφ := |φ⟩ℍ⟨ψ|ϕ⟩ℍ, ∀ϕ ∈ ℍ. (2.3)

Then Sφ,ψ is a rank-one operator on ℍ. Furthermore, S∗φ,ψ = Sψ,φ, where S∗φ,ψ is the
adjoint of the operator Sφ,ψ, and Sφ,ψSψ,φ = ‖ψ‖2ℍSφ,φ.

Proof. It is clear that Sφ,ψ is a rank-one projection fromℍ to the one-dimensional sub-
space ℂφ := {cφ | c ∈ ℂ} ofℍ.

To show that S∗φ,ψ = Sψ,φ, we let ψ1,ψ2 ∈ ℍ. Then

⟨S∗φ,ψψ1,ψ2⟩ℍ

= ⟨ψ1, Sφ,ψψ2⟩ℍ (by the definition of adjoint operator)

= ⟨ψ1,φ⟨ψ,ψ2⟩ℍ⟩ℍ (by the definition of Sφ,ψ)

= ⟨ψ,ψ2⟩ℍ⟨ψ1,φ⟩ℍ (because ⟨⋅, ⋅⟩ℍ is linear in second argument)

= ⟨ψ1,φ⟩ℍ⟨ψ,ψ2⟩ℍ (because complex numbers are commutative).

On the other hand,

⟨Sψ,φψ1,ψ2⟩ℍ

= ⟨ψ⟨φ,ψ1⟩ℍ,ψ2⟩ℍ (by the definition of Sψ,φ)

= ⟨φ,ψ1⟩ℍ⟨ψ,ψ2⟩ℍ (because ⟨⋅, ⋅⟩ℍ is conjugate linear in first argument)

= ⟨ψ1,φ⟩ℍ⟨ψ,ψ2⟩ℍ (because ⟨⋅, ⋅⟩ℍ is conjugate symmetric).

Therefore,

⟨S∗φ,ψψ1,ψ2⟩ℍ = ⟨Sψ,φψ1,ψ2⟩ℍ, ∀ψ1,ψ2 ∈ ℍ.

This shows that S∗φ,ψ = Sψ,φ.
To show that Sφ,ψSψ,φ = ‖ψ‖2ℍSφ,φ, we let ϕ ∈ ℍ. Then

(Sφ,ψSψ,φ)ϕ

= Sφ,ψ(Sψ,φϕ) (by composition of two operators)

= Sφ,ψ(⟨φ,ϕ⟩ℍψ) (by definition of Sψ,φ)

= ⟨φ,ϕ⟩ℍSφ,ψψ (since Sφ,ψ is a linear operator)

= ⟨φ,ϕ⟩ℍ(⟨ψ,ψ⟩ℍφ) (by definition of Sφ,ψ)
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= ‖ψ‖2ℍφ⟨φ,ϕ⟩ℍ (because ⟨ψ,ψ⟩ℍ = ‖ψ‖
2
ℍ)

= ‖ψ‖2ℍSφ,φϕ (by definition of Sφ,φ).

Therefore, Sφ,ψSψ,φ = ‖ψ‖2ℍSφ,φ. This proves the lemma.

We consider the special case of one-dimensional projection Pϕ(⋅) = Sϕ,ϕ(⋅), which
will be used quite often throughout this book. Using Dirac’s “bra” and “ket” notation,
Pϕ, the one-dimensional projection along ϕ, can be expressed as |ϕ⟩ℍ⟨ϕ|. For illus-
tration purposes, we write

Pϕ(ψ) = ⟨ϕ,ψ⟩ℍϕ = (|ϕ⟩ℍ⟨ϕ|)ψ = |ϕ⟩⟨ϕ|ψ⟩ℍ = ⟨ϕ|ψ⟩ℍ|ϕ⟩,

where |ϕ⟩ = ϕ is a vector inℍ as mentioned earlier and ⟨ϕ| : ℍ → ℂ is the bounded
linear functional onℍ defined by

⟨ϕ|ψ = ⟨ϕ|ψ⟩ℍ := ⟨ϕ,ψ⟩ℍ.

The following proposition shows that the space of trace-class operators, T(ℍ),
under the σ-weak topology, is the predual of B(ℍ) in the sense that the topological
dual of T(ℍ) equals to B(ℍ). We write B∗(ℍ) = T(ℍ). In this case, (B∗(ℍ))∗ =
B(ℍ).

Recall fromRemark 2.1 that (aα)α convergesσ-weakly toa if and only if it converges
to a in weak∗-topology. The weak∗ topology (or σ-weak topology) is the weak topology
arising from the operator pairing (a,b) 󳨃→ tr[ab] ofB(ℍ) with the trace-class opera-
tors. That is, it is the weakest topology that makes the map a 󳨃→ tr[ab] continuous for
all trace-class operator b ∈ T(ℍ). The weak∗ topology is finer than the weak operator
topology but the weak and weak∗ topology coincide on bounded subsets ofℍ.

Proposition 2.3.6.
1. The spaceB(ℍ) is the (topological) dual of T(ℍ).
2. T(ℍ) is the predual ofB(ℍ) (i. e., T∗(ℍ) = B(ℍ)) by the duality

(a,T) ∈ B(ℍ) × T(ℍ) 󳨃→≪ a,T ≫:= tr[aT].

3. The weak∗ topology on B(ℍ) arising from this duality coincide with the σ-weak
topology onB(ℍ).

Proof. (1) First, we want to show that T∗(ℍ) := (T(ℍ))∗ = B(ℍ). Let (a,T) ∈ B(ℍ) ×
T(ℍ). From the inequality,

| ≪ a,T ≫ | = | tr[aT]| ≤ ‖a‖∞‖T‖1,

it shows that≪ a, ⋅ ≫: T(ℍ) → ℂ is a bounded linear functional on T(ℍ). Therefore,
a ∈ T∗(ℍ). This shows that B(ℍ) is a subspace of T∗(ℍ). Conversely, we want to
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show that T∗(ℍ) ⊂ B(ℍ). Consider the rank one operator Sφ,ψ onℍ defined by (2.3)
for allφ,ψ ∈ ℍ. It follows from Lemma 2.3.5 that S∗φ,ψ = Sψ,φ and Sφ,ψSψ,φ = ‖ψ‖

2
ℍSφ,φ.

Hence,

‖Sφ,ψ‖1
= tr[|Sφ,ψ|] (by definition of ‖ ⋅ ‖1)

= tr[√S∗φ,ψSφ,ψ] (by definition of |Sφ,ψ|)

= tr[√Sψ,φSφ,ψ] (by Lemma 2.3.5)

= tr[√‖φ‖2ℍSψ,ψ] (by Lemma 2.3.5)

= ‖φ‖ℍ(tr[√Sψ,ψ]) (by linearity of the trace operator)

≤ ‖φ‖ℍ(
∞

∑
i=1
⟨ψ⟨ψ, ei⟩ℍei⟩ℍ)

1/2

,

(where (ei)
∞
i=1 is any orthonormal basis ofℍ)

= ‖φ‖ℍ(
∞

∑
i=1
⟨ψ, ei⟩

2
ℍ)

1/2

(by linearity of the second argument in ⟨⋅, ⋅⟩ℍ)

= ‖ψ‖ℍ‖φ‖ℍ.

It follows that

|ω(Sφ,ψ)| ≤ ‖ω‖∞‖Sφ,ψ‖1 ≤ ‖ω‖∞‖φ‖ℍ‖ψ‖ℍ, ∀ω ∈ T
∗(ℍ),

where ‖ω‖∞ denotes the operator norm of ω. This implies that ω is a bounded linear
operator on the space of rank-one projection operators {Sφ,ϕ | φ,ϕ ∈ ℍ}. Hence,
there exists, by the Riesz representation theorem (Theorem 2.3.1), an a ∈ B(ℍ) with
‖a‖∞ ≤ ‖ω‖∞ such that

ω(Sφ,ψ) = ⟨ψ, aφ⟩ℍ.

Consider ω0 ∈ T
∗(ℍ) defined by

ω0(T) =≪ a,T ≫= tr[aT];

then

ω0(Sφ,ψ) = tr[aSφ,ψ]
= ⟨ψ, aφ⟩ℍ
= ω(Sφ,ψ).
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Now for any T ∈ T(ℍ) there exist bounded sequences (ψn)n and (φn)n and a sequence
of complex numbers such that

∑
n
|αn| < ∞

and

T = ∑
n
αnSφn ,ψn

.

The latter series converges with respect to the trace norm, and hence,

ω(T) = ∑
n
αnω(Sφn ,ψn

) = ∑
n
αnω0(Sφn ,ψn

) = ω0(T) = tr[aT].

Thus,B(ℍ) is just the dual of T(ℍ).
(3). The weak∗ topology on B(ℍ) arising from this duality is given by the semi-

norms

a ∈ B(ℍ) 󳨃→ | tr[aT]|.

Now for

T = ∑
n
αnSφn ,ψn

one has

tr[aT] = ∑
n
αn tr[Sφn ,ψn

a] = ∑
n
αn⟨ψn, aφn⟩ℍ.

Thus, the seminorms are equivalent to the seminorms defining the σ-weak topology.
This proves the proposition.

We have the following easy consequence of Proposition 2.3.6.

Corollary 2.3.7. The space of trace-class operators T(ℍ) is a complex Banach space
under trace norm ‖ ⋅ ‖1.

2.3.2 𝒜∗ and𝒜∗

Let 𝒜 ⊆ B(ℍ) be either a C∗-algebra or a von Neumann algebra of bounded linear
operators onℍ.

We define normal and σ-weakly continuous linear functionals below.
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Definition 2.3.8. A positive linear functional ρ : 𝒜 ⊆ B(ℍ) → ℂ is said to be nor-
mal if ρ(∨αaα) = ∨αρ(aα) for any upper-bounded increasing net {aα}α∈L of positive
elements in 𝒜 ⊆ B(ℍ), where ∨α(⋅) denotes the least upper bound of the net (see
Definition 2.1.1 and Zorm’s lemma 2.1.3).

Definition 2.3.9. Let ρ be a positive linear functional on 𝒜 ⊆ B(ℍ). We say that ρ is
σ-weakly continuous if for every increasing net of (aα) ⊂ 𝒜 that converges to a ∈ B(ℍ)
in σ-weakly topology (see Definition 2.1.2 for the definition of σ-weakly convergence),
we have

lim
α
ρ(aα) = ρ(a).

It is well-known fact (see (2) of Remark 2.6) that a net (aα)α in 𝒜 is σ-weakly con-
vergent to a ∈ 𝒜 if and only if tr[ρ(aα − a)] → 0 for all ρ ∈ T(ℍ).

We state the following useful Beppo Levi theorem (also better known asmonotone
convergence theorem) below without proof.

Theorem 2.3.10 (Beppo Levi theorem). Let (𝕏, Σ, μ) be a measure space. Let (fn)+∞n=1 be
an increasing sequence of positive Σ-measurable functions, fn : 𝕏 → [0,∞] for n ≥ 1.
Then

∫
𝕏

(sup
n≥1

fn(x))μ(dx) = sup
n≥1
(∫
𝕏

fn(x)μ(dx)).

The following equivalent fundamental properties of states on a von Neumann al-
gebra are well-known (see Bratteli and Robinson [15] Theorem 2.4.21 on p. 76 and also
Chang [24]).

Theorem 2.3.11. Let 𝒜 be a von Neumann algebra of bounded linear operators on a
Hilbert spaceℍ and let ω be a bounded linear functional on𝒜. The following conditions
are equivalent:
1. ω is normal, i. e., ω(∨αaα) = ∨αω(aα) for any upper-bounded increasing net of

bounded operators (aα)α∈L ⊂ B(ℍ), where ∨αaα := supα aα;
2. ω is σ-weakly continuous, i. e., limα ω(aα) = ω(a) for any net (aα)α∈L that converges

to a in σ-weak topology;
3. there exists a density operator ρ (i. e., a positive trace-class operator on ℍ with

tr[ρ] = 1) such that ω(a) = tr[ρa] for all a ∈ 𝒜.
4. ω(∑i∈I pi) = ∑i∈I ω(pi) for every family {pi, i ∈ I} of pairwise orthogonal projections

in𝒜.

Proof. (3) ⇒ (2). Suppose there exists a positive ρ ∈ T(ℍ) with tr[ρ] = 1 such that
ω(a) := tr[ρa] for alla ∈ 𝒜. Then the functionalω : 𝒜→ ℂdefinedabove is continuous
under the weak∗ topology. This shows that the functional ω is continuous under the
σ-weak topology by Proposition 2.3.6.
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(2) ⇒ (1) follows from Proposition 2.1.4.
(2) ⇒ (3). If ω is σ-weakly continuous, there exist sequences (ζn)+∞n=1 , (ξn)

+∞
n=1 of

vectors inℍ such that∑+∞n=1 ‖ζn‖
2
ℍ < +∞,∑

+∞
n=1 ‖ζn‖

2
ℍ < +∞ and ω(a) = ∑+∞n=1⟨ζn, aξn⟩ℍ.

Define ℍ̃ = ⨁+∞n=1 ℍn (see (2.8) for the definition of direct sum of Hilbert spaces),
where ℍn = ℍ for all n ≥ 1, and introduce a representation π of 𝒜 on ℍ̃ by
π(a)(⨁+∞n=1 ψn) = ⨁

+∞
n=1 (aψn). Let ζ = ⨁

+∞
n=1 ζn, η = ⨁

+∞
n=1 ηn and then ω(a) = ⟨ζ ,

π(a)η⟩ℍ. Since ω(a) is real for a ∈ 𝒜+, we have

4ω(a) = 2⟨ζ ,π(a)η⟩ℍ + 2⟨ζ ,π(a
∗)η⟩ℍ

= 2⟨ζ ,π(a)η⟩ℍ + 2⟨η,π(a)ζ ⟩ℍ
= ⟨ζ + η,π(a)(ζ + η)⟩ℍ − ⟨ζ − η,π(a)(ζ − η)⟩ℍ
≤ ⟨ζ + η,π(a)(ζ + η)⟩ℍ

Hence, by Proposition 2.5.2 there exists a positive T ∈ π′(𝒜)with 0 ≤ T ≤ I/2 such that

⟨ζ ,π(a)η⟩ℍ = ⟨T(ζ + η),π(a)T(ζ + η)⟩ℍ
= ⟨ψ,π(a)ψ⟩ℍ.

The right-hand side of this relation can be used to extend ω to a σ-weakly continuous
positive linear functional ω̃ onB(ℍ). Since ω̃(Iℍ) = 1, by Proposition 2.3.6 there exists
a trace-class operator ρ with tr[ρ] = 1 such that

ω̃(a) = tr[ρa].

Let p be the rank one projection operator with range ζ . Then

⟨ζ , ρζ ⟩ℍ = tr[pρp] = tr[ρp] = ω̃(p) ≥ 0.

Thus, ρ is positive.
(1) ⇒ (2). Assume that the positive bounded linear functional ω is normal on 𝒜.

Let (bα) be an increasing net of elements in𝒜+ such that ‖bα‖∞ ≤ 1 for all α and such
that a 󳨃→ ω(abα) is σ-strongly continuous for all α. We can use Proposition 2.3.6 to
define b by

b = ∨αbα = (σ-strong) limα bα.

Then 0 ≤ b ≤ I and b ∈ 𝒜. But for all a ∈ 𝒜, we have

|ω(ab − abα)|
2 = |ω(a(b − bα)

1/2(b − bα)
1/2)|

≤ ω(a(b − bα)a
∗)ω(b − bα)

≤ ‖a‖2∞ω(b − bα).
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Hence,

󵄩󵄩󵄩󵄩ω(⋅b) − ω(⋅bα)
󵄩󵄩󵄩󵄩∞ := sup

‖a‖=1
|ω(ab − abα)| ≤ (ω(b − bα))

1/2
.

Since ω is normal, ω(b − bα) → 0 and ω(⋅bα) tends to ω(⋅b) in ‖ ⋅ ‖∞-norm. As 𝒜∗ is
a Banach space, ω(⋅bα) ∈ 𝒜∗. Now, applying Zorn’s lemma (see Lemma 2.1.3, we can
find a maximal element P ∈ 𝒜+ ∩ {a ∈ 𝒜 | ‖a‖∞ = 1} such that a 󳨃→ ω(aP) is σ-strong
continuous. We consider the following two cases: (i) P = I and (ii) P ̸= I. If (i) P = I,
then the theorem is proved. If (ii) P ̸= I, we put P′ = I − P and choose an ζ ∈ ℍ such
thatω(P′) < ⟨ζ ,P′ζ ⟩ℍ. If (bα) be an increasing net of elements in𝒜+ such that bα ≤ P′,
ω(Bα) ≥ ⟨ζ ,bαζ ⟩ℍ and

b = ∨αbα = (σ-strong) limα bα,

thenb ∈ 𝒜+,b ≤ P′ andω(b) = supω(bα) ≥ sup⟨ζ ,bζ ⟩ℍ. Hence, by Zorn’s lemma (see
Lemma 2.1.3), there exists a maximal b ∈ 𝒜+ such that b ≤ P′ and ω(b) ≥ ⟨ζ ,bζ ⟩ℍ.
Put Q = P′ − b. Then Q ∈ 𝒜+, Q ̸= 0 (since ω(P′) < ⟨ζ ,P′ζ ⟩ℍ), and if a ∈ 𝒜+, a ≤ Q,
a ̸= 0, then ω(a) < ⟨ζ , aζ ⟩ℍ by the maximality of b.

For any a ∈ 𝒜, we have

Qa∗aQ ≤ ‖a‖2∞Q
2 ≤ ‖a‖2∞‖Q‖∞Q.

Hence,

(Qa∗aQ)
‖a‖2∞‖Q‖∞

≤ Q and ω(Qa∗aQ) < ⟨ζ ,Qa∗aQζ ⟩ℍ.

Combining this with the Cauchy–Schwarz inequality (see (1.2)), one finds

|ω(aQ)|2 ≤ ω(1)ω(Qa∗aQ) < ⟨ζ ,Qa∗aQζ ⟩ℍ = ‖aQζ ‖
2
ℍ.

Thus, both a 󳨃→ ω(aQ) and a 󳨃→ ω(a(P + Q)) are σ-strong continuous, since P + Q ≤ 1.
This contradicts the maximality of P. Therefore, P = I.
(1) ⇔ (4). This follows easily from the definition of the normality of ω and the

Beppo Levy Theorem 2.3.10) This proves the theorem.

We recall that a bounded linear operator T : ℍ → ℍ is said to be diagonalizable if
there exists an orthonormal basis (ei)+∞i=1 consisting of eigenvectors ofT. An equivalent
definition of diagonalizable operatorT is that there exists an orthonormal basis (ei)+∞i=1
ofℍ and a sequence of complex numbers (λi)+∞i=1 ⊂ ℂ such that

T(ϕ) =
+∞

∑
i=1

λi⟨ϕ, ei⟩ℍei, ∀ϕ ∈ ℍ.
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Corollary 2.3.12. If ω is a normal bounded linear functional on 𝒜, then there exists
an orthonormal part (en)+∞n=0 of ℍ and a sequence (λn)+∞n=0 such that limn→+∞ λn = 0,
∑∞n=0 λn = 1 and

ω(a) = tr[∑
n
λn
󵄨󵄨󵄨󵄨en⟩ℍ⟨en

󵄨󵄨󵄨󵄨a], ∀a ∈ 𝒜.

Proof. This is a trivial consequence of Theorem 2.3.11 since any trace-class operator
is compact and any normal compact operator is diagonalizable (see, e. g., Reed and
Simon [128]).

Let𝒜∗ be the predual of the von Neumann algebra𝒜 of bounded linear operators
on the complex Hilbert space ℍ, and let (𝒜∗)+ be the collection positive operators
in𝒜∗.

For the following theorem, I denotes a linearly ordered net under relation “≻,”
a net (ωi)i∈I is said to be a decreasing net if ωi ≥ ωj whenever j ≻ i.

Theorem 2.3.13. If (ωi)i∈I is a decreasing net in (𝒜∗)+, then (ωi)i∈I is weakly convergent
in (𝒜∗)+.

Proof. Notice that, for x ∈ 𝒜+, (ωi(x))i∈I is a decreasing and positive net of real num-
bers and, therefore, is convergent. Therefore, given a ∈ 𝒜, a = b + 𝚤c (where 𝚤 = √−1)
with b, c ∈ 𝒜sa, b = b+ − b− and c = c+ − c−, b+,b−, c+, c− ∈ 𝒜+, we can define

ω(a) := lim
i
(ωi(b+) − ωi(b−)) + 𝚤 limi (ωi(c+) − ωi(c−)) = limi ωi(a).

We have to show thatω is normal. By (4) of Theorem 2.3.11, it is sufficient to prove that
ω(∑j pj) = ∑j ω(pj), where (pj)j is a sequence of pairwise orthogonal projections. But

ω(∑
j
pj) = limi ωi(∑

j
pj) = limi ∑j

ωi(pj) = ∑
j
lim
i
ωi(pj) = ∑

j
ω(pj)

by the Beppo Levi Theorem 2.3.10. This proves the theorem.

Wecommenthere that theweak∗- topology on𝒜 is nothingbut the relativeσ-weak
topology on𝒜. Indeed, since𝒜 is σ-weakly closed, it is enough to show that a net (aα)α
in 𝒜 converges σ-weakly to a ∈ 𝒜 if and only if w∗-limα θ(aα) = θ(a) on (𝒜∗)∗, where
θ(b)(ω) = ω(b) for all ω ∈ 𝒜∗, b ∈ 𝒜. But w∗-limα θ(aα) = θ(a) on (𝒜∗)∗ if and only if
ω(aα) → ω(a) for allω ∈ 𝒜∗ if and only if tr[ρaα] → tr[ρa] for all ρ ∈ ℒ1(ℍ) if and only
if aα → a, σ-weakly.

We shall often use a consequence of the equivalence of (1) and (2) in Theo-
rem 2.3.11.

If𝒜 ⊆ B(ℍ) is a von Neumann algebra, the subspace𝒜∗ of all σ-weakly continu-
ous functionals in T(ℍ) is said to be the predual of𝒜. Since any σ-weakly continuous
functional clearly is also norm continuous,𝒜∗ is the subspace of𝒜∗, where𝒜∗ is the
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space of bounded linear functionals on𝒜 under the operator norm. It follows by The-
orem 2.3.11, if

𝒜⊥ := {ρ ∈ T(ℍ) | tr[ρa] = 0 ∀a ∈ 𝒜},

we have a well-defined linear bijectionT(ℍ)/𝒜⊥ → 𝒜∗ defined by ρ+𝒜⊥ 󳨃→ ω, where
ω(a) = tr[ρa] for all a ∈ 𝒜. It is easy to check that this map is isometric. Therefore,𝒜∗
can be identified with the Banach space T(ℍ)/𝒜⊥ endowed with the quotient norm.
Therefore, we have the following.

Proposition 2.3.14. The predual 𝒜∗ of 𝒜 is a Banach space in the norm of 𝒜∗, and 𝒜
is the dual of𝒜∗ with respect to the pairing𝒜 ×𝒜∗ by defining (a,ω) 󳨃→ ω(a) ∈ ℂ.

Proof. For a ∈ 𝒜, let

‖a‖dual = sup
ω∈𝒜∗ :‖ω‖1=1

|ω(a)|

denote the norm of a for the duality expressed in the statement of the proposition.
Then ‖a‖dual ≤ ‖a‖∞. On the other hand, if we denote by ωu,v the linear functional
B(ℍ) given by ωu,v(a) = ⟨v, au⟩ℍ, u, v ∈ ℍ, we have

‖a‖∞ = sup
‖u‖ℍ=‖v‖ℍ=1

󵄨󵄨󵄨󵄨⟨v, au⟩ℍ
󵄨󵄨󵄨󵄨 ≤ ‖a‖dual,

since the restriction ofωu,v to𝒜 is σ-weakly continuous. Thus,𝒜 can be identified iso-
metrically to a linear subspace of (𝒜∗)∗. We simply have to prove that this identifica-
tion is onto. Let Ψ be a norm continuous functional on𝒜∗. Since𝒜∗ ⊆ B∗(ℍ) = T(ℍ),
by the Hahn–Banach theorem (Theorem 2.3.3) we can extend Ψ to a norm continuous
functional onB∗(ℍ). Therefore, there exists a ∈ B(ℍ) such that Ψ(ω) = ω(a) for all
ω ∈ B∗(ℍ). Therefore, if x is a self-adjoint element of𝒜′ (𝒜′ is the commutant of𝒜),
we have in particular

⟨v, axu⟩ℍ = Ψ(ωxu,v|𝒜) = Ψ(ωu,xv|𝒜) = ⟨xv, au⟩ℍ = ⟨v,xau⟩ℍ

for all u, v ∈ ℍ. Therefore, we have a ∈ 𝒜′′ = 𝒜.

Interested readers are referred to Chang [24] for further reading on𝒜 and𝒜∗.

2.4 Quantum states

In the following, an important ingredient in quantum communication is a quantum
state, which summarizes the status of a physical system ℍ and permits the calcula-
tion of statistical quantities (such as probabilities, expectations, correlations) of ob-
servables. This section addresses the formulation of von Neumann’s postulate 2.
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In the following, we assume that the C∗-algebra 𝒜 = B(ℍ). In this case, 𝒜∗ =
T(ℍ), where T(ℍ) denotes the Banach space of trace-class operators under the trace-
class norm ‖ ⋅ ‖1.

The mathematical definition of a quantum state of a quantum systemℍ is given
below.

Definition 2.4.1. A (quantum) state on a complex Hilbert space ℍ is a positive (and
hence self-adjoint) trace-class operator ρ onℍ that has unit-trace, i. e., tr[ρ] = 1.

The set of quantum states onℍ will be denoted by 𝒮(ℍ). That is,

𝒮(ℍ) = {ρ ∈ T(ℍ) | ρ ≥ 0, tr[ρ] = 1}. (2.4)

We have the following property (see Chang [23]) regarding the set of quantum
states 𝒮(ℍ).

Proposition 2.4.2. Letℍ be a complex separable Hilbert space. Then:
1. The set of quantum states 𝒮(ℍ) onℍ is a compact convex subset of the real vector

space T(ℍ).
2. If ϕ ∈ ℍ is a unit vector (i. e., ‖ϕ‖ℍ = 1), then the one-dimensional projection (along

the vector ϕ),

Pϕ :=
󵄨󵄨󵄨󵄨ϕ⟩ℍ⟨ϕ
󵄨󵄨󵄨󵄨 : ℍ → ℍ,

is a quantum state.

Proof. (1) First, we prove that 𝒮(ℍ) is a convex subset of T(ℍ). Let ρ,ω ∈ 𝒮(ℍ). That
is, ρ,ω : ℍ → ℂ are bounded linear functionals such that tr[ρ] = tr[ω] = 1. For any
0 ≤ a ≤ 1, it is clear that aρ + (1 − a)ω : ℍ → ℂ is a bounded linear functional.
Furthermore,

tr[aρ + (1 − a)ω] = tr[aρ] + [(1 − a)ω] = a tr[ρ] + (1 − a) tr[ω] = 1.

This shows that aρ + (1 − a)ω ∈ 𝒮(ℍ). Therefore, 𝒮(ℍ) is convex. Now 𝒮(ℍ) ⊂ T(ℍ) =
B∗(ℍ) is a closed unit ball (because ‖ρ‖1 = tr[ρ] = 1 for all ρ ∈ 𝒮(ℍ)). Therefore,
𝒮(ℍ) is weakly compact in the space T(ℍ) by the Banach–Alaoglu theorem (see The-
orem 1.1.4).

(2). It is clear that any one-dimensional projection is a positive trace-class opera-
tor. Therefore, to show that the one-dimensional projection Pϕ := |ϕ⟩ℍ⟨ϕ| : ℍ → ℍ is
a quantum state it is sufficient to note that tr[Pϕ] = 1.

Definition 2.4.3. A quantum state ρ ∈ 𝒮(ℍ) is a pure state if it is a projection operator
onto a one-dimensional subspace of ℍ, i. e., ρ = Pφ := |φ⟩ℍ⟨φ| for some φ ∈ ℍ. All
other states are calledmixed states.
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Therefore, a state is a pure state if it can bewritten as a projectionPφ : ℍ → ℂφ for
some φ ∈ ℍ with ‖φ‖ℍ = 1, where ℂφ := {cφ | c ∈ ℂ} is the subspace ofℍ generated
by the vector φ ∈ ℍ. In the convex analysis terminology (see Rockfellar [131]), the set
of all pure states constitute extr(𝒮(ℍ)) (i. e., the set of all extreme points of 𝒮(ℍ)).

The following result characterizes the pure states.

Lemma 2.4.4. A quantum state ρ ∈ 𝒮(ℍ) is a pure state if and only if it cannot be rep-
resented as a nontrivial convex linear combination of elements in 𝒮(ℍ).

Proof. Suppose that Pψ is a convex combination of ω1,ω2 ∈ 𝒮(ℍ). This is,

Pψ = aω1 + (1 − a)ω2, 0 < a < 1,

and letℍ = ℂψ ⊕ℍ1 be the orthogonal sum decomposition ofℍ. Since ω1 and ω2 are
positive operators, for each φ ∈ ℍ1 = (ℂψ)⊥ we have

a⟨ω1φ,φ⟩ℍ ≤ ⟨Pψφ,φ⟩ℍ = 0,

so that ⟨ω1φ,φ⟩ℍ = 0 for all φ ∈ ℍ1 and by the Cauchy–Schwarz inequality, we get
ω1|ℍ1 = 0, where ω1|ℍ1 denotes the restriction of ω1 on the spaceℍ1. Since ω1 is self-
adjoint, it leaves the complementary subspace ℂψ invariant, and from tr[ω1] = 1 it
follows that ω1 = Pψ. Therefore, ω1 = ω2 = Pψ.

The following result can be found in Chang [23].

Theorem 2.4.5. A quantum state ρ ∈ 𝒮(ℍ) has a canonical convex decomposition re-
ferred to as a spectral decomposition of ρ of the form

ρ =
+∞

∑
j=1

λjPj, (2.5)

where {λj} is a sequence of nonnegative numbers with ∑
+∞
j=1 λj = 1 summing to one and

(Pj)+∞j=1 is an orthonormal sequence of one-dimensional projections. If there are infinitely
many nonzero terms, then the sum converges with respect to the trace norm ‖ ⋅ ‖1.

Proof. This follows from Lemma 2.4.4 and the fact that any convex combination of
quantum states is again a quantum state. This proves the theorem.

In the following example, we construct a quantum state, which is not normal.

Example 2.2. Letℍ = l2(ℕ;ℂ) be the collection of all square-summable sequences of
complex numbers, i. e.,

ℍ = {φ = (xn)
+∞
n=1 | xn ∈ ℂ, ∀n ∈ ℕ, and

+∞

∑
n=1
|xn|

2 < ∞},
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and let𝒜 = l∞(ℕ;ℂ) be the collection of all bounded sequences of complex numbers,
i. e.,

𝒜 = {a = (an)
+∞
n=1 | an ∈ ℂ, ∀n ∈ ℕ, ∋ |a‖∞ ≤ K for some K ≥ 0}.

For a = (an)+∞n=1 ∈ 𝒜 and φ = (xn)+∞n=1 define aφ = (anxn)
+∞
n=1 , i. e., aφ is a pointwise

multiplication of a acting onφ. One can easily show that𝒜 is a commutative von Neu-
mann algebra of bounded linear operators onℍ. Now introduce a state ρ on 𝒜 given
by the expression

ρ(a) = lim
N→∞

1
N

N
∑
n=1

an, a ∈ ℬ ⊂ 𝒜,

where

ℬ = {a ∈ 𝒜 | ∃c ∈ ℂ such that lim
n→∞

an = c}.

It is easy to show that the state ρ constructed above is not normal.

The following lemma repeats some of the result in Proposition 2.4.2. We omit its
proof here.

Lemma 2.4.6. The state space 𝒮(ℍ) is a compact convex subset of T(ℍ) under the
weak∗ topology.

2.5 GNS representation

In the following, let 𝒜 be a C∗-algebra of bounded linear operators on a nonspec-
ified complex Hilbert space. The purpose of this section is to explore the Gefand–
Naiman–Seagal (GNS) representation of𝒜 on some specified complexHilbert spaceℍ
(see, e. g., Chang [23, 24] and Bratteli and Robinson [15] and Takesaki [168].

Definition 2.5.1. A representation of 𝒜 is a ∗-homomorphism π : 𝒜 → B(ℍ) for
some complex Hilbert space ℍ such that π(ab) = π(a)π(b) and π(a∗) = π(a)∗, for
all a,b ∈ 𝒜. In this case,ℍ is called the representation space. In order to specify the
representation space together with a representation, we write (π,ℍ) orℍπ . Two rep-
resentations (π1,ℍ1) and (π2,ℍ2) of𝒜 are said to be unitarily equivalent if there exists
an isometry U ofℍ1 ontoℍ2 such that

Uπ1(a)U
∗ = π2(a), a ∈ 𝒜.

In this case, wewrite (π1,ℍ1) ≅ (π2,ℍ2) or simply π1 ≅ π2. If π(a) ̸= 0 for every nonzero
a ∈ 𝒜, then π is called faithful. The set of all representations of a C∗-algebra 𝒜 is
denoted by Π(𝒜,B(ℍ)).
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The following result can be found in Takesaki [168] (see also Chang [23, 24]).

Proposition 2.5.2. Let (π,ℍ) be a representation of the C∗-algebra𝒜. Then the follow-
ing statements are equivalent:
1. The closed subspace [π(𝒜)ℍ] spanned by the set {π(a)ζ | a ∈ 𝒜, ζ ∈ ℍ}, coincides

with the whole spaceℍ.
2. For any nonzero ζ ∈ ℍ, there exists an element a ∈ 𝒜 with π(a)ζ ̸= 0.

Proof. (1) ⇒ (2). Suppose that (1) holds. Assume that there exists a nonzero ζ ∈ ℍ
such that π(a)ζ = 0 for all a ∈ 𝒜 for contradiction purpose. For any η ∈ ℍ, we have

⟨π(a)η, ζ ⟩ℍ = ⟨η,π(a)
∗ζ ⟩ℍ = ⟨η,π(a

∗)ζ ⟩ℍ = 0, since a ∈ 𝒜 implies a∗ ∈ 𝒜.

Hence, ζ is orthogonal to [π(𝒜)ℍ]. By the assumption that [π(𝒜)ℍ] = ℍ, this means
that ζ = 0. This is a contradiction. Hence, (2) follows.
(2) ⇒ (1). Conversely, suppose that (2) holds. Let ζ be a vector ofℍ orthogonal to

[π(𝒜)ℍ]. We then have

0 = ⟨ζ ,π(a∗a)ζ ⟩ℍ = ⟨ζ ,π(a
∗)π(a)ζ ⟩ℍ

= ⟨ζ ,π∗(a)π(a)ζ ⟩ℍ = ⟨π(a)ζ ,π(a)ζ ⟩ℍ, a ∈ 𝒜,

so that ‖π(a)ζ ‖2ℍ = 0 for every a ∈ 𝒜. By assumption, ζ = 0. Therefore, ([π(𝒜)ℍ])⊥ =
{0}. This implies that [π(𝒜)ℍ] = ℍ. Thus, (1) follows. This proves the proposition.

Definition 2.5.3. Let (π,ℍ) be a representation of a C∗-algebra𝒜.
1. The representation (π,ℍ) is said to be nondegenerate if for every nonzero vec-

tor v ∈ ℍ, there exists a ∈ 𝒜 such that π(a)(v) ̸= 0 or equivalently by Propo-
sition 2.5.2 [π(𝒜)ℍ] = ℍ. Otherwise, the closed subspace [π(𝒜)ℍ] is called the
essential space of π and denoted byℍ(π).

2. The representation (π,ℍ) is called cyclic if there exists a vector vπ ∈ ℍ such that
π(𝒜)vπ := {π(a)vπ | a ∈ 𝒜} is dense inℍ. Such a vector is called a cyclic vector for
the representation (π,ℍ). In this case, the triple (π,ℍ, vπ) will be called a cyclic
representation of𝒜.

3. Let (πi,ℍi) for i ∈ I be a family of representations of C∗-algebra𝒜. Define a repre-
sentation⨁i πi on the direct sum⨁iℍi by

⨁
i
πi(a)v = ∑

i
πi(a)vi for v = ∑

i
vi and a ∈ 𝒜,

where the direct sum of Hilbert spaces and operators can be found in Subsec-
tion 2.7.2.
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2.6 Quantum observables and measurements

The presentation of topics in this section is largely based on results obtained in Chang
[22, 23].

2.6.1 Positive operator valued measures

Let𝕏 be a certain locally compact Hausdorff space. Letℍ be a complex Hilbert space
that represents a certain quantum system, and letB+(ℍ) be the collection of positive
bounded linear operators onℍ, i. e.,

B+(ℍ) = {a ∈ B(ℍ) | a ≥ 0}.

Definition 2.6.1. The set function ν on themeasurable space (𝕏,ℬ(𝕏)), ν : (𝕏,ℬ(𝕏))→
B+(ℍ), is said to be a positive operator-valued measure if it satisfies the following
conditions:
1. ν(E) ≤ ν(F) ≤ ν(𝕏) for all E, F ∈ ℬ(𝕏) with E ⊆ F;
2. ν(⋃+∞n=1 En) = ∑

+∞
n=1 ν(En) for any sequence (En)

+∞
n=1 in ℬ(𝕏) such that Ei ∩ Ej = 0 for

all i ̸= j.

The collection of all positive operator-valued measures on the measurable space
(𝕏,ℬ(𝕏)) with values in B+(ℍ) will be denoted by POVMℍ(𝕏,ℬ(𝕏)) or simply
POVMℍ(𝕏).

Definition 2.6.2. If ν ∈ POVMℍ(𝕏,ℬ(𝕏)) satisfies ν(𝕏) = Iℍ ∈ B+(ℍ) (Iℍ is the iden-
tity operator onℍ), then ν is said to be a positive operator-valued probability measure
on (𝕏,ℬ(𝕏)) with values inB+(ℍ).

A positive operator-valued probability measure will sometimes be called a quan-
tum probability measure. The class of positive operator-valued probability measures
on (𝕏,ℬ(𝕏)) with values inB+(ℍ) is denoted by

POVM1
ℍ(𝕏) = POVM

1
ℍ(𝕏,ℬ(𝕏)).

If ν ∈ POVMℍ(𝕏), then ν induces a finite Borel measure μ = μν on (𝕏,ℬ(𝕏)) defined
by

μ(E) = tr[ν(E)], ∀E ∈ ℬ(𝕏),

where tr[⋅] : B(ℍ) → ℂ is the trace functional. If ν ∈ POVM1
ℍ(𝕏), then ν induces a

probability measure defined on (𝕏,ℬ(𝕏)).
Ifℳ(𝕏,ℬ(𝕏))denotes the spaceof finitemeasures on (𝕏,ℬ(𝕏)), thenwecan iden-

tifyℳ(𝕏,ℬ(𝕏)) with the subset
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{μ ⋅ Iℍ | μ ∈ℳ(𝕏,ℬ(𝕏))} ⊂ POVMℍ(𝕏).

In particular,

{μ ⋅ Iℍ | μ ∈ℳ(𝕏,ℬ(𝕏)), μ(𝕏) = 1} ⊂ POVM
1
ℍ(𝕏),

so that we can consider ordinary probability measures as scalar-valued positive
operator-valued probability measures.

In summary, the triple (𝕏,ℬ(𝕏), ν) is aquantumprobability spacewhile (𝕏,ℬ(𝕏), μ)
is a classical probability space . Note that ν induces a finite Borel measure μ = μν on
(𝕏,ℬ(𝕏)).

2.6.2 Quantum observables

To formulate vonNeumann’s postulate 3,wenowgive a formal definitionof a quantum
observable below (see Chang [23]).

Definition 2.6.3. The triple (𝕏,ℬ(𝕏), a) is said to be a quantum observable if (i)𝕏 is a
locally compact Hausdorff space; (ii) ℬ(𝕏) is the Borel σ-algebra of subsets of 𝕏 and
(iii) a is a positive self-adjoint operator valued measure a : (𝕏,ℬ(𝕏)) → B+(ℍ) such
that a(E) is a positive self-adjoint operator on the complex Hilbert spaceℍ for every
E ∈ ℬ(𝕏) that satisfies:
1. 0 ≤ a(E) ≤ a(𝕏);
2. a(𝕏) = τ, where τ : ℍ → ℂ is a bounded linear functional onℍ such that τ(ϕ) =
‖ϕ‖ℍ;

3. a(⋃+∞n=1 En) = ∑
+∞
n=1 a(En) for any sequence {En, n = 1, 2, . . .} of pairwise disjoint sets

in ℬ(𝕏), where the summation in right-hand side is the σ-weakly convergence.

In this case, the measurable space (𝕏,ℬ(𝕏)) is said to be the value space of a.

The collection of bounded quantum observables will be denoted by𝒪ℍ(𝕏,ℬ(𝕏)).
As described in Chang [22], a “quantum observable” is the quantum physicist’s word
for real random variable that describes a physical quantity (such as position, velocity,
momentum, angular momentum, energy, etc.) of a quantum system that plays a cen-
tral role in quantum mechanics. They are mathematical representations of physical
quantities that can (in principle) be measured. However, arbitrary nonreal elements
(or nonself-adjoint operators) do not represent in general complex random variables.
Nonreal (i. e., complex) quantum random variables correspond to normal elements
a ∈ 𝒜,which commuteswith their adjoint, i. e.,a(E)a∗(E) = a∗(E)a(E) for allE ∈ ℬ(𝕏).
To avoid unnecessarily confusion, we often take𝕏 to be ℝ for simplicity. In this case,
all quantum observables are assumed to be real-valued.

The definition of quantum probability space is given below.
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Definition 2.6.4 (Quantum probability space). A quantum probability space is a pair
(𝒜, ρ), where 𝒜 is a von Neumann algebra of bounded linear operators on a complex
Hilbert spaceℍ and ρ is a normal (i. e.,σ-weakly continuous) state. The events in (𝒜, ρ)
are the orthogonal projections p ∈ 𝒜. The probability that p occurs is ρ(p).

2.6.3 Quantum measurements

Formulation of von Neumann’s postulate 4 is as follows. Recall that a quantum state
ρ is a positive trace-class operator such that tr(ρ) = 1 and a quantum observable a is a
self-adjoint operator-valued map defined on the real measurable space (ℝ,ℬ(ℝ)). By
the von Neumann spectral theorem (Theorem 1.7.4), there exists a projection-valued
measure μa on (ℝ,ℬ(ℝ)) such that a(E) = ∫E λμa(dλ) for all E ∈ ℬ(ℝ). The probability
P(ρ, a,E) that in the quantum state ρ the quantum observable a should take values in
E ∈ ℬ(ℝ) is given by P(ρ, a,E) = tr[ρμa(E)].

Ameasurement of the real quantumobservable (ℝ,ℬ(ℝ), a) (or simply a) is a phys-
ical procedure or experiment that produces numerical results related to a. A process
of measurement is the map (a, ρ) 󳨃→ μa from 𝒜 × 𝒮(𝒜) to 𝒫(ℝ) (where 𝒫(ℝ) is the
space of probability measures on (ℝ,ℬ(ℝ)), which to every observable a ∈ 𝒜 and state
ρ ∈ 𝒮(𝒜) assigns a probability measure μ on the Borel measurable space (ℝ,ℬ(ℝ)).
For every Borel subset E ∈ ℬ(ℝ), the quantity 0 ≤ μa(E) ≤ 1 is the probability that for a
quantum system in the state ρ the result of ameasurement of the observable a belongs
to E. The expectation value (the mean-value) of the observable a ∈ 𝒜 is ∫∞∞ λdμa(λ),
where μa(λ) = μa(]−∞, λ[) is a distribution function for the probability measure μa.

In any given measurement of the observable a, the allowable results a take val-
ues in σ(a), the spectrum of a. Given the state ρ, the value a ∈ σ(a) is observed with
probability tr(ρPψ(a)), where Pψ(a) or simply Pa is the one-dimensional vector space
generated by the eigenvector ψ(a) associated to the eigenvalue a of a. Consequently,
the expectation of the observable a is given by Eρ(a) = tr[ρa].

Suppose that a measurement of the observable a gives rise to the observation a ∈
σ(a). Thenwemust condition that state in order to predict the outcomes of subsequent
measurements, by updating the state ρ using

ρ 󳨃→ ρ′[a] = PaρPa
tr(ρPa)
. (2.6)

This is the so-called back-action of a quantummeasurement.
Let ℬ(ℝ) be the σ-algebra of Borel subsets of ℝ (see Wheeden and Zygmund [177]

for a definition of Borel σ-algebra). Recall thatLp(ℍ) is the collection of projection op-
erators onℍ (see Section 1.6 for the definition and properties of projection operators).
In the following, we explore the concept of projection-valued measures.
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Definition 2.6.5. A projection-valued measure on the Borel measurable space (ℝ,
ℬ(ℝ)) is a mapping P : ℬ(ℝ) → Lp(ℍ) satisfying the following properties:
1. For every E ∈ ℬ(ℝ), P(E) is an orthogonal projection, i. e., P(E) = P2(E) := (P(E))2

and P(E) is self-adjoint, i,e., P(E) = P∗(E) := (P(E))∗.
2. P(0) = 0ℍ (the zero operator onℍ) and P(ℝ) = Iℍ (the identity operator onℍ).
3. For every disjoint sequence (En)∞n=1 ⊂ ℬ(ℝ) such that En ∩ Em = 0 for all n ̸= m, we

have

lim
n→∞

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
P(∪∞n=1En)ϕ −

n
∑
i=1

P(Ei)ϕ
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩ℍ
, ∀ϕ ∈ ℍ.

Remark 2.4. We make the following observations for extension of projection-valued
measures to (ℝN ,ℬ(ℝN )), N ∈ ℕ, as follows:
1. A projection-valued measure on ℬ(ℝN ) is a mapping P : ℬ(ℝN ) → Lp(ℍ) satisfy-

ing conditions similar to properties (1)–(3) in Definition 2.6.5.
2. If follows from Definition 2.6.5 that

P(E1)P(E2) = P(E1 ∩ E2), ∀E1,E2 ∈ ℬ(ℝ
N).

Definition 2.6.6. Let P : ℬ(ℝ) → Lp(ℍ) be a projection-valuedmeasure. We associate
P with a projection-valued function P : ℝ → Lp(ℍ) defined by

P(λ) = P(]−∞, λ]), ∀λ ∈ ℝ.

The projection-valued function defined above will be called the projection-valued res-
olution of identity.

Remark 2.5. A projection-valued resolution of identity P : ℝ → Lp(ℍ) can be charac-
terized by the following properties:
1. P(λ)P(μ) = P(min{λ, μ}).
2. limλ→−∞ P(λ) = 0 and limλ→+∞ P(λ) = I.
3. limμ↑λ P(μ) = P(λ)

For every φ ∈ ℍ, the projection-valued measure P : ℬ(ℝ) → Lp(ℍ) (resp., the
resolution of identity P : ℝ → Lp(ℍ)) define a real-valued measure ⟨P(⋅)φ,φ⟩ℍ on
ℬ(ℝ) (resp., a nondecreasing function ⟨P(⋅)φ,φ⟩ℍ defined on ℝ). In the case where
‖φ‖ℍ = 1, the real-valued measure ⟨P(⋅)φ,φ⟩ℍ becomes a probability measure de-
fined on ℬ(ℝ) and the nondecreasing function ⟨P(⋅)φ,φ⟩ℍ becomes a (probability)
distribution function defined on ℝ. The real-valued measure ⟨P(⋅)φ,φ⟩ℍ (resp., the
nondecreasing function ⟨P(⋅)φ,φ⟩ℍ) can be extended to a complex-valued measure
(a complex linear combination of measures) defined on ℬ(ℝ) (resp., complex-valued
function on ℝ) by the following polarization identity:
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⟨P(⋅)φ,ϕ⟩ℍ =
1
4
{⟨P(⋅)(φ + ϕ),φ + ϕ⟩ℍ − ⟨P(⋅)φ − ϕ,φ − ϕ⟩ℍ
+ i⟨P(⋅)(φ + iϕ),φ + iϕ⟩ℍ − i⟨P(⋅)(φ − iϕ),φ − iϕ⟩ℍ)}.

A measurable function f defined on the Borel measurable space (ℝ,ℬ(ℝ)) is said
to be finite almost everywhere (a. e.) with respect to the projection-valuedmeasureP if
it is finite a. e. with respect to all measures ⟨P(⋅)φ,φ⟩ℍ,φ ∈ ℍ. If the Hilbert spaceℍ is
separable, a theorem of von Neumann states that for every projection-valuedmeasure
P : ℬ(ℝ) → Lp(ℍ) there exists φ ∈ ℍ such that a function f is finite a. e. with respect
to P if and only if it is finite a. e. with respect to the measure ⟨P(⋅)φ,φ⟩ℍ.

2.7 Tensor products and direct sums

In the following subsections, we review the concepts of tensor products and direct
sums of Hilbert spaces and operators, which will be used in the remainder of this
chapter and beyond.

2.7.1 Tensor products of Hilbert spaces and operators

In the following, we illustrate the concept and construction of tensor productℍA⊗ℍB
for only two Hilbert spacesℍA andℍB. For notational simply, we often writeℍA ⊗ℍB
asℍAB, ⟨⋅, ⋅⟩ℍA as ⟨⋅, ⋅⟩A, ⟨⋅, ⋅⟩ℍAB as ⟨⋅, ⋅⟩AB, etc. The concepts and constructions can be
easily extended to more than two Hilbert spaces.

Recall that the algebraic tensor product ofℍA withℍB and to be denoted asℍA ⊙
ℍB consists of elements ϕ ⊗ φ (ϕ ∈ ℍA and φ ∈ ℍB) and is equipped with the inner
product

⟨⋅, ⋅⟩ℍA⊙ℍB : (ℍA ⊙ ℍB) × (ℍ𝔸 ⊙ ℍB) → ℂ

defined by

⟨ϕ1 ⊗ φ1,ϕ2 ⊗ φ2⟩ℍA⊙ℍB = ⟨ϕ1,ϕ2⟩A⟨φ1,φ2⟩B,ϕi ∈ ℍA and φi ∈ ℍB for i = 1, 2.

Note thatℍA ⊙ℍB is not yet a Hilbert space with respect to the inner product defined
above. The completion ofℍA ⊙ ℍB under the norm

‖ ⋅ ‖ℍA⊙ℍB := √⟨⋅, ⋅⟩ℍA⊙ℍB

will be denoted byℍA ⊗ℍB (orℍAB for notational simplicity). It can be easily proved
that the composite spaceℍAB is a complexHilbert space equippedwith the inner prod-
uct
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⟨⋅, ⋅⟩AB = ⟨⋅, ⋅⟩ℍA⊙ℍB

and the Hilbertian norm ‖ ⋅ ‖AB, etc. The elementsϕ⊗φ of the tensor productℍA ⊗ℍB
are linear with respect to both arguments and satisfy the following distributive law:

c(ϕ ⊗ φ) = (cϕ) ⊗ φ = ϕ ⊗ (cφ),
(ϕ1 + ϕ2) ⊗ φ = ϕ1 ⊗ φ + ϕ2 ⊗ φ,
ϕ ⊗ (φ1 + φ2) = ϕ ⊗ φ1 + ϕ ⊗ φ2,

for every ϕ,ϕ1,ϕ2 ∈ ℍA, φ,φ1,φ2 ∈ ℍB and c ∈ ℂ.
It is clear that if {ϕi}

+∞
i=1 and {φi}

+∞
i=1 are orthonormal bases ofℍA andℍB, respec-

tively, then {ϕi ⊗ φj}
+∞
i,j=1 is an orthonormal basis forℍAB := ℍA ⊗ ℍB. Every ζ ∈ ℍAB

can be expanded in terms of {ϕi ⊗φj}
+∞
i,j=1 as ζ = ∑i,j ζij(ϕi ⊗φj)with ζij = ⟨ϕi ⊗φj, ζ ⟩AB.

This procedure works for an arbitrary number of tensor factors. However, if we have
exactly a twofold tensor product, there is amore economicway to expand ζ , called the
Schmidt decomposition in which only diagonal terms of the form ϕi ⊗ φi appear. The
Schmidt decomposition will be explored in detail in Section 10.2.2.

Definition 2.7.1 (Tensor products of linear operators). The tensor productA⊗B of two
linear operatorsA ∈ L(ℍ) andB ∈ L(𝕂) is the unique linear operator onℍ⊗𝕂 defined
by

(A ⊗ B)(ϕ ⊗ ψ) = A(ϕ) ⊗ B(ψ), ∀ϕ ∈ ℍ and ∀ψ ∈ 𝕂.

The tensor product A1 ⊗ A2 ⊗ ⋅ ⋅ ⋅ ⊗ An of Ai ∈ L(ℍi) for i = 1, 2, . . . , n can be similarly
defined.

Definition 2.7.2 (Tensor products of vector spaces of linear operators). Let 𝒜 and ℬ
be two vector spaces of operators over ℂ. The tensor product of 𝒜 and ℬ, denoted by
𝒜 ⊗ ℬ, is the vector space spanned by the elementary tensors a ⊗ b, a ∈ 𝒜 and b ∈ ℬ,
satisfying the following relations:

(a + a′) ⊗ b = a ⊗ b + a′ ⊗ b;
a ⊗ (b + b′) = a ⊗ b + a ⊗ b′;
(λa) ⊗ b = a ⊗ (λb) = λ(a ⊗ b), (2.7)

for all a, a′ ∈ 𝒜, b,b′ ∈ ℬ and λ ∈ ℂ.

Remark 2.6. We have the following results regarding tensor products:
1. (Tensor products of complex algebras). Let 𝒜 and ℬ be two complex algebras of

linear operators. Then the vector space 𝒜 ⊗ ℬ becomes a complex algebra if we
define
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(a ⊗ b)(a′ ⊗ b′) = aa′ ⊗ bb′

and extend linearly to𝒜 ⊗ ℬ.
2. (Tensor products of ∗-algebras). Let𝒜 and ℬ be two ∗-algebras. Then the complex

algebra𝒜 ⊗ ℬ becomes a ∗-algebra if we define

∑
i
(ai ⊗ bi)

∗ = ∑
i
a∗i ⊗ b

∗
i .

3. (Tensor products of C∗-algebras). Let 𝒜 ⊆ B(ℍA) and ℬ ⊆ B(ℍB) be C∗-algebras
of bounded linear operators. Then an element∑i ai ⊗bi of the

∗-algebra𝒜⊗ℬ can
be viewed as an operator on the inner product spaceℍAB if we set

(∑
i
ai ⊗ bi)(∑

j
xj ⊗ yj) = ∑

i,j
aixj ⊗ biyj.

With respect to the operator norm ‖ ⋅ ‖∞ onB(ℍAB), 𝒜 ⊗ ℬ becomes a ∗-algebra
with the operator norm (also denoted by ‖ ⋅ ‖∞) satisfying

‖uv‖∞ ≤ ‖u‖∞‖[v‖∞ and ‖u∗u‖∞ = ‖u‖
2
∞.

Hence, the completion of𝒜 ⊗ ℬ becomes a C∗-algebra.

The following provides an example of the tensor product of two bounded linear
operators.

Example 2.3. Consider the n×nmatrix A (considered as a linear operator onℍA = ℂn

them ×mmatrix B (considered as a linear operator onℍB = ℂm, which are explicitly
written as

A =
[[[[[

[

a11 a12 ⋅ ⋅ ⋅ a1n
a21 a22 ⋅ ⋅ ⋅ a2n
...

...
...

...
an1 an2 ⋅ ⋅ ⋅ ann

]]]]]

]

and B =
[[[[[

[

b11 b12 ⋅ ⋅ ⋅ b1m
b21 b22 ⋅ ⋅ ⋅ b2m
...

...
...

...
bm1 bm2 ⋅ ⋅ ⋅ bmm

]]]]]

]

.

Then A⊗B is an nm×nmmatrix (considered as a linear operator onℍAB := ℍA ⊗ℍB =
ℂnm) and can be written as

A ⊗ B =
[[[[[

[

a11B a12B ⋅ ⋅ ⋅ a1nB
a21B a22B ⋅ ⋅ ⋅ a2nB
...

...
...

...
an1B an2B ⋅ ⋅ ⋅ annB

]]]]]

]

,

where aijB (anm ×mmatrix) is the scalar product of aij and B.
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2.7.2 Direct sum of Hilbert spaces and operators

In this section, we briefly review direct sum of Hilbert spaces and operators, which
will be involved in proofs of many results in this and the next chapter.

Consider a family of complexHilbert spaces {ℍi}i∈𝕀, where 𝕀 is a finite or countably
infinite index set. We define the direct sum of this family of Hilbert spaces as

⨁
i∈𝕀
ℍi = {(ψi)i∈𝕀 ∈ ∏

i∈𝕀
ℍi | ψi ∈ ℍi, i ∈ 𝕀, and ∑

i∈𝕀
‖ψi‖

2
ℍi
< +∞}, (2.8)

where∏i∈𝕀 denotes the Cartesian product and∑i∈𝕀 denotes the generalized sum. The
direct sum ⨁i∈𝕀ℍi∈𝕀 is a complex Hilbert space equipped with the inner produce
⟨⋅, ⋅⟩⨁i∈𝕀ℍi defined by

⟨(ϕi)i∈𝕀, (ψi)i∈𝕀⟩⨁i∈𝕀ℍi
= ∑

i∈𝕀
⟨ϕi,ψi⟩ℍi , ∀(ϕi)i∈𝕀, (ψi)i∈𝕀 ∈⨁

i∈𝕀
ℍi. (2.9)

Ifℍi = ℍ for all i ∈ 𝕀, one can easily prove that for each k ∈ ℕ, the k-fold direct
sum

ℍ⨁ k = ℍ ⊕ℍ ⊕ ⋅ ⋅ ⋅ ⊕ ℍ⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
k folds

is isomorphic toℂk ⊗ℍ. The isomorphism betweenℍ⊕k andℂk ⊗ℍ is relevant in the
context of superpositions of quantum states and entanglement.

Let (ℍn)+∞n=1 be a sequence of complex Hilbert spaces. Let⨁+∞n=1 ℍn be the direct
sumof (ℍn)+∞n=1 (see (2.8) and (2.9) for the definition of direct sumof Hilbert spaces and
related properties).

For each n ∈ ℕ, let Tn ∈ B(ℍn) be a bounded linear operator on ℍn. We define
the direct sum T = ⨁+∞n=1Tn : ⨁

+∞
n=1 ℍn →⨁

+∞
n=1 ℍn by

T(φ) = (Tn(φn))
+∞
n=1 , ∀φ = (φn)

+∞
n=1 , (2.10)

where φn ∈ ℍn.
We have the following result regarding T : ⨁+∞n=1 ℍn →⨁

+∞
n=1 ℍn.

Theorem 2.7.3. Assume that Tn ∈ B(ℍn) for each n ∈ ℕ such that

sup
n∈ℕ
‖Tn‖∞ < +∞,

where ‖Tn‖∞ is the operator norm of Tn. Then the operator T defined in (2.10) is a
bounded linear operator on⨁+∞n=1 ℍn with the operator norm also denoted by ‖ ⋅ ‖∞ (for
notational simplicity) and defined by

‖T‖∞ = sup
n∈ℕ
‖Tn‖∞.
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Proof. It is clear that the operator T : ⨁+∞n=1 ℍn → ⨁
+∞
n=1 ℍn is a linear operator. To

show that T is bounded on⨁+∞n=1 ℍn, we let c = supn∈ℕ ‖Tn‖∞. By assumption, c <
+∞. Let φ = (φn)

+∞
n=1 be an arbitrary vector in⨁

+∞
n=1 ℍn. Then

‖Tφ‖2⨁+∞n=1ℍn =
󵄩󵄩󵄩󵄩(Tnφn)

+∞
n=1
󵄩󵄩󵄩󵄩
2
⨁+∞n=1ℍn

(by the definition of T)

=
+∞

∑
n=1
‖Tnφn‖

2
ℍn
(by the definition of ‖ ⋅ ‖ℍ)

≤
+∞

∑
n=1
‖Tn‖

2
∞‖φn‖

2
ℍn

≤
+∞

∑
n=1

c2‖φn‖
2
ℍn
= c2
+∞

∑
n=1
‖φn‖

2
ℍn
= c2‖φ‖⨁+∞n=1ℍn .

In summary, we have ‖Tφ‖⨁+∞n=1ℍn | ≤ c‖φ‖⨁+∞n=1ℍn for all φ = (φn)
+∞
n=1 ∈ ⨁

+∞
n=1ℍn. There-

fore, the operator T is a bounded linear operator on⨁+∞n=1ℍn. From the above deriva-
tion, it is clear that the operator norm ‖T‖∞ defined by

‖T‖∞ = sup
‖φ‖⨁+∞n=1ℍn

=1
‖Tφ‖⨁+∞n=1ℍn ≤ c‖Tφ‖⨁+∞n=1ℍn .

On theotherhand, ‖T‖∞ = c := supn∈ℕ ‖Tn‖∞ by choosingφ1 as aunit vector inℍ1 and
φn = 0 for n = 2, 3, ⋅ ⋅ ⋅. Therefore, ‖T‖∞ = supn∈ℕ ‖Tn‖∞. This proves the theorem.

The following example gives an explicit computation of the direct sum of the two
matrices A and B.

Example 2.4. Consider the n×nmatrixA (considered as a linear operator onℍA = ℂn)
them×mmatrix B (considered as a linear operator onℍB = ℂm), which are explicitly
written as

A =
[[[[[

[

a11 a12 ⋅ ⋅ ⋅ a1n
a21 a22 ⋅ ⋅ ⋅ a2n
...

...
...

...
an1 an2 ⋅ ⋅ ⋅ ann

]]]]]

]

and B =
[[[[[

[

b11 b12 ⋅ ⋅ ⋅ b1m
b21 b22 ⋅ ⋅ ⋅ b2m
...

...
...

...
bm1 bm2 ⋅ ⋅ ⋅ bmm

]]]]]

]

.

Then A ⊕ B is an (n + m) × (n + m) matrix (considered as a linear operator onℍAB :=
ℍA ⊗ ℍB = ℂ

nm) and can be written as the block matrix

A ⊕ B = [ A 0
0 B
] ,

where 0 above mean zero matrices of appropriate sizes.
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2.8 Composite quantum systems

This section is devoted to formulation of von Neumann’s postulate 1, where a compos-
ite quantum system is to be expressed as tensor products of its component systems.

2.8.1 Composite system as tensor products

The Hilbert spaceℍ representing a composite quantum system that consists of n sub-
systems can be written as tensor product of nHilbert spaces of its component systems
described byℍ1, . . . ,ℍn, i. e.,ℍ = ℍ1 ⊗ . . . ⊗ℍn. In particular, for a bipartite quantum
systemℍ that consists of component systemsℍA andℍB, we writeℍ = ℍA ⊗ ℍB or
simplyℍAB where the rules/properties of tensor product of Hilbert spaces and opera-
tors reviewed in Subsection 2.7.1 are applicable.

2.8.2 Partial traces

In this subsection, we are interested in computing partial traces of a bounded lin-
ear operator defined on a composite Hilbert space over each of its component Hilbert
spaces.

Recall from (1.23) that tr[T], the trace of T ∈ T(ℍ), is defined as tr[T] = ∑+∞i=1 ⟨ϕi,
Tϕi⟩ℍ, where {ϕi}

+∞
i=1 is any orthonormal basis ofℍ.

Assume that a quantumsystemA interactswith another quantumsystemB. In this
case, the composite Hilbert spaceℍ can be decomposed in the formℍ = ℍA ⊗ ℍB :=
ℍAB, where subsystems A and B are represented by the complex Hilbert spaces ℍA
and ℍB, respectively. The partial trace operators trℍA [⋅ ⋅ ⋅] : T(ℍAB) → T(ℍB) and
trℍB [⋅ ⋅ ⋅] : T(ℍAB) → T(ℍA) can be defined abstractly as

trℍB [TA ⊗ TB] = TA tr[TB] and trℍA [TA ⊗ TB] = tr[TA]TB,

for all TA ∈ T(ℍA) and for all TB ∈ T(ℍB).
For notational simplicity, we often write trℍA [⋅ ⋅ ⋅] as trA[⋅], trℍB [⋅ ⋅ ⋅] as trB[⋅ ⋅ ⋅], etc.
For any trace-class operator T ∈ T(ℍAB), we are interested in computing its par-

tial trace trA[T](∈ T(ℍB)) taken over the Hilbert space ℍA and partial trace trB[T](∈
T(ℍA)) taken overℍB. The concept of partial trace of trace-class operators on the sys-
tem that consists of any finite number of subsystems can be similarly extended.

We illustrate how to compute trB[T] below (note that the partial trace trA[T] can
be similarly computed). Let (ψi)

+∞
i=1 be an orthonormal basis forℍB. We consider the

following isometric isomorphism:

+∞

⨁
i=1
(ℍA ⊗ ℂψi) 󳨃→ ℍAB := ℍA ⊗ ℍB,
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whereℍA ⊗ ℂψi is defined as

ℍA ⊗ ℂψi = {ϕ ⊗ cψi|ϕ ∈ ℍA, c ∈ ℂ}

and⨁+∞n=1 (ℍA ⊗ℂψi) is the direct sum of (ℍA ⊗ℂψi)
+∞
n=1 , where the definition of direct

sum of Hilbert spaces and related properties are given below.
Under this decomposition, any operatorT ∈ T(ℍAB) can be regarded as an infinite

matrix of operator onℍA written by

T =
(((

(

T11 T12 . . . T1n . . .
T21 T22 . . . T2n . . .
...

...
. . .

...
...

Tn1 Tn2 . . . Tnn . . .
...

...
. . .

...
...

)))

)

,

where Tij ∈ T(ℍA). First, suppose that T is a nonnegative operator. In this case, all the
diagonal entries of the abovematrix are nonnegative operators onℍA. If the sum∑i Tii
converges in the strong operator topology of T(ℍA), it is independent of the chosen
basis ofℍB.

In this case, the partial trace trB[T] can be computed as follows, where

trB[T] = trB[∑
i,j
Tij ⊗ (
󵄨󵄨󵄨󵄨ψi⟩B⟨ψj

󵄨󵄨󵄨󵄨)] = ∑
j
Tjj. (2.11)

The partial trace of a self-adjoint operator is defined if and only if the partial traces
of the positive and negative parts are defined.

We have the following result.

Proposition 2.8.1. LetℍA andℍB be two complex separable Hilbert spaces. Then

trB[R ⊗ S] = R tr[S], and trA[R ⊗ S] = S tr[R], (2.12)

for all R ∈ T(ℍA) and for all S ∈ T(ℍB).

Proof. Let {hi}+∞i=1 be a basis forℍA and {ej}+∞j=1 be a basis forℍB. For i, j = 1, 2, . . ., let
Eij : ℍA → ℍA be the map defined by

Eij(h) = {
hj, if h = hi,
0, otherwise.

For k, l = 1, 2, . . ., let Fkl : ℍB → ℍB be the map defined by

Fkl(e) = {
el, if e = ek ,
0, otherwise.
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Since {hi ⊗ ej | i, j = 1, 2, . . .} form a basis forℍAB, {Eij ⊗ Fkl | i, j = 1, 2, . . . ; k, l = 1, 2, . . .}
form a basis for T(ℍAB). Based on the definition of partial trace (see (2.11)), we have

trB[R ⊗ S] = R tr[S], ∀R ∈ T(ℍA) and ∀S ∈ T(ℍB).

The second equality

trA[R ⊗ S] = S tr[R], ∀R ∈ T(ℍA) and ∀S ∈ T(ℍB) (2.13)

can be similarly proved. This proves the proposition.

Proposition 2.8.2. Let S ∈ T(ℍAB), TA ∈ T(ℍA), and IB be the identity operator onℍB.
Then

tr[S(TA ⊗ IB)] = trA[SATA] and tr[(TA ⊗ IB)S] = trA[TASA], (2.14)

where SA = trB[S] is the partial trace of S taken over B.

Proof. To prove the proposition, we just need the definition of the partial trace:
trB[S] = ∑i⟨i|S|i⟩B, where {|i⟩B}

+∞
i=1 is a basis ofℍB and the fact that tr[S] = trA[[trB(S]].

The second statement of (2.14) can be proved similarly. This proves the proposi-
tion.

The above statement provides a quantum physics explanation below (see Chang
[24]). IfM is an observable on the subsystem A, then the corresponding observable on
the composite system isM ⊗ IB. However, if one chooses to define a reduced state ρA,
there should be consistency of measurement statistics. The expectation value of M
after the subsystem A is prepared in ρA and that ofM ⊗ IB when the composite system
is prepared in ρ should be the same, i. e., the following equality should hold:

tr[MρA] = tr[(M ⊗ IB)ρ]. (2.15)

This physical interpretation of partial trace will be useful in chapters to follow.





3 Probability measures and convex functions
on 𝒮(ℍ)

The purpose of this chapter is to investigate probability measures on the set of quan-
tum states𝒮(ℍ) as a subset of the Banach space of trace-class operatorsT(ℍ). Studies
of probability measure and convex functions on 𝒮(ℍ) are essential in computation
of Holevo χ-capacity (and hence of classical and quantum capacities) in an uncon-
strained and constrained quantum channel in later chapters.

Letℍ be a complex Hilbert space (finite- or infinite-dimensional) and let T(ℍ) be
the Banach space of trace-class operators onℍ under the trace norm ‖ ⋅ ‖1 defined by
‖T‖1 = tr[|T|] for T ∈ T(ℍ), where |T| = √T∗T. Recall that T+(ℍ) = {ρ ∈ T(ℍ) | ρ ≥ 0}
is the positive cone inT(ℍ) and𝒮(ℍ) = {ρ ∈ T+(ℍ) | tr[ρ] = 1} is the space of quantum
states onℍ. We also define T≤1(ℍ) = {ρ ∈ T+(ℍ) | tr[ρ] ≤ 1}.

We have the following simple observations:
1. 𝒮(ℍ) and T≤1(ℍ) are closed convex subsets of T(ℍ);
2. 𝒮(ℍ) and T≤1(ℍ) are complete separable metric spaces with the metric defined

by the trace norm ‖ ⋅ ‖1;
3. 𝒮(ℍ) is compact in T+(ℍ) if dim(ℍ) < +∞. However, 𝒮(ℍ) is not compact in

general but only weakly compact in T+(ℍ) if dim(ℍ) = +∞.

3.1 Probability measures on 𝒮(ℍ)

3.1.1 Support of Borel measures

Consider the Borel measurable space (𝕏,ℬ(𝕏)), where 𝕏 is a locally compact Haus-
dorff space (for the purpose of this book, we can simply assume that 𝕏 is either a
separable Banach or Hilbert space or a closed subset of a Banach or Hilbert space)
and ℬ(𝕏) is the Borel σ-algebra of open subsets of𝕏.

We also recall some basic definitions in measure theory (see, e. g., Halmos [58]
and Rudin [133]) as follows.

If μ : ℬ(𝕏) → [0, +∞] is a function such that (i) μ(B) ≥ 0 for all B ∈ ℬ(𝕏); (ii)
μ(0) = 0 and (iii) μ(⋃+∞i=1 Ai) = ∑

+∞
i=1 μ(Ai) for any sequence (Ai)

+∞
i=1 of pairwise disjoint

Borel sets (i. e., Ai ∩ Aj = 0 if i ̸= j), then μ is called a Borel measure on (𝕏,ℬ(𝕏)). In
this case, the triplet (𝕏,ℬ(𝕏), μ) will be referred to as a Borel measure space.

A Borel measure μ on (𝕏,ℬ(𝕏)) is said to be inner regular if

μ(B) = sup{μ(F) | compact F ⊆ B}, ∀B ∈ ℬ(𝕏),

is said to be outer regular if

μ(B) = inf{μ(G) | open G ⊇ B}, ∀B ∈ ℬ(𝕏).

https://doi.org/10.1515/9783110788105-003
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The Borel measure μ is regular if it is both inner regular and outer regular. The Borel
measure μ is said to be a Radon measure if it is both inner regular and locally finite
(i. e., μ(F) < +∞ for all compact Borel set F). If the Borel measure μ is such that
μ(𝕏) = 1, then μ is called a Borel probability measure and the triplet (𝕏,ℬ(𝕏), μ) is
called a Borel probability space. The collection of all Borel probability measures on𝕏
will be denoted by 𝒫(𝕏).

Without further mention, all Borel measures discussed in this book are assumed
to be regular Borel measures.

Definition 3.1.1. Let μ be a Borel measure on (𝕏,ℬ(𝕏)). Then supp(μ), the support
(or spectrum) of μ, is defined to be the set of all points x in 𝕏 for which every open
neighborhood Nx of x has positive measure. In other words,

supp(μ) = {x ∈ 𝕏 | μ(Nx) > 0 for all open set Nx containing x}.

We have the following results regarding supp(μ).

Proposition 3.1.2. Let (𝕏,ℬ(𝕏), μ) be a Borel measure space. Then supp(μ) has the fol-
lowing properties:
1. A measure μ on (𝕏,ℬ(𝕏)) is strictly positive (i. e., μ(B) > 0 for any nonempty open

subset B ⊂ 𝕏) if and only if supp(μ) = 𝕏.
2. supp(μ) is a closed subset of𝕏.

Proof. 1. (⇒) It is clear that supp(μ) ⊆ 𝕏. If μ is strictly positive and if x ∈ 𝕏 is arbitrary,
then any open neighborhood of x has positive measure, since it is a nonempty open
set. Hence, x ∈ supp(μ), this shows that𝕏 ⊆ supp(μ). Therefore, supp(μ) = 𝕏.

(⇐) Conversely, assume that supp(μ) = 𝕏. Then every nonempty open set (be-
ing an open neighborhood of some point in its interior, which is also a point of the
support) has positive measure. Hence, μ is strictly positive.

2. supp(μ) is closed in𝕏, because the complement of supp(𝕏) is the union of the
open sets of measure 0. That is, (supp(𝕏))c, the complement of supp(μ) in𝕏, is open.
Therefore, supp(𝕏) is closed. This proves the proposition.

For the remainder of this section, we concentrate our attention on the case 𝕏 =
𝒮(ℍ), where 𝒮(ℍ) is the collection of quantum states (i. e., all positive bounded linear
operators with unit trace) on the Hilbert space ℍ and also when 𝕏 = 𝒫(𝒮(ℍ)), the
space of Borel probability measures on 𝒮(ℍ).

A (Borel) probabilitymeasure μ on the Borel σ-algebra of subsets of𝒮(ℍ) is said to
be an atomic (or discrete) measure if its support supp(μ) consists of countably infinite
or finite number of elements {ρi}Ni=1, whereN ≤ +∞, in𝒮(ℍ). In this case, each of these
elements ρi is called an atom in the Borel probability space (𝒮(ℍ),ℬ(𝒮(ℍ)), μ). Denote
𝒫dis(𝒮(ℍ)) be the subset of 𝒫(𝒮(ℍ)) consisting of atomic (or discrete) measures.

We often use the following terminologies.
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(A) Discrete ensembles
For convenience, an atomic (or discrete) measure μ ∈ 𝒫dis(𝒮(ℍ)) can normally be
represented as μ = {pi, ρi}, where ρi ∈ 𝒮(ℍ) (ρi ̸= ρj for i ̸= j) denotes an atom and
pi > 0 denotes the probability mass assigned to the atom ρi, where ∑i pi = 1. In this
case, {pi, ρi} will be referred to as a discrete ensemble.

As described in Oreshkov and Calsamiglia [120], the concept of ensemble of states
can be used to describe situations in which a system takes a state ρi at random with
probability pi. The statement that a system takes the state ρx means that there exists
classical information x about the identity of the state. This is to be distinguished from
the situation in which no information about the identity of the state exists or can be
obtained. In the latter case, for all practical purposes, the average density operator of
the ensemble, ρ = ∑i piρi, provides a complete description of the state of the system.
An example of an ensemble of states is the output of a nondestructive generalized
measurement (see Linblad [106], Bratteli andRobinson [15] and Shirokov [150]). Under
the most general type of quantum measurement, a density operator ρ transforms as

ρ 󳨃→ ρi =
Mi(ρ)

tr[Mi(ρ)]
with probability pi = tr[Mi(ρ)], (3.1)

where Mi(⋅) = ∑jMij(⋅)M∗ij is the measurement superoperator corresponding to
outcome i. (The operators Mij : 𝒮(ℍ) → 𝒮(ℍ) satisfy the completeness relation
∑i,jM

∗
ijMij = I.)

(B) Continuous ensembles
A Borel probability measure μ ∈ 𝒫(𝒮(ℍ)), which is not a discrete ensemble (atomic
measure), will be referred to as a continuous ensemble. The subset of 𝒫(𝒮(ℍ)) that
consists of continuous ensembleswill be denoted by𝒫con(𝒮(ℍ)). Therefore, the space
𝒫(𝒮(ℍ)) can be decomposed as

𝒫(𝒮(ℍ)) = 𝒫dis(𝒮(ℍ)) ∪ 𝒫con(𝒮(ℍ)).

The concept of support of a Borel measure (see Definition 3.1.1) and that of spectrum
(see Definition 1.4.2) of a self-adjoint linear operator on a Hilbert space are closely
related (see Proposition 1.4.3).

Concepts of discrete ensemble and continuous ensembles in quantum states
was first introduced in Oreshkov and Calsamiglia [120] and applied to the context of
infinite-dimensional quantum information by Holevo and Shirokov [81].

Example 3.1. To explore the relation between the support of a probability measure
and the spectrum of a self-adjoint linear operator on a Hilbert space, let μ be a regular
Borel measure on the Borel measurable space (ℝ,ℬ(ℝ)). Consider the multiplication
operator (Af )(x) = xf (x) on its natural domain
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dom(A) = {f ∈ L2(ℝ,ℬ(ℝ), μ) | xf (x) ∈ L2(ℝ,ℬ(ℝ), μ)}.

Themultiplication operatorA defined is a self-adjoint operator on the complexHilbert
space L2(ℝ,ℬ(ℝ), μ) equipped with the inner product ⟨⋅, ⋅⟩L2 (see Example 1.3). Indeed,

⟨f ,Ag⟩L2 = ∫
ℝ

f (x)xg(x)μ(dx)

= ∫
ℝ

xf (x)g(x)μ(dx)

= ⟨Af , g⟩L2 , ∀f , g ∈ L
2(ℝ,ℬ(ℝ), μ).

Thus, A is a self-adjoint linear operator on L2(ℝ,ℬ(ℝ), μ) and its spectrum coincides
with the essential range of the identity function, which is precisely the support of μ.

3.2 Some compactness criteria

Let𝕏 be a complex Banach or Hilbert space equippedwith Banach or Hilbertian norm
‖⋅‖𝕏. Recall our discussion of topological properties of𝕏 from Section 1.1 that a closed
subset𝒦 ⊂ 𝕏 is compact if every open covering of𝒦 has finite subcovering. That is, if
𝒦 ⊂ ⋃λ∈Λ𝒪λ, where {𝒪λ, λ ∈ Λ} is a family of open sets in 𝕏, then there exists a finite
subfamily {𝒪λi , i = 1, 2, . . . ,N}, where λi ∈ Λ for i = 1, 2, . . . ,N, such that 𝒦 ⊂ ⋃Ni=1𝒪λi .
Equivalently, the compactness of 𝒦 in 𝕏 can also be characterized as follows. Every
sequence (φn)

+∞
n=1 in𝒦 has a subsequence (φnk )

+∞
k=1 that converges to someφ ∈ 𝒦 under

the norm ‖ ⋅ ‖𝕏.
In the following two subsections, we give characterization of compactness subset

of 𝒮(ℍ) and of 𝒫(𝒮(ℍ)), respectively. The presentation of this section is based on the
results in Shirokov [144–146] and Protasov and Shirokov [127].

3.2.1 Compactness criteria on 𝒮(ℍ)

We have the following compactness criterion, due originally to Holevo and Shirokov
[81] for closed subsets of 𝒮(ℍ) (see Holevo and Shirokov [81] and Chang [22, 24]).

Theorem 3.2.1 (Prohorov’s compactness criterion). A closed subset 𝒦 ⊂ 𝒮(ℍ) is com-
pact (in the trace-class norm) if and only if for every ϵ > 0 there is a finite-dimensional
projection Pϵ onℍ such that tr[ρPϵ] ≥ 1 − ϵ for all ρ ∈ 𝒦.

Proof. (⇒). We follow the proof provided in Chang [22] for necessity condition as fol-
lows. Let 𝒦 be a compact subset of 𝒮(ℍ). We want to show that for every ϵ > 0 there
is a finite-dimensional projection Pϵ onℍ such that tr[ρPϵ] ≥ 1 − ϵ for all ρ ∈ 𝒦. Sup-
pose this were not true for contradiction purpose. Then there is an ϵ > 0 such that
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for any arbitrary finite rank projection operator P there exists a state ρ ∈ 𝒦 such that
tr[ρP] < 1 − ϵ. Let (Pn)+∞n=1 be a sequence of finite rank projections onℍmonotonically
converging to the identity operator Iℍ onℍ in the weak operator topology. That is,

lim
n→+∞
⟨ϕ,Pnψ⟩ℍ = ⟨ϕ, Iℍψ⟩ℍ = ⟨ϕ,ψ⟩ℍ, ∀ϕ,ψ ∈ ℍ.

Let (ρn)+∞n=1 be the corresponding sequence of states in 𝒦 such that tr[ρnPn] < 1 − ϵ for
all n ≥ 1. Since𝒦 is compact, there exists a subsequence (ρnk )

+∞
k=1 of (ρn)

+∞
n=1 converging

to a state ρ∗ ∈ 𝒦. Therefore, by construction, we have

tr[ρnkPnl ] ≤ tr[ρnkPnk ] < 1 − ϵ, ∀k > l.

Hence,

tr[ρ∗] = tr[ρ∗Iℍ] = lim
l→+∞

tr[ρ∗Pnl ] = lim
l→+∞

lim
k→+∞

tr[ρnkPnl ] < 1 − ϵ.

This contradict the fact that ρ∗ ∈ 𝒦 ⊂ 𝒮(ℍ) since all elements in 𝒮(ℍ) have unit trace.
(⇐).We follow the proof provided byHolevo and Shirokov [81] for sufficiency con-

dition as follows. Suppose𝒦 is a subset of 𝒮(ℍ) satisfying the compactness criterion.
Let (ρn)+∞n=1 be an arbitrary sequence in 𝒦. Since the closed unit ball B(0; 1) := {A ∈
B(ℍ) | ‖A‖∞ ≤ 1} is compact in the weak operator (see the Banach–Alaoglu Theo-
rem 1.1.4), there exists a subsequence (ρnk )

+∞
k=1 of (ρn)

+∞
n=1 converging to a positive oper-

ator ρ∗ in the weak topology or equivalently in the trace norm ‖ ⋅ ‖1. We have

tr[ρ∗] ≤ lim inf
k→+∞

tr[ρnk ] = 1.

Therefore, to prove that ρ∗ is a state it is sufficient to show that tr[ρ∗] ≥ 1. Let ϵ > 0
and Pϵ be the corresponding projector. Then

tr[ρ∗] = tr[ρ∗Iℍ] ≥ tr[ρ∗Pϵ] = lim
k→+∞

tr[ρnkPϵ] ≥ 1 − ϵ,

where the equality follows from the finite dimensionality of the space Pϵ(ℍ). Thus, ρ∗
is a state. The proof given above implies that the subsequence (ρnk )

+∞
k=1 converges to

the state ρ∗ in the trace norm ‖ ⋅ ‖1. This shows that 𝒦 is compact in trace norm. This
proves the theorem.

Recall the notation that T≤1(ℍ) = {ρ ∈ T(ℍ) | ρ ≥ 0, tr[ρ] ≤ 1}.
The following compactness criterion for subsets ofT≤1(ℍ) can be proved by a sim-

ple modification of arguments used in the proof of Theorem 3.2.1.

Proposition 3.2.2. A closed subset𝒜 ofT≤1(ℍ) is compact if and only if for an arbitrary
ϵ > 0 there exists a finite rank projector Pϵ such that tr[(Iℍ − Pϵ)A] < ϵ for all A ∈ 𝒜.
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Consider quantum systems A and B represented by Hilbert spacesℍA andℍB, re-
spectively. In the following, we explore compactness criteria of subsets in 𝒮(ℍAB) as
well as ofT≤1(ℍAB). Recall that 𝒮(ℍAB) is the space of quantum states on the compos-
ite quantum systemℍAB := ℍA ⊗ ℍB defined by

𝒮(ℍAB) = {υ ∈ T(ℍAB) | υ ≥ 0, tr[υ] = 1}

and

T≤1(ℍAB) = {υ ∈ T(ℍAB) | υ ≥ 0, tr[υ] ≤ 1}.

Let 𝒜 and ℬ be subsets of T≤1(ℍA) and T≤1(ℍB), respectively. Let 𝒜 ⊗ ℬ be the
subset of T≤1(ℍAB) defined by

𝒜 ⊗ ℬ = {C ∈ T≤1(ℍAB) | trB[C] ∈ 𝒜 and trA [C] ∈ ℬ}.

The following corollary can be found in Holevo and Shirokov [81].

Corollary 3.2.3. 𝒜 ⊗ℬ is a compact subset of T≤1(ℍA) ⊗T≤1(ℍB) if and only if𝒜 and ℬ
are compact subsets of T≤1(ℍA) and T≤1(ℍB), respectively.

Proof. (⇒). The compactness of the set 𝒜 ⊗ ℬ implies the compactness of the sets 𝒜
and ℬ due to continuity of the partial trace.

(⇐). Let 𝒜 and ℬ be compact. By Proposition 3.2.2, for an arbitrary ϵ > 0 there
exist finite rank projectors Pϵ and Qϵ such that

tr[PϵA] > tr[A] − ϵ, ∀A ∈ 𝒜, and tr[QϵB] > tr[B] − ϵ, ∀B ∈ ℬ.

Since CA = trB[C] ∈ 𝒜 and CB = trA[C] ∈ ℬ for an arbitrary C ∈ 𝒜 ⊗ ℬ, we have

tr[(Pϵ ⊗ Qϵ)C]
= tr[(Pϵ ⊗ IB)C] − tr[(Pϵ ⊗ (IB − Qϵ))C]
≥ tr[PϵCA] − tr[(IB − Qϵ)CB] > tr[C] − 2ϵ,

where IB := IℍB is the identity operator onℍB. Proposition 3.2.2 implies the compact-
ness of the set𝒜 ⊗ ℬ. This proves the corollary.

Definition 3.2.4. An unbounded positive linear operator H on ℍ is said to be an
H-operator if it has a discrete point spectrum (eigenvalues),

0 < λ1 ≤ λ2 ≤ ⋅ ⋅ ⋅ λn ≤ ⋅ ⋅ ⋅

Let Qn be the spectral projector of H corresponding to the lowest n eigenvalues. That
is,
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Qn(ϕ) =
n
∑
i=1

λi⟨ϕ,φi⟩ℍφi, ∀ϕ ∈ ℍ,

where φi ∈ ℍ is the eigenvector corresponding to λi for i = 1, 2, . . . .

We have the following observations/comments on H-operators:
1. AnH-operatorH can be interpreted as a quantum observable (or Hamiltonian) on

the quantum systemℍ with energy levels λ1 ≤ λ2 ≤ ⋅ ⋅ ⋅ ≤ λn ≤ ⋅ ⋅ ⋅.
2. If {φi}

+∞
i=1 is an orthonormal set of eigenvectors corresponding to the collection

of eigenvalues {λn}+∞n=1 of the H-operator H. Then H has the spectral representa-
tion

H =
+∞

∑
i=1

λi
󵄨󵄨󵄨󵄨φi⟩ℍ⟨φi

󵄨󵄨󵄨󵄨

on the domain of H, dom(H), defined by

dom(H) = {φ ∈ span({󵄨󵄨󵄨󵄨φi⟩ℍ⟨φi
󵄨󵄨󵄨󵄨}
+∞
i=1 )|
+∞

∑
i=1

λ2i ⟨φ,φi⟩ℍ < +∞},

where span(. . .) is the closure under ‖ ⋅ ‖ℍ of the span of the set (⋅ ⋅ ⋅).
3. Let (Qn)

+∞
n=1 be the increasing sequence of spectral projections for anH-operatorH

on the Hilbert spaceℍ, then (Qn)
+∞
n=1 converges to the identity operator Iℍ under

the operator norm ‖ ⋅ ‖∞.
4. Following Holevo [72, 73], we define

tr[ρH] = lim
n→+∞

tr[ρQnH], ∀ρ ∈ 𝒮(ℍ), (3.2)

where the sequence on the right-hand side of the above equation ismonotonously
increasing.

Example 3.2. An important example of an H-operator is H = − logA, where A is any
operator that is represented as A = ∑+∞i=1 λi|φi⟩ℍ⟨φi| in T≤1(ℍ) (where T≤1(ℍ) = {A ∈
T+(ℍ) | tr[A] ≤ 1}) with infinite sequence of positive eigenvalues (λi > 0, i = 1, 2, . . .),
which has the representation

H = − logA =
+∞

∑
i=1
(− log λi)

󵄨󵄨󵄨󵄨φi⟩ℍ⟨φi
󵄨󵄨󵄨󵄨

on the domain

dom(− logA) = {ϕ ∈ supp(A)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

+∞

∑
i=1
(log λi)

2󵄨󵄨󵄨󵄨⟨φi,ϕ⟩ℍ
󵄨󵄨󵄨󵄨
2
< +∞
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
}.
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Note that for any operators A ∈ T1(ℍ) and B ∈ T1(𝕂) the following identity holds:

− log(A ⊗ B) = (− logA) ⊗ I𝕂 + Iℍ ⊗ (− logB),

where “=” means the operators coincides on

dom(− log(A ⊗ B)) ⊆ supp(A) ⊗ supp(B).

Let 𝒦H(h) ⊂ 𝒮(ℍ), the set of quantum states under which the observable H has
expected values less or equal to h, be defined by

𝒦H(h) = {ρ ∈ 𝒮(ℍ) | tr[ρH] ≤ h}, h ∈ ℝ+, (3.3)

where H is an H-operator.
The following result is due to Holevo [72].

Theorem 3.2.5 (Characterization of compact subsets of 𝒮(ℍ)). 𝒦 ⊂ 𝒮(ℍ) is compact
under trace norm ‖ ⋅ ‖1 if and only if there exist an H-operator H and an h ≥ 0 such
that

𝒦 = {ρ ∈ 𝒮(ℍ) | tr[ρH] ≤ h}. (3.4)

Proof. (⇒) Assume that 𝒦 ⊂ 𝒮(ℍ) is compact under the trace norm ‖ ⋅ ‖1. Since 𝒦 ⊂
𝒮(ℍ) is compact, Theorem 3.2.1 implies that for any natural number n there exists
a finite rank projector Pn such that tr[ρPn] ≥ 1 − n−3 for all ρ ∈ 𝒦. Without loss of
generality, we may assume that⋁+∞k=1 Pk(ℍ) = ℍ, where⋁ denotes closed linear span
of subspaces. Let P̂n be the projector on the finite-dimensional subspace ⋁nk=1 Pk(ℍ).
Thus, H = ∑+∞n=1 n(P̂n+1 − P̂n) is an H-operator satisfying

tr[ρH] =
+∞

∑
n=1

n tr[ρ(P̂n+1 − P̂n)] ≤
+∞

∑
n=1

n tr[ρ(Iℍ − P̂n)] ≤
+∞

∑
n=1

n−2 = h

for arbitrary ρ ∈ 𝒦.
(⇐) Without loss of generality, we assume that the eigenvalues {λn}+∞n=1 of the

H-operator H is monotonously increasing and denote by Pn the finite-dimensional
projection onto the eigenspace corresponding to the first n eigenvalues, then Pn ↑ Iℍ.
By a general criterion, a weakly closed subset 𝒮 of density operators is weakly com-
pact if and only if for every ϵ > 0 there is a finite-dimensional projection P such that
tr[S(Iℍ − P)] ≤ ϵ for all S ∈ 𝒮 ⊂ 𝒮(ℍ). However, the weak convergence of density
operators is equivalent to their trace-norm convergence. Since λn+1(Iℍ − Pn) ≤ H, we
have tr[S(Iℍ − Pn)] ≤ λ−1n+1 tr[SH] ≤ λ

−1
n+1h for S ∈ 𝒦H(h). This shows that the set 𝒦H(h)

is a compact subset of 𝒮(ℍ) for each h > 0. This proves the theorem.
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3.2.2 Compactness criteria on𝒫(𝒮(ℍ))

Let𝒜 be a closed subset of 𝒮(ℍ) under trace-norm ‖ ⋅ ‖1. We equip 𝒫(𝒜), the space of
Borel probabilitymeasures on𝒜, with the topology of weak convergence (see Billings-
ley [11] and Parthasarathy [122]). Recall that a sequence of Borel probability measures
(μn)+∞n=1 ⊂ 𝒫(𝒜) is said to converge to μ ∈ 𝒫(𝒜) weakly if

lim
n→∞
∫
𝒜

f (ρ)μn(dρ) = ∫
𝒜

f (ρ)μ(dρ), ∀f ∈ Cb(𝒜), (3.5)

where Cb(𝒜) is the space of bounded continuous real-valued functions on𝒜.
Since 𝒜 is a closed subset of 𝒮(ℍ), it is a complete separable metric space under

the trace-norm ‖ ⋅ ‖1. In this case, 𝒫(𝒜) can be considered as a complete separable
metric space under the topology of weak convergence (see Parthasarathy [122]).

Definition 3.2.6. A set 𝒫 of Borel probability measures 𝒫(𝒮(ℍ)) on 𝒮(ℍ) is said to be
tight if, for each ϵ > 0, there is a compact set 𝒦 ⊂ 𝒮(ℍ) such that

μ(𝒦) > 1 − ϵ, ∀μ ∈ 𝒫 . (3.6)

The proof of the following Prokhorov theorem can be found in Billingsley [11] or
Parsatherathy [122] for any general metric space.

Theorem 3.2.7 (Prokhorov theorem). A subset 𝒫 of 𝒫(𝒮(ℍ)) is tight if and only if it is
relatively compact under weak convergence.

In the following, we explore compactness properties of probability measures de-
fined on a closed subset 𝒦 of 𝒮(ℍ).

Proposition 3.2.8. The set 𝒫(𝒦) is a compact subset of 𝒫(𝒮(ℍ)) if and only if the set𝒦
is a compact subset of 𝒮(ℍ).

Proof. (⇒) Assume that the set 𝒫(𝒦) is a compact subset of 𝒫(𝒮(ℍ)). The set 𝒦 is the
image of the set 𝒫(𝒦) under the continuous mapping μ 󳨃→ ρ(μ) (see Proposition 3.3.5
in the next section); hence, it is compact.
(⇐) Assume that𝒦 is a compact subset of 𝒮(ℍ). By Theorem 3.2.5, there exists an

H-operator H and a positive h > 0 such that tr[ρH] ≤ h for all ρ ∈ 𝒦. For arbitrary
μ ∈ 𝒫(𝒮(ℍ)), we have

∫
𝒮(ℍ)

tr[ρH]μ(dρ)

= ∫
𝒮(ℍ)

( lim
n→+∞

tr[ρQnH])μ(dρ) (by (3.2))

= lim
n→+∞
( ∫
𝒮(ℍ)

tr[ρQnH]μ(dρ))
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(by the monotone convergence theorem)

= lim
n→+∞

tr[ ∫
𝒮(ℍ)

(ρQnH)μ(dρ)]

(by linearity of trace of the finite-dimensional operator)

= tr[ lim
n→+∞
∫

𝒮(ℍ)

(ρQnH)μ(dρ)]

(by continuity of the finite-dimensional trace-class operator)

= tr[ ∫
𝒮(ℍ)

lim
n→+∞
(ρQnH)μ(dρ)]

(by the monotone convergence theorem)

= tr[( ∫
𝒮(ℍ)

ρμ(dμ))H]

= tr[ρ(μ)H] ≤ h.

Let 𝒦ϵ = {ρ ∈ 𝒮(ℍ) | tr[ρH] ≤ hϵ−1}. The set 𝒦ϵ is a compact subset of 𝒮(ℍ) for any ϵ.
For any measure μ in 𝒫(𝒦ϵ), we therefore have

μ(𝒮(ℍ)\𝒦ϵ) = ∫
𝒮(ℍ)\𝒦ϵ

μ(dρ) ≤ ϵh−1 ∫
𝒮(ℍ)\𝒦ϵ

(tr[ρH])μ(dρ) ≤ ϵ. (3.7)

By the compactness criterion (Theorem 3.2.1), the closed set 𝒫(𝒦) is compact. This
proves the proposition.

3.3 Barycenters

Concept of barycenter plays an important role in infinite-dimensional quantum in-
formation theory. The presentation of materials in this section is largely based on the
results obtained byHolevo and Shriokov [81], Shirokov [146] and Shirokov andHolevo
[158].

3.3.1 A brief review of convex analysis

We recall some facts about the convex analysis that are relevant to development of
quantum information theory below. Readers are referred to Rockafellar [131] for de-
tailed accounts on convex analysis.

Let𝒜be a subset of𝕏,where𝕏 is some locally convexHausdorff topological space
such as 𝒮(ℍ) and𝒫(𝒮(ℍ)) or all other spaces related to quantum information consid-
ered in this book.
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Recall that𝒜 ⊆ 𝕏 is said to be convex if for any x, y ∈ 𝒜 then px+(1−p)y ∈ 𝒜 for all
p ∈ [0, 1]. For any𝒜 ⊆ 𝕏, co(𝒜) denotes the convex hull (i. e., the smallest convex set
that contains𝒜) and co(𝒜) is the closed convex hull (i. e., the smallest closed convex
set that contains𝒜). For any x, y, z ∈ 𝒜, we say that z lies between x and y if x ̸= y and
there exists a 0 < p < 1 such that z = px + (1 − p)y. z ∈ 𝒜 is said to be an extreme point
of 𝒜 if it does not lie between any two distinct points of 𝒜. That is, if there does not
exist x, y ∈ 𝒜 and 0 < p < 1 such that x ̸= y and z = px + (1 − p)y. The set of all extreme
points of𝒜 is denoted by extr(𝒜).

We have the following theorem regarding a convex and compact set 𝒜 ⊆ 𝕏. Its
proof can be found in Rockafellar [131] and is therefore omitted.

Theorem 3.3.1 (Krein–Millman theorem). If𝒜 ⊆ 𝕏 is convex and compact, then𝒜 has
extreme points. Furthermore, 𝒜 is the closed convex hull of its extreme points extr(𝒜),
i. e.,𝒜 = co(extr(𝒜)).

Note that when𝒜 = 𝒮(ℍ) (the space of quantum states onℍ), extr(𝒮(ℍ)) consists
of all pure quantumstates on the system representedbyℍ, since anypure state cannot
be expressed as a nontrivial convex combination of any other quantum states by its
definition.

3.3.2 Properties of barycenter

To define barycenter centers of a Borel probability measure on a closed set𝒜 ⊆ 𝒮(ℍ),
we need to explore the concept of the Bochner integral. In mathematics, the Bochner
integral, named for Salomon Bochner [13] extends the definition of Lebesgue integral
to functions that take values in a Banach space, as the limit of integrals of simple
functions.

The followingdefinition (Definition 3.3.2) andproposition (Proposition 3.3.3) serve
as an introduction to the construction and properties of Bochner integral for readers
who are not familiar to them.

Definition 3.3.2. Let (𝕏.Σ, μ) be ameasure space and let𝔹 be a complex Banach space
under the Banach norm ‖ ⋅ ‖𝔹.
1. A function f : 𝕏 → 𝔹 is said to be Σ-measurable if f −1(B) ∈ Σ for all Borel subsets

B of 𝔹, where

f −1(B) = {x ∈ 𝕏 | f (x) ∈ B}.

2. A Σ-measurable function f : 𝕏 → 𝔹 is said to be a simple function if it can be
written as

f (x) =
n
∑
i=1

1Ei (x)bi, (3.8)
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where Ei ∈ Σ are disjoint sets, bi are distinct elements in𝔹 and 1E is the character-
istic function of the set E ∈ Σ (i. e., 1E(x) = 1 if x ∈ E and 1E(x) = 0 if x ∉ E).

3. If μ(Ei) < +∞ for bi ̸= 0, then the simple function f (x) = ∑ni=1 1Ei (x)bi, is said to be
Bochner integrable and its Bochner integral is defined to be

∫
𝕏

f (x)μ(dx) = ∫
𝕏

[
n
∑
i=1

1Ei (x)bi]μ(dx) =
n
∑
i=1

biμ(Ei).

4. A Σ-measurable function f : 𝕏 → 𝔹 is said to be Bochner integrable if there exists
a sequence of Bochner integrable simple functions (fi)+∞i=1 such that

lim
i→+∞
∫
𝕏

󵄩󵄩󵄩󵄩f (x) − fi(x)
󵄩󵄩󵄩󵄩𝔹μ(dx) = 0.

In this case, its Bochner integral (with respect to μ) is defined as

∫
𝕏

f (x)μ(dx) = lim
i→∞
∫
𝕏

fi(x)μ(dx).

Many of the familiar properties of the Lebesgue integral continue to hold for the
Bochner integral. Particularly useful is Bochner’s criterion for integrability, which
states that if (𝕏, Σ, μ) is a measure space, then a Bochner-measurable function f :
𝕏 → 𝔹 is Bochner integrable if and only if

∫
𝕏

󵄩󵄩󵄩󵄩f (x)
󵄩󵄩󵄩󵄩𝔹μ(dx) < +∞.

We state the following proposition without a proof, since we use the concept
Bochner integral as a tool only for our exposition of infinite-dimensional quantum in-
formation. Interested readers are referred to Bochner [13] and Cohn [27] for the details.

Proposition 3.3.3. Let (𝕏, Σ, μ) be a measure space and let f : 𝕏 → 𝔹 be a Bochner
integrable function (with respect to μ). Then the following properties hold:
1. If T is a bounded linear operator on 𝔹, then Tf : 𝔹 → 𝔹 is Bochner integrable.

Moreover,

T(∫
𝕏

f (x)μ(dx)) = ∫
𝕏

Tf (x)μ(dx).

2. (Dominated convergence theorem). If (fn)+∞n=1 , fn : 𝕏 → 𝔹, is a sequence of
Σ-measurable function on the complete measure space (𝕏, Σ, μ) converges almost
everywhere to a limiting function f : 𝕏 → 𝔹 and if

󵄩󵄩󵄩󵄩f (x)
󵄩󵄩󵄩󵄩𝔹 ≤ g(x) for almost every x ∈ 𝕏,
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where g : 𝕏 → ℝ is some Bochner integrable function, then

lim
n→+∞
∫
𝕏

󵄩󵄩󵄩󵄩f (x) − fn(x)
󵄩󵄩󵄩󵄩𝔹μ(dx) = 0

and

∫
E

f (x)μ(dx) = lim
n→+∞
∫
E

fn(x)μ(dx), ∀E ∈ Σ.

3. The following inequality holds:

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
∫
E

f (x)μ(dx)
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝔹
≤ ∫

E

󵄩󵄩󵄩󵄩f (x)
󵄩󵄩󵄩󵄩𝔹μ(dx), ∀E ∈ Σ.

In particular, the set function

E 󳨃→ ∫
E

f (x)μ(dx)

define a countably additive𝔹-valued vector measure on𝕏,which is absolutely con-
tinuous with respect to μ.

Definition 3.3.4. The barycenter ρ̄(μ) of μ ∈ 𝒫(𝒮(ℍ)) is the Bochner integral defined
by

ρ̄(μ) = ∫
𝒮(ℍ)

ρμ(dρ). (3.9)

In particular, if μ = {pi, ρi}, then ρ(μ) = ∑i piρi is the average state of the discrete
ensemble {pi, ρi}.

Let 𝒜 ⊆ 𝒮(ℍ) be a convex subset and let 𝒫𝒜(𝒮(ℍ)) be the collection of Borel
probability measures μ ∈ 𝒫(𝒮(ℍ)) such that their barycenters ρ̄(μ) ∈ 𝒜. In particular,
if𝒜 = {ρ} for some ρ ∈ 𝒮(ℍ). We write, for notational simplicity,

𝒫ρ(𝒮(ℍ)) = 𝒫{ρ}(𝒮(ℍ)) = {μ ∈ 𝒫(𝒮(ℍ)) | ρ̄(μ) = ρ}.

The following result regarding the barycenter map is due to Holevo and Shirokov
[80].

Proposition 3.3.5. The barycenter map

𝒫(𝒮(ℍ)) ∋ μ 󳨃→ ρ(μ) ∈ 𝒮(ℍ) (3.10)

is continuous and surjective.
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Proof. Let (μn)+∞n=1 ⊂ 𝒫(𝒮(ℍ)) be a sequence of Borel probability measures on 𝒮(ℍ)
that converges weakly to μ0 ∈ 𝒫(𝒮(ℍ)). For each n ∈ ℕ, let ρ̄(μn) = ∫𝒮(ℍ) ρμn(dρ) ∈
𝒮(ℍ) be the barycenter of μn. We consider

lim
n→+∞
󵄩󵄩󵄩󵄩ρ̄(μn) − ρ̄(μ0)

󵄩󵄩󵄩󵄩1

= lim
n→+∞

tr[
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫

𝒮(ℍ)

ρμn(dρ) − ∫
𝒮(ℍ)

ρμ0(dρ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
]

= lim
n→+∞
∫

𝒮(ℍ)

tr[|ρ|]μn(dρ) − ∫
𝒮(ℍ)

tr[|ρ|]μ0(dρ) = 0,

since tr[| ⋅ |] is a bounded continuous real-valued function on 𝒮(ℍ) and (μn)+∞n=1 con-
verges to μ0 weakly. This shows that the barycenter map ρ̄(⋅) : 𝒫(𝒮(ℍ)) → 𝒮(ℍ) is a
continuousmap. It is clear that the barycentermap is an ontomapbecause for each ρ ∈
𝒮(ℍ) is a barycenter of a pointmassmeasure at ρ. To show that the barycentermap ρ̄(⋅)
is a one-to-onemapbyassuming that ρ̄(μ) = ρ̄(ν),wewant to show thatμ = ν. Note that

ρ̄(μ) = ∫
𝒮(ℍ)

ρμ(dρ) = ∫
𝒮(ℍ)

ρν(dρ) = ρ̄(ν)

implies that μ = ν almost everywhere on 𝒮(ℍ). This proves the proposition.

First, we have the following lemma regarding relationship between the support
of μ ∈ 𝒫(𝒮(ℍ)) (see Definition 3.1.1 for a definition of support of a measure) and its
barycenter ρ̄(μ).

Lemma 3.3.6. Let μ ∈ 𝒫(𝒮(ℍ)). If U is a closed convex subset of 𝒮(ℍ) such that
supp(μ) ⊂ U, then

ρ̄(μ) := ∫
𝒮(ℍ)

ρμ(dρ) ∈ U . (3.11)

Proof. (i) We first assume that supp(μ) is a finite set, i. e., there exists a finite set
{ρ1, ρ2, . . . , ρn} ⊂ U such that pi := μ({ρi}) > 0 and ∑ni=1 pi = 1. In this case, ρ̄(μ) =
∑ni=1 piρi ∈ U, since ρ̄(μ) is a convex combination of a finite set {ρ1, ρ2, . . . , ρn} of ele-
ments in U .

(ii) We define the set𝒜 by

𝒜 = {μ ∈ 𝒫(𝒮(ℍ)) | supp(μ) ⊂ U ⇒ ρ̄(μ) ∈ U}. (3.12)

We claim that the set𝒜 is dense in 𝒫(𝒮(ℍ)). Suppose the claim were false for contra-
diction purposes. Then there exists

μ0 ∈ 𝒫(𝒮(ℍ))\𝒜 := 𝒜
c
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and an open neighborhood 𝒪 ⊂ 𝒫(𝒮(ℍ)) of μ0 such that 𝒪 ∩ 𝒜 = 0. This implies
that supp(μ0) is a finite set contained in U, and hence ρ̄(μ0) ∈ U from (i). This is a
contradiction.

(iii) We note that ρ̄(𝒜) is dense in 𝒮(ℍ), since it is the image of the continuous
map μ 󳨃→ ρ̄(μ) of a dense subset 𝒜 of 𝒫(𝒮(ℍ)). Therefore, ρ̄(𝒜) can be extended to
ρ̄(𝒫(𝒮(ℍ))). This proves the lemma.

For 𝒜 ⊆ 𝒮(ℍ), we define co(𝒜), the convex hull of 𝒜, the smallest convex set
containing𝒜 and co(𝒜), the convex closure of the set𝒜, as the smallest convex closed
subset containing𝒜.

Lemma 3.3.7. Let 𝒜 be a closed subset of 𝒮(ℍ). Then co(𝒜) coincides with the set of
barycenters of all Borel probability measures supported by𝒜.

Proof. Let ρ0 ∈ co(𝒜). Then there is a sequence (ρn)+∞n=1 ⊆ co(𝒜) converging to ρ0,
so that (ρn)+∞n=1 is relatively compact in 𝒮(ℍ). The density operator ρn is barycenter of
Borel probability measure πn finitely supported on 𝒜. By the compactness criterion
of Theorem 3.2.1, the sequence (πn)+∞n=1 is weakly relatively compact, and thus has a
partial limit π0, which is supported by the set 𝒜 due to Theorem 3.2.7. Continuity of
the map

π 󳨃→ ρ(π) := ∫
𝒮(ℍ)

σπ(dσ)

implies that the state ρ0 is the barycenter of the measure π0. Conversely, let π be an
arbitrary probability measure supported by 𝒜. This measure can be weakly approx-
imated by a sequence of measures (πn)∞n=1 finitely supported by 𝒜. Since ρ(πn) is in
co(𝒜) for all n, we conclude that ρ(π) is in co(𝒜)due to continuity of themapπ 󳨃→ ρ(π).
This proves the lemma.

The following can be found in Lemma 1 of Shirokov [144].

Lemma 3.3.8. Let𝒜 be a closed subset of𝒮(ℍ). For any arbitrary state ρ in co(𝒜), there
exists a measure μ in 𝒫(𝒜) such that ρ̄(μ) = ρ, where 𝒫(𝒜) is the collection of Borel
probability measures on𝒜.

Proof. Let ρ ∈ co(𝒜) (where co(𝒜) denotes the convex hull, i. e., the smallest convex
set that contains𝒜, and co(𝒜) is the closed convex hull, i. e., the smallest closed con-
vex set that contains 𝒜). Let (ρn)+∞n=1 ⊂ co(𝒜) be a sequence converging to the state ρ
under the ‖ ⋅ ‖1-norm. For each n ∈ ℕ, ρn ∈ co(𝒜) implies that ρn = ∑

m(n)
i=1 pn,iρn,i for

some {pn,i}
m(n)
i=1 and {ρn,i}

m(n)
i=1 ⊂ 𝒜 with pn,i > 0 and ∑

m(n)
i=1 pn,i = 1, where m(n) is a pos-

itive integer that depends on n. That is, ρn = ρ̄(μn), where μn = {pn,i, ρn,i} ∈ 𝒜 (i. e.,
μn is a discrete ensemble in 𝒫(𝒜)). By the compactness of the set 𝒫(𝒜), the sequence
(μn)+∞n=1 has a subsequence (μnk )

+∞
k=1 that converges weakly to μ ∈ 𝒫(𝒜). Continuity of

the map μ 󳨃→ ρ̄(μ) implies
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lim
k→+∞

ρnk = lim
k→+∞

ρ̄(μnk ) = ρ̄(μ) = ρ,

where the limit is taken under the ‖ ⋅ ‖1. This proves the lemma.

Let μ ∈ 𝒫(𝒮(ℍ)). Recall from Definition 3.1.1 the support of μ denoted by supp(μ)
is defined by

supp(μ) = {ρ ∈ 𝒮(ℍ) | μ(Nρ) > 0 for every open neighborhood of ρ}.

Lemma 3.3.9. The subset of Borel probability measures with finite support is dense in
the set of all measures with given barycenter. That is, there exists a ρ ∈ 𝒮(ℍ) such that

{μ ∈ 𝒫(𝒮(ℍ)) | ♯(supp(μ)) < ∞}
weak
= 𝒫{ρ}(𝒮(ℍ)),

where ♯(supp(μ)) denotes the cardinality (i. e., the number of elements of supp(μ)) and
{⋅ ⋅ ⋅}

weak
is the closure of {⋅ ⋅ ⋅} under the weak convergence topology.

Proof. We follow the proof given in Lemma 1 of Shirokov and Holevo [158] as follows.
We first notice from Lemma 3.3.6 that supp(μ) ⊂ U, where U is a closed convex subset
of 𝒮(ℍ), implies that

ρ̄(μ) := ∫
𝒮(ℍ)

ρμ(dρ) ∈ U . (3.13)

Now letμbe any arbitrarymeasure in𝒫(𝒮(ℍ)). Since𝒮(ℍ) is separable, for eachn ∈ ℕ
there exists a sequence (Ani )

+∞
i=1 of Borel subsets of 𝒮(ℍ) of diameters (in trace norm)

less than 1/n such that 𝒮(ℍ) = ⋃+∞i=1 A
n
i ,A

n
i ∩A

n
j = 0 provided that j ̸= i. Letm = m(n) be

a positive integer such that ∑+∞i=m+1 μ(A
n
i ) < 1/n. Consider the finite collection of Borel

sets {Âni , i = 1, . . . ,m}, where Â
n
i = A

n
i for i = 1, . . . ,m and Ânm+1 = ⋃

+∞
i=m+1A

n
i . We have

ρ̄(μ) := ∫
𝒮(ℍ)

ρμ(dρ) =
+∞

∑
i=1
∫
An
i

ρμ(dρ) =
m+1
∑
i=1
∫

Ân
i

ρμ(dρ) =
m+1
∑
i=1

μni ρ
n
i , (3.14)

where μni := tr[∫Ân
i
ρμ(dρ)] = μ(Âni ) and ρ

n
i = (μ(Â

n
i ))
−1 ∫Ân

i
ρμ(dρ). Without loss of gener-

ality, we can assume that μni > 0. Let μ
n be the probability measure on 𝒮(ℍ) ascribing

the value μni to the set {ρ
n
i }. Equality 3.14 implies that ρ̄(μn) = ρ̄(μ). Since the measure

μn has finite support for each n, to prove the assertion of the lemma it suffices to show
weak convergence of the sequence of measures (μn)+∞n=1 to the measure μ. By the defi-
nition of weak convergence of probability measures (see (3.5)), it is sufficient to show
that

lim
n→+∞
∫

𝒮(ℍ)

f (ρ)μn(dρ) = ∫
𝒮(ℍ)

f (ρ)μ(dρ)
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for all boundeduniformly continuous function f : 𝒮(ℍ) → ℝ. LetMf = supρ∈𝒮(ℍ)|f (ρ)|.
For arbitrary ϵ > 0, let nϵ > 0 be such that ϵnϵ > 2Mf and

sup
ρ∈U(nϵ)

f (ρ) − inf
ρ∈U(nϵ)

f (ρ) < ϵ

for the arbitrary closed ball U(nϵ) of diameter 1/nϵ. By construction, the set Âni is con-
tained in some ball Ui(n) for each i = 1, . . . ,m. By (3.13), the state ρni lies in the same
ball Ui(n). Hence, we have

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫

𝒮(ℍ)

f (ρ)μn(dρ) − ∫
𝒮(ℍ)

f (ρ)μ(dρ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
m+1
∑
i=1
∫

Ân
i

󵄨󵄨󵄨󵄨f (ρ) − f (ρi)
󵄨󵄨󵄨󵄨μ(dρ)

≤ ϵ
m
∑
i=1

μ(Âni ) + 2Mfμ(Â
n
m+1) < 2ϵ, ∀n ≥ nϵ.

This proves the lemma.

Let 𝒜 ⊆ 𝒮(ℍ) be a convex subset. That is, if ρ, σ ∈ 𝒜 and ρ ̸= σ, then pρ +
(1 − p)σ ∈ 𝒜 for all p ∈ [0, 1]. Recall that 𝒫𝒜(𝒮(ℍ)) denotes the collection of Borel
probability measures μ ∈ 𝒫(𝒮(ℍ)) such that their barycenters ρ̄(μ) ∈ 𝒜.

Wehave the followingμ-compactness result dueoriginally toHolevo andShirokov
[80].

Theorem 3.3.10. The set 𝒫𝒜(𝒮(ℍ)) ⊂ 𝒫(𝒮(ℍ)) is compact if and only if the set 𝒜 ⊂
𝒮(ℍ) is compact.

Proof. (⇒) Let 𝒫𝒜(𝒮(ℍ)) be a compact subset of 𝒫(𝒮(ℍ)). The set 𝒜 is the image of
𝒫𝒜(𝒮(ℍ)) of the continuous barycenter map ρ̄(⋅) : 𝒫(𝒮(ℍ)) → 𝒮(ℍ) (see Proposi-
tion 3.3.5) and is therefore compact.

(⇐) Conversely, let 𝒜 be a compact subset of 𝒮(ℍ). Then by Theorem 3.2.5, there
exists anH-operatorH and some h > 0 such that tr[ρH] ≤ h for all ρ ∈ 𝒜. For arbitrary
μ ∈ 𝒫𝒜(𝒮(ℍ)), we have

∫
𝒮(ℍ)

tr[ρH]μ(dρ) = ∫
𝒮(ℍ)

lim
n→+∞

tr[ρQnH]μ(dρ)

= lim
n→+∞
∫

𝒮(ℍ)

tr[ρQnH]μ(dρ) = lim
n→+∞

tr[ ∫
𝒮(ℍ)

ρQnH]μ(dρ)

= tr[ ∫
𝒮(ℍ)

ρμ(dρ) lim
n→+∞
(QnH)] = tr[ρ̄H] ≤ h. (3.15)
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The existence of the integral on the left-hand side and the first equality follows from
the monotone convergence theorem (see part 2 of Proposition 3.3.3).

Let 𝒦ϵ = {ρ ∈ 𝒮(ℍ) | tr[ρH] ≤ hϵ−1}. The set 𝒦ϵ is compact for each ϵ > 0 (see
Theorem 3.2.5). By (3.15) for any μ ∈ 𝒫𝒜(𝒮(ℍ)), we have

μ(𝒮(ℍ)\𝒦ϵ) = ∫
𝒮(ℍ)\𝒦ϵ

μ(dρ) ≤ ϵh−1 ∫
𝒮(ℍ)\𝒦ϵ

tr[ρH]μ(dρ) ≤ ϵ. (3.16)

Therefore, 𝒫𝒜(𝒮(ℍ)) is compact by the Prokhorov Theorem 3.2.1. This proves the the-
orem.

3.4 Convex functions on 𝒮(ℍ)

Throughout the end of this section, 𝒜 will be a closed convex subset of 𝒮(ℍ), unless
otherwise specified.

3.4.1 σ-convexity and μ-convexity

We first define the convexity and concavity of a function f on𝒜 below.
If the function f : 𝒜 ⊆ 𝒮(ℍ) → [−∞, +∞] does not take the value −∞, then its

convexity means that

f(∑
i
piρi) ≤ ∑

i
pif (ρi),

for all finite discrete ensemble {pi, ρi} in 𝒜. On the other hand, if f : 𝒜 ⊆ 𝒮(ℍ) →
[−∞, +∞] does not take the value +∞ then its concavity means that

f(∑
i
piρi) ≥ ∑

i
pif (ρi),

for all finite discrete ensemble {pi, ρi} in𝒜.
Therefore, a real-valued function f : 𝒜 ⊆ 𝒮(ℍ) → ℝ is concave if −f is convex and

vice versa.
A function f : 𝒜 ⊆ 𝒮(ℍ) → [−∞, +∞] is said to be upper bounded (on𝒜) if there

exists a real number M such that f (ρ) ≤ M for all ρ ∈ 𝒜. The function f is said to be
lower bounded (on𝒜) if there exists a real numberm such thatm ≤ f (ρ) for all ρ ∈ 𝒜.
The function f is said to be bounded (on 𝒜) if it is both upper and lower bounded
(on𝒜). It is called semibounded if it is either upper bounded or lower bounded (on𝒜).

Definition 3.4.1. A semibounded function f on𝒜 ⊆ 𝒮(ℍ) is said to be σ-convex on𝒜
if
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f(∑
i
piρi) ≤ ∑

i
pif (ρi) (3.17)

for all countable (discrete) ensemble {pi, ρi}i of states in𝒜. The function f is said to be
σ-concave on𝒜 if −f is σ-convex on𝒜.

Definition 3.4.2. A semibounded Borel measurable function f on𝒜 ⊆ 𝒮(ℍ) is said to
be μ-convex on𝒜 if

f(∫
𝒜

ρμ(dρ)) ≤ ∫
𝒜

f (ρ)μ(dρ) (3.18)

for all probability measure μ ∈ 𝒫(𝒮(ℍ)). The function f is said to be μ-concave on 𝒜,
if −f is μ-convex on𝒜.

Example 3.3. Let f : 𝒮(ℍ) → [−∞, +∞]be the lower-boundedBorelmeasurable func-
tion defined by

f (ρ) = { 0 if ρ is a state of finite rank;
+∞ if ρ is a state of infinite rank.

Then f is convex but neither σ-convex nor μ-convex.

In the following, we review sufficient conditions for validity of Jensen’s inequal-
ity (in discrete and integral forms) for convex functions on Banach spaces 𝕏 taking
values in [−∞, +∞]. As a simple example showing importance of the conditions in
the below propositions one can consider the affine Borel function on the simplex of
all probability distributions with countable number of outcomes taking the value 0
on finite rank distributions and the value +∞ on infinite rank distributions. By using
Jensen’s inequality for finite convex combinations and a simple approximation, it is
easy to prove the following assertion.

The following results on Jensen’s inequalities regarding convex functions in the
setting of 𝒮(ℍ) can be found in Shirokov [143] and [146].

Proposition 3.4.3 (Integral Jensen’s inequality). Let f : 𝒜 ⊆ 𝒮(ℍ) → ℝ be a convex
function on a closed bounded convex subset𝒜 of𝒮(ℍ), which is either lower semicontin-
uous or upper bounded and upper semicontinuous. Then for arbitrary Borel probability
measure μ on the set𝒜 the following inequality holds:

f(∫
𝒜

ρμ(dρ)) ≤ ∫
𝒜

f (ρ)μ(dρ) (3.19)

Proof. Let μ0 be an arbitrary probability measure on the set 𝒜. Let f be an upper-
bounded and upper-semicontinuous function. Then the functional 𝒫(𝒜) ∋ μ 󳨃→
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∫𝒜 f (ρ)μ(dρ) ∈ ℝ is upper semicontinuous on the set 𝒫(𝒜) of Borel probability mea-
sures on 𝒜 endowed with the weak convergence topology (see Billingsley [11]). Let
(μn)+∞n=1 be a sequence of measures with finite support and with the same barycenter
as the measure μ0 and weakly converging to the measure μ0. By convexity of the func-
tion f inequality (3.19) holds with μ = μn for each n = 1, 2, . . . . By upper semicontinuity
of the functional 𝒫(𝒜) ∋ μ 󳨃→ ∫𝒜 f (ρ)μ(dρ) ∈ ℝ passing to the limit n → +∞ in
this inequality implies inequality (3.19) with μ = μ0. Let f be a lower semicontinuous
function. By using the arguments from the proof of Lemma 3.3.7, one can show that
the function f is either lower bounded or does not take finite values. It is sufficient to
consider the first case. Suppose that ∫𝒜 f (ρ)μ(dρ) < +∞. By applying the construction
used in the proof of the same lemma, it is possible to obtain a sequence (μn)+∞n=1 of
measures on the set𝒜 with finite support such that

lim sup
n→+∞
∫
𝒜

f (ρ)μn(dρ) ≤ ∫
𝒜

f (ρ)μ0(dρ)

and

lim sup
n→+∞
∫
𝒜

f (ρ)μn(dρ) = ∫
𝒜

f (ρ)μ0(dρ).

By convexity of the function f inequality (3.19) holds with μ = μn for each n = 1, 2, . . . .
By lower semicontinuity of the function f passing to the limit n → +∞ implies in-
equality (3.19) with μ = μ0. This proves the proposition.

Proposition 3.4.4 (Discrete Jensen’s inequality). Let f be a convex upper-bounded
function on a closed convex bounded subset 𝒜 of 𝒮(ℍ). Then for arbitrary countable
set {ρi, i = 1, 2, . . .} ⊂ 𝒜 with the corresponding probability distribution {pi, i = 1, 2, . . .}
the following inequality holds:

f(
+∞

∑
i=1

piρi) ≤
+∞

∑
i=1

pif (ρi).

Proof. This is the discrete version of Proposition 3.4.3. To prove the proposition, we
simply consider the discretemeasure μwith atoms at xi, i = 1, 2, . . .with pi = μ({xi}) > 0
for i = 1, 2, . . . with∑+∞i=1 pi = 1. This proves the proposition.

The following corollary is a consequence of Proposition 3.4.3.

Corollary 3.4.5. Let f be an affine lower semicontinuous function on a closed bounded
convex subset 𝒜 of 𝒮(ℍ). Then for arbitrary Borel probability measure μ on the set 𝒜
the following equality holds:

f(∫
𝒜

ρμ(dρ)) = ∫
𝒜

f (ρ)μ(dρ). (3.20)
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3.4.2 Convex hull and convex closure

General theory of convex and variational analysis can be found in the classic mono-
graphs by Rockafellar [131] and Rockafella andWets [132]. Shirokov [143] and [146] has
applied these general theory to the setting of convex functions on 𝒮(ℍ). In particular,
he developed characterizations of σ-convex hull on these functions.

Recall that a function f : 𝒜 ⊆ 𝒮(ℍ) → [−∞, +∞] is said to be a closed function
if {(ρ, f (ρ)) | ρ ∈ 𝒜} is a closed subset of 𝒜 × [−∞, +∞], where 𝒜 is a closed convex
subset of 𝒮(ℍ). Consider the subset

epi(f ) = {(ρ, λ) ∈ 𝒜 × [−∞, +∞] | λ ≥ f (ρ)} (3.21)

of the set 𝒜 × [−∞, +∞]. Note that the function f is uniquely determined by the cor-
responding set epi(f ). Such a function f is called convex if the set epi(f ) is a convex
subset of 𝒜 × [−∞, +∞] and it is called closed if the set epi(f ) is a closed subset of
𝒜 × [−∞, +∞]. Each closed function f is lower semicontinuous in the sense that the
set definedby the inequality f (ρ) ≤ λ is a closed subset of𝒜 for arbitrary λ ∈ [−∞, +∞],
and conversely, each lower semicontinuous function f is closed. It is possible to show
that the lower semicontinuity of a function f means that

lim inf
n→+∞

f (ρn) ≥ f (ρ0)

for arbitrary sequence (ρn)+∞n=1 converging to ρ0 under ‖ ⋅ ‖1.
The convex hull, co(f ), and the convex closure, co(f ), of the function f on a closed

convex subset𝒜 of 𝒮(ℍ) are defined as follows.

Definition 3.4.6. For function f : 𝒜 ⊆ 𝒮(ℍ) → [−∞, +∞], define

co(f )(ρ) = inf
(ρ,λ)∈co(epi(f ))

λ,

where the symbol co(epi(f )) on the right-hand side means the convex hull of (or the
smallest convex set containing) the set epi(f ) defined by (3.21). The convex closure
co(f ) of the function f is defined by

epi(co(f )) = co(epi(f )),

where the symbol co in the right-hand side means the closure of the convex hull of a
set. It follows that co(f ) is the greatest convex and closed functionmajorized by f . This
implies

co(f )(ρ) ≤ co(f )(ρ) ≤ f (ρ), ∀ρ ∈ 𝒜 ⊆ 𝒮(ℍ).
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Intuitively, we can say that (i) co(f ), the convex hull of f on 𝒜, as the maximal
convex function on 𝒜 majorized by f ; and (ii) co(f ), the convex closure of function f
on𝒜, as the maximal closed (lower semicontinuous) convex function on𝒜majorized
by f .

The definition of co(f )(ρ) above is equivalent to having the following representa-
tion:

co(f )(ρ) = inf
∑i piρi=ρ
∑
i
pif (ρi), where pi > 0,∑

i
pi = 1. (3.22)

If f is a continuous function on compact convex set𝒜 ⊂ 𝒮(ℍ), then co(f ) = co(f ).
For arbitrary real valued function f on T+(ℍ), the Fenchel transform f ∗ is a func-

tion on the dual space T∗+(ℍ)(= B+(ℍ)) defined by

f ∗(A) = sup
ρ∈𝒮(ℍ)
(tr[Aρ] − f (ρ)), A ∈ B+(ℍ).

By Frenchel theorem (see Rockafellar [131]), it can be easily proved that the function
co(f ) coincides with the double Frenchet transform of the function f . That is,

co(f (ρ)) = f ∗∗(ρ) = sup
A∈B+(ℍ)

(tr[Aρ] − f ∗(A)), ∀ρ ∈ 𝒮(ℍ).

This implies that in this case co(f ) coincides with the upper bound of the set of all
affine continuous functions majorized by f . We also note that the convex closure
co(f )(⋅) of a lower-bounded function f (⋅) on the set 𝒮(ℍ) is defined as the greatest
convex lower semicontinuous (closed) function majorized by f (⋅).

Equivalently, the convex hull co(f ) of a semibounded function f on the set 𝒮(ℍ)
is defined as the greatest convex function majorized by f (see, e. g., Rockafellar [131]).
Therefore,

co(f )(ρ) = inf
{πi ,ρi}∈𝒫

f
{ρ}

(∑
i
πif (ρi)), ρ ∈ 𝒮(ℍ), (3.23)

where the infimum is over all finite discrete ensembles {πi, ρi}of stateswith the average
state∑i πiρi = ρ.

The σ-convex hull, denoted by σ-co(f ), of a semibounded function f on the set
𝒮(ℍ) is defined as

σ-co(f )(ρ) = inf
{πiρi}∈𝒫

f
{ρ}(𝒮(ℍ))
∑
i
πif (ρi), ∀ρ ∈ 𝒮(ℍ), (3.24)

where the infimum is over all countable ensembles {πi, ρi} of states with the average
state ρ.

We have the following immediate observation.
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The function σ-co(f )(⋅) : 𝒮(ℍ) → [−∞, +∞] is σ-convex. This is because for any
countable ensemble {λi, σi}with the average state σ and any family {{πij, ρij}j}i of count-
able ensembles such that σi = ∑j πijρij for all i the countable ensemble {λiπij, ρij}ij has
the average state σ. Thus, σ-co(f )(⋅) is the greatest σ-convex functionmajorized by f (⋅).

The μ-convex hull of a Borel semibounded function f (⋅) on the set 𝒮(ℍ), denoted
by μ-co(f )(⋅), is defined as

μ-co(f )(ρ) = inf
μ∈𝒫{ρ}(𝒮(ℍ))

( ∫
𝒮(ℍ)

f (σ)μ(dσ)), ∀ρ ∈ 𝒮(ℍ), (3.25)

where the infimum is over all probability measures μ with the barycenter ρ.
If the function μ-co(f )(⋅) is Borel measurable and μ-convex, then it is the greatest

μ-convex function majorized by f (⋅).
Stability of the set 𝒮(ℍ) implies the following result.

Proposition 3.4.7 (Shirokov [143, 146]). Let f (⋅) be an upper-semicontinuous function
on the set 𝒮(ℍ). Then the convex hull co(f )(⋅) of this function is upper semicontinuous.
If, in addition, the function f (⋅) is upper bounded then

co(f )(⋅) = σ-co(f )(⋅) = μ-co(f )(⋅).

Proof. Upper semicontinuity of the function co(f )(⋅) can be proved by using the as-
sertion of below, since for an arbitrary sequence (ρn)+∞n=1 of states in 𝒮(ℍ), converg-
ing to a state ρ0, this implies existence of such H-operator H in the space ℍ that
supn≥0 tr[Hρn] < +∞. Coincidence of the functions co(f ) and μ-co(f )(⋅) under the con-
dition of upper boundedness of the function f is easily proved by using upper semi-
continuity of the functional μ 󳨃→ ∫𝒮(ℍ) f (ρ)μ(dρ) on the set 𝒫(𝒮(ℍ)) and density of
measures with finite support in the set of all measures with given barycenter. This
proves the proposition.

However, the following example shows that the condition of Proposition 3.4.7
does not imply coincidence of the function co(f )(⋅) with the function μ-co(f )(⋅) =
σ-co(f )(⋅) = co(f )(⋅).

Example 3.4. Let f (⋅) : 𝒮(ℍ) → [−∞, +∞] be the indicator function of a set consisting
of one pure state. Then μ-co(f )(⋅) = f (⋅). Furthermore, co(f )(⋅) = 0.





4 Completely positive maps
While it is adequate to describe classical physical systems using appropriate positive
maps, it is known, however, that these type of maps are not sufficient to describe
quantum communication channels. In this chapter, we give a definition of com-
pletely positive maps from one C∗-algebra of bounded linear operators to another.
Characterizations and relevant properties of completely positive maps in terms of
the Stinepring theorem and Kraus representation are also given. It is shown that
the positivity condition of maps is weaker than the complete positivity condition
in general. However, these two positivity conditions coincide when one of the C∗-
algebra is finite-dimensional or when the map under consideration is commutative or∗-homomorphism.

4.1 Definitions and properties

Consider the quantum systems A and B represented by separable complex Hilbert
spacesℍA andℍB, respectively.

Recall that a linear map ϒ : B(ℍ𝔸) → B(ℍB) is said to be positive if ϒ(A∗A) ≥ 0
inB(ℍB) for every A ∈ B(ℍA), where A∗ is the adjoint of A. While a map being posi-
tive is useful in describing many relevant quantities in commutative physical systems
including classical ones, it however fails to do so in quantum physics. Specifically,
the map ϒ just being positive on B(ℍA) is not sufficient in describing the transfor-
mation of quantum states from system A to system B, because the open quantum sys-
tem often interacts with an external quantum system. In the following, we first show
the inadequacy of positivity of ϒ. Imagine that outside of the system A, there is of-
ten another quantum system, that is often referred to environment E, which is rep-
resented by Hilbert spaceℍE that interacts withℍA. Consider the composite system
ℍAE := ℍA ⊗ ℍE and the extended transformation ̂ϒ, which consists in applying the
transformation T to ℍA and ignoring ℍE . That is, applying the transformation ϒ to
the ℍA-part and the identity to ℍE-part. In other words, this means considering the
mapping

ϒ̂ = ϒ ⊗ IE : B(ℍA ⊗ ℍE) → B(ℍA ⊗ ℍE),

defined by

ϒ̂(A ⊗ E) = (ϒ ⊗ IE)(A ⊗ E) = ϒ(A) ⊗ IE(E) = ϒ(A) ⊗ E,

for all A ∈ B(ℍA) and E ∈ B(ℍE), where IE := IℍE is the identity operator onB(ℍE),
i. e., IE(E) = E for all E ∈ B(ℍE). Even though the mapping ϒ is positive, but sur-
prisingly enough, the extended mapping ϒ̂ = ϒ ⊗ IE does not necessarily preserve
positivity as shown in the following example.

https://doi.org/10.1515/9783110788105-004
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Example 4.1. Let ℍA = ℍB = ℍ and let ϒ : B(ℍ) → B(ℍ) be defined by of linear
operator A, i. e.,

ϒ(A) = A∗, ∀A ∈ B(ℍ),
where A∗ is the complex conjugate of the adjoint operator of A. We claim that ϒ is a
positive operator by showing that ϒ(A∗A) ≥ 0 for every A ∈ B(ℍ) as follows:

ϒ(A∗A) = (A∗A)∗ = A∗A = ϒ∗(A)ϒ(A) ≥ 0.
To illustrate that ϒ̂ is not a positive-preserving map on B(ℍ ⊗ 𝔼) in a specific

example, we let 𝔼 = ℂ2 and consider the algebra B(ℍ ⊗ 𝔼) as the algebra of 2 × 2
matrices with coefficients inB(ℍ). Then the mapping ϒ̂ acts as follows:

ϒ̂(
A0
0 A1

0

A1
0 A1

1
) = (

ϒ(A0
0) ϒ(A1

0)

ϒ(A1
0) ϒ(A1

1)
) .

In particular, ifℍ = ℂ2, then

ϒ̂(

1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

) =(

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

)

is not positivity preserving.

This property is clearly physically unsatisfactory to consider state transforma-
tions,which are not state transformations anymorewhen considered as part of a larger
world, even though one does not interact with the environment. Therefore, a concept
stronger than that of “positivity” such as “complete positivity” is required in order to
adequately describe the phenomena in a quantum world.

To explore the concept of complete positivity, we first assume that𝒜 ⊆ L(ℍA) and
ℬ ⊆ L(ℍB) are two ∗-algebras of linear (but not necessary bounded) operators onℍA
andℍB, respectively. Recall that a collection of linear operators on a Hilbert space is a∗-algebra if it contains the identity operator and is closed under operator addition “+,”
operator multiplication/convolution “∘” and operator involution “∗,” which is taken
to be the adjointness of the operator.

While there are other equivalent definitions (see Chang [24] or Bratteli and Robin-
son [15]), we give the formal definition of completely positive maps below.

Definition 4.1.1. Let𝒜 and ℬ be ∗-algebras of linear operators onℍA andℍB, respec-
tively. A linear map ϒ : 𝒜 → ℬ is said to be n-positive if for any n pairs of operators
(ai,bi) ∈ 𝒜 × ℬ (i = 1, 2, . . . , n) the following inequality holds:
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n
∑
i=1 b∗i ϒ(a∗i ai)bi ≥ 0, (4.1)

where a∗i and b∗i are adjoint operators of ai and bi, respectively, and 0 is the zero op-
erator in ℬ. The map ϒ : 𝒜 → ℬ is said to be completely positive if it is n-positive for
all n ≥ 1.

Recall from Definition 2.2.5 that a linear map π : 𝒜 → ℬ is a ∗-homomorphism
if, for any a,b ∈ 𝒜, π(ab) = π(a)π(b), π(a∗) = π(a)∗ and π(IA) = IB. The ∗-
homomorphism π is often referred to as a representation of 𝒜 into ℬ (see Defi-
nition 2.2.5). The representation π is said to be a normal representation if the ∗-
homomorphism is σ-weakly continuous (see Definition 2.1.2 for its definition and
Remark 1.6 for the characterizations of σ-weakly continuity). Note that in the case
where 𝒜 = ℬ there exists a trivial representation of 𝒜 on ℬ (or simply ofB(ℍ) when
ℍA = ℍB) = ℍ given by π(A) = A for all A ∈ 𝒜. We shall call it the standard represen-
tation of𝒜.

The following are some important completely positive linear maps.

Proposition 4.1.2. Let ϒ : 𝒜 → ℬ be a ∗-homomorphism. Then ϒ is a completely posi-
tive and continuous map.

Proof. 1. For each n ≥ 1 and every n pairs (ai,bi) ∈ 𝒜 × ℬ, i = 1, 2, . . . , n, we need
to show that ∑ni=1 b∗i ϒ(a∗i ai)bi is a positive operator onℍB. Through the definition of∗-homomorphism and positivity of operators, we have

n
∑
i=1 b∗i ϒ(a∗i ai)bi = n

∑
i=1 b∗i ϒ(a∗i )ϒ(ai)bi
=

n
∑
i=1 b∗i ϒ(ai)∗ϒ(ai)bi = n

∑
i=1(ϒ(ai)bi)∗ϒ(ai)bi ≥ 0.

Therefore, ϒ is n-positive for any n ≥ 1. This shows that the ∗-homomorphism ϒ :
𝒜→ ℬ is completely positive.

2. We now want to prove that ϒ is a continuous map from 𝒜 to ℬ. If A is a self-
adjoint element of 𝒜 then, for ∗-homomorphism ϒ : 𝒜 → ℬ, ϒ(A) is a self-adjoint
element of ℬ. In particular,

‖ϒ(A)‖∞ = sup{|λ| | λ ∈ σp(ϒ(A))},
where σp(ϒ(A)) is the point spectrum (or the set of all eigenvalues) of ϒ(A) ∈ ℬ. But
note that if r belongs to the resolvent set ρ(A) of A then A − rIA is invertible inB(ℍA);
hence, ϒ(A− rIA) = ϒ(A) − rIB is invertible inB(ℍB) (see Subsection 1.4 for the defini-
tion and properties of resolvent sets). This is to say that r belongs to the resolvent set
ρ(ϒ(A)). This proves that σp(ϒ(A)) ⊂ σp(A) and this gives the estimate

󵄩󵄩󵄩󵄩ϒ(A)
󵄩󵄩󵄩󵄩∞ ≤ sup{|λ| | λ ∈ σp(A)} = ‖A‖∞.
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Now if A is any element of𝒜 ⊂ B(ℍA), then

󵄩󵄩󵄩󵄩ϒ(A)
󵄩󵄩󵄩󵄩
2∞ = 󵄩󵄩󵄩󵄩ϒ∗(A)ϒ(A)󵄩󵄩󵄩󵄩∞ = 󵄩󵄩󵄩󵄩ϒ(A∗A)󵄩󵄩󵄩󵄩∞ ≤ ‖A∗A‖∞ = ‖A‖2∞.

This proves the continuity of the map ϒ : 𝒜 → ℬ. Therefore, the proposition fol-
lows.

For the remaining part of this section, it is assumed that 𝒜 and ℬ are two uni-
tal C∗-algebras of bounded linear operators on complex separable Hilbert spacesℍA
and ℍB, respectively. Recall from Definition 2.2.4 that a C∗-algebra is a ∗-algebra of
bounded linear operators that is complete under the operator norm ‖ ⋅ ‖∞ and satisfies
‖a∗a‖∞ = ‖a‖2∞ for all a ∈ 𝒜. The unit operators of 𝒜 and ℬ are to be denoted by IA
and IB, respectively.

While the results represented in this chapter are obtained for general C∗-algebras
𝒜 ⊆ B(ℍA) and ℬ ⊆ B(ℍB), however, for applications to quantum communication,
we often assume that𝒜 = B(ℍA) and ℬ = B(ℍB).

We give an alternate and yet easier way to verify definition of complete positive
maps as follows. For every integer n ∈ ℕ, letℳn be the collection of all n × n complex
matrices. Recall an n × n matrix A = [aij]ni,j=1 ∈ ℳn is said to be positive (or positive
definite) if the quadratic form ⟨x,Ax⟩ℂn ≥ 0 for all nonzero vectors x ∈ ℂn, where
⟨x, y⟩ℂN := x ⋅ y is the inner product on ℂ

n defined by

⟨x, y⟩ℂn := x ⋅ y =
n
∑
i=1 xiyi ∀x = (x1, x2, , . . . , xn), y = (y1, y2, . . . , yn) ∈ ℂn.

Let𝒜 ⊆ B(ℍA) be a C∗-algebra. Letℳn(𝒜) be the collection of n×nmatrices with
entries in𝒜.

Explicitly, the space 𝒜 ⊗ℳn (similarly for ℬ ⊗ℳn) consists of all n × nmatrices
a = [aij]ni,j=1,whereaij ∈ 𝒜 for all i, j = 1, 2, . . . , n.With the obviousmatrixmultiplication
and the ∗-operation,𝒜 ⊗ℳn is an involutive algebra, i. e.,

(λa + μb)ij = λaij + μbij, (ab)ij =
n
∑
k=1 aikbkj and (a∗)ij = a∗ji , (4.2)

for all a = [aij]ni,j=1, b = [bij]ni,j=1 in𝒜 ⊗ℳn and λ, μ ∈ ℂ.
The following result certifies that we can identifyℳn(𝒜) with the tensor product

𝒜 ⊗ℳn.

Proposition 4.1.3. Let 𝒜 be a C∗-algebra of bounded linear operators on ℍA. Then
ℳn(𝒜) is a ∗-algebra andℳn(𝒜) and𝒜 ⊗ℳn are ∗-isomorphic via the mapping

[aij]
n
i,j=1 󳨃→ n
∑
i,j=1 aij ⊗ Eij,

where Eij’s are the matrix inℳn with ij entry equals to 1 and 0 everywhere else.
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Proof. Clearly, the map is linear and it is multiplicative, since for [aij]ni,j=1, and [bij]ni,j=1
inℳn(𝒜), we have

[aij]
n
i,j=1[bij]ni,j=1 = [ n

∑
k=1 aikbkj]

n

i,j=1 󳨃→
n
∑
i,j=1( n
∑
k=1 aikbkj) ⊗ Eij

=
n
∑
i,j=1( n
∑
k=1 aikbkj ⊗ EikEkj) = n

∑
i,j,k,s=1(aikbsj) ⊗ EikEsj

= (
n
∑
i,j=1 aij ⊗ Eij)( n

∑
i,j=1bij ⊗ Eij).

We also have

([aij]
n
i,j=1)∗ = [a∗ji]ni,j=1 󳨃→ n

∑
i,j=1 a∗ji ⊗ Eij = n

∑
i,j=1 a∗ji ⊗ E∗ji = ( n

∑
i,j=1 aij ⊗ Eij)

∗
.

This means that the map is a ∗-homomorphism. Surjectivity of the map follows from
the fact that any element of𝒜⊗ℳn is of the form∑

n
i,j=1 aij ⊗Eij for some aij ∈ 𝒜. To see

the injectivity of the map, let∑ni,j=1 aij ⊗ Eij = 0. Then
(b ⊗ Ekr)(

n
∑
i,j=1 aij ⊗ Eij)(c ⊗ Esm) = bakmc ⊗ Ekm = 0.

Hence, bakmc = 0 for all b, c ∈ 𝒜 and 1 ≤ k,m ≤ n. Hence, akm = 0 and so [aij]ni,j=1 = 0
(the zero matrix). This proves the proposition.

Explicitly the above result (Proposition 4.1.3) states that the space 𝒜 ⊗ℳn can
be canonically identified with all n × n matrices a = [aij]ni,j=1, where aij ∈ 𝒜 for all
i, j = 1, 2, . . . , n.

The algebraic tensor product C∗-algebras 𝒜 ⊗ℳn (resp., ℬ ⊗ℳn) can be repre-
sented as the C∗-algebras of n×n complexmatrices with entries in𝒜 (resp.,ℬ). In fact,
every element x of𝒜 ⊗ℳn can be written in the form

x = ∑
1≤i,j≤nxij ⊗ Eij =(

x11 x12 . . . x1n
x21 x22 . . . x2n
...

...
. . .

...
xn1 xn2 . . . xnn

), (4.3)

where Eij denotes the n × nmatrix with all the entries equal 0 except the ijth, which is
equal to 1, and xij ∈ 𝒜 for all 1 ≤ i, j ≤ n.

Let ϒ : 𝒜 → ℬ be a linear map. For each n ∈ ℕ, we define the linear map ϒn that
maps n × nmatrices in𝒜 ⊗ℳn to n × nmatrices in ℬ ⊗ℳn in the following fashion:
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(

a11 a12 . . . a1n
a21 a22 . . . a2n
...

...
. . .

...
an1 an2 . . . ann

) 󳨃→(

ϒ(a11) ϒ(a12) . . . ϒ(a1n)
ϒ(a21) ϒ(a22) . . . ϒ(a2n)

...
...

. . .
...

ϒ(an1) ϒ(an2) . . . ϒ(ann)

) . (4.4)

In order to give a useful condition equivalent to complete positivity by means of
the maps ϒn, we prove a simple fact on positive elements of𝒜 ⊗ℳn in the case when
𝒜 is a C∗-algebra of bounded linear operators onℍA.
Proposition 4.1.4. Let 𝒜 be a C∗-algebra of bounded linear operators on ℍA and let
x = [xij]ni,j=1 be an element of𝒜 ⊗ℳn. The following conditions are equivalent:
1. x is positive, i. e., x = y∗y for some y = [yij]ni,j=1 ∈ 𝒜 ⊗ℳn.
2. x is finite sum of matrices of the form ∑1≤i,j≤n a∗i aj ⊗ Eij with a1, . . . , an ∈ 𝒜.
3. For all a1, . . . , an ∈ 𝒜, we have ∑1≤i,j≤n a∗i xijaj ≥ 0.
Proof. (1) ⇒ (2). Since x is positive, it can be written in the form y∗ywith y ∈ 𝒜⊗ℳn.
Writing y in the form y = ∑1≤i,j≤n yij ⊗ Eij, we have

x = y∗y = ( ∑
1≤i,j≤n yij ⊗ Eij)

∗
( ∑
1≤i,j≤n yij ⊗ Eij)

=
n
∑
k=1 ∑1≤i,j≤n y∗kiykj ⊗ Eij = ∑1≤i,j≤n n

∑
k=1 y∗kiykj ⊗ Eij = ∑1≤i,j≤n a∗i aj ⊗ Eij,

where a∗i = ∑nk=1 y∗ki and aj = ∑
n
k=1 ykj. Therefore, x can be written as finite sum of

matrices of the form∑1≤i,j≤n a∗i aj ⊗ Eij with a1, . . . , an ∈ 𝒜.
(2) ⇒ (3) is trivial.
(3) ⇒ (1). By representing𝒜 (see Proposition 2.5.2) as a sub-C∗-algebra ofB(ℍ𝒜),

(whereℍ𝒜 is the Hilbert space that represents 𝒜 in GNS representation) and decom-
posing ℍ𝒜 into cyclic orthogonal subspaces (see part 3 of Definition 2.5.3), we may
assume that there exists a cyclic vector u ∈ ℍ𝒜 for the representation (π,ℍ𝒜). That
is, [π(𝒜)u] = ℍ𝒜, where π : 𝒜→ B(ℍ𝒜) is the ∗-homomorphism defined by π(a) = a
for all a ∈ 𝒜. Condition (3) then implies the inequality

∑
1≤i,j≤n⟨aiu,xijaju⟩ℍ𝒜

≥ 0.

Therefore, since the vector u is cyclic, we have

∑
1≤i,j≤n⟨vi,xijvj⟩ℍ𝒜

≥ 0

for all v1, . . . , vn ∈ ℍ. This completes the proof.

We are now in a position to prove the following proposition.
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Proposition 4.1.5. Let 𝒜 and ℬ be C∗-algebras of bounded linear operators on ℍA
and ℍB, respectively. Let ϒ : 𝒜 → ℬ be a linear map. The following conditions are
equivalent:
1. ϒ is completely positive.
2. For every integer n ≥ 1, the map ϒn : 𝒜⊗ℳn → ℬ ⊗ℳn defined by (4.4) is positive.

Proof. The second condition implies the first by parts (2) and (3) of Proposition 4.1.4.
Since the operator x = ∑i,j a∗i aj ⊗ Eij in 𝒜 ⊗ℳn is positive, we have that ϒn(x) =
ϒn(∑i,j a∗i aj ⊗ Eij) = ∑i,j ϒ(a∗i aj) ⊗ Eij is positive.

Conversely, the first condition implies that∑i,j ϒ(a∗i aj)⊗Eij is positive. Therefore, ϒ
is positive because of conditions (1) and (2) of Proposition 4.1.4. This proves the propo-
sition.

Proposition 4.1.6. Let ϒ : 𝒜 → ℬ be a linear map, where ℬ = B(ℍB) is the C∗-algebra
of all the bounded linear operators on a Hilbert spaceℍB. Then ϒ is completely positive
if and only if for every n ≥ 1 and every a1, . . . , an ∈ 𝒜, u1, . . . , un ∈ ℍB,

∑
1≤i,j≤n⟨ui,ϒ(a∗i aj)uj⟩ℍB ≥ 0.

Proof. Notice that the C∗-algebra ℬ ⊗ℳn can be represented as the C∗-algebra of all
bounded linear operators on the n-fold direct sumℍB ⊕ ⋅ ⋅ ⋅ ⊕ℍB. Therefore, the above
condition is clearly equivalent to positivity of the map ϒn on 𝒜 ⊗ℳn for every n ≥ 1.
This proves the proposition.

The above proposition can be parallel and rephrased as follows: A linear map
ϒ : 𝒜 → ℬ is called completely positive if, for every n ≥ 1, the map ϒn on the algebra
𝒜⊗ℳn of𝒜-valued n×nmatrices toℬ-valued n×nmatrices defined below are positive,
i. e., it maps positive n × n operator-valued matrices to positive n × n operator-valued
matrices defined by (4.4).

The above results (Proposition 4.1.5 and Proposition 4.1.6) indicate that we can
use the following equivalent definition for complete positivity of the linear operator ϒ
onB(ℍ), whereℍA = ℍB = ℍ.

Definition 4.1.7. A linear operator ϒ inB(ℍ) is completely positive if, for every n ∈ ℕ,
the natural ampliation ϒn onB(ℍ) ⊗ ℂn given by (4.3) is a positive operator.

Recall that a completely positive operator ϒ on B(ℍ) is said to be a completely
positive normal operator if it is σ-weakly continuous.

The following result indicates that a positive linear map ϒ : 𝒜 → ℬ is in fact
completely positive when at least one of the C∗-algebras𝒜 and ℬ is commutative. The
result when ℬ is commutative is due originally to Arveson [2] and the result when𝒜 is
commutative is due originally to Stinespring [167]. The proofs are omitted here.
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Theorem 4.1.8. Letϒ : 𝒜→ ℬ is a positive linear map. If either𝒜 orℬ is a commutative
C∗-algebra of bounded linear operators, then the positive linear map ϒ is completely
positive.

The following simple properties of completely positivemaps turn out to be useful.
Its proof is trivial and is therefore omitted.

Proposition 4.1.9. Let ϒ1 : 𝒜 → ℬ and ϒ2 : 𝒜 → ℬ be two completely positive maps.
Then the map ϒ1 + ϒ2 : 𝒜→ ℬ is completely positive.

Proposition 4.1.10. Let𝒜1,𝒜2,𝒜3 be C∗-algebras of bounded linear operators and ϒ1 :
𝒜1 → 𝒜2 and ϒ2 : 𝒜2 → 𝒜3 be two completely positive maps. Then the map ϒ2 ∘ ϒ1 :
𝒜1 → 𝒜3 is completely positive.

Proof. It suffices to notice that, for every integer n ≥ 1, the map (ϒ2 ∘ϒ1)n : 𝒜1 ⊗ℳn →
𝒜3 ⊗ℳn coincides with the composition ϒ2,n ∘ ϒ1,n, where ϒi,n : 𝒜i → 𝒜i ⊗ℳn is
the map defined by equation (4.4) for i = 1, 2. The positivity of ϒ1,n and ϒ2,n imply the
positivity of ϒ2,n ∘ ϒ1,n = (ϒ2 ∘ ϒ1)n for all n ≥ 1. Hence, ϒ2 ∘ ϒ1 : 𝒜1 → 𝒜3 is completely
positive by Proposition 4.1.5.

Proposition 4.1.11. Let 𝒜 be a C∗-algebra of bounded linear operators on ℍA and let
(ϒ(k))+∞k=1 be a sequence of completely positive linear maps ϒ(k) : 𝒜 → B(ℍB). Suppose
that, for every a ∈ 𝒜, the sequence (ϒ(k)(a))+∞k=1 converges weakly, i. e.,

lim
k→+∞⟨u,ϒ(k)(a)v⟩ℍB exists for all a ∈ 𝒜 and all u, v ∈ ℍB.

Then the linear map ϒ : 𝒜→ B(ℍB) defined by

ϒ(a) = lim
k→+∞ϒ(k)(a), ∀a ∈ 𝒜,

is completely positive.

Proof. By Proposition 4.1.6, it suffices to note that

∑
1≤i,j≤n⟨ui,ϒ(a∗i aj)uj⟩ℍB = lim

k→+∞ ∑1≤i,j≤n⟨ui,ϒ(k)(a∗i aj)uj⟩ℍB ≥ 0,
for every integer n ≥ 1, every u1, . . . , un ∈ ℍB and every a1, . . . , an ∈ 𝒜. This shows that
the map ϒ : 𝒜→ B(ℍB) is completely positive.

4.2 Some technical results

We now present some technical results regarding the implications of various conver-
gence of an infinite series, ∑+∞n=1 M∗nMn, of operators. These results will be used to en-
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sure the good convergence of the series of operators associated with a specific type of
mappings that are important in the sections that follow and in Chapter 5.

The proofs of the technical results presented in this section can be found in At-
tal [3].
– It is recommended that readers skip the proofs of these technical results at the

first reading and revisit themwhen they are needed at a later time. The reader can
consult the lecture notes by Attal [3] for proofs omitted.

Lemma 4.2.1. Let M and X be any bounded linear operators on separable Hilbert
spaceℍ, where X is self-adjoint. Then we have

M∗XM ≤ ‖X‖∞M∗M.
Proof. Since X is self-adjoint, ⟨ϕ,Xϕ⟩ℍ is real for all ϕ ∈ ℍ. By the Cauchy–Schwarz
inequality (see equation (1.2)), we have

⟨ϕ,Xϕ⟩ℍ ≤ ‖X‖∞‖ϕ‖2ℍ
for all ϕ ∈ ℍ. Let ϕ = Mψ, we have from the above inequality

⟨ψ,M∗XMψ⟩ℍ = ⟨Mψ,XMψ⟩ℍ = ⟨ϕ,Xϕ⟩ℍ
≤ ‖X‖∞‖ϕ‖2ℍ = ‖X‖∞‖Mψ‖2ℍ = ‖X‖∞⟨ψ,M∗Mψ⟩ℍ.

This implies that

⟨ψ,M∗XMψ⟩ℍ ≤ ‖X‖∞⟨ψ,M∗Mψ⟩ℍ

for all ψ ∈ ℍ. The lemma follows immediately.

We first describe some conditions below.
– Condition (weak-M). The sequence (Mn)

+∞
n=1 ⊂ B(ℍ) is such that the series

∑+∞n=1 M∗nMn converges weakly to some bounded linear operator X onℍ. That is,

lim
n→+∞⟨ϕ, n∑

i=1(M∗nMn − X)φ⟩
ℍ

= 0, ∀ϕ,φ ∈ ℍ.

– Condition (‖M‖∞). The sequence (Mn)
+∞
n=1 ⊂ B(ℍ) is such that the series

∑+∞n=1 M∗nMn converges in operator norm ‖ ⋅ ‖∞ to some bounded linear opera-
tor X onℍ. That is,

lim
n→+∞ 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩 n∑i=1M∗i Mi − X

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ = 0.
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It is easy to see that Condition (‖M‖∞) implies Condition (weak-M).
We now state some technical results that will be used for the remainder of this

chapter below.

Proposition 4.2.2. Let (Mn)
+∞
n=1 ⊂ B(ℍ) be a sequence of operators that satisfies Con-

dition (weakM). Then the following conclusions hold:
1. If T ∈ T(ℍ), then the series∑+∞n=1 MnTM∗n is trace-norm convergent and we have

tr[
+∞
∑
n=1MnTM

∗
n] = tr[TX].

2. If Y ∈ B(ℍ), then the series∑+∞n=1 M∗nYMn converges strongly.

Furthermore, if the sequence (Mn)
+∞
n=1 ⊂ B(ℍ) satisfies condition (‖M‖∞), then the series

∑+∞n=1 M∗nZMn is operator-norm convergent for any Z ∈ B(ℍ).

Proof. 1. We prove part 1 in the following steps.
(Step 1) As a first step, we assume that T is positive. We claim that each of the

operatorsMnTM∗n is positive and trace class. To prove this claim, we note that since T
is positive, T = A∗A for some operator A. In this case,

MnTM
∗
n = MnA

∗AM∗n = (AM∗n)∗AM∗n ≥ 0.
Therefore,MnTM∗n is a positive operator. NowMnTM∗n is a trace-class operator due to
Proposition 1.8.4. This is becauseT(ℍ) is a two-sided ideal inB(ℍ) (see Chang [24] or
Bratteli and Robinson [15]). That is, TA ∈ T(ℍ) and AT ∈ T(ℍ) for all T ∈ T(ℍ) and
A ∈ B(ℍ). Hence,Mn,M∗n ∈ B(ℍ) andT ∈ T(ℍ) imply thatTM∗n andMnT are inT(ℍ).
The claim thatMnTM∗n is a trace-class operator follows with a repeated application of
Proposition 1.8.4. Also,

tr[MnTM
∗
n] = tr[TMnM

∗
n] = tr[TM

∗
nMn].

Now put Yn = ∑
n
i=1MiTM∗i , for all n ∈ ℕ. For all n < m, the operator Ym −Yn is positive

and trace class. Put Xn = ∑
n
i=1M∗i Mi. Then, for all n < m we have

‖Ym − Yn‖1 = tr[|Ym − Yn|] = tr[Ym − Yn]

= ∑
n<i≤m tr[MiTM

∗
i ] = ∑

n<i≤m tr[TM∗i Mi] = tr[T(Xm − Xn)].

Since T is a positive trace-class operator onℍ, it can be decomposed as

T =
+∞
∑
i=1 λi|ei⟩ℍ⟨ei|,
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where {λi}+∞i=1 is the eigenvalues of T with ∑+∞i=1 λi < ∞, and {|ei⟩ℍ}+∞i=1 are the corre-
sponding eigenvectors. In this case,

tr[T(Xm − Xn)] = ∑
i∈ℕ λi⟨ei, (Xm − Xn)ei⟩ℍ.

As the sequence (Xn)
+∞
n=1 converge weakly toX, its Cauchy sequence converges weakly.

Hence, each of the terms ⟨ei, (Xm − Xn)ei⟩ℍ converges to 0 as n and m go to +∞.
Each of the sequences (Xnei)+∞n=1 is bounded, since every weakly convergent sequence
is bounded. Hence, the terms ⟨ei, (Xm − Xn)ei⟩ℍ are all bounded independently of n
andm. By Lebesgue’s convergence theorem (see, e. g., Rudin [133]) ‖Ym −Yn‖1 tends to
0when n andm tend to+∞. In otherwords, the sequence (Yn)

+∞
n=1 is a Cauchy sequence

in T(ℍ), hence it converges to some trace-class operator Y. Now,

tr[Y] = tr[ lim
n→+∞Yn] = lim

n→+∞ tr[Yn] = lim
n→+∞ tr[ n

∑
i=1MiTM

∗
i ]

= lim
n→+∞ n
∑
i=1 tr[MiTM

∗
i ] = lim

n→+∞ n
∑
i=1 tr[TMiM

∗
i ]

= lim
n→+∞ tr[T( n

∑
i=1MiM

∗
i )] = lim

n→+∞ tr[T( n
∑
i=1M∗i Mi)]

= tr[T lim
n→+∞Xn] = tr[X].

We have thus proved the proposition for positive trace-class operators T.
(Step 2) As a second step, if T is a self-adjoint trace-class operator, then T can

be decomposed as T = T+ − T−, where T+ and T− are positive trace-class operators
(see Lemma 1.8.3). It is then easy to extend the above result to self-adjoint trace-class
operator T. Finally, if T is any trace-class operator, one can then decompose it as T =
A + iB, where A = (T +T∗)/2, B = −ι(T −T∗)/2 (ι = √−1) are both self-adjoint and trace
class. The conclusion of part 1 of the proposition now follows very easily.

2. We first assume that Y is a positive bounded linear operator on ℍ. Put Xn =
∑ni=1M∗i Mi and Sn(Y) = ∑

n
i=1M∗i YMi. Note that Sn(Y) is a positive operator, and even

more, all of the operators Sm(Y) − Sn(Y) are positive operators, for all n < m. Thus,
for all ϕ ∈ ℍ, all n < m, we have, using functional calculus and Lemma 4.2.1 several
times

󵄩󵄩󵄩󵄩(Sm(Y) − Sn(Y))ϕ
󵄩󵄩󵄩󵄩
2
ℍ

= ⟨√Sm(Y) − Sn(Y)ϕ, (Sm(Y) − Sn(Y))√Sm(Y) − Sn(Y)ϕ⟩ℍ
≤ ‖Y‖∞⟨√Sm(Y) − Sn(Y)ϕ, (Xm − Xn)√Sm(Y) − Sn(Y)ϕ⟩ℍ
≤ ‖Y‖∞⟨√Sm(Y) − Sn(Y)ϕ,X√Sm(Y) − Sn(Y)ϕ⟩ℍ
≤ ‖Y‖∞⟨ϕ, √Sm(Y) − Sn(Y)X√Sm(Y) − Sn(Y)ϕ⟩ℍ
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≤ ‖Y‖∞‖X‖∞⟨ϕ, (Sm(Y) − Sn(Y))ϕ⟩ℍ
≤ ‖Y‖2∞‖X‖∞⟨ϕ, (Xm − Xn)ϕ⟩ℍ.

By hypothesis, this term converges to 0 as n andm tend to∞; hence, we have proved
the strong convergence of (Sn(Y)). In the sameway as for part 1 of Proposition 4.2.2 we
then easily extend this property to bounded self-adjoint operators and then to general
bounded operators.

3. The last part of the proposition is proved as follows. Consider the polar de-
composition (see Theorem 1.8.11) Z = U|Z| of the bounded linear operator Z, where
|Z| = √Z∗Z. We then have

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

m
∑
i=nM∗i ZMi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ =
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

m
∑
i=nM∗i U|Z|Mi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞. (4.5)

But we have, for all ϕ,ψ ∈ ℍ with ‖ϕ‖ℍ = ‖ψ‖ℍ = 1,

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
⟨ψ, (

m
∑
i=nM∗i U|Z|Mi)ϕ⟩

ℍ

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤

m
∑
i=n |⟨U∗Miψ, |Z|Miϕ⟩ℍ|

≤
m
∑
i=n ‖U∗Miψ‖ℍ‖|Z|Miϕ‖ℍ

≤ (
m
∑
i=n ‖U∗Miψ‖

2
ℍ)

1/2
(

m
∑
i=n ‖|Z|Miϕ‖

2
ℍ)

1/2
= (

m
∑
i=n⟨ψ,M∗i UU∗Miψ⟩ℍ)

1/2
(

m
∑
i=n⟨ϕ,M∗i |Z|2Miϕ⟩ℍ)

1/2
= ⟨ψ,

m
∑
i=nM∗i UU∗Miψ⟩

1/2
ℍ

⟨ϕ,
m
∑
i=nM∗i |Z|2Miϕ⟩

1/2
ℍ

≤
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

m
∑
i=nM∗i UU∗Mi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

1/2
∞
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

m
∑
i=nM∗i |Z|2Mi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

1/2
∞ .

This shows the following particular form of the Cauchy–Schwarz inequality in opera-
tor norm ‖ ⋅ ‖∞:

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

m
∑
i=nM∗i U|Z|Mi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ ≤
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

m
∑
i=nM∗i UU∗Mi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

1/2
∞
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

m
∑
i=nM∗i |Z|2Mi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

1/2
∞ .

When applied to equation (4.5), this gives
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󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

m
∑
i=nM∗i ZMi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ ≤
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

m
∑
i=nM∗i UU∗Mi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

1/2
∞
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

m
∑
i=nM∗i |Z|2Mi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

1/2
∞ .

But, using Lemma 4.2.1 again, we get

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

m
∑
i=nM∗i UU∗Mi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ = sup‖ϕ‖ℍ=1⟨ϕ, m∑i=nM∗i UU∗Miϕ⟩
ℍ

= sup‖ϕ‖ℍ=1 m
∑
i=n⟨ϕ,M∗i UU∗Miϕ⟩ℍ ≤ ‖UU

∗‖∞ sup‖ϕ‖ℍ=1 m
∑
i=n⟨ϕ,M∗i Miϕ⟩ℍ

= ‖UU∗‖∞ sup‖ϕ‖ℍ=1⟨ϕ, m∑i=n(M∗i Mi)ϕ⟩
ℍ

= ‖U‖2∞󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩 m∑i=nM∗i Mi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞.
This gives finally

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

m
∑
i=nM∗i ZMi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞ ≤ ‖U‖∞‖Z‖∞
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

m
∑
i=nM∗i Mi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞.
By hypothesis, the last term tends to 0 when n andm tend to +∞. This means that the
sequence (∑ni=0M∗i ZMi)

+∞
n=1 is a Cauchy; hence, it converges in operator-norm ‖ ⋅ ‖∞.

This proves the proposition.

We state the following propositionswithout a proof to avoid repetition of the same
type of argument by proving each of those series (treated as sequences of partial sums)
is a Cauchy sequence in their norms. Their proofs are quite similar to the one above
and are left to the readers.

Proposition 4.2.3. Let 𝕂 be an infinite-dimensional separable complex Hilbert space
and let (en)+∞n=1 be a given orthonormal basis of𝕂, and let (Mn)

+∞
n=1 ⊂ B(ℍ) be a sequence

of operators that satisfies Condition (weak(M)). Then:
1. the series ∑+∞n=1 (Mn ⊗ I𝕂) ⊗ |en⟩𝕂 converges strongly to a bounded linear map M :
ℍ → ℍ ⊗𝕂. Furthermore, the operatorM satisfies the following properties:

M(h) =
+∞
∑
n=1Mn(h) ⊗ |en⟩𝕂, ∀h ∈ ℍ.

In particular, we have Mn = ⟨en|𝕂M. This operator M satisfies M∗M = X and the
seriesM∗ = ∑+∞n=1⟨en|𝕂(M∗n ⊗ I𝕂), where the series converges weakly.

2. Conversely, letM be any bounded linear operator fromℍ toℍ ⊗ 𝕂. For all n ∈ ℕ,
put Mn = ⟨en|𝕂M. Then the Mn’s are bounded linear operators on ℍ, the sum
∑+∞n=1 M∗nMn converges strongly toM∗M and the operatorM is given by

M =
+∞
∑
n=1(Mn ⊗ I𝕂)|en⟩𝕂,

where the sum is strongly convergent.
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3. Finally, in any of two cases above, the mapping

T 󳨃→ Λ(T) =
+∞
∑
n=1MnTM

∗
n ,

on T(ℍ), is given by Λ(T) = tr𝕂[MTM∗].
In particular, the mapping Λ is a bounded linear operator on T(ℍ) with ‖Λ‖∞ ≤
‖M∗M‖∞.
Note that part 3 of Proposition 4.2.3 states that the map Λ : T(ℍ) → T(ℍ) defined

by the series Λ(T) = ∑+∞n=1 MnTM∗n can be expressed as Λ(T) = tr𝕂[MTM∗].
In the following, we define its associated bounded linear operator ϒ onB(ℍ) and

note that it is the adjoint of Λ.

Proposition 4.2.4. Let (Mn)
+∞
n=1 ⊂ B(ℍ) be a sequence of operators that satisfies Con-

dition (weak(M)). Let Y be a bounded linear operator on ℍ and consider the linear
map ϒ onB(ℍ) defined by

Y 󳨃→ ϒ(Y) =
+∞
∑
n=1M∗nYMn.

Then ϒ is a bounded linear operator onB(ℍ), with ‖ϒ‖∞ ≤ ‖X‖∞. The operator ϒ is the
dual of the operator Λ = tr𝕂[MTM∗] defined in the preceding proposition. In particular,
the operator ϒ is ∗-weakly continuous onB(ℍ) and Λ is the predual map of ϒ. Finally,
using the sameoperatorM : ℍ → ℍ⊗𝕂as in Proposition4.2.3, the operatorϒ is given by

ϒ(Y) = M∗(Y ⊗ I𝕂)M, ∀Y ∈ B(ℍ). (4.6)

4.3 Stinespring representation

Let𝒜 be a C∗-algebra of bounded linear operators (but not necessarily on any specifi-
cally known complex Hilbert space). Recall from GNS representation of𝒜 (see Defini-
tion 2.5.1 and Proposition 2.5.2) that if there exists a ∗-homomorphism π : 𝒜→ 𝕂 and
a vector ζ ∈ 𝕂 such that π(𝒜)ζ spans𝕂 (i. e., span{π(a)ζ | a ∈ 𝒜} = 𝕂), then the pair
(π, 𝕂) is called a GNS representation of 𝒜 on𝕂 and the vector ζ ∈ 𝕂 is called a cyclic
vector.

The following result due to Stinespring [167] gives a representation of completely
positive maps. Although the result holds true for any C∗-algebra of bounded linear
operators 𝒜 onℍ, however, for representation simplicity of the material, we assume
that𝒜 = B(ℍ) below.

Theorem 4.3.1 (Stinespring [167]). A linear map ϒ : B(ℍ) → B(ℍ) is completely pos-
itive if and only if it has the form
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ϒ(a) = V∗π(a)V, ∀a ∈ 𝒜, (4.7)

where (π, 𝕂) is a GNS representation ofB(ℍ) on 𝕂 for some Hilbert space 𝕂, and V is
a bounded linear operator fromℍ to𝕂. If the map ϒ is normal, then the representation
π can be chosen to be normal.

Proof. (⇐) We first assume that ϒ be a linear map of the form (4.7) and let [aij]ni,j=1 be
a positive matrix inB(ℍ) ⊗ℳn. For all vectors (uj)nj=1 inℍ, we have then

∑
1≤i,j≤n⟨ui,ϒ(aij)uj⟩ℍ = ∑1≤i,j≤n⟨ui,V∗π(aij)Vuj⟩ℍ

= ∑
1≤i,j≤n⟨Vui,π(aij)Vuj⟩ℍ ≥ 0,

because π : B(ℍ) → B(𝕂) is a ∗-homomorphism and, therefore, is completely pos-
itive by Proposition 4.1.2. This shows that the map ϒ : B(ℍ) → B(ℍ) is completely
positive by Proposition 4.1.6.

(⇒) Conversely, suppose that the linear map ϒ : B(ℍ) → B(ℍ) is completely
positive and consider the vector spaceB(ℍ)⊗ℍ, the algebraic tensor product ofB(ℍ)
and ℍ. On space B(ℍ) ⊗ ℍ, we define the bilinear form (⋅, ⋅)B(ℍ)⊗ℍ : (B(ℍ) ⊗ ℍ) ×
(B(ℍ) ⊗ ℍ) → ℂ by

(x, y)B(ℍ)⊗ℍ = ∑
1≤i,j≤n⟨ui,ϒ(a∗i bj)vj⟩ℍ

for x = ∑i ai ⊗ui and y = ∑i bi ⊗vi inB(ℍ)⊗ℍ. Since ϒ is completely positive, we have

(x,x)B(ℍ)⊗ℍ = ∑
1≤i,j≤n⟨ui,ϒ(a∗i aj)uj⟩ℍ ≥ 0

for all x = ∑i ai ⊗ ui inB(ℍ) ⊗ ℍ. Hence, the bilinear form (⋅, ⋅)B(ℍ)⊗ℍ defined above
is positive.

Consider the algebraic homomorphism π0 defined on B(ℍ) with values in the
space of linear transformations onB(ℍ) ⊗ ℍ,

π0(a)(
n
∑
i=1 ai ⊗ ui) = n

∑
i=1(aai) ⊗ ui, ∀a, ai ∈ B(ℍ), ui ∈ ℍ.

It can be easily shown that π0(ab) = π0(a)π0(b) and π0(a∗) = π0(a)∗ for all a,b ∈
B(ℍ). That is, the map π0 : B(ℍ) → B(𝕂) is a ∗-homomorphism, where 𝕂 is the
Hilbert space defined in the following paragraphs.

Notice that, for all x, y as above, we have

(x,π0(a)y)B(ℍ)⊗ℍ = (π0(a)∗x, y)B(ℍ)⊗ℍ = (π0(a∗)x, y)B(ℍ)⊗ℍ.
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It follows that, for every x ∈ B(ℍ) ⊗ ℍ, the linear map

ω : B(ℍ) → ℂ, ω(a) = (x,π0(a)x)B(ℍ)⊗ℍ
is a positive linear functional onB(ℍ). Therefore, we have

‖π0(a)x‖
2
B(ℍ)⊗ℍ = (π0(a)x,π0(a)x)B(ℍ)⊗ℍ

= (x,π0(a)
∗π0(a)x)B(ℍ)⊗ℍ = (x,π0(a∗)π0(a)x)B(ℍ)⊗ℍ

= (x,π0(a
∗a)x)B(ℍ)⊗ℍ = ω(a∗aI) ≤ ‖a∗a‖∞ω(I)

= ‖a‖2∞‖x‖2B(ℍ)⊗ℍ, (4.8)

where ‖ ⋅ ‖∞ and ‖ ⋅ ‖B(ℍ)⊗ℍ denote the operator norm in ℍ and B(ℍ) ⊗ ℍ, respec-
tively. Let𝒩 be the linear subspace of operatorsx inB(ℍ)⊗ℍ such that (x,x)B(ℍ)⊗ℍ =
‖x‖2B(ℍ)⊗ℍ = 0. Since𝒩 is invariant under π0(a) for every a ∈ B(ℍ) because of (4.8),
we can consider the quotient pre-Hilbert space B(ℍ) ⊗ ℍ/𝒩 . Define the prescalar
product onB(ℍ) ⊗ ℍ/𝒩 by

(x +𝒩 , y +𝒩 )B(ℍ)⊗ℍ = (x, y)B(ℍ)⊗ℍ.
Let 𝕂 be the Hilbert space obtained by completion of (B(ℍ) ⊗ ℍ)/𝒩 . By the above
construction, the ∗-homomorphism π0 extends to a representation π ofB(ℍ) onB(𝕂)
such that

π(a)(x +𝒩 ) = π0(a)x +𝒩

for a ∈ B(ℍ) and x ∈ B(ℍ) ⊗ ℍ. Consider the linear operator V : ℍ → 𝕂,

Vu = I ⊗ u +𝒩 .

This operator is bounded because of the inequality

‖Vu‖2𝕂 = ⟨u,ϒ(I)u⟩ℍ ≤
󵄩󵄩󵄩󵄩ϒ(I)
󵄩󵄩󵄩󵄩∞‖u‖2ℍ.

A straightforward computation yields (4.7). This proves the theorem.

A minimal Stinespring representation (see Chang [24] or Bartteli and Robinson
[15]) is defined below.

Definition 4.3.2. A triple (𝕂,π,V) satisfying (4.7) is called a Stinespring representa-
tion of the completely positive map ϒ : B(ℍ) → B(ℍ). It is called a minimal Stine-
spring representation if

𝕂 = {π(a)Vu | a ∈ 𝒜, u ∈ ℍ}
‖⋅‖𝕂
, (4.9)

where {⋅ ⋅ ⋅}
‖⋅‖𝕂 denotes the closure of {⋅ ⋅ ⋅} under ‖ ⋅ ‖𝕂.
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Completely positive maps describe the dynamics of open quantum systems and
Stinespring’s dilation theorem is the basic structure theorem for such maps. It states
that any completely positive linear map ϒ : B(ℍ) → B(ℍ) between two C∗-algebras
can be written as a concatenation of two basic completely positive linear maps: a ∗-
homomorphism π : B(ℍ) → B(𝕂) into a larger (dilated) C∗-algebra B(𝕂) of the
bounded operators on some Hilbert space 𝕂, followed by a compression V∗(⋅)V into
the range algebraB(ℍ):

ϒ(a) = V∗π(a)V, ∀a ∈ B(ℍ).
The Stinespring’s theoremprovides an excellent characterization of the set of per-

missible quantum operations (see Definition 5.1.2 for a definition of quantum opera-
tion) and is also among the most useful tools in the theory of open quantum systems
and quantum information. In a way, the increased system size is the price one has to
pay for a simpler description of the map ϒ in terms of basic operations V, π and V∗.

Note that every completely positive linear map admits a minimal Stinespring rep-
resentation. In fact, with the notation of the proof of Theorem 4.3.1, it suffices to con-
sider as Hilbert space𝕂 the closure𝕂1 of the vector space generated by Theorem 4.3.1.
The restriction π1 of π to𝕂1 also satisfies (4.9).

The minimal Stinespring representation is unique in the following sense.

Proposition 4.3.3. Let π1 and π2 be two representations ofB(ℍ) on Hilbert spaces 𝕂1
and𝕂2 and let Vi : ℍ → 𝕂i, (i = 1, 2), be two bounded linear operators such that

{πi(a)Viu | a ∈ B(ℍ), u ∈ ℍ},

is the total in𝕂i for i = 1, 2, i. e.,

{πi(a)Viu | a ∈ B(ℍ), u ∈ ℍ}
‖⋅‖𝕂i = 𝕂i,

and such that

ϒ(a) = V∗i π(a)Vi

for i = 1, 2. Then there exists a unitary map U : 𝕂1 → 𝕂2 such that

UV1 = V2, Uπ1(a) = π2(a)U, ∀a ∈ B(ℍ). (4.10)

Proof. Let U : 𝕂1 → 𝕂2 be the densely defined linear map defined by

U(
n
∑
j=1 π1(aj)V1uj) =

n
∑
j=1 π2(a)V2uj
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for every integer n ≥ 1 and a1, . . . , an ∈ B(ℍ), u1, . . . , un ∈ ℍ. A straightforward com-
putation shows that

⟨Uπ1(b)V1v,Uπ1(aj)V1u⟩2
= ⟨v,ϒ(b∗a)u⟩ℍ
= (V1v,π1(b

∗a)V1u)1
= ⟨π1(b)V1v,π1(a)V1u⟩1, ∀a,b ∈ B(ℍ) and u, v ∈ ℍ,

where (⋅, ⋅)j denotes the Hilbertian inner product in𝕂i for i = 1, 2, and naturally ⟨⋅, ⋅⟩ℍ
the Hilbertian inner product in ℍ. Therefore, U is an isometry and can be extended
to 𝕂1 by an obvious density argument. In a similar way, one can prove that also U∗ :
𝕂2 → 𝕂1 is an isometry. Thus, U is unitary. Finally, since

UV1u = Uπ1(1)V1u = π2(1)V2u = V2u, Uπ1(a)V1u = π2(a)V2u

for every u ∈ ℍ, (4.10) follows.

The Stinespring representation of a completely positive map ϒ : B(ℍ) → B(ℍ)
can be considered to be a dilation of ϒ. What is a dilation? To explain this concept, let
𝕂 be a Hilbert space andℍ be a Hilbert subspace of𝕂. If U is inB(𝕂), then PℍU|ℍ ∈
B(ℍ), where Pℍ is the projection onto ℍ and U|ℍ is the restriction of U to ℍ. Set
T = PℍU|ℍ. Then U is said to be a dilation of T and T is said to be compression of U.
Certainly, any T ∈ B(ℍ) has many dilations in B(𝕂). For example, it can be shown
that a contraction has an isometric dilation and a isometry has a unitary dilation.

We summarize Theorem4.3.1 andProposition 4.3.3 andobtain the following Stine-
spring theorem.

Theorem 4.3.4 (Stinespring dilation theorem). Let ℍ be a separable complex Hilbert
space. If ϒ : B(ℍ) → B(ℍ) is a completely positive operator, then there exists a
Stinespring triple (𝕂,π,V), where 𝕂 is a complex Hilbert space, V : ℍ → 𝕂 a
bounded linear operator with ‖V‖2∞ = ‖ϒ(I)‖∞, and π : B(ℍ) → B(𝕂) a ∗-homo-
morphism satisfying V∗π(⋅)V = ϒ(⋅) on B(ℍ). If triple (𝕂,π,V) is minimal, i. e., 𝕂 =
{π(a)Vu | a ∈ B(ℍ), u ∈ ℍ}

‖⋅‖𝕂 , then the triple (𝕂,π,V) becomes unique up to unitary
equivalence.

Remark 4.1. If π : B(ℍ) → B(𝕂) is a unital ∗-homomorphism andV ∈ B(ℍ,𝕂), then
the map ϒ : B(ℍ) → B(ℍ) defined by Φ(a) = V∗π(a)V is completely positive. So, the
Stinespring’s dilation theorem characterizes the completely positive maps.

Remark 4.2. LetℍA andℍB be two complex Hilbert spaces. If ϒ : B(ℍA) → B(ℍB)
is a completely positive map, and if ϒ is unital, we may assume thatℍB containsℍA
as a sub-Hilbert space. Indeed, the identity operator IB onℍB can be written as

IB := IℍB = ϒ(IA) = V
∗π(IA)V = V∗V,
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where IA := IℍA (the identity operator onℍA). This implies that V is an isometry. So,
instead ofℍB = V(ℍA) ⊕ V(ℍA)⊥ we may considerℍB = ℍA ⊕ V(ℍA). Thus, we have
ϒ(a) = PℍAπ(a)|ℍA for all a ∈ B(ℍA). That is, any completely positive unital map is a
compression of a unital ∗-homomorphism.

Remark 4.3. When the C∗-algebra 𝒜 and the Hilbert spaceℍ are separable, then we
may assume that𝕂 is separable. Similarly, when𝒜 andℍ are finite-dimensional then
𝕂may be taken finite-dimensional.

Remark 4.4. Given a Stinespring representation (𝕂,π,K) for ϒ : 𝒜→ B(ℍ), it is pos-
sible to make it minimal. Let𝕂1 be the closed linear span of π(A)V(ℍ) in𝕂. Since π is
unital, V(ℍ) lies in 𝕂1 so we may assume that V : ℍ → 𝕂1. Also, π(a)(𝕂1) lies in 𝕂1
for all a ∈ 𝒜 since π is closed undermultiplicative and continuous. So π1 : 𝒜→ B(𝕂1)
defined by π1(a) = π(a)|𝕂1 is well-defined and still a unital

∗-homomorphism. It is easy
to see that (𝕂1,π1,V) is a minimal Stinespring representation for ϒ.

4.4 Kraus representation

In this section,we explore and prove the Kraus version of the Stinespring theorem (see
Kraus [98]). Kraus representation provides a characterization of σ-weakly continuous
(i. e., normal) completely positive maps.

The presentation of Kraus representation in this section is largely based on the
lecture note by Attal [3].

Recall that a map ϒ on a von Neumann algebra𝒜 is said to be normal if ϒ(∨αaα) =
∨αϒ(aα) for all increasing net (aα)α∈L that is bounded above where ∨α(⋅) denotes the
least upper bound.

We first need the following preliminary result.

Lemma 4.4.1. Let π beanormal representation ofB(ℍ)ona separableHilbert space𝕂.
Then there exists a direct sum decomposition of𝕂,

𝕂 =
+∞
⨁
n=1 𝕂n,

where the subspaces 𝕂n are invariant under π (i. e., π(𝕂n) ⊂ 𝕂n) and π|𝕂n , the restric-
tion of π to each𝕂n, is unitarily equivalent to the standard representation ofB(ℍ).

Proof. If ϕ is a unit vector inℍ, then the projection P = π(|ϕ⟩ℍ⟨ϕ|) is nonzero. This
is because if Un are unitary operators in B(ℍ) such that ϕn = Unϕ form a maximal
orthonormal set inℍ and if P = 0 then

π(|ϕn⟩ℍ⟨ϕn|) = π(Un)Pπ(Un) = 0

and, by normality of π,



114 | 4 Completely positive maps

π(I) = ∑
n
π(|ϕn⟩ℍ⟨ϕn|) = 0

instead of being equal to I as it should be. Therefore, P ̸= 0. If ψ is a unit vector in 𝕂
such that Pψ = ψ, then

⟨ψ,π(X)ψ⟩𝕂 = ⟨Pψ,π(X)Pψ⟩𝕂 = ⟨ψ,π(|ϕ⟩ℍ⟨ϕ|X|ϕ⟩ℍ⟨ϕ|)ψ⟩𝕂
= ⟨ϕ,Xϕ⟩ℍ, ⟨ψ,π(|ϕ⟩ℍ⟨ϕ|)ψ⟩𝕂 = ⟨ϕ,Xϕ⟩ℍ.

Consider the sub-Hilbert space of𝕂,

𝕂1 = {π(X)ϕ | X ∈ B(ℍ)}.

It is clear that 𝕂1 is stable (i. e., closed) under all the operators π(A). Hence, so is the
space𝕂⊥1 . Consider the map U : π(X)ψ→ Xϕ, it is easy to see that U is isometric, and
hence extends into a unitary operator from𝕂1 toℍ. ComputingUπ(Y)U∗ on elements
of the formXϕ, shows thatUπ(Y)U∗ = Y. We have decomposed𝕂 into𝕂1 ⊕𝕂⊥1 , where
𝕂1 is stable under π and on which π is unitarily equivalent to the standard represen-
tation ofℍ. We are left with a normal representation on 𝕂⊥1 . We can apply the same
procedure repeatedly andgenerate a sequence of subspaces (𝕂n)+∞n=1 of subspaces of𝕂.
By Zorn’s lemma (see Lemma 2.1.3), there exists a maximal class of subspaces𝕂n of𝕂
with unitary maps Un : 𝕂n → ℍ such that𝕂n is invariant by π and X = Unπ(X)U∗n for
all X ∈ B(ℍ). This maximal family must satisfy

𝕂 =
+∞
⨁
n=1 𝕂n

for otherwise we can repeat the same construction as for𝕂1 inside the space

(
+∞
⨁
n=1 𝕂n)

⊥
and contradict the maximality. This proves the lemma.

The followingKadison–Schwarz inequality (also knownasmultiplicative inequal-
ity) is a generalization of Cauchy–Schwartz inequality (1.2) to the completely positive
linear maps on C∗-algebra.
Lemma 4.4.2 (Kadison–Schwarz inequality [96]). 𝒜, ℬ are unital C∗-algebras and ϒ :
𝒜 → ℬ is a completely positive linear map with ϒ(I) = I, then we have the following
Schwarz inequality:

ϒ(a∗)ϒ(a) ≤ ϒ(a∗a), ∀a ∈ 𝒜. (4.11)
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Proof. Let Λ be defined as

Λ = I ⊗ [ 1 0
0 0 ] + a ⊗ [

0 1
0 0 ] = [

I a
0 0 ] .

Then Λ∗Λ ≥ 0 and

Λ∗Λ = [ I a
a∗ a∗a ] .

Now

(ϒ ⊗ I2)(Λ
∗Λ) = [ ϒ(I) ϒ(a)

ϒ(a∗) ϒ(a∗a) ] ≥ 0,
where

I2 = [
I 0
0 I ] .

Now for any vector U in the tensor space we have that ⟨U∗(ϒ ⊗ I2), (Λ∗Λ)U⟩ ≥ 0. Now
if ϒ(I) = ‖ϒ(I)‖∞I = αI, then pick

U = [ −ϒ(a)αI ]

Substitute U in the inner product above to get the result. This proves the Kadison–
Schwarz inequality.

Lemma 4.4.3. Let 𝒜 and ℬ be von Neumann algebras of bounded linear operators on
ℍA andℍB, respectively. A normal completely positive map ϒ : 𝒜 → ℬ can be written
in the form

ϒ(a) = V∗π(a)V, ∀a ∈ 𝒜,
where V is a bounded linear operator fromℍB to a Hilbert spaceℍA and π is a normal
representation of𝒜 inB(ℍA).

Proof. Let (π,V) be the minimal Stinespring representation of ϒ with bounded lin-
ear operator V : ℍB → ℍA and π is a ∗-homomorphism from 𝒜 to B(ℍA) such that
ϒ(a) = V∗π(a)V for all a ∈ 𝒜 (see Definition 4.3.2). We just need to check that the∗-homomorphism π : 𝒜 → B(ℍA) is normal. Let (xα)α be a nondecreasing net of ele-
ments of 𝒜 converging to x ∈ 𝒜 in the σ-weak topology. For all vectors u, v ∈ ℍB and
operators a, b ∈ 𝒜, we have

lim
α
⟨π(b)Vv,π(xα)π(a)Vu⟩ℍA
= lim

α
⟨Vv,π(b)∗π(xα)π(a)Vu⟩ℍA
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= lim
α
⟨Vv,π(b∗xαa)Vu⟩ℍA = limα ⟨v,V∗π(b∗xαa)Vu⟩ℍA

= lim
α
⟨v,ϒ(b∗xαa)u⟩ℍA = ⟨v,ϒ(b∗xa)u⟩ℍA (since ϒ is normal)

= ⟨π(b)Vv,π(x)π(a)u⟩ℍA .

Thus, π is normal.

Theorem 4.4.4 (Kraus theorem). Letℍ be a separable complex Hilbert space, and letϒ
be a ∗-weakly continuous linear map fromB(ℍ) toB(ℍ). Then ϒ is completely positive
if and only if it is of the form

ϒ(A) =
+∞
∑
n=1 ϒ∗nAϒn, ∀A ∈ B(ℍ), (4.12)

for a sequence (ϒn)+∞n=1 of bounded linear operators onℍ such that the series∑+∞n=1 ϒ∗nϒn
is strongly convergent.

Proof. (⇒) Assume that ϒ is completely positive. By the Stinespring’s theorem (see
Theorem 4.3.4), there exists a Stinespring representation (𝕂,π,V) of ϒ with π being
normal. By Lemma 4.4.1, there exists a decomposition𝕂 = ⨁+∞n=1 𝕂n such that each𝕂n
is stable underπ and such thatπ restricted to𝕂n is unitarily equivalent to the standard
representation. Let Pn be the orthogonal projectors from 𝕂 onto 𝕂n, let Un : 𝕂n → ℍ
denote the unitary operator ensuring the equivalence. The operatorsPn commutewith
the representation π. Hence,

ϒ(X) = V∗π(X)V = +∞∑
n=1V∗Pnπ(X)PnV

=
+∞
∑
n=1V∗PnUnXU

∗
nPnV =

+∞
∑
n=1 ϒ∗nXϒn,

where ϒn = U∗nPnV. Therefore, if ϒ : B(ℍ) → B(ℍ) is completely positive, then ϒ can
be represented as (4.12).

(⇐) Assume that ϒ is of the form

ϒ(A) =
+∞
∑
n=1 ϒ∗nAϒn, ∀A ∈ B(ℍ), (4.13)

for a sequence (ϒn)+∞n=1 of bounded linear operators onℍ such that the series∑+∞n=1 ϒ∗nϒn
is strongly convergent. By part 2 of Proposition 4.2.2, ϒ(A)definedby the series in (4.13)
converges strongly. By the Stinespring Theorem 4.3.1, ϒ∗nAϒn is completely positive for
each n, so is ϒ(A). This proves the theorem.
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Consider a quantum communication or information process scenario in which Alice,
the sender, wishes to transmit quantum or classical information to Bob, the receiver,
via a quantum device. This chapter explores the mathematical theory of basic ingre-
dients in quantum communication and information processing including the notion
of quantum channels that describes the quantum devices through which storage or
transmission of information takes place. Any quantum information process, be it stor-
age or transfer, can be represented as a quantum channel. Roughly speaking, a quan-
tum channel is defined as a specific type of completely positive trace-preserving op-
erator from the set of states of the input quantum systemℍA into the set of states of
the output quantum systemℍB. Such operators describe discrete time evolution of an
open quantum system interacting with an environment.

In the quantum information theory literature, the vast majority of attention up to
now was paid to study of finite-dimensional memoryless systems (see, e. g., popular
quantum information theory books by Holevo [77], Hayashi [61], Watrous [173] and
Wilde [178] and references given therein). However, interest in infinite-dimensional
systems has been increasing in recent years. Many aspects of quantum information
theory have been recently extended by M. E. Shirokov, A. S. Holevo and their collab-
orators to infinite dimensions. Without explicitly listing their contributions, readers
are referred to their works listed in the bibliography section at the end of this book.

This chapter systematically explores the concept andproperties of quantumchan-
nels and quantum operations in infinite dimensions.

5.1 Quantum operations

Quantum operations are formulated in terms of the quantum state or density opera-
tor description of a quantum mechanical system. Rigorously, a quantum operation is
a linear, completely positive and trace-nondecreasing map from the set of quantum
states of one system into that of another.

To define quantum operations, we recall from Definition 1.8.2 that T(ℍ) is the Ba-
nach space of trace-class operators T on the complex Hilbert spaceℍ under the trace-
norm ‖T‖1 defined by ‖T‖1 := tr[|T|] = tr[√T∗T].

A linear map Φ : T(ℍA) → T(ℍB) is said to be trace nonincreasing if

tr[Φ(ρ)] ≤ tr[ρ], ∀ρ ∈ T(ℍA), (5.1)

and Φ : T(ℍA) → T(ℍB) is said to be trace preserving if

tr[Φ(ρ)] = tr[ρ], ∀ρ ∈ T(ℍA). (5.2)

https://doi.org/10.1515/9783110788105-005
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Definition 5.1.1. A linear completely positive trace-nonincreasing map

Φ : 𝒮(ℍA) → 𝒮(ℍB)

is called a quantum operation from system A to system B.

Definition 5.1.2. A linear completely positive trace-nonincreasing map

Φ : T+(ℍA) → T+(ℍB)
is called an extended quantum operation from system A to system B.

The collection of quantum operations from A to B will be denoted by QO(A,B)
and the collection of extended quantum operations from system A to system Bwill be
denoted by EQO(A,B). WhenℍA = ℍB, QO(A,B) and EQO(A,B) will be written as
QO(A) and EQO(A), respectively.

Trace-preserving and trace-nonincreasing positive linear maps between T+(ℍA)
and T+(ℍB) can be considered noncommutative analogs of Markov and sub-Markov
maps in the classical probability theory.

5.2 Quantum channels

Roughly speaking, a quantumchannel is a specific type ofmap fromone quantum sys-
tem to another, which will be described mathematically in Schrodinger and Heisen-
berg pictures in the next two subsections. In the Schrodinger picture, the quantum
channels will be presented as being the resulting transformation of a quantum state
of ℍA after a contact and an evolution with some environment to a quantum state
of ℍB. As usual, for all quantum evolutions there is a dual picture, an Heisenberg
picture, where the evolution is seen from the point of view of observables instead of
states.

To explore the relationship between the Shrodinger picture and Heisenberg pic-
ture of a quantum system represented by a separable Hilbert space ℍ, consider the
Banach spaces of trace-class operators T(ℍ) under trace-norm ‖ ⋅ ‖1 and the Banach
space of bounded linear operatorsB(ℍ) under the operator norm ‖ ⋅ ‖∞. It has been
shown in Proposition 2.3.14 that T(ℍ) is a predual of B(ℍ) via the bilinear relation
⟨⟨⋅, ⋅⟩⟩ : B(ℍ) × T(ℍ) → ℂ defined by

⟨⟨a,T⟩⟩ = tr[aT], ∀a ∈ B(ℍ) and ∀T ∈ T(ℍ).

In other words, T∗(ℍ), the topological dual of T(ℍ), equalsB(ℍ). Moreover, for any
T ∈ B(ℍ), its operator norm ‖T‖∞ is related to its trace-class norm ‖T‖1 via the follow-
ing relation:
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‖T‖∞ = sup‖ρ‖1≤1 ‖Tρ‖1. (5.3)

In particular, if T is such that ‖T‖1 = 1, then ‖T‖∞ = ‖T‖1 = 1.
5.2.1 Quantum channels in the Schrodinger picture

Let𝒮(ℍA) and𝒮(ℍB) be the collections of quantum states onℍA andℍB, respectively.
The definition and basic properties of quantum channels in Schrodinger picture

are given below.

Definition 5.2.1. A linear completely positive trace-preserving map
Φ : 𝒮(ℍA) → 𝒮(ℍB), ρB = Φ(ρA), is called a quantum channel from system A to

system B. In this case, ρA ∈ 𝒮(ℍA)will be called an input state and ρB ∈ 𝒮(ℍB)will be
called the output state of the channel.

The collection of quantum channels from systemA to system Bwill be denoted by
QC(A,B). WhenℍA = ℍB, we will simply writeQC(A,B) asQC(A).

In functional analysis, a partial isometry (see alsoTheorem1.8.11 for adescription)
is a linear map ϒ between Hilbert spacesℍ and𝕂 such that ϒ is an isometry between
(ker(ϒ))⊥ ⊂ ℍ and range(ϒ) ⊂ 𝕂, where (ker(ϒ))⊥ (the orthogonal complement of
its kernel) is called the initial subspace and range(ϒ) (the range of ϒ) is called the
final subspace of the map. The concept of partial isometry can be defined in other
equivalent ways. If U is an isometric map defined on a closed subsetℍ0 of a Hilbert
spaceℍ, then we can define an extensionW of U to all ofℍ by the condition thatW
be zero on ℍ⊥0 (the orthogonal complement of ℍ0). Thus, a partial isometry is also
sometimes defined as a closed partially defined isometric map.

Definition 5.2.2 (Isometrical equivalence). Let A, B and B′ be quantum systems rep-
resented by the separable complex Hilbert spacesℍA,ℍB andℍB′ , respectively. The
(extended) quantum channels Φ : T+(ℍA) → T+(ℍB) and Φ′ : T+(ℍA) → T+(ℍB′ )
are said to be isometrically equivalent if there exists a partial isometryW : ℍB → ℍB′
such that

Φ′(ρ) =WΦ(ρ)W∗, Φ(ρ) =W∗Φ′(ρ)W, ∀ρ ∈ T(ℍA). (5.4)

The notion of isometrical equivalence is very close to the notion of unitary equiv-
alence. Indeed, the isometrical equivalence of the channels Φ and Φ′ means unitary
equivalence of these channels with the output spaces ℍB and ℍB′ replaced by their
subspacesℍΦB = ∨ρ∈𝒮(ℍA) supp(Φ(ρ)) andℍΦ′B′ = ∨ρ∈𝒮(ℍA) supp(Φ′(ρ)). We use the no-
tion of isometrical equivalence, since dealing with a given representation of a quan-
tum channel Φ it not easy in general to determine the corresponding subspaceℍΦB .

Some examples of quantum channels are given below.



120 | 5 Quantum channels and operations

Example 5.1 (Isometric channel). Let ϒ : 𝒮(ℍA) → 𝒮(ℍB) be an isometric mapping
and let ϒ∗ : B(ℋB) → B(ℋA) be its adjoint operator. We claim that the map Φ :
𝒮(ℍA) → 𝒮(ℍB) defined by

Φ(ρ) = ϒρϒ∗, ∀ρ ∈ 𝒮(ℍA), (5.5)

is a quantum channel. To prove this claim, we first note that Φ : 𝒮(ℍA) → 𝒮(ℍB) is
completely positive. This is because for u1, u2, . . . , un ∈ ℍA and a1, a2, . . . , an ∈ B(ℍB),
we have

∑
1≤i,j≤n⟨ui,Φ∗(a∗i aj)uj⟩ℍA = ∑1≤i,j≤n⟨ui,ϒaia∗j ϒ∗uj⟩ℍA

= ∑
1≤i,j≤n⟨ϒajuj,ϒaiui⟩ℍA ≥ n

∑
i=1⟨ϒaiui,ϒaiui⟩ℍA = n

∑
i=1 ‖ϒaiui‖2ℍA

≥ 0.

By Proposition 4.1.6, Φ∗ : B(ℍB) → B(ℍA) is completely positive. Hence, Φ :
𝒮(ℍA) → 𝒮(ℍB) is completely positive. Second, we note that Φ is trace preserving.
This is because

tr[Φ(ρ)] = tr[ϒρϒ∗] = tr[ϒϒ∗ρ] = tr[ρ].
Therefore, Φ is a quantum channel. The channel defined by (5.5) will be referred to as
an isometric channel. IfℍA = ℍB = ℍ, then U is a unitary operator and the channel
Φ : 𝒮(ℍ) → 𝒮(ℍ) is called a unitary channel.

Since 𝒮(ℍA) is a closed convex subset of T+(ℍA), the quantum channel Φ can be
easily extended from 𝒮(ℍA) to T+(ℍA) by linear extension. In this case, the extended
map Φ : T+(ℍA) → T+(ℍB) is also a linear completely positive map, which may not
preserve its trace in general (see Shirokov [155]).

We denote the class of quantum channels (resp., extended quantum channels)
from system A to system B byQC(A,B) (resp.,EQC(A,B)). As usual, we writeQC(A,B)
asQC(A) and EQC(A,B) as EQC(A) when A = B.

5.2.2 Quantum channels in the Heisenberg picture

Without loss generality, we can and often consider the extended version of channel
Φ : T+(ℍA) → T+(ℍB) in place of the channel Φ : 𝒮(ℍA) → 𝒮(ℍB) itself. In this
case, Φ∗, the adjoint of the (extended) quantum channel Φ is a map from B(ℍB) to
B(ℍA). This is because T(ℍA) and T(ℍB) are preduals ofB(ℍA) andB(ℍB), respec-
tively.
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Definition 5.2.3. Let Φ : T+(ℍA) → T+(ℍB) be an (extended) quantum channel from
A to B. The adjoint operator of Φ, Φ∗ : B(ℍB) → B(ℍA) is called the dual channel
of Φ.

The class of dual channels is denoted byEQC∗(B,A), and similarlyEQC∗(B,A) as
EQC∗(A) if A = B.

The (extended) quantum channels Φ : T+(ℍA) → T+(ℍB) implicitly assume the
Schrodinger picture inwhich the states of the systemare evolvedwhile theobservables
of the system are kept fixed. On the other hand, the dual channel Φ∗ : B(ℍB) →
B(ℍA) is in the Heisenberg picture and it implies that the states of the system are
fixed and the observables evolve in time. The (extended) quantum channel Φ and its
associated dual channel Φ∗, however, satisfy the following duality relation:

tr[Φ(ρA)OB] = tr[ρAΦ
∗(OB)], ∀ρA ∈ T(ℍA) and ∀OB ∈ B(ℍB). (5.6)

Notice also that in the duality relation the concatenation of channels goes in reversed
order in the Schrodinger picture. That is, given (extended) channels Φ : T+(ℍA) →
T+(ℍB) and Ψ : T+(ℍB) → T+(ℍC), we have

(Ψ ∘Φ)∗ = Φ∗ ∘Ψ∗.
A physical interpretation of the dual quantum channel Φ∗ : B(ℍB) → B(ℍA)

is the following: when the system is initially in the state ρ ∈ T+(ℍA), the expecta-
tion value of the measurement of the observable B ∈ B(ℍB) at the output side of the
channel is given in terms of Φ by tr[ρΦ∗(B)].

The following result characterizes the dual channel Φ∗ of Φ, which can be viewed
as the quantum channel Φ in the Heisenberg picture.

Proposition 5.2.4. The dual channelΦ∗ : B(ℍB) → B(ℍA) of the (extended) quantum
channelΦ : T+(ℍA) → T+(ℍB) is a unital completely positive map.
Proof. The dual channel Φ∗ is completely positive because the topological dual of a
completely positive map is completely positive but not necessarily trace preserving.
However, Φ∗ is unital, i. e., Φ∗(IB) = IA. This is because for all ρ ∈ T+(ℍA),

tr[ρ] = ⟨⟨ ρ, IA⟩⟩ = tr[ρIA] = tr[Φ(ρ)IB] = tr[ρΦ
∗(IB)] = ⟨⟨ ρ,Φ∗(IB)⟩⟩.

This implies that Φ∗(IB) = IA. This proves the proposition.
Example 5.2. In this example, we briefly visit a special case of quantum channels
Φ∗ : B(ℍB) → B(ℍA) in the Heisenberg picture that converts classical information to
a certain type of quantum information. A channel in the Heisenberg picture convert-
ing classical information to a type of quantum information is a channelΦ∗ : ℬ → 𝒞(𝕏)
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with some finite set 𝕏 = {x1, x2, . . . , x|𝕏|} (the symbol |X| denotes the cardinality of or
the number of elements in the set X) that represents a codeword of classical infor-
mation, where ℬ ⊂ B(ℍB) is a C∗-algebra of bounded linear operators on ℍB and
C(𝕏) denotes the class of continuous real-valued functions defined on𝕏. To interpret
𝒞(𝕏) as an algebra of operators acting on a Hilbert spaceℍA, we choose an arbitrary
but fixed orthonormal basis |x⟩, (x ∈ 𝕏) in ℍB and identify the function f ∈ 𝒞(𝕏)
with the operator f = ∑x fx|x⟩⟨x| ∈ B(ℍB) (we use the same symbol for the function
and the operator, provided confusion can be avoided). Most frequently we can choose
ℍB = ℂ|𝕏|×𝕏| and the canonical basis for |x⟩. Hence, 𝒞(𝕏) becomes the algebra of diag-
onal |𝕏| × |𝕏|matrices. Since 𝒞(𝕏) is finite-dimensional and admits the distinguished
basis |x⟩⟨x|, x ∈ 𝕏, and it is naturally isomorphic to its dual 𝒞∗(𝕏). The channel Φ∗
can be given by the decomposition

Φ∗(B) = |𝕏|∑
i=1 ρxi (B)exi , ∀B ∈ ℬ, (5.7)

where for each i = 1, 2, . . . , |𝕏|, ρxi : B 󳨃→ ρxi (B) := Φ
∗(B)(xi) is a positive normalized

functional onB(ℍB), i. e., a state in the sense of Definition 2.4.1. Hence, a channel of
this type describes a parameter-dependent preparation, or preparator. If in addition
the output system is likewise classical, i. e.,Φ∗ : 𝒞(𝕏) → 𝒞(𝕏), in this case the channel
Φ∗ is completely specified by the (|𝕏| × |𝕏|)matrix (Tij)

|𝕏|
i,j=1 with

Tij := Φ
∗
xixj = Φ

∗(exj )xi, ∀i, j = 1, 2, . . . , |𝕏|,
describing the probability to receive the symbol xj when the symbol xi was sent. In
terms of the transition matrix [Φ∗ij ]|𝕏|i,j=1, equation (5.7) can be rewritten as follows:

(Φ∗f )(xi) = |𝕏|∑
j=1 Tijfxj (5.8)

for any f ∈ 𝒞(𝕏), where fxj = f (xj) and j = 1, . . . , |𝕏|. Dually, a measurement is simply
a channel T : 𝒜 → ℬ with classical output algebra 𝒜 = C(𝕏), for some finite set 𝕏.
Then T is completely specified by its values Ex := T(ex) on the basis {ex}

|𝕏|
x=1 of 𝒜, via

x = 1,

T(f ) =
|𝕏|
∑
x=1 fxEx ,

and any such map T is a channel if and only if the maps Ex : A → B are positive and
{Ex}
|𝕏|
x=1 forms a basis of ℬ.
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5.3 Representations and dilations of channels

5.3.1 Stinespring representation

Recall that if Φ : T+(ℍA) → T+(ℍB) is an extended quantum channel from sys-
tem A to system B, then its dual channel Φ∗ : B(ℍB) → B(ℍA) is a unital (i. e.,
Φ∗(IB) = IA) completely positive map (see Proposition 4.2.2). Application of the Stine-
spring theorem (see Theorem 4.3.1 for Stinespring representation of completely posi-
tive maps) to the dual channel Φ∗ yields existence of an environmental quantum sys-
tem E represented by the Hilbert spaceℍE and of an isometric (i. e., V∗V = IA) map
V : ℍA → ℍB ⊗ ℍE, such that Φ∗ can be written as

Φ∗(B) = V∗(B ⊗ IE)V, ∀B ∈ B(ℍB), (5.9)

where IE is the identity operator onℍE .
The duality relation tr[Φ(ρ)B] = tr[ρΦ∗(B)] between Φ and Φ∗ yields

tr[Φ(ρ)B] = tr[ρΦ∗(B)] = tr[ρV∗(B ⊗ IE)V]
= tr[V∗(B ⊗ IE)Vρ] (by Part 2 of Proposition 1.8.4)
= tr[trE[V

∗(B ⊗ IE)Vρ]] = tr[trE[VρV∗(B ⊗ IE)]]
= tr[trE[VρV

∗]B], ∀ρ ∈ T(ℍA) and B ∈ B(ℍB).
Therefore, the quantum channel Φ : T+(ℍA) → T+(ℍB) have the following represen-
tations in Schrodinger picture:

Φ(ρ) = trE[VρV
∗], ∀ρ ∈ T+(ℍA). (5.10)

Either one of the two representations, (5.10) of Φ and (5.9) of Φ∗, will be called a
Stinespring representation and be denoted by (ℍE ,V). The Stinespring representation
(ℍE ,V) is called minimal if the subspace

ℳ = {(B ⊗ IE)V|φ⟩A | φ ∈ ℍA,B ∈ B(ℍB)} (5.11)

is dense in ℍBE . Stinespring’s representation is not at all unique. In fact, if (ℍE ,V)
is a representation for the channel Φ∗, then it is easily seen that a further represen-
tation for Φ∗ is given by (ℍE , (IB ⊗ U)V) with any unitary U ∈ B(ℍB). However, it is
straightforward to show that the minimal Stinespring representation is unique up to
such unitary equivalence: Assume that the dual quantum channel Φ∗ has a minimal
Stinespring representation (ℍE ,V) as well as a not necessary minimal one (ℍẼ , Ṽ).
That is,

Φ∗(B) = Ṽ∗(B ⊗ IẼ)Ṽ, ∀B ∈ B(ℍB)
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for an isometric map Ṽ : ℍA → ℍBẼ and for a possibly different dilation space ℍẼ .
Since (ℍE ,V) is chosen to be minimal, we can conclude that dim(ℍE) ≤ dim(ℍẼ).
Define the map Ũ : ℍBE → ℍBẼ by setting

Ũ(B ⊗ IE)Vφ := (B ⊗ IẼ)Ṽφ, ∀B ∈ B(ℍB) and ∀φ ∈ ℍA. (5.12)

It can be easily shown that the map Ũ defined above is a well-defined isometry. In
particular, by choosing B = IB in (5.12), we see ŨV = Ṽ. From the definition of Ũ, we
immediately have the following interwinding relation:

Ũ(B ⊗ IE) = (B ⊗ IẼ)Ũ, ∀B ∈ B(ℍB). (5.13)

Hence, Ũmust be decomposable as Ũ = B⊗U for some isometryU : ℍE → ℍẼ . If both
representations (ℍE ,V) and (ℍẼ , Ṽ) are minimal, then dim(ℍE) = dim(ℍẼ), and U is
unitary as suggested.

We offer a physical interpretation of Stinespring’s representation as follows. The
dilation spaceℍE represents the environment and the Stinespring’s isometryV trans-
forms the input state ρ into the state VρV∗ on ℍBE, which is correlated between the
output and the environment. The output state Φ(ρ) = trE[VρV∗] ∈ T(ℍB) is then ob-
tained by tracing out VρV∗ over the environment ℍE . Physically, one would expect
in the above Stinespring representation of the channel Φ (or its dual channel Φ∗), a
unitary operation U instead of an isometric V. However, the initial state of the envi-
ronment in this case can be considered fixed, effectively reducing U to an isometry,
Vψ := U(ψ ⊗ σ0) for some fixed initial pure state |σ0⟩𝔼 of the environment system.

5.3.2 Unitary dilation

This subsection explores different type of dilations of quantum channels as com-
pletely positive and trace-preserving maps from T+(ℍA) to T+(ℍB) in the Schrodinger
picture and its dual channels asunital completely positivemaps fromB(ℍB) toB(ℍA)
in the Heisenberg picture.

In the following, we explore unitary dilation (a special case of Stinespring di-
lation) and Kraus representation for quantum channels that are described in the
Schrodinger picture.

The general version of unitary dilation of (extended) quantum channels from sys-
tem A to system B holds (see Remark 5.2 below). Unfortunately, the proof is rather
involved and only the case when ℍA = ℍB = ℍ will be illustrated in the following
result (see, e. g., Attal [3]).

Theorem 5.3.1 (Unitary dilation). Let ℍ be a complex separable Hilbert space and let
Φ be quantum channel from ℍ to ℍ. Then there exists a complex separable Hilbert
space𝕂, a quantum state ω on𝕂 and a unitary operator U onℍ ⊗𝕂 such that
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Φ(T) = tr𝕂[U(T ⊗ ω)U
∗], ∀T ∈ T+(ℍ). (5.14)

Furthermore, it is always possible to choose 𝕂,U and ω in such a way that ω is a pure
state.

Proof. Let Φ : T+(ℍ) → T+(ℍ) be an extended quantum channel. Then the Kraus
theorem (see Theorem 4.4.4) implies that Φ can be expressed in the form

Φ(T) = ∑
i∈𝕀MiTM

∗
i ,

in the strong convergence sense, where the Mi’s are bounded linear operators on ℍ
and ∑i∈𝕀M∗i Mi = Iℍ. We consider the Hilbert space 𝕂 with some orthonormal basis
{ψi}i∈𝕀 indexed by the same set 𝕀 that contains 0 (which may be finite or countably
infinite). Define the linear operator V : ℍ ⊗ ℂ|ψ0⟩𝕂 → ℍ×𝕂,

V(ϕ ⊗ ψ0) = ∑
j∈𝕀(Mjϕ) ⊗ ψ0.

We claim that V is an isometry. To prove the claim, we use Proposition 4.2.3 and note
that

󵄩󵄩󵄩󵄩V(ψ ⊗ ψ0)
󵄩󵄩󵄩󵄩
2
ℍ⊗𝕂 = ⟨∑

i∈𝕀(Miϕ) ⊗ ψ0,∑
j∈𝕀(Mjϕ) ⊗ ψ0⟩

ℍ⊗𝕂
= ∑

j∈𝕀 ‖Mjϕ‖
2
ℍ = ⟨∑

j∈𝕀Mjϕ,∑
j∈𝕀Mjϕ⟩

ℍ

= ⟨ϕ,∑
j∈𝕀M∗j Mjϕ⟩

ℍ
= ‖ϕ‖2ℍ = ‖ϕ ⊗ ψ0‖

2
ℍ⊗𝕂.

We now wish to extend the operator V into a unitary operator fromℍ ⊗ 𝕂 toℍ ⊗ 𝕂.
We consider following cases:

Case (1): Assume first thatℍ is finite-dimensional, then the range of V is a finite-
dimensional subspace ofℍ⊗𝕂, with same dimension asℍ. If𝕂 is finite-dimensional,
thenℍ⊗(𝕂⊖ℂ|ψ0⟩𝕂) (where𝕂⊖ℂ|ψ0⟩𝕂 is the subspace of𝕂 such that (𝕂⊖ℂ|ψ0⟩𝕂)⊕
ℂ|ψ⟩𝕂 = 𝕂) is of the samedimension as (range(V))⊥; if𝕂 is infinite-dimensional, then
ℍ ⊗ (𝕂 ⊖ ℂ|ψ0⟩𝕂) and (range(V))⊥ are both infinite-dimensional separable Hilbert
spaces. In both cases, the space (range(V))⊥ can be mapped unitarily to ℍ ⊗ (𝕂 ⊖
ℂ|ψ0⟩𝕂) through a unitary operatorW. The operator V̂ fromℍ⊗𝕂 to itself, which acts
as V onℍ ⊗ ℂ|ψ0⟩𝕂 and asW∗ onℍ ⊗ (𝕂 ⊖ ℂ|ψ0⟩𝕂) is then unitary and extends V.

Case (2): Ifℍ is infinite-dimensional, it may happen that range(V) is the whole of
ℍ⊗𝕂, so we cannot directly extend V into a unitary operator onℍ⊗𝕂. We embed𝕂
into a larger Hilbert space 𝕂′ by adding one new vector, ψ−1 say, orthogonal to all 𝕂.
The space (range(V))⊥ in ℍ ⊗ 𝕂′ is then infinite-dimensional (separable), as is ℍ ⊗
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(𝕂′ ⊖ℂ|ψ0⟩𝕂). Once again one can unitarily mapℍ⊗ (𝕂′ ⊖ℂ|ψ0⟩𝕂) onto (range(V))⊥
and this way obtain an extension ofV into a unitary operator V̂ fromℍ⊗𝕂′ onto itself.

We conclude from the above that we have obtained: (i) a Hilbert space, which we
denote by 𝕂, with an orthonormal basis {ψj}j∈𝕁 where the index set 𝕁 contains the
original set 𝕀 and (ii) a unitary extension V̂ of V fromℍ ⊗𝕂 onto itself.

We want now to prove that they provide the announced quantum channel. Let
T be a trace-class operator, which we first assume to be a pure state |φ⟩ℍ⟨φ|. If we
compute

tr𝕂[V̂(T ⊗ |ψ0⟩𝕂⟨ψ|0)V̂
∗],

we obtain, by considering the orthonormal basis {ψj}j∈𝕁 of𝕂 as described above,
tr𝕂[V̂(T ⊗ |ψ0⟩𝕂⟨ψ0|)V̂

∗] = ∑
i∈𝕁⟨ψi, V̂(T ⊗ |ψ0⟩𝕂⟨ψ0|)V̂

∗ψi⟩𝕂

= ∑
i∈𝕁⟨ψi, V̂(|φ⟩ℍ⟨φ| ⊗ |ψ0⟩𝕂⟨ψ0|)V̂

∗ψi⟩𝕂

= ∑
i∈𝕁⟨ψi, V̂(|φ ⊗ |ψ0⟩ℍ⊗𝕂⟨φ ⊗ ψ0|)V̂

∗ψi⟩𝕂

= ∑
i∈𝕁 ∑k,l∈𝕀⟨ψi, (|Mkφ ⊗ ψk⟩ℍ⊗𝕂⟨Mlφ ⊗ ψl|)ψi⟩𝕂

= ∑
i∈𝕁 |Miφ⟩ℍ⟨Miφ| = ∑

i∈𝕁MiTM
∗
i .

This proves the result when the operator T is a pure state onℍ. Extending this result
to general trace-class operator is now easy. The last remark at the end of the theorem
is now obvious for ω and is a pure state in our construction above. This proves the
theorem.

The above unitary dilation is clearly the most general possible transform for the
state of a quantum systemℍ, such as a quantum channel Φ fromℍ toℍ, one could
think of for a quantum system, where a quantum channel can be constructed accord-
ing to Theorem 5.3.1 as follows:
– starting from an initial state ρ ∈ 𝒮(ℍ), couple it to an initial stateω of any kind of

environment, say system𝕂, that results in the coupled state ρ ⊗ ω ∈ 𝒮(ℍ ⊗ 𝕂),
– let the coupled state ρ ⊗ ω evolve in ℍ ⊗ 𝕂 driven by any unitary operator U ∈

B(ℍ ⊗ 𝕂) that results in the quantity U(ρ ⊗ ω)U∗,
– finally, we ignore the environment𝕂 and look at the resulting state forℍ by par-

tially tracing out U(ρ ⊗ ω)U∗ and obtain the expression tr𝕂[U(ρ ⊗ ω)U∗].
Remark 5.1. Unitary dilations of quantum channels can also be derived from Stine-
spring dilation as follows. By using the Stinespring dilation (5.10), it is easy to show
that any quantum channel Φ from A to itself (i. e., B = A) can be represented as
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Φ(ρ) = trE[UΦ(ρ ⊗ σ0)U
∗
Φ], (5.15)

where σ0 is a pure state in 𝒮(ℍE) and UΦ is a unitary operator on ℍAE . Representa-
tion (5.15) allows one to consider any channel from a quantum system A to itself as a
reduction of some unitary (reversible) evolution of the larger quantum system AE.

Remark 5.2. The unitary dilation for the general case for a given quantum channel Φ
from A to B, where B ̸= A, states (see Shirokov [156]) that one can find such quantum
systems D and E′ that

Φ(ρ) = trE′[UΦ(ρ ⊗ σ0)U
∗
Φ], (5.16)

where σ0 is a pure state in 𝒮(ℍD) and UΦ is an unitary operator from ℍAD to ℍBE′ .
For an infinite-dimensional channel Φwith representation (5.10) such that dim(ℍBE ⊖
range(VΦ)) = +∞, one can always take E = E′. This follows from the fact that any
partial isometryW such that dim(ker(W)) = dim(ker(W∗)) = +∞ can be extended to
an unitary operator (see Reed and Simon [128]).

Remark 5.3. For a given extendedquantumchannelΦ : T+(ℍA) → T+(ℍB), the Stine-
spring theorem (see Theorem 4.3.1) implies existence of an environmental quantum
system E represented by the Hilbert spaceℍE and of an isometry V : ℍA → ℍB ⊗ ℍE
such that

Φ(ρ) = trE[VρV
∗], ∀ρ ∈ T+(ℍA). (5.17)

For instance, taking for simplicity A = B, one can write

Φ(ρ) = trE[UAE(ρA ⊗ ωE)U
∗
AE], (5.18)

where ωE is a fixed state of system E, UAE is the unitary transformation coupling the
latter to the input system A, and trE denotes the partial trace over the environment E.
The representation (5.17) is not unique. Nonetheless, by enlarging the environment E
to describe the environment state as a pure state, ωE = |ω⟩E⟨ω| (see Section 5.5 for a
proper definitionof this purificationmechanism), the choice ofUAE canbe shown tobe
unique up to a local isometric transformation on E. Under this condition, the dilation
(5.17) provides what is generally known as the Stinespring representation for Φ.

5.3.3 Kraus representation

Recall that the quantum channel Φ : 𝒮(ℍA) → 𝒮(ℍB) and its dual channel Φ∗ :
B(ℍB) → B(ℍA) satisfy the following duality relation:

tr[Φ(ρA)OB] = tr[ρAΦ
∗(OB)], ∀ρA ∈ 𝒮(ℍA),OB ∈ B(ℍB). (5.19)
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The dual channel Φ∗ is linear and completely positive, but in general not trace pre-
serving. However, it is always unital, i. e., it maps the identity operator IB onℍB into
the identity operator IA onℍA. In this case, operator sum representation (Kraus rep-
resentation) of Φ∗ can be easily derived from the Kraus representation (see equation
(5.19)) of

Φ(ρA) = ∑
j
KjρK
∗
j , ∀ρ ∈ 𝒮(ℍA) (5.20)

as

Φ∗(OB) = ∑
j
K∗j OBKj, OB ∈ B(ℍB). (5.21)

We also recall that the Stinespring representation a quantum operationΦ : T+(ℍA) →
T+(ℍB) can be written as Φ(A) = trE[VAV∗] for all A ∈ T+(ℍA), where V : ℍA → ℍBE
is an isometry. There is a relation between the isometryV and operatorKi in the Kraus
representation (5.20) as follows:

⟨φ|Kiϕ⟩B = ⟨φ ⊗ k|Vϕ⟩BE , φ ∈ ℍB,ϕ ∈ ℍA,

where {|k⟩E}+∞k=1 is a particular basis ofℍE .
5.4 Structural properties of quantum channels

The class of extended quantum channelsEQC(A,B) satisfy the following composition
rules and structural properties.

5.4.1 Convexity of channels

If Φ,Ψ ∈ EQC(A,B) and p ∈ [0, 1], then pΦ + (1 − p)Ψ ∈ EQC(A,B), where

(pΦ + (1 − p)Ψ)(ρ) = pΦ(ρ) + (1 − p)Ψ(ρ), ∀ρ ∈ T+(ℍA).
5.4.2 Concatenation of channels

Given Φ ∈ EQC(A,B) and Ψ ∈ EQC(B,C), then their composition (or concatenation)
Ψ ∘Φ ∈ EQC(A,B), where Ψ ∘Φ is defined by

Ψ ∘Φ(ρ) = Ψ(Φ(ρ)), ∀ρ ∈ T+(ℍA).
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The composition Ψ(Φ) := Ψ ∘ Φ ∈ EQC(A,C) is called concatenation of Φ with Ψ.
It physically means a serial application of channel Φ on states of system A followed
by an application of the channel Ψ on the output state of Φ in system B to a state in
system C.

Channels concatenation allows one to introduce a relation of equivalence be-
tween channels. In particular, two channels Φ,Ψ ∈ EQC(A) are said to be unitarily
equivalent if there exist unitary channels U : T+(ℍA) → T+(ℍA) such that

Ψ(ρ) = (U ∘Φ ∘ U∗)(ρ), ∀ρ ∈ T+(ℍA),
where U∗ is the adjoint of U and UU∗ = U∗U = I. Note that I denotes the identity
operator acting on either T+(ℍA) or T+(ℍB).
5.4.3 Tensor product of channels

Given two quantum channels Φ : T+(ℍA) → T+(ℍB) and Ψ : T+(ℍA′ ) → T+(ℍB′ ).
Their tensor product Φ ⊗ Ψ : T+(ℍAA′ ) → T+(ℍBB′ ) is a mapping from the composite
system AA′ to composite system BB′ and is defined as

(Φ ⊗Ψ)(ρ ⊗ ω) = Φ(ρ) ⊗Ψ(ω), ∀ρ ∈ T+(ℍA) and ∀ω ∈ T+(ℍA′ ), (5.22)

whereℍAA′ = ℍA ⊗ ℍA′ , etc.
As mentioned in Caruso et al [18], concatenations and tensor products of quan-

tum channels represent two alternative ways of composing quantum channels, which
to some extent, mimic respectively the in-series and in-parallel composition rules of
electrical circuit elements. In particular, channel concatenation is naturally suited to
characterize the temporal correlations of a single quantum system (the sequential ap-
plications of quantum channels corresponding to different stages of the system evo-
lution). On the contrary, the tensor product described above allows to describe spa-
tial correlations, which might be present in the evolution of composite quantum sys-
tems. Also, tensor products can be employed to describe the transformations that a
sequence of information carriers encounters when transmitted through a communi-
cation line.

5.5 Purification

Let ρA ∈ 𝒮(ℍA) be a given quantum state onℍA with the spectral decomposition (see
Theorem 2.4.5)

ρA =
+∞
∑
i=1 λi|ei⟩A⟨ei|, λi ∈ ℂ and i = 1, 2, . . . , (5.23)
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where {|ei⟩A}+∞i=1 is an orthonormal basis ofℍA that consists of eigenvectors of ρA with
corresponding eigenvalues {λi}+∞i=1 .
Definition 5.5.1 (Purification). A purification of ρA is a pure bipartite state |ψ⟩RA on
a reference system R and the original system A. The purification state |ψ⟩RA has the
property that the reduced state on system A is equal to ρA in equation (5.23):

ρA = trR[|ψ⟩RA⟨ψ|], (5.24)

where trR[⋅ ⋅ ⋅] is the partial trace of [⋅ ⋅ ⋅] taken over the reference system R represented
by the Hilbert spaceℍR.

Any quantum state ρA has a purification |ψ⟩RA. The following is an example of the
purification of a quantum state.

Example 5.3. Assume that the quantum state ρA has a spectral decomposition equa-
tion (5.23). Consider the bipartite pure state |ψ⟩RA described by

|ψ⟩RA =
+∞
∑
i=1 √λi(|ei⟩R ⊗ |ei⟩A), (5.25)

where (|ei⟩R)+∞i=1 is an orthonormal basis for the reference system R represented byℍR.
In this case,

⟨ψ|RA =
+∞
∑
j=1 √λj(⟨ej|R⟩ ⊗ ⟨ej|A). (5.26)

Then |ψ⟩RA is a purification of ρA, because

trR[|ψ⟩RA⟨ψ|]

= trR[
+∞
∑
i,j=1√λi√λj(|ei⟩R ⊗ |ei⟩A)(⟨ej|A ⊗ ⟨ej|R)]

= trR[
+∞
∑
i=1 λi(|ei⟩R⟨ei|) ⊗ (|ei⟩A⟨ei|)] = +∞∑i=1 λi|ei⟩A⟨ei| = ρA.

We note that any two purifications |ψ⟩RA and |ϕ⟩AR of ρA are related by some local
unitary UR on the reference system R by

|ϕ⟩RA = (UR ⊗ IA)|ψ⟩RA.

5.6 Reversible quantum channels
Following Jencova [94], Ogawa et al. [119] and Shirokov [148], we introduce the follow-
ing definition of reversible quantum channels.



5.6 Reversible quantum channels | 131

Definition 5.6.1. A channel Φ : T+(ℍA) → T+(ℍB) is reversible with respect to a fam-
ily 𝒮 ⊆ 𝒮(ℍA) if there exists a channel Ψ : T+(ℍB) → T+(ℍA) such that ρ = Ψ ∘ Φ(ρ)
for all ρ ∈ 𝒮. In this case, the channel Ψ will be called a reversing channel.

Note that the reversibility property of the channel Φ defined above is also called
the sufficiency property of Φ (see Jencova and Petz [95] and Petz [125]).

Definition 5.6.2. A family 𝒮 of states in 𝒮(ℍ) is called complete if for any nonzero
operator A inB+(ℍ) there exists a state ρ ∈ 𝒮 such that tr[Aρ] > 0.

Remark 5.4. A family {|ϕλ⟩ℍ⟨ϕλ|}λ∈Λ of pure states in 𝒮(ℍ) is complete if and only if
the linear hull of the family {|ϕλ⟩ℍ}λ∈Λ is dense inℍ.

We have the following result.

Lemma 5.6.3. Let Φ : T+(ℍA) → T+(ℍB) and Φ′ : T+(ℍA) → T+(ℍB′ ) be quantum
channels isometrically equivalent in the sense of Definition 5.2.2. If the channel Φ is re-
versiblewith respect to a family𝒮 ⊆ 𝒮(ℍA), then the channelΦ′ is reversiblewith respect
to this family 𝒮 and vice versa.

Proof. Let Ψ be a reversing channel for the channel Φ, i. e., Ψ ∘Φ(ρ) = ρ for all ρ ∈ 𝒮.
Consider the channel Θ(⋅) = W∗(⋅)W + σ tr[IB′ − WW∗](⋅) from 𝒮(ℍB′ ) into 𝒮(ℍB),
whereW is the partial isometry in (5.4), IB′ := IℍB′ is the identity operator onℍB′ and
σ is a given state in 𝒮(ℍB). It is easy to see that Ψ ∘ Θ is a reversing channel for the
channel Φ′. This proves the lemma.

Definition 5.6.4. A channel Φ : 𝒮(ℍA) → 𝒮(ℍB) is called perfectly reversible on a
state ρ ∈ 𝒮(ℍA) if there exists a channel Φ : 𝒮(ℍB) → 𝒮(ℍA) such that Ψ ∘ Φ(σ) = σ
for all states σ with supp(σ) ⊆ 𝕃 := supp(ρ).

The subspace 𝕃 mentioned in Definition 5.6.4 can be interpreted as a quantum
code correcting errors of the channel Φ (see Nielsen and Chuang [116]).

Introduce the reference systemℍR and consider a purification

ρAR = |ϕAR⟩AR⟨ϕAR| := |ϕAR⟩ℍAR⟨ϕAR| ∈ 𝒮(ℍA ⊗ ℍR)

of the state ρ ∈ 𝒮(ℍA).
We have the following lemma.

Lemma 5.6.5. A channel Φ : 𝒮(ℍA) → 𝒮(ℍB) is perfectly reversible on a state ρ ∈
𝒮(ℍA) if and only if there exists a channelΨ : 𝒮(ℍB) → 𝒮(ℍA) such that

((Ψ ∘Φ) ⊗ IR)(ρAR) = ρAR. (5.27)

Proof. Let ϒ = Ψ ∘Φ. Consider the following set of conditions:
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ϒ(|ψ⟩A⟨ψ|) = |ψ⟩A⟨ψ|, ∀|ψ⟩A ∈ supp(ρ) ⊂ ℍA; (5.28)
ϒ(|ψ⟩A⟨ϕ|) = |ψ⟩A⟨ϕ|, ∀|ψ⟩A, |ϕ⟩A ∈ supp(ρ); ⊂ ℍA (5.29)
ϒ(|ei⟩A⟨ej|) = |ei⟩A⟨ej|, ∀i, j, (5.30)

where {|ei⟩A}+∞i=1 is the set of eigenvectors of the state ρ inℍA corresponding to nonzero
eigenvalues. The following equivalences can be proved readily:
(i) Definition 5.6.4⇔ (5.28) follows from the spectral representation;
(ii) (5.28)⇔ (5.29) follows from the polarization formula (1.13);
(iii) (5.29)⇔ (5.30) is obvious;
(iv) (5.30) ⇔ (5.27) follows from the following purification formula of the state ρ ∈

𝒮(ℍA):

|ϕρ⟩AR := |ϕρ⟩ℍAR =
+∞
∑
i=1 √λi(|ei⟩A ⊗ |ei⟩R) ∈ ℍAR, (5.31)

where trR[|ϕρ⟩AR] = ∑
+∞
i=1 √λi|ei⟩A = ρ. This proves the lemma.

5.7 Complementary channels

The concept of complementary channels between the output and the environment of
the quantum channel was first introduced by Holevo [74].

Definition 5.7.1. Let Φ : T+(ℍA) → T+(ℍB) be an extended quantum channel with
Stinespring representation

Φ(A) = trE[VΦAV
∗
Φ],

where VΦ : ℍA → ℍB ⊗ ℍE is an isometry andℍE is the Hilbert space representing
the environment system E. Then the channel Φ̂ : T+(ℍA) → T+(ℍE) defined by

T+(ℍA) ∋ ρ 󳨃→ Φ̂(ρ) = trB[VΦρV
∗
Φ] ∈ T+(ℍE) (5.32)

is called the complementary channel to the channel Φ.

The complementary channel is uniquely defined up to isometrical equivalence,
i. e., if Φ̂′ : A→ E′ is the channel defined by (5.4) via some other Stinespring isometry

VΦ′ : ℍA → ℍB ⊗ ℍE′ ,

then there exists a partial isometryW : ℍE → ℍE′ such that

Φ̂′(ρ) =WΦ̂(ρ)W∗ and Φ̂(ρ) =W∗Φ̂(ρ)W
for all ρ ∈ 𝒮(ℍA).



6 Approximation and convergence of quantum
channels

This chapter exploresdifferent types of convergences andcompares various topologies
on the space of quantum channels or extended quantum channels from system A to
system B. These include uniform, strong and strong∗ convergences as well as topolo-
gies generated by (unconstrained and energy constrained) diamond norms, (uncon-
strained and energy constrained) Bures distance, and completely bounded norm.
– With the exceptions of Sections 6.1, 6.5 and 6.6, it is recommended that readers

skip the rest of this chapter at the first reading and revisit it when it is needed at a
later time.

6.1 Distinguishability of quantum states

In the following, we study various quantities, such as fidelity and Bures distance, to
measure the distinction and degree of distinction between quantum states in 𝒮(ℍ),
whereℍ is a separable infinite-dimensionalHilbert space. For simplicity of exposition
of thesemeasures, we assume that the C∗-algebra𝒜 to be thewhole space of bounded
linear operators onℍ, i. e.,𝒜 = B(ℍ).

6.1.1 Fidelity of quantum states

The fidelity between quantum states ρ and σ, denoted by F(ρ, σ), is defined by

F(ρ, σ) = tr[√ρ1/2σρ1/2] = tr[√ρ√σ]. (6.1)

We can use either one of the above two formulae as the definition of F(ρ, σ). This
is because

tr[|√ρ√σ|] = tr[√(√ρ√σ)∗(√ρ√σ)]
= tr[√√σ∗√ρ∗√ρ√σ] = tr[√√σρ√σ]

by Proposition 1.8.4.
As shown in the following proposition, it is easy to see that 0 ≤ F(ρ, σ) ≤ 1 is

a measure of degree of distinguishability of the quantum states ρ from the quantum
state σ, in which F(ρ, σ) = 1 means ρ is not distinct from σ and F(ρ, σ) = 0 means that
ρ is totally distinct from σ, in the sense that ρ and σ are orthogonal (and denoted by
ρ ⊥ σ when ρσ = σρ = ρσ∗ = ρ∗σ = 0).
https://doi.org/10.1515/9783110788105-006
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Proposition 6.1.1. The fidelity F(ρ, σ) between the quantum states ρ and σ satisfies the
following properties:
1. F(ρ, σ) = F(σ, ρ) for all ρ, σ ∈ 𝒮(ℍ);
2. 0 ≤ F(ρ, σ) ≤ 1 for all ρ, σ ∈ 𝒮(ℍ);
3. F(ρ, σ) = 0 if and only if ρ ⊥ σ;
4. F(ρ, σ) = 1 if and only if ρ = σ.

Proof. 1. Let ω = √ρ√σ. Since tr[ω] = tr[ω∗], we have
F(ρ, σ) = tr[√ρ√σ] = tr[(√ρ√σ)∗] = tr[(√σ)∗(√ρ)∗]
= tr[√σ√ρ] = F(σ, ρ).

In the above,wehaveused the fact (see Theorem 1.3.3) that the square root of a positive
self-adjoint operator is self-adjoint, i. e., (√ρ)∗ = √ρ and (√σ)∗ = √σ.

2. It is obvious that 0 ≤ F(ρ, σ). On the other hand, we get

F(ρ, σ) = tr[√ρ√σ] ≤ tr[ρ] + tr[σ]
2
= 1,

where we have used Proposition 1.8.5 to obtain the inequality above.
3. Using functional calculus, we can easily prove that√ρ ⊥ √σ if and only if ρ ⊥ σ.

Hence, by the definition of fidelity, F(ρ, σ) = tr[√ρ√σ] = 0 if and only if ρ ⊥ σ.
4. The sufficiency of the statement (4) is obvious from the definition of fidelity. For

the converse part, let us assume F(ρ, σ) = 1. Then we obtain

1 = tr[√ρ√σ] = tr[ρ] + tr[σ]
2
,

which is a case of equality in the arithmetic-geometric mean inequality of Proposi-
tion 1.8.5. Hence, we get ρ = σ. This proves the proposition.

Recall that an operator V ∈ B(ℍ) is called an isometry if V∗V = Iℍ and V is
called a coisometry if VV∗ = Iℍ. If dim(ℍ) = +∞ and T ∈ B(ℍ), then by the polar
decomposition (see Theorem 1.8.11), there exists an isometry or a coisometry V such
that T = V|T|, where |T| = √T∗T. Generally speaking, Vmay not be unitary (see Defi-
nition 1.5.1 for definition of unitary operators). In fact, there exists a unitary operator
U such that T = U|T| if and only if dim(ker(T)) = dim(ker(T∗)). However, the follow-
ing lemma says that this is the case if T = AB is a product of two positive operators A
and B.

The presentation of the remainder of this subsection is largely based on results
obtained in Hou and Qi [90].

Lemma 6.1.2. Letℍ be a (separable) complex Hilbert space and A,B ∈ B(ℍ). If A ≥ 0
and B ≥ 0, then there exists a unitary operator V ∈ B(ℍ) such that AB = V|AB|.
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Proof. To prove that AB = V|AB|, we only need to show that

dim(ker(AB)) = dim(ker(AB)∗) = dim(ker(BA))
if both A and B are positive operators. Note that, since A ≥ 0 and B ≥ 0, we have
ABφ = 0 if and only if Bφ = 0 or Aφ = 0 and Bφ ̸= 0. In addition, ker(B) ∩ (ker(A) ∩
ker(B)⊥) = {0}. Therefore, we can write

ker(AB) = ker(B) ⊕ (ker(A) ∩ ker(B)⊥) (6.2)

and similarly

ker(BA) = ker(A) ⊕ (ker(B) ∩ ker(A)⊥). (6.3)

Obviously, if dim(ker(A)) = dim(ker(B)) = +∞, then dim(ker(AB)) = dim(ker(BA)) =
+∞; if A (or B) is injective, then

dim(ker(AB)) = dim(ker(BA)) = dim(ker(B))

or

dim(ker(AB)) = dim(ker(BA)) = dim(ker(A)).

Assume that dim(ker(A)) < +∞ and dim(ker(B)) = +∞. By (6.2) and (6.3), we need
only to check that dim(ker(B)∩ker(A)⊥) = +∞. This is equivalent to show the following
claim.

Claim: If B ≥ 0 and dim(ker(B)) = +∞, then for any subspace𝕄 ⊂ ℍ with dim(𝕄) <
+∞, dim(ker(P𝕄BP𝕄|𝕄)) = +∞, whereP𝕄 is a projection ofℍ onto𝕄 andP𝕄BP𝕄|𝕄
denotes the restriction of the operator P𝕄BP𝕄 to𝕄 ⊂ ℍ. In fact, by the space decom-
positionℍ = 𝕄 ⊕𝕄⊥, we may write

B = ( B11 B12
B∗12 B22

) ,

where B11 = P𝕄BP𝕄|𝕄. Since B ≥ 0, there exists some contractive operator D such
that B12 = B

1/2
11 DB

1/2
22 (see, e. g., Conway [28]). Thus,

ker(B) = ker(B11) ⊕ ker(B22) ⊕ 𝕃,

where

𝕃 = {|x⟩ℍ ⊕ |y⟩ℍ | |x⟩ℍ ∈ ker(B11)
⊥, |y⟩ℍ ∈ ker(B22)⊥,

B11|x⟩ℍ + B12|y⟩ℍ = 0 and B
∗
12|x⟩ + B22|y⟩ℍ = 0}.
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Note that dim(ker(B22)) < +∞ and dim(𝕃) ≤ dim(ker (B22)⊥) < +∞, we must
have dim(ker(B11)) = +∞. Finally, assume that both ker(A) and ker(B) are finite-
dimensional. With respect to the space decomposition ℍ = ker(A)⊥ ⊕ ker(A), we
have

A = ( A1 0
0 0
) and B = ( B11 B12

B∗12 B22
) .

As A1 is injective with dense range,

AB = ( A1B11 A1B12
0 0

) and BA = ( B11A1 0
B∗12A1 0

) ,

we see that

ker(AB)
= {|x⟩ℍ ⊕ |y⟩ℍ | |x⟩ℍ ∈ ker(A)

⊥, |y⟩ℍ ∈ ker(A),B11|x⟩ℍ + B12|y⟩ℍ = 0}
= ker(B11) ⊕ ker(B12)
⊕ {|x⟩ℍ ⊕ |y⟩ℍ | |x⟩ℍ ∈ ker(B11)

⊥, |y⟩ℍ ∈ ker(B12)⊥,B11|x⟩ℍ + B12|y⟩ℍ = 0}
and

ker(BA) = ker(A) ⊕ {|x⟩ℍ | |x⟩ℍ ∈ (ker(A)
⊥ ∩ ker(B11)} = ker(A) ⊕ ker(B11).

Since

dim({|x⟩ℍ ⊕ |y⟩ℍ | |x⟩ℍ ∈ ker(B11)
⊥, |y⟩ℍ ∈ ker(B12)⊥,B11|x⟩ℍ + B12|y⟩ℍ = 0})

≤ dim(ker(B12)
⊥),

ker(BA) = ker(A) ⊕ {|x⟩ℍ | |x⟩ℍ ∈ ker(A)
⊥ ∩ ker(B11)} = ker(A) ⊕ ker(B11),

and dim(ker(B12)) + dim(ker(B12)⊥) = dim(ker(A)), one gets dim(ker(AB)) ≤
dim(ker(BA)). Symmetrically, we have dim(ker(BA)) ≤ dim(ker(AB)) and, therefore,
dim(ker(AB)) = dim(ker(BA)). This completes the proof of the lemma.

Lemma 6.1.3. Letℍ be any separable complex Hilbert space and A,B ∈ B(ℍ). If A,B
are positive and AB ∈ T(ℍ), then

‖AB‖1 = tr[|AB|] = max{tr[ABU] | U ∈ U(ℍ)}, (6.4)

where U(ℍ) is the unitary group of all unitary operators inB(ℍ).

Proof. For any unitary operator U ∈ U(ℍ), we have

󵄨󵄨󵄨󵄨tr[ABU]
󵄨󵄨󵄨󵄨 ≤ ‖U‖∞‖AB‖1 = ‖AB‖1 = tr[|AB|].



6.1 Distinguishability of quantum states | 137

On the other hand, by Lemma 6.1.2, there exists a unitary operator V such that AB =
V|AB|. Thus,

|AB| = √(AB)∗AB = √(V∗AB)2 = V∗AB
and

‖AB‖1 = tr[|AB|] = tr[V
∗AB] = tr[ABV∗].

Hence, (6.4) holds. This proves the lemma.

Lemma 6.1.4. Let ℍ and 𝕂 be separable infinite-dimensional complex Hilbert spaces
and A ∈ B(ℍ), B ∈ B(𝕂). Let (|i⟩ℍ)+∞i=1 , and (|i⟩𝕂)+∞i=1 be any orthonormal bases ofℍ
and𝕂, respectively, andU : ℍ → 𝕂 be the unitary operator defined byU|i⟩ℍ = |i⟩𝕂. For
each positive integer N, let |mN⟩ℍ⊗𝕂 = ∑Ni=1 |i⟩ℍ⊗|i⟩𝕂. IfA or B is a trace-class operator,
then

lim
N→+∞⟨mN |A ⊗ B|mN⟩ℍ⊗𝕂 = tr[UA∗U∗B].

Proof. Clearly, UA∗U∗B ∈ T(𝕂) and
tr[UA∗U∗B] = +∞∑

i,j=1⟨i|UA∗U∗|j⟩𝕂⟨j|B|i⟩𝕂 = +∞∑i,j=1⟨i|A∗|j⟩ℍ⟨j|B|i⟩𝕂,
which is absolutely convergent. Hence,

lim
N→+∞ N
∑
i,j=1⟨i|A∗|j⟩ℍ⟨j|B|i⟩𝕂 = tr[UA∗U∗B]. (6.5)

On the other hand,

⟨mN |A ⊗ B|mN⟩ℍ⊗𝕂 = N
∑
i,j=1(⟨j|ℍ ⊗ ⟨j|𝕂)(A ⊗ B)(|i⟩ℍ ⊗ |i⟩𝕂)
=

N
∑
i,j=1⟨j|A|i⟩ℍ⟨j|B|i⟩𝕂 = N

∑
i,j=1⟨i|A|j⟩ℍ⟨j||B|i⟩𝕂.

So, by (6.5), one obtains that

lim
N→+∞⟨mN |A ⊗ B|mN⟩ℍ⊗𝕂 = tr[UA∗U∗B]

as desired. This proves the lemma.
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The following is the infinite-dimensional version of the Uhlmann’s theorem (see
Uhlmann [169, 170] for the original Uhlmann’s theorem). Recall that a unit vector
|ψ⟩ℍ⊗𝕂 is said to be a purification of a state ρ onℍ if ρ = tr𝕂[|ψ⟩ℍ⊗𝕂⟨ψ|].

The infinite-dimensional version of Uhlmann’s theorem was proved by Hou and
Qi [90].

Theorem 6.1.5 (Infinite-dimensional Uhlmann’s theorem). Let ℍ and 𝕂 be separable
infinite-dimensional complex Hilbert spaces. For any states ρ and σ onℍ, we have

F(ρ, σ) = max{|⟨ψ|ϕ⟩ℍ⊗𝕂 | |ψ⟩ℍ⊗𝕂 ∈ 𝒫ρ, |ϕ⟩ℍ⊗𝕂 ∈ 𝒫σ}, (6.6)

where

𝒫ρ = {|ψ⟩ℍ⊗𝕂 | |ψ⟩ℍ⊗𝕂 is a purification of ρ}
and

𝒫σ = {|ϕ⟩ℍ⊗𝕂 | |ϕ⟩ℍ⊗𝕂 is a purification of σ}.
Proof. Assume that ρ, σ ∈ 𝒮(ℍ). Then, by spectral decomposition of quantum states,
there exist orthonormal bases ofℍ, (|i⟩ℍ)+∞i=1 and (|j⟩ℍ)+∞j=1 such that ρ = ∑+∞i=1 pi|i⟩ℍ⟨i|
and σ = ∑+∞j=1 qj|j⟩ℍ|⟨j| with pi > 0, qj > 0 and ∑+∞i=1 pi = ∑+∞j=1 qj = 1. If |ψ⟩ℍ⊗𝕂,
|ϕ⟩ℍ⊗𝕂 ∈ ℍ ⊗ 𝕂 are purifications of ρ, σ, respectively, then there exist orthonormal
sets (|i⟩𝕂)+∞i=1 and (|j⟩𝕂)+∞i=1 in 𝕂 such that |ψ⟩ℍ⊗𝕂 = ∑+∞i=1 √pi|i⟩ℍ ⊗ |i⟩𝕂 and |ϕ⟩ℍ⊗𝕂 =
∑+∞j=1 √qj|j⟩ℍ ⊗ |j⟩𝕂. Pick any orthonormal bases (|k⟩ℍ)+∞k=1 ofℍ and (|k⟩𝕂)+∞k=1 of𝕂. Let
Uℍ,U𝕂,Vℍ andV𝕂 be partial isometries (see Definition 5.2.2 for definition of a partial
isometry) defined by

Uℍ|k⟩ℍ = |i⟩ℍ, U𝕂|k⟩𝕂 = |i⟩𝕂, Vℍ|k⟩ℍ = |j⟩ℍ, and V𝕂|k⟩𝕂 = |j⟩𝕂,

respectively, for each i, j, k = 1, 2, . . .. For any integer N > 0, let

|mN⟩ℍ⊗𝕂 = N
∑
k=1 |k⟩ℍ ⊗ |k⟩𝕂.

Then

|ψN⟩ℍ⊗𝕂 := N
∑
i=1√pi(|i⟩ℍ ⊗ |i⟩𝕂) = N

∑
i=1√pi(Uℍ|k⟩ℍ) ⊗ (U𝕂|k⟩𝕂)

=
N
∑
k=1√ρ(Uℍ ⊗ U𝕂)(|k⟩ℍ ⊗ |k⟩𝕂) = √ρ(Uℍ ⊗ U𝕂)|mN⟩ℍ⊗𝕂

and
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|ϕN⟩ℍ⊗𝕂 := N
∑
j=1√qj(|j⟩ℍ ⊗ |j⟩𝕂) = N

∑
j=1√qj(Vℍ|k⟩ℍ) ⊗ (V𝕂|k⟩𝕂)

=
N
∑
k=1√σ(Vℍ ⊗ V𝕂)(|k⟩ℍ ⊗ |k⟩𝕂) = √σ(Vℍ ⊗ V𝕂)|mN⟩ℍ⊗𝕂.

It follows from Lemma 6.1.4 that

󵄨󵄨󵄨󵄨⟨ψ|ϕ⟩ℍ
󵄨󵄨󵄨󵄨 = lim

N→+∞ 󵄨󵄨󵄨󵄨⟨ψN |ϕN⟩ℍ
󵄨󵄨󵄨󵄨

= lim
N→+∞ 󵄨󵄨󵄨󵄨⟨mN |U

∗
ℍ√ρ√σVℍ ⊗ U𝕂V𝕂|mN⟩ℍ⊗𝕂

= 󵄨󵄨󵄨󵄨tr[UV
∗
ℍ√ρ√σUℍU

∗U∗𝕂V𝕂]󵄨󵄨󵄨󵄨 ≤ tr[|√σ√ρ|] = tr[ρ1/2σρ1/2] = F(ρ, σ), (6.7)
where U : ℍ → 𝕂 is the unitary operator defined by U|k⟩ℍ = |k⟩𝕂. Therefore, we have
proved that

F(ρ, σ) ≥ sup{󵄨󵄨󵄨󵄨⟨ψ|ϕ⟩ℍ⊗𝕂󵄨󵄨󵄨󵄨 | |ψ⟩ℍ×𝕂 ∈ 𝒫ρ, |ϕ⟩ℍ⊗𝕂 ∈ 𝒫σ}.
Now, to complete the proof, it suffices to find |ψ⟩ℍ⊗𝕂 ∈ 𝒫ρ and |ϕ⟩ℍ⊗𝕂 ∈ 𝒫σ such
that |⟨ψ|ϕ⟩ℍ⊗𝕂| = F(ρ, σ). By applying Lemma 6.1.2, we see that √σ√ρ has a polar
decomposition√σ√ρ = U0|√σ√ρ| with U0 a unitary operator.

Let (|i⟩𝕂)+∞i=1 be an orthonormal basis of 𝕂 and let |ψ⟩ℍ⊗𝕂 = ∑+∞i=1 √pi|i⟩ℍ ⊗ |i⟩𝕂
and |ϕ⟩ℍ⊗𝕂 = ∑+∞j=1 √qj|j⟩ℍ ⊗ |j⟩𝕂. Then |ψ⟩ℍ⊗𝕂 ∈ 𝒫ρ and |ϕ⟩ℍ⊗𝕂 ∈ 𝒫σ . Let |k⟩ℍ = |i⟩ℍ
and |k⟩𝕂 = |i⟩𝕂 for i, k = 1, 2, . . .. Then Uℍ = Iℍ, U𝕂 = I𝕂, Vℍ is a unitary operator
determined by Vℍ|i⟩ℍ = |j⟩ℍ. Take |j⟩𝕂 so that V𝕂 = UU∗0VℍU. Then for such choice
of |ψ⟩ℍ⊗𝕂 and |ϕ⟩ℍ⊗𝕂 we have
󵄨󵄨󵄨󵄨⟨ψ|ϕ⟩ℍ⊗𝕂󵄨󵄨󵄨󵄨 = lim

N→+∞ 󵄨󵄨󵄨󵄨⟨ψN |ϕN⟩ℍ⊗𝕂󵄨󵄨󵄨󵄨
= lim

N→+∞ 󵄨󵄨󵄨󵄨⟨mN |√ρ√σ(Vℍ ⊗ V𝕂)|mN⟩ℍ⊗𝕂󵄨󵄨󵄨󵄨 = 󵄨󵄨󵄨󵄨tr[UV∗ℍ√ρ√σU∗V𝕂]󵄨󵄨󵄨󵄨
= 󵄨󵄨󵄨󵄨tr[U

∗V𝕂UV∗ℍU0|√ρ√σ|]
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨tr[|√ρ√σ|]

󵄨󵄨󵄨󵄨 = F(ρ, σ).

This completes the proof of the theorem.

By checking the proof of the above theorem, it is easily seen that the following
holds.

Corollary 6.1.6. Letℍand𝕂be separable infinite-dimensional complexHilbert spaces.
For any quantum states ρ and σ onℍ, we have

F(ρ, σ) = max{󵄨󵄨󵄨󵄨⟨ψ0|ϕ⟩ℍ⊗𝕂󵄨󵄨󵄨󵄨 | |ϕ⟩ℍ⊗𝕂 ∈ 𝒫σ}

= max{󵄨󵄨󵄨󵄨⟨ψ|ϕ0⟩ℍ⊗𝕂󵄨󵄨󵄨󵄨 | |ψ⟩ℍ⊗𝕂 ∈ 𝒫σ},
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where |ψ0⟩ℍ⊗𝕂 is any fixed purification of ρ of the form |ψ0⟩ = ∑
+∞
i=1 √pi|i⟩ℍ ⊗ |i⟩𝕂 with

{|i⟩𝕂}+∞i=1 an orthonormal basis of𝕂 and |ϕ0⟩ℍ⊗𝕂 is any fixed purification of σ of the form
|ϕ0⟩ℍ⊗𝕂 = ∑+∞j=1 √qj|j⟩ℍ ⊗ |j⟩𝕂 with {|j⟩𝕂}+∞j=1 being an orthonormal bases𝕂.

The fidelity F(⋅, ⋅) : 𝒮(ℍ) × 𝒮(ℍ) → [0, 1] is not a distance/metric because it does
not meet the triangular inequality. However, like the finite-dimensional case, by use
of Theorem 6.1.5 and Corollary 6.1.6, one can show that the arc-cosine of fidelity is a
distance/metric.

Corollary 6.1.7. A(ρ, σ) := arccos F(ρ, σ) is a distance/metric on 𝒮(ℍ). That is,
(i) 0 ≤ A(ρ, σ) for all ρ, σ ∈ 𝒮(ℍ);
(ii) A(ρ, σ) = A(σ, ρ) for all σ, ρ ∈ 𝒮(ℍ);
(iii) A(ρ, σ) = 0 if and only if ρ = σ;
(iv) A(ρ,ω) ≤ A(ρ, σ) + A(σ,ω) for all ρ, σ,ω ∈ 𝒮(ℍ).

The following proposition states that the fidelity F(⋅, ⋅) : 𝒮(ℍ) × 𝒮(ℍ) → [0, 1]
satisfies strong concavity condition.

Proposition 6.1.8 (Strong concavity of fidelity). Let {pi}i∈𝕀 and {qi}i∈𝕀 be probability
distributions over the same index set 𝕀, and let ρi and σi be quantum states onℍ also
indexed by the same index set. Then

F(∑
i
piρi,∑

i
qiσi) ≥ ∑

i
√piqiF(ρi, σi). (6.8)

Sketch of proof. We only outline the proof, using Uhlmann’s theorem (see Theo-
rem 6.1.5), as follows. (i) Use the Uhlmann theorem to prove monotonicity of the
fidelity under partial trace. (ii) Let ρ (resp., σ) denote the density operator corre-
sponding to an ensemble of states {pi, ρi}mi=1 (resp., {qi, σi}mi=1). For each i ∈ {1, 2, . . . ,m},
let |ψρi⟩ (resp., |ψσi⟩) denote a purification of ρi (resp., σi). (iii) Find a purification |ψρ⟩
of ρ (resp., |ψσ⟩ of σ) in terms of the |ψρi⟩ (resp., |ψσi⟩). (iv) Using the above, we can
prove joint concavity of the fidelity, i. e.,

F(
m
∑
i=1 piρi, m∑i=1 qiσi) ≥ m

∑
i=1√piqiF(ρi, σi).

This provides an outline for the proof. Interested readers are invited to fill in the details
of the proof.

The corollary below follows from the above proposition by choosing p1 = p2 = 1/2
and q1 = q2 = 1/2.

Corollary 6.1.9 (Superadditivity). Let ρi,ωi ∈ 𝒮(ℍ) for i = 1, 2. Then

F(ρ1 + ρ2,ω1 + ω2) ≥ F(ρ1,ω1) + F(ρ2,ω2).
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The following computational formula for infinite-dimensional fidelity will be use-
ful later on.

Theorem 6.1.10 (Hou and Qi [90]). Letℍ be a separable infinite-dimensional complex
Hilbert space. Then, for any states ρ, σ ∈ 𝒮(ℍ), we have

F(ρ, σ) = inf{Em} F(pm, qm) := inf{Em} +∞∑m=1√pm√qm, (6.9)

where the infimum is over all POVMs {Em}+∞m=1 defined on ℍ, and pm = tr[ρEm],
qm = tr[σEm] are the probability distributions for ρ and σ corresponding to the POVM
{Em}. Moreover, the infimum attains the minimum if and only if the operator M =
ρ[−1/2]√ρ1/2σρ1/2ρ[−1/2] is diagonal.
Proof. We follow the proof provided by [90] below. Let {Em}+∞m=1 be a POVM defined
onℍ. Then Em ≥ 0ℍ and∑

+∞
m=1 Em = Iℍ; here, the series converges under the operator

topology ‖⋅‖∞. By Lemma6.1.2, there exists a unitary operatorU such that√ρ1/2σρ1/2 =
U√σ√ρ. Thus, by the Cauchy–Schwarz inequality and Proposition 1.8.6,

F(ρ, σ) = tr[U√σ√ρ] =
+∞
∑
m=1 tr[U√σ√Em√Em√ρ]

≤
+∞
∑
m=1√tr[ρEm] tr[σEm] = +∞∑m=1√pmqm = F(pm, qm). (6.10)

Hence, we have

F(ρ, σ) ≤ inf{Em} F(pm, qm).
Next, we show that the equality holds in the above inequality, i. e., equation (6.9)
holds. By the spectral decomposition, there is an orthonormal basis {|i⟩ℍ}+∞i=1 of ℍ
such that ρ = ∑i ri|i⟩ℍ⟨i| with ∑i ri = 1. For any positive integer n, let ℍn be the
n-dimensional subspace spannedby {|i⟩ℍ}ni=1 andPn be theprojection fromℍontoℍn.
Define ρn = α−1n PnρPn and σn = β−1n PnσPn, where αn = tr[PnρPn] and βn = tr[PnσPn].
Clearly, limn→+∞ αn = 1, limn→+∞ βn = 1, limn→+∞ ‖ρn − ρ‖∞ = 0 and limn→+∞ ‖σn −
σ‖∞ = 0.

Consequently, we see that limn→+∞ ‖ρn − ρ‖1 = 0 and limn→+∞ ‖σn − σ‖1 = 0. It
follows that

lim
n→+∞󵄩󵄩󵄩󵄩√ρ1/2n σnρ

1/2
n − √ρ1/2σρ1/2󵄩󵄩󵄩󵄩1 = 0,

which implies that limn→+∞ F(ρn, σn) = F(ρ, σ). So, for any ϵ > 0, there exists some N1
such that
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󵄨󵄨󵄨󵄨F(ρ, σ) − αnβnF(ρn, σn)
󵄨󵄨󵄨󵄨 ≤ ϵ/2 (6.11)

whenever n > N1.
On the other hand, note that

lim
n→+∞√αnβn tr[ρPn] = 1 and lim

n→+∞√αnβn tr[σPn] = 1.
Thus, for the above ϵ > 0, there exists some N2 such that whenever n > N2.

󵄨󵄨󵄨󵄨1 − √αnβn tr[ρPn]
󵄨󵄨󵄨󵄨 ≤ ϵ/2 and 󵄨󵄨󵄨󵄨1 − √αnβn tr[σPn]

󵄨󵄨󵄨󵄨 ≤ ϵ/2 (6.12)

whenever n > N2. Now, consider ρn and σn for n ≥ max{N1,N2}. With respect to the
space decompositionℍ = ℍn ⊗ ℍ⊥n , we have

ρn = (
ρ0 0
0 0
) and σn = (

σ0 0
0 0
) ,

where ρ0, σ0 ∈ 𝒮(ℍn). Applying (6.9) to ρ0 and σ0, there exists POVM {E′m}nm=1 ⊂ B(ℍn)
with∑nm=1 E′m = In, where In is an identity operator onℍn such that

F(ρ0, σ0) =
n
∑
m=1√tr[ρ0E′m] tr[σ0E′m].

Let Em = E′m ⊕ {0} and En+1 = I − Pn. It is obvious that ∑n+1m=1 Em = I and
F(ρn, σn) = F(ρ0, σ0) =

n
∑
m=1√tr[ρ0E′m] tr[σ0E′m] = n+1

∑
m=1√tr[σnEm] tr[σnEm].

Now define Fm = √αnβnPnEmPn form = 1, 2, ⋅ ⋅ ⋅ , n + 1 and F0 = I − √αnβnPn. It is clear
that {Fm} is a POVM. Furthermore,

n+1
∑
m=1 tr[ρFm] tr[σFm] = n+1

∑
m=1√αnβn tr[PnρPnEm] tr[PnσPnEm]
=

n+1
∑
m=1 αnβn√tr[ρnEm] tr[σnEm] = αnβnF(ρn, σn) (6.13)

Hence, by (6.11)–(6.13), we get

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
F(ρ, σ) −

n+1
∑
m=0√tr[ρFm] tr[σFm]

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
F(ρ, σ) −

n+1
∑
m=1√tr[ρFm] tr[σFm]

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
+ √tr[ρF0] tr[σF0]
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= 󵄨󵄨󵄨󵄨F(ρ, σ) − αnβnF(ρn, σn)
󵄨󵄨󵄨󵄨

+ √(1 − √αnβn tr[ρPn])(1 − √αnβn tr[σPn]) < ϵ/2 + ϵ/2 = ϵ.

Thus, we have proved that, for any ϵ > 0, there exists some POVM {Fm} such that

F(pm, qm) < F(ρ, σ) + ϵ,

where pm = tr[ρFm] and qm = tr[σFm] are the probability distributions for ρ and σ
corresponding to the POVM {Fm}. So, (6.9) is true. It is clear that the infimum of (6.9)
attains the minimum if and only if there exists a POVM {Em} such that the Cauchy–
Schwarz inequality is satisfied with the equality for each term in the sum of (6.10),
i. e.,

√Em√ρ = λm√Em√ρU
∗ (6.14)

for some set of numbers λm ≥ 0. Note that

√ρ1/2σρ1/2 = U√σ√ρ = √ρ√σU∗
we get that the range(√ρ1/2σρ1/2) ⊂ rangle(ρ1/2), and hence

√σU∗ = ρ[−1/2]√ρ1/2σρ1/2. (6.15)

Substituting (6.15) into (6.14), we find that

√Em√ρ = λm√Emρ
[−1/2]√ρ1/2σρ1/2 (6.16)

for eachm. It follows that √Em√ρ ̸= 0 implies that λm ̸= 0. While, if √Em√ρ = 0, one
may take λm = 0. Let

ℍ0 = span({range(√Em | √Em√ρ = 0)}),

and P0 be the projection ontoℍ0. Then (6.16) implies that (6.14) is equivalent to

√Em(I − P0 − λmM) = 0 (6.17)

holds for allm, whereM = ρ[−1/2]√ρ1/2σρ1/2ρ[−1/2] (may be unbounded). Now it is easily
seen that the closure of range(√Em) reducesM to the scalar operator λ−1m if√Em√ρ ̸= 0,
and ker(M) = ℍ0. Thus, 0, λ−1m σp(M), the point spectrum (i. e., eigenvalues) ofM. Since
∑m Em = I, we see that⨁m range(Em) = ℍ and the spectrum ofM,

σ(M) ⊆ {0, λ−1m } = σp(M).
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So, M must be diagonal. Conversely, if M is diagonal, say M = ∑m γm|m⟩ℍ⟨m| with
{|m⟩ℍ} an orthonormal basis ofℍ. Let λm = γ−1m if γm ̸= 0; λm = 0 if γm = 0. Then the
POVM {Em = |m⟩ℍ⟨m|} satisfies (6.17), and thus (6.16). Hence,

F(ρ, σ) = ∑
m
√tr[ρEm] tr[σEm] = F(pm, qm).

This completes the proof of theorem.

The following result reveals that the trace distance and the fidelity are topologi-
cally equivalentmeasures of closeness for quantum states of infinite-dimensional sys-
tems.

Theorem 6.1.11. Let ℍ be an infinite-dimensional separable complex Hilbert space.
Then

1 − F(ρ, σ) ≤ 1
2
‖ρ − σ‖1 ≤ √1 − F(ρ, σ)2, ∀ρ, σ ∈ 𝒮(ℍ). (6.18)

Proof. 1. We first prove that 1
2 ‖ρ − σ‖1 ≤ √1 − F(ρ, σ)

2 for all ρ, σ ∈ 𝒮(ℍ).
(A). Assume that both ρ = |a⟩ℍ⟨a| and σ = |b⟩ℍ⟨b| are pure states.
Then

1
2
‖ρ − σ‖1 =

1
2
󵄩󵄩󵄩󵄩|a⟩ℍ − |b⟩ℍ

󵄩󵄩󵄩󵄩1 ≤ √1 − F(|a⟩ℍ, |b⟩ℍ) = √1 − F(ρ, σ)2.

(B). Let ρ and σ be any two states, and let |ψ⟩ℍ⊗𝕂 and |σ⟩ℍ⊗𝕂 be purifications chosen
such that F(ρ, σ) = |⟨ψ|ϕ⟩ℍ⊗𝕂| by Theorem 6.1.5. Since the trace distance is nonin-
creasing under the partial trace, we see that

1
2
‖ρ − σ‖1 =

1
2
‖|ψ⟩ℍ⊗𝕂‖1 ≤ √1 − F(|ψ⟩ℍ⊗𝕂, |ϕ⟩ℍ⊗𝕂)2 = √1 − F(ρ, σ)2.

This establishes the inequality

1
2
‖ρ − σ‖1 ≤ √1 − F(ρ, σ)2. (6.19)

2. To see the other inequality (6.18) is true, Theorem 6.1.10 is needed.
For any given ϵ > 0, by Theorem 6.1.10, we may take a POVM {Em} such that

F(ρ, σ) ≤ F(pm, qm) = ∑
m
√pmqm < F(ρ, σ) + ϵ, (6.20)

where pm = tr[ρEm] and qm = tr[σEm] are the probabilities for obtaining outcomem for
the states ρ and σ, respectively. Observe that, for both finite- and infinite-dimensional
cases, we have
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1
2
‖ρ − σ‖1 = max{Em} 12 |pm − qm|, (6.21)

where the maximum is over all POVM {Em}. It follows from (6.21) and that

∑
m
(√pm − √qm)

2 = ∑
m
pm +∑

m
qm − 2F(pm, qm) = 2(1 − F(pm, qm)),

that

2(1 − F(ρ, σ)) − 2ϵ < 2(1 − F(pm, qm)) = ∑
m
(√pm − √qm)

2

≤ ∑
m
|√pm − √qm|(√pm + √qm) = ∑

m
|pm − qm| ≤ ‖ρ − σ‖1.

Thus, we have proved that

(1 − F(ρ, σ)) − ϵ < 1
2
‖ρ − σ‖1

holds for any ϵ > 0. This forces that

1 − F(ρ, σ) ≤ 1
2
‖ρ − σ‖1,

which, combining the inequality (6.16), completes the proof of the theorem.

6.1.2 Bures distance

The Bures distance between ρ and σ, denoted by β(ρ, σ), is defined as

β(ρ, σ) = √2(1 − √F(ρ, σ)), (6.22)

where F(ρ, σ) is the fidelity of ρ and σ defined in (6.1).
We have the following proposition, which is a direct consequence of Theo-

rem 6.1.11.

Proposition 6.1.12. For ρ, σ ∈ 𝒮(ℍ), we have

1
2
‖ρ − σ‖1 ≤ β(ρ, σ) ≤ √‖ρ − σ‖1. (6.23)

6.2 Channel fidelity

Based on the concepts developed in Subsection 6.1.1, we now investigate the fidelity
of the channel output of the quantum states ρ, σ ∈ 𝒮(ℍA), F(Φ(ρ),Φ(σ)), where Φ is
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a quantum channel from 𝒮(ℍA) to 𝒮(ℍB). The channel output fidelity F(Φ(⋅),Φ(⋅)) :
𝒮(ℍA) × 𝒮(ℍA) → [0, 1] will be referred to as channel fidelity.

6.2.1 Monotonicity of channel fidelity

Several remarkable properties of channel fidelity in the finite-dimensional case are
still valid for infinite-dimensional case. For instance, the following monotonicity of
the fidelity holds for both finite- and infinite-dimensional systems.

Proposition 6.2.1 (Monotonicity of channel fidelity). LetΦ ∈ QC(A,B). Then

F(Φ(ρ),Φ(σ)) ≥ F(ρ, σ), ∀ρ, σ ∈ 𝒮(ℍA). (6.24)

Proof. We use the Uhlmann Theorem 6.1.5 by defining a purification of the states; one
can easily prove that the fidelity can be rewritten as the following semidefinite pro-
gramming problem (SDP):

F(ρ, σ) = max
X
{
1
2
tr[X + X∗] 󵄨󵄨󵄨󵄨 ( ρ X

X∗ σ
) ≥ 0} ,

where the above maximum is taken over all X ∈ B(ℍA). Now let Φ ∈ QC(A,B) and let
X ∈ B(ℍA) be any feasible point of the above SDP. As Φ is a complete positive map,
we have

(
ρ X
X∗ σ

) ≥ 0 󳨐⇒ ( Φ(ρ) Φ(X)
Φ(X∗) Φ(σ)

) ≥ 0.

Furthermore, tr[X + X∗] = tr[Φ(X) + Φ(X∗)] as Φ : 𝒮(ℍA) → 𝒮(ℍB) is trace preserv-
ing. Thus, we can show that for every feasible point X of the SDP for F(ρ, σ), we can
define a feasible point Φ(X) of the SDP for F(Φ(ρ),Φ(σ)), which has the same objec-
tive value. As we are taking a maximization point over all feasible points, we have
F(ρ, σ) ≤ F(Φ(ρ),Φ(σ)). This proves the proposition.

6.2.2 Ensemble average and entanglement fidelities

For the finite-dimensional case, ensemble average fidelity and entanglement fidelity
are two kinds of important fidelities connected to a quantum channel. In this subsec-
tion, we give the definitions of ensemble average fidelity and entanglement fidelity
connected to a quantumchannel for an infinite- dimensional system, anddiscuss their
relationship.

The presentation in this subsection is largely based on results obtained by Hou
and Qi [90].
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Letℍ be an infinite-dimensional separable complex Hilbert space and let a quan-
tum channel Φ : 𝒮(ℍ) → 𝒮(ℍ) be a quantum channel. As in the finite-dimensional
case (see, e. g., Wilde [178]), for such quantum channel Φ and a given ensemble
{pj, ρj}+∞j=1 , one can define ensemble average fidelity F̄({pi, ρi},Φ) by

F̄({pi, ρi},Φ) = ∑
i
piF(ρi,Φ(ρi))

2
, (6.25)

whereF(ρi,Φ(ρi))denotes thefidelity between the input stateρi and its channel output
state Φ(ρi), which are both on the same Hilbert spaceℍ.

Similarly, for a state ρ, one can define the entanglement fidelity Fef(⋅, ⋅) : 𝒮(ℍ) ×
QC(ℍ) → [0, 1] by

Fef(ρ,Φ) = F(|ψ⟩ℍ⊗ℍ, (Φ ⊗ I)(󵄨󵄨󵄨󵄨ψ⟩ℍ⊗ℍ⟨ψ󵄨󵄨󵄨󵄨))2
= ⟨ψ󵄨󵄨󵄨󵄨(Φ ⊗ I)(|ψ⟩ℍ⊗ℍ⟨ψ|)󵄨󵄨󵄨󵄨ψ⟩ℍ⊗ℍ, (6.26)

where |ψ⟩ ∈ ℍ ⊗ ℍ is a purification of ρ. Note that the definition of Fef(ρ,Φ) does not
depend on the choices of purifications. To see this, let |ψ⟩ℍ⊗ℍ = ∑j√pj|j⟩ℍ ⊗ |μj⟩ℍ be
any purification, where {|j⟩ℍ} is an orthonormal basis and {|μj⟩ℍ} is an orthonormal
set ofℍ. By Kraus representation (4.12), there exists a sequence of operators (Ei)+∞i=1 ⊂
B(ℍ) with ∑i E

∗
i Ei = Iℍ such that

Φ(σ) = ∑
i
EiσE
∗
i , ∀σ ∈ 𝒮(ℍ).

Thus,

Fef(ρ,Φ) = ∑
i
⟨ϕ|(Ei ⊗ I)(|ψ⟩ℍ⊗ℍ⟨ψ|)(E∗i ⊗ I)|ψ⟩ℍ⊗ℍ

= ∑
i
⟨ϕ|∑

j,k √pjpk(Ei ⊗ I)(|j⟩ℍ ⊗ |μj⟩ℍ)⟩ℍ⊗ℍ
× (⟨k| ⊗ ⟨μk |)(E

∗
i ⊗ I)|ψ⟩ℍ⊗ℍ

= ∑
i
∑
j,k pjpk⟨j|Ei|j⟩ℍ⟨k|E∗i |k⟩ℍ = ∑i tr[Eiρ], (6.27)

which is dependent only on ρ and Φ but not on its purification.
In the sequel, we will give some properties of entanglement fidelity for infinite-

dimensional systems. First note that, by monotonicity of the fidelity (6.24), it is easily
checked that

Fef(ρ,Φ) ≤ F
2(ρ,Φ(ρ)), ∀(ρ,Φ) ∈ 𝒮(ℍ) ×QC(ℍ). (6.28)

We have the following result regarding the convexity of the function Fef(⋅,Φ).
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Proposition 6.2.2. Letℍ be an infinite-dimensional separable complex Hilbert space.
Assume that Φ : 𝒮(ℍ) → 𝒮(ℍ) is a quantum channel. Then the entanglement fidelity
Fef(⋅,Φ) : 𝒮(ℍ) → [0, 1] is a convex function.

Proof. Take any states ρ1, ρ2 ∈ 𝒮(ℍ). Define a real function f : ℝ → ℝ by

f (x) = Fef(xρ1 + (1 − x)ρ2,Φ), ∀x ∈ ℝ.

By using (6.27) and elementary calculus, one sees that the second derivative of f is

f ′′(x) = ∑
i

󵄨󵄨󵄨󵄨tr[(ρ1 − ρ2)Ei]
󵄨󵄨󵄨󵄨
2

Hence, f ′′(x) ≥ 0, which implies that F(⋅,Φ) : 𝒮(ℍ) → [0, 1] is convex, as desired.

Proposition 6.2.3. Letℍ be an infinite-dimensional separable complex Hilbert space.
Assume that Φ : 𝒮(ℍ) → 𝒮(ℍ) is a quantum channel. Then for any given ensemble
{pj, ρj}, we have Fef(∑i pjρj,Φ) ≤ F̄({pi, ρi},Φ).

Proof. For any k ∈ ℕ, let λk = ∑
k
j=1 pj. Then, by Proposition 6.2.2 we have

Fef(∑
j
pjρj,Φ)

= Fef(λk(
k
∑
j=1 pjλk ρj) + (1 − λk) +∞∑j=k+1 pj

1 − λk
ρj,Φ)

≤ λkFef(
k
∑
j=1 pjλk ρj,Φ) + (1 − λk)Fef( +∞∑j=k+1 pjρj,Φ)

≤ λk
k
∑
j=1 pjλk Fef(ρj,Φ) + (1 − λk)Fef( +∞∑j=k+1 pjρj,Φ)

=
k
∑
j=1 pjFef(ρj,Φ) + (1 − λk)Fef( +∞∑j=k+1 pj

1 − λk
ρj,Φ). (6.29)

Note that 0 ≤ Fef(ρ,Φ) ≤ 1 and

lim
k→+∞ λk = +∞∑j=1 pj = 1.

So limk→+∞(1 − λk)Fef(∑+∞j=k+1 ρj,Φ) = 0. Thus, for any ϵ > 0, there exists some N such
that whenever k > N . It follows from (6.29) that

Fef(∑
j
pjρj,Φ) <

+∞
∑
j=1 pjFef(ρj,Φ) + ϵ.
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By the arbitrariness of ϵ and (6.28), we obtain that

Fef(
+∞
∑
j=1 pjρj,Φ) ≤ +∞∑j=1 pjFef(ρj,Φ) ≤ +∞∑j=1 pjF2(ρj,Φ(ρj)) ≤ F̄({pi, ρi},Φ).

This complete the proof of the proposition.

6.3 Norms on unconstrained channels

In this section,we explore variousnormsormetrics onQC(A,B), the space of quantum
channels from 𝒮(ℍA) to 𝒮(ℍB).

6.3.1 Diamond norm

For any quantum channel Φ : 𝒮(ℍA) → 𝒮(ℍB), we define the diamond norm ‖Φ‖⬦ of
Φ as

‖Φ‖⬦ = sup
ρ∈𝒮(ℍAR)󵄩󵄩󵄩󵄩(Φ ⊗ IR)(ρ)󵄩󵄩󵄩󵄩1, (6.30)

whereR is any reference quantum system represented by theHilbert spaceℍR,ℍAR :=
ℍA ⊗ ℍR, and IR is the identity operator on 𝒮(ℍR).

The diamond-norm metric between quantum channels is widely used in finite
dimensions as a measure of distinguishability between these channels. But the
topology (convergence) generated by the diamond-norm metric on the set of infinite-
dimensional quantum channels is too strong for analysis of real variations of such
channels (see Shirokov [152, 153]).

6.3.2 Complete boundedness norm

Recall from Proposition 4.1.5 that a linear map ϒ from C∗-algebra 𝒜 to another C∗-
algebra ℬ is completely positive if and only if ϒ : 𝒜 ⊗ℳn → ℬ ⊗ℳn is positive for
each n ∈ ℕ.

The concept of complete boundedness to be defined below is closely related to
completely positivity characterized in Proposition 4.1.5. The norm of complete bound-
edness for a linear map between two C∗-algebras𝒜 and ℬ is defined as follows.

Definition 6.3.1. Let ϒ : 𝒜 → ℬ be a linear map between C∗-algebras 𝒜 and ℬ. The
norm of complete boundedness ‖ϒ‖cb of ϒ is defined as

‖ϒ‖cb = sup
n∈ℕ ‖ϒ ⊗ I(n×n)‖∞, (6.31)
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where I(n×n) is the identitymap of n×n complexmatrices (i. e., I(n×n) is an n×n identity
matrix). The map ϒ is called a completely bounded map if ‖ϒ‖cb < ∞.

Equivalently, ϒ : 𝒜 → ℬ is completely bounded if and only if the linear map ϒn
that maps n × nmatrices in𝒜 ⊗ℳn to n × nmatrices in ℬ ⊗ℳn defined by

(

a11 a12 . . . a1n
a21 a22 . . . a2n
...

...
. . .

...
an1 an2 . . . ann

) 󳨃→(

ϒ(a11) ϒ(a12) . . . ϒ(a1n)
ϒ(a21) ϒ(a22) . . . ϒ(a2n)

...
...

. . .
...

ϒ(an1) ϒ(an2) . . . ϒ(ann)

) (6.32)

is uniformly bounded for all n ∈ ℕ. That is, supn∈ℕ ‖ϒn‖∞ < +∞.
Note that any completely positive map ϒ : 𝒜→ ℬ is completely bounded, and we

have

‖ϒ‖cb = ‖ϒ‖∞ = ‖ϒ(I𝒜)‖∞ = 󵄩󵄩󵄩󵄩V∗V󵄩󵄩󵄩󵄩∞ = ‖V‖2∞,
where V is a Stinespring dilation for ϒ, and the same operator norm notation ‖ ⋅ ‖∞
for operator on 𝒜 and operator on ℍ. Obviously, ‖ϒ‖∞ ≤ ‖ϒ‖cb for every completely
bounded map ϒ. If the range algebra ℬ is Abelian, we even have equality: ‖ϒ‖∞ =
‖ϒ‖cb. If the domain algebra 𝒜 for the positive linear map ϒ is Abelian, then by The-
orem 4.1.8 ϒ is completely positive, but it is not sufficient to guarantee that bounded
maps are completely bounded (see Paulsen [123]).

Recall from the Stinespring representation (see Theorem 4.3.1) that the linearmap
ϒ : 𝒜→ ℬ is completely positive if and only if it has the form

ϒ(a) = V∗π(a)V, a ∈ 𝒜,

where (π, 𝕂) is a GNS representation of B(ℍ) on 𝕂 for some Hilbert space 𝕂, and
the Stinespring isometry V is a bounded linear operator fromℍ to 𝕂. If the map ϒ is
normal, then the representation π can be chosen to be normal.

The following result regarding equivalence of the operator normof the Stinespring
isometry V and the complete bounded norm on the completely positive map ϒ is due
to Kretschmann–Schlingemann–Werner [99]. The proof for this proposition is rather
tedious and is omitted here. Interested readers are referred to [99] for a proof.

Proposition 6.3.2 (Kretschmann–Schlingemann–Werner [99]). Let ϒ1 and ϒ2 be two
completely positive linear maps from C∗-algebra 𝒜 to C∗-algebra ℬ. Then ϒ1 and
ϒ2 are closed in complete boundedness norm ‖ ⋅ ‖cb if and only if there exist corre-
sponding dilations, V1 and V2, that are closed in operator norm ‖ ⋅ ‖∞. Specifically, we
have
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‖ϒ1 − ϒ2‖cb
√‖ϒ1‖cb + √‖ϒ2‖cb

≤ inf
V1 ,V2
‖V1 − V2‖∞ ≤ √‖ϒ1 − ϒ2‖cd. (6.33)

Proposition 6.3.2 generalizes the uniqueness clause in the Stinespring’s dilation
theorem (see Theorem 4.3.4) to complete positive maps that differ by a finite amount.
As it was observed, uniqueness holds only up to partial isometries on the dilation
spacesℍE . So, one cannot expect that any two dilations satisfy such a norm bound,
only that they can be chosen in a suitable way. Hence, the infimum in (6.33). The norm
of complete boundedness ‖ ⋅ ‖cb that appears in the continuity bound equation (6.33)
is a stabilized version of the standard operator norm: Hence, equation (6.33) will in
general fail to hold if the cb-norm ‖ ⋅ ‖cb is replaced by the standard operator norm
‖ ⋅ ‖∞ (see [99]).

Remark 6.1. As implied in [99], the complete boundedness norm ‖ ⋅ ‖cb is dual to the
diamond-norm ‖⋅‖⬦ in the following sense ‖ϒ‖cb = ‖ϒ∗‖⬦,whereϒ∗ : ℬ∗ → 𝒜∗ denotes
the dual map of ϒ. This duality is frequently used in the realm of quantum comput-
ing (see Aharonov–Kitaev–Nisan [1]). Obviously, by replacing the maps in equation
(6.33) by its dual counterparts, the analogous bounds hold for the diamond norm as
well. The continuity bound equation (6.33) shows that the distance between two com-
pletely positive maps can equivalently be evaluated in terms of their dilations. We call
this distance measure the Bures distance, which is the subject of discussion in the
following subsection.

6.3.3 Bures distance

The Bures distance evaluates the distance between two complete positivemaps, quan-
tum channels and dual quantum channels, in particular, in terms of their dilations.
We first discuss dual quantum channel Φ∗ : B(ℍB) → B(ℍA).

Recall from (6.22) that the Bures distance between quantum states ρ and σ is de-
fined as

β(ρ, σ) = √2(1 − √F(ρ, σ)),

where F(ρ, σ) = ‖√ρ√σ‖1 is the fidelity of ρ and σ.
Let Φ,Ψ ∈ QC(A,B). We define the Bures distance between quantum channels Φ

and Ψ as

β(Φ,Ψ) := sup β((Φ ⊗ IR)(ρ), (Ψ ⊗ IR)(ρ)), ∀ρ ∈ 𝒮(ℍAR) (6.34)

between quantum channels Φ and Ψ, where β(⋅, ⋅) in the right-hand side is the Bures
distance between quantum states defined in equation (6.22) and R is any system.
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Proposition 6.3.3. For any channelsΦ andΨ, we have

1
2
‖Φ −Ψ‖⬦ ≤ β(Φ,Ψ) ≤ √‖Φ −Ψ‖⬦. (6.35)

Proof. This follows immediately from the definition of diamond-norm ‖ ⋅ ‖⬦ (6.30), the
definition of Bures distance β(⋅, ⋅) (6.34) and inequality (6.22),

1
2
‖ρ − σ‖1 ≤ β(ρ, σ) ≤ √‖ρ − σ‖1.

This proves the proposition.

Inequality (6.35) indicates that the topology generated by the diamond norm is
topologically equivalent to the Bures distance.

Remark 6.2. As mentioned in Shirokov [152] and [153], the topology generated by the
diamond norm on the set of infinite-dimensional quantum channels is too strong for
analysis of real variations of such channels: there are infinite-dimensional channels
with close physical parameters such that the diamond-norm distance between them
equals to 2. In this case, it is natural to use the substantially weaker topology of strong
convergence on the set of quantum channels defined by the family of seminormsΦ 󳨃→
‖Φ(ρ)‖1, ρ ∈ 𝒮(ℍA). The convergence of a sequence (Φn)

+∞
n=1 of channels to a channel

Φ0 in this topology means that

lim
n→+∞Φn(ρ) = Φ0(ρ), ∀ρ ∈ 𝒮(ℍA).

An equivalent definition of the Bures distance between two quantum channels
Φ,Ψ ∈ QC(A,B) is given below.

Definition 6.3.4. The Bures distance β(Φ,Ψ) between channels Φ and Ψ can be writ-
ten as

β(Φ,Ψ) = inf ‖VΦ − VΨ‖∞ (6.36)

where the infimum is taken over all common Stinespring representations

Φ(ρ) = trE[VΦρV
∗
Φ] and Ψ(ρ) = trE[VΨρV

∗
Ψ], (6.37)

where VΦ and VΨ are isometries fromℍA toℍBE and V∗Φ and V∗Ψ are their adjoints.

Proposition 6.3.5. The Bures distance β(⋅, ⋅) : QC(A,B) × QC(A,B) → ℝ+ defined in
(6.36) is a metric.

Proof. Positivity and symmetry are immediate from (6.36). Obviously, β(Φ,Φ) ≥ 0.
Conversely, Proposition 6.3.2 shows that β(Φ,Ψ) = 0 entails ‖Φ−Ψ‖cb = 0, and hence,
Φ = Ψ. Thus, it only remains to establish the triangle inequality,
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β(Φ,ϒ) ≤ β(Φ,Ψ) + β(Ψ,ϒ), ∀Φ,Ψ,ϒ ∈ QC(A,B).

LetVΦ,VΨ andVϒ : ℍA → ℍBE be isometries of the Stinespring representations of Φ,
Ψ and ϒ, respectively. That is, for all ρ ∈ 𝒮(ℍA),

Φ(ρ) = trE[VΦρV
∗
Φ], Ψ(ρ) = trE[VΨρV

∗
Ψ] and ϒ(ρ) = trE[VϒρV

∗
ϒ].

Then

β(Φ,ϒ) ≤ ‖VΦ − Vϒ‖∞
≤ ‖VΦ − VΨ‖∞ + ‖VΨ − Vϒ‖∞
= ‖ṼΦ − ṼΨ‖∞ + ‖ṼΨ − Ṽϒ‖∞
= β(Φ,Ψ) + β(Ψ,ϒ),

where ṼΦ, ṼΨ and Ṽϒ are the corresponding minimal Stinespring dilations. This
proves the triangle inequality. Therefore, β(⋅, ⋅) is a metric onQC(A,B).

6.4 Norms on constrained channels

Due to infinite dimensionality of quantum systems whose Hamiltonian takes the form
of anH-operator, situations often happen that the classical and quantum capacity (to
be discussed in later chapters) become infinite when quantum channels are repeat-
edly used. To prevent this from happening, we consider energy constrained quantum
channels that apply to a compact subset 𝒦H(E) of 𝒮(ℍ).

In the following, let H be an H-operator on the input space ℍA (see (3.2) for the
definition where λn, n ≥ 0 were used for the point spectrum of H instead of En used
here for representing energy level H) that represent a Hamiltonian of the quantum
system A. That is, H is an unbounded positive linear operator on ℍA with discrete
spectrum (eigenvalues) of finite multiplicity:

0 ≤ E0 ≤ E1 ≤ ⋅ ⋅ ⋅ ≤ En ≤ ⋅ ⋅ ⋅

with the smallest eigenvalue denoted by E0 = inf‖ϕ‖ℍA=1⟨ϕ|H|ϕ⟩ℍA .
For each E > E0, let 𝒦H(E) be the compact subset of 𝒮(ℍA) defined by

𝒦H(E) = {ρ ∈ 𝒮(ℍA) | tr[Hρ] ≤ E}. (6.38)

In this section, various energy-constrained norms/distances, including operator
norm, diamond norm and Bures distance, for quantum channels are explored.
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6.4.1 Energy-constrained operator norm

Recall that the operator norm ‖A‖∞ of A ∈ B(ℍA) is defined as

‖A‖∞ = sup
φ∈ℍA ‖Aφ‖ℍA‖φ‖ℍA

= sup‖φ‖ℍA=1 ‖Aφ‖ℍA .
In this section, we define an energy-constrained operator norm, denoted by ‖A‖E,
based on the energy level of an H-operator H. The topology generated by ‖ ⋅ ‖E on
B(ℍA) will be compared to that generated by the operator norm ‖ ⋅ ‖∞.

For given E > E0, consider the function ‖ ⋅ ‖E : B(ℍA) → ℝ+ defined by
‖A‖E = sup

ρ∈𝒦H(E)√tr[AρA∗], A ∈ B(ℍA), (6.39)

Proposition 6.4.1. The function ‖ ⋅ ‖E : B(ℍA) → ℝ+ defined in (6.39) is a norm.
Proof. To show that ‖ ⋅ ‖E : B(ℍA) → ℝ+ is a norm, we need to prove that (i) ‖cA|E =
|c|‖A‖E for all c ∈ ℂ and A ∈ B(ℍA); (ii) ‖A + B‖E ≤ ‖A‖E + ‖B‖E for all A,B ∈ B(ℍA);
and (iii) ‖A‖E ≥ 0 for all A ∈ B(ℍA) and ‖A‖E = 0 implies A = 0. The fulfillment of
these three conditions are given below.

(i) It is clear that for all c ∈ ℂ and A ∈ B(ℍA),

‖cA‖E = sup
ρ∈𝒦H(E)√tr[cAρ(cA)∗] = sup

ρ∈𝒦H(E)√tr[c̄cAρA∗]
= |c| sup

ρ∈𝒦H(E)√tr[AρA∗] = |c|‖A‖E .
(ii) Let A,B ∈ B(ℍA), we want to show the triangle inequality

‖A + B‖E ≤ ‖A‖E + ‖B‖E

holds. By the definition of ‖A +B‖E, we take for any ϵ > 0 there exist a state ρ ∈ 𝒦H(E)
such that

‖A + B‖E ≤ √tr[(A + B)ρ(A + B)∗] + ϵ
= √tr[(A + B)∗(A + B)ρ] + ϵ (by Proposition 1.8.4)
≤ √tr[|A + B|2ρ] + ϵ.

Then, by using the spectral decomposition of ρ, basic properties of the norm in ℍA
and the Cauchy–Schwarz inequality (1.2), it is easy to show that

√tr[|A + B|2ρ] ≤ √tr[|A|2ρ] + √tr[|B|2ρ] ≤ ‖A‖E + ‖B‖E .
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Therefore, we have for any arbitrary small ϵ ≥ 0,

‖A + B‖E ≤ ‖A‖E + ‖B‖E + ϵ.

This proves the triangle inequality ‖A + B‖E ≤ ‖A‖E + ‖B‖E .
(iii) It is clear that ‖A‖E ≥ 0 for all A ∈ B(ℍ) and ‖A‖E = 0 implies that A = 0 by

the definition of ‖ ⋅ ‖E . This proves the proposition.

Proposition 6.4.2. For any given A ∈ B(ℍ), the following statements hold:
1. limE→+∞ ‖A‖E = ‖A‖∞.
2. the map E 󳨃→ ‖A‖E is concave and nondecreasing on [E0, +∞[.
3. ‖Aφ‖ℍ ≤ Kφ‖φ‖ℍ for all unit vectors φ ∈ ℍwith finite Eφ := ⟨φ|A|φ⟩ℍ, where Kφ = 1

if Eφ ≤ E and Kφ = √(Eφ − E0)\(E − E0), otherwise.

Proof. Let A ∈ B(ℍ). Then:

1. lim
E→+∞ ‖A‖E = lim

E→+∞ sup
ρ∈𝒦H(E)√tr[AρA∗]

= sup
ρ∈𝒮(ℍ)√tr[AρA∗] (because lim

E→+∞𝒦H(E) = 𝒮(ℍ))

= sup
ρ∈𝒮(ℍ) ‖Aρ‖1‖ρ‖1 = ‖A‖∞.

2. It is clear that the map E 󳨃→ ‖A‖E is nondecreasing on [E0, +∞[ by its definition. To
show the concavity of the map E 󳨃→ ‖A‖E, let E1 and E2 be such that E0 ≤ E1 < E2 < ∞
and 0 ≤ λ ≤ 1, and we have

‖A‖λE1+(1−λ)E2 = sup
ρ∈𝒦H(λE1+(1−λ)E2)√tr[AρA∗] ≤ λ‖A‖E1 + (1 − λ)‖A‖E2 .

This shows that the map E 󳨃→ ‖A‖E is concave.
3. Let φ be any unit vector inℍ with finite Eφ := ⟨φ|H|φ⟩ℍ. Let ϵ > 0 be an arbi-

trarily small positive number and

ρ = (1 − K−2φ )|φϵ⟩ℍ⟨φϵ| + K
−2
φ |φ⟩ℍ⟨φ|,

where φϵ is a vector inℍ such that ⟨φϵ|H|φϵ⟩ℍ ≤ E0 + ϵ. We have

tr[Hρ] = (1 − K−2φ ) tr[H|φϵ⟩ℍ⟨φϵ|] + K
−2
φ tr[H|φ⟩ℍ⟨φ|]

= (1 − K−2φ ) tr[⟨φϵ|H|φϵ⟩ℍ] + K
−2
φ tr[⟨φ|H|φ⟩ℍ]

≤ (1 − K−2φ )(E0 + ϵ) + K−2φ Eφ ≤ E + ϵ,

and hence,
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K−1φ ‖Aφ‖ℍ ≤ √AρA∗ ≤ ‖A‖E+ϵ.
By passing to the limit ϵ ↓ 0, we obtain the required inequality. This proves the propo-
sition.

6.4.2 Constrained diamond norms and Bures distances

LetH be anyH-operator. The energy-constrained diamond norm of quantum channel
Φ : 𝒮(ℍA) → 𝒮(ℍB) is defined by

‖Φ‖E⬦ = sup
ρ∈𝒮(ℍAR),tr[HρA]≤E󵄩󵄩󵄩󵄩(Φ ⊗ IR)ρ󵄩󵄩󵄩󵄩1, E > E0, (6.40)

where R is any quantum system and ρA = trR[ρAR].
We define the energy-constrained Bures distance between the quantum channels

Φ and Ψ : 𝒮(ℍA) → 𝒮(ℍB) as

βE(Φ,Ψ) = sup
ρ∈𝒮(ℍAR),tr[HρA]≤E β((Φ ⊗ IR)ρ, (Ψ ⊗ IR)ρ), E > E0, (6.41)

where β(⋅, ⋅) is the Bures distance defined in equation (6.34).

Proposition 6.4.3. The following inequalities hold:

1
2
‖Φ −Ψ‖E⬦ ≤ βE(Φ,Ψ) ≤ √‖Φ −Ψ‖E⬦ (6.42)

Proof. The inequality follows easily from the definition energy-constrained diamond
norm ‖ ⋅ ‖E⬦ (see equation (6.40)), the definition of energy-constrained Bures distance
βE(⋅, ⋅) (see equation (6.41)) and inequality (6.35). This proves the proposition.

Lemma 6.4.4. Let H be an H-operator on ℍA and let E > E0, where E0 :=
inf‖φ‖ℍA=1⟨φ|H|φ⟩A is the smallest eigenvalue of H. For any arbitrary quantum chan-
nel Φ from A to B, there exist a separable Hilbert spaceℍE and a Stinespring isometry
VΦ : ℍA → ℍBE of the channelΦwith the following property: for any quantum channel
Ψ from A to B, there is a Stinespring isometry VΨ : ℍA → ℍBE ofΨ such that

‖VΨ − VΦ‖E = βE(Ψ,Φ).

Proof. A sketch of the proof Let VΦ be the isometry from any Stinespring representa-
tion with infinite-dimensional environment space ℍE and ṼΦ the isometry from ℍA
into

ℍB ⊗ (ℍE1 ⊕ ℍE2) = (ℍB ⊗ ℍE1) ⊕ (ℍB ⊗ ℍE2),
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whereℍE1 andℍE2 are copies ofℍE, defined by setting ṼΦ|φ⟩A = VΦ|φ⟩A ⊕ |0⟩E for
any φ ∈ ℍA. Since any separable Hilbert space can be isometrically embedded into
ℍE, we may assume that any channel Ψ from A to B has a Stinespring representa-
tion with the same environment space ℍE . Denote by VΨ the Stinespring isometry
of the channel Ψ in this representation. The arguments from the proof of Proposi-
tion 1 in Shirokov [154] (obtained by simple modification of the proof of Theorem 1
in Kretschmann–Schlingemann–Werner [99]) show that βE(Ψ,Φ) = ‖VΨ − VΦ‖E for
the Stinepring isometry ṼΨ : ℍA → ℍB ⊗ (ℍE1 ⊕ ℍE2) of the channel Ψ defined by
setting

ṼΨ|φ⟩ = (IB ⊗ CΨ)VΨ|φ⟩ ⊕ (IB ⊗ √IE − C∗ΨCΨ)VΨ|φ⟩

for any |φ⟩ ∈ ℍA, where CΨ ∈ B(ℍE) is a particular contraction. This implies the
assertion of the lemma with the isometry ṼΨ in the role of VΨ. This provides a sketch
of the proof.

Proposition 6.4.5. LetH be anyH-operator defined onℍA. For any E > E0, the function
(Φ,Ψ) 󳨃→ βE(Φ,Ψ) defined in (6.41) is a real metric on QC(A,B), which can be repre-
sented as follows:

βE(Φ,Ψ) = inf( sup
ρ∈𝒦H(E)√tr[(VΦ − VΨ)ρ(V∗Φ − V∗Ψ)]), (6.43)

where the infimum is over all common Stinespring representations

Φ(ρ) = trE[VΦρV
∗
Φ] and Ψ(ρ) = trE[VΨρV

∗
Ψ]. (6.44)

Proof. We want to show the right-hand side of (6.43) equals the right-hand side of
(6.41). Denote by β′E(Φ,Ψ) the right-hand side of (6.43). Let 𝒦H(E) be the subset of
𝒮(ℍA)definedby (3.2) and let𝒩 (Φ,Ψ) = ⋃V∗ΦVΨ, where the union is over all common
Stinespring representations (6.44). Then it is easy to see that

β′E(Φ,Ψ) = inf( sup
ρ∈𝒦H(E)√tr[(VΦ − VΨ)ρ(V∗Φ − V∗Ψ)])

= inf
N∈𝒩 (Φ,Ψ) sup

ρ∈𝒦H(E)√2 − 2ℜ(tr[Nρ]). (6.45)

In the following, we show that𝒩 (Φ,Ψ) =ℳ(Φ,Ψ), where

ℳ(Φ,Ψ) = {V∗Φ(IB ⊗ C)VΨ | C ∈ B(ℍE), ‖C‖∞ ≤ 1},
defined via some fixed common Stinespring representation (6.44). It would imply, in
particular, thatℳ(Φ,Ψ) does not depend on this representation.

To show thatℳ(Φ,Ψ) ⊆ 𝒩 (Φ,Ψ), it suffices to find for any contractionC ∈ B(ℍE)
a commonStinespring representation forΦ andΨwith the isometries ṼΦ and ṼΨ from
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ℍA to ℍB ⊗ ℍẼ such that Ṽ∗ΦṼΨ = ṼΦ(IB ⊗ C)VΨ. Let HẼ = ℍ
1
E ⊗ ℍ

2
E, where ℍ

1
E

andℍ2E are copies ofℍE . For given C, define the isometries ṼΦ and ṼΨ fromℍA into
ℍB ⊗ (ℍE1 ⊕ ℍE2 ) by setting

ṼΦ|φ⟩A = VΦ|φ⟩A ⊕ |0⟩

and

ṼΨ|φ⟩A = ((IB ⊗ C)VΨ|φ⟩A) ⊕ (IB ⊗ √IE − C∗CVΨ|φ⟩A)

for any φ ∈ ℍA, where we assume that the isometries VΦ and VΨ act fromℍA toℍB ⊗
ℍ1E andℍB⊗ℍ

2
E correspondingly,while the contractionC acts fromℍ

2
E toℍ

1
E . It is easy

to see that the isometries ṼΦ and ṼΨ formacommonStinespring representation for the
channels Φ and Ψ with the required property. This proves thatℳ(Φ,Ψ) ⊆ 𝒩 (Φ,Ψ).

To prove that 𝒩 (Φ,Ψ) ⊆ ℳ(Φ,Ψ), take any common Stinespring representation
for Φ and Ψ with the isometries ṼΦ and ṼΨ fromℍA toℍB ⊗ ℍẼ . By Definition 5.2.2
and (5.4), there exist partial isometriesWΦ andWΨ fromℍE toℍẼ such that

ṼΦ = (IB ⊗WΦ)VΦ and ṼΨ = (IB ⊗WΨ)VΨ.

Therefore, Ṽ∗ΦṼΨ = Ṽ∗Φ(IB ⊗W∗ΦWΨ)VΨ ∈ℳ(Φ,Ψ), since ‖W∗ΦWΨ‖∞ ≤ 1. This shows
that𝒩 (Φ,Ψ) ⊆ℳ(Φ,Ψ).

Since 𝒩 (Φ,Ψ) = ℳ(Φ,Ψ), the infimum in (6.45) can be taken over the set
ℳ(Φ,Ψ). This implies

β′E(Φ,Ψ) = inf
C∈B1(ℍE) sup

ρ∈𝒦H(E)√2 − 2ℜ(tr[V∗Φ(IB ⊗ C)VΨρ])

= sup
ρ∈𝒦H(E) inf

C∈B1(ℍE)√2 − 2ℜ(tr[V∗Φ(IB ⊗ C)VΨρ]), (6.46)

where the possibility to change the order of the optimization follows from Ky Fan’s
well-known minimax theorem (see Simons [165]) and the σ-weak compactness of the
closed unit ballB1(ℍE) ofB(ℍE) (by the Banach–Alaoglu Theorem 1.1.4). It is easy to
see that

sup
C∈B1(ℍE)ℜ(tr[V∗Φ(IB ⊗ C)VΨρ])

= sup
C∈B1(ℍE)󵄨󵄨󵄨󵄨⟨(VΦ ⊗ IR)φ|IBR ⊗ C|V ⊗ IR⟩AR

󵄨󵄨󵄨󵄨, (6.47)

where R is any system and φ is a purification of ρ, i. e., a vector in ℍAR such that
trR[|φ⟩AR⟨φ|] = ρ.

Since for any common Stinespring representation (6.44) and any system R, the
vectors (VΦ ⊗ IR)|φ⟩AR and (VΨ ⊗ IR)|φ⟩AR in ℍBER are purifications of the states
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(Φ ⊗ IR)(|φ⟩AR⟨φ|) and (VΨ ⊗ IR)(|φ⟩AR⟨φ|) in 𝒮(ℍBR), by using the relation𝒩 (Φ,Ψ) =
ℳ(Φ,Ψ) proved earlier and Uhlmann’s Theorem 6.1.5, it is easy to show that the
quantity in the right-hand side, of (6.47) coincides with the fidelity of the states
(Φ ⊗ IR)(|φ⟩AR⟨φ|) and (Ψ ⊗ IR)(|φ⟩AR⟨φ|). This and (6.46) implies that β′E(Φ,Ψ) =
βE(Φ,Ψ). This proves the proposition.

Proposition 6.4.6. Let H be any H-operator defined on ℍ. For any given channels Φ
andΨ, the following properties hold:
1. βE(Φ,Ψ) tends to β(Φ,Ψ) as E → +∞;
2. the function E 󳨃→ βE(Φ,Ψ) is concave and nondecreasing on [E0, +∞[.

If the operator H satisfies condition tr[e−λH] < +∞ for all λ > 0, then for any E > E0 the
metric βE(⋅, ⋅) generates the strong (pointwise) convergence of quantum channels. That
is, limn→+∞ βE(Φn,Φ) = 0 if and only if limn→+∞ ‖Φn(ρ) −Φ(ρ)‖1 = 0 for all ρ ∈ 𝒮(ℍA).

Proof. Property 1 and themonotonicity of βE are obvious. To prove the concavity, take
any E1,E2 > E0. For arbitrary ϵ > 0, there exist states ρ1 and ρ2 in 𝒮(ℍAR) such that

tr[Hρi] ≤ Ei and β2E2 (Φ,Ψ) ≤ β
2((Φ ⊗ IR)(ρi), (Ψ ⊗ IR)(ρi)) + ϵ, i = 1, 2.

By invariance of the Bures distance (6.22) with respect to unitary transformation of
both states, wemay assume that supp(trA[ρ1]) ⊥ supp(trA[ρ2]), and hence, supp((ϒ1 ⊗
IR)(ρ1)) ⊥ supp((ϒ2 ⊗ IR)(ρ2)) for any channels ϒ1 and ϒ2. Thus,

β2Ē(Φ,Ψ) ≥ β
2((Φ ⊗ IR)(ρ̄1), (Ψ ⊗ IR)(ρ̄2))

=
1
2
β2((Φ ⊗ IR)(ρ1), (Ψ ⊗ IR)(ρ1)) +

1
2
β2((Φ ⊗ IR)(ρ2), (Ψ ⊗ IR)(ρ2))

≥
1
2
(β2E1 (Φ,Ψ) + β

2
E2 (Φ,Ψ)) − ϵ,

where ρ̄ = 1
2 (ρ1 + ρ2) and Ē = 1

2 (E1 + E2). This implies concavity of the function E 󳨃→
β2E(Φ,Ψ). The concavity of the function E 󳨃→ βE(Φ,Ψ) follows from the concavity and
monotonicity of the function√x. Note that the operatorH satisfies condition tr[e−λH] <
+∞ for all λ > 0 guarantees that the operator is unbounded and densely defined on
ℍA with a discrete spectrum of finite multiplicity. The last assertion of the proposition
follows immediately. This proves the proposition.

6.5 Approximations of quantum channels

Let (Pn)+∞n=1 be a sequence of (orthogonal) projections that converges strongly to the
identity operator IA on the Hilbert spaceℍA.
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In the following, we have an approximation result of the infinite-dimensional
quantum channel via finite-dimensional projections. The result is due originally to
Shirokov and Holevo [158].

Proposition 6.5.1. Let Φ : T+(ℍA) → T+(ℍB) be an extended quantum channel from
input system A to output system B, and let (Pn)+∞n=1 be an increasing sequence of finite-
dimensional projections onℍA that converges strongly to the identity operator IA. Then
there is a family (Φn)

+∞
n=1 of completely positive maps such thatΦn is trace preserving on

Pn(ℍA) andΦn(A) → Φ(A) uniformly for all A ∈ T+(ℍA).
Proof. First note that, for each A ∈ B(ℍA), An ≡ PnAP∗n → A in operator norm ‖ ⋅ ‖∞,
when n → +∞. We can write A − An = (A − An)+ − (A − An)−, where (A − An)+ and
(A − An)− are in T+(ℍA) and (A − An)+(A − An)− = (A − An)−(A − An)+ = 0. Note that
(A − An)+ and (A − An)− are, respectively, the positive and negative part of A − An.
Obviously,

Φ((A − An)+),Φ((A − An)−) ∈ T+(ℍB)
and

lim
n→+∞ tr[Φ((A − An)+)] = lim

n→+∞ tr[Φ((A − An)−)] = 0.
Consequently,

lim
n→+∞󵄩󵄩󵄩󵄩Φ((A − An)+)󵄩󵄩󵄩󵄩1 = lim

n→+∞󵄩󵄩󵄩󵄩Φ((A − An)−)󵄩󵄩󵄩󵄩1 = 0
and

lim
n→+∞ 󵄩󵄩󵄩󵄩Φ(A − An)

󵄩󵄩󵄩󵄩1 = 0.

For each n ∈ ℕ, define Ψn : T+(ℍA) → T+(ℍB) through Ψn(A) = PnΦ(An)P∗n .
Then

󵄩󵄩󵄩󵄩Φ(A) −Ψn(A)
󵄩󵄩󵄩󵄩1

≤ 󵄩󵄩󵄩󵄩Φ(A) − PnΦ(A)P
∗
n
󵄩󵄩󵄩󵄩1 +
󵄩󵄩󵄩󵄩PnΦ(A)P

∗
n − PnΦ(An)P

∗
n
󵄩󵄩󵄩󵄩1

= 󵄩󵄩󵄩󵄩Φ(A) − PnΦ(A)P
∗
n
󵄩󵄩󵄩󵄩1 +
󵄩󵄩󵄩󵄩Pn(Φ(A) −Φ(An))P

∗
n
󵄩󵄩󵄩󵄩1

≤ 󵄩󵄩󵄩󵄩Φ(A) −Φ(An)
󵄩󵄩󵄩󵄩1 +
󵄩󵄩󵄩󵄩Φ(A) −Φ(An)

󵄩󵄩󵄩󵄩1 → 0 as n→ +∞.

Define Φn by Φn(A) = Ψn(A) + VnAV∗n , where Vn = √Pn −Ψ+n (I). Then ‖Φ(A) −
Φ(An)‖1 → 0 and tr[Φn(A)] = tr[A] for all A such that A = An. This proves the
proposition.
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6.6 Convergences of channels

In the following, let (Φn)
+∞
n=0 be a sequence of quantum operations or quantum chan-

nels from system A to system B. This section explores three different types of conver-
gences (namely, uniform convergence, strong∗ convergence, and strong convergence)
of the sequence (Φn)

+∞
n=1 to Φ0.

6.6.1 Strong and uniform convergence

Definition 6.6.1 (Strong convergence of quantum operations). The sequence of quan-
tum operations (Φn)

+∞
n=1 in QO(A,B) is said to converge strongly to operation Φ0 ∈

QO(A,B) if

lim
n→∞󵄩󵄩󵄩󵄩Φn(ρ) −Φ0(ρ)

󵄩󵄩󵄩󵄩1 = 0, ∀ρ ∈ 𝒮(ℍA). (6.48)

In this case, we write (s) limn→+∞Φn = Φ0.

The strong convergence of quantumoperations is generated by the family of semi-
norms Φ 󳨃→ ‖Φ‖1.

Definition 6.6.2 (Uniform convergence of quantum operations). The sequence of
quantum operations (Φn)

+∞
n=1 in QO(A,B) is said to converge to Φ0 ∈ QO(A,B) uni-

formly if

lim
n→+∞ sup

ρ∈𝒮(ℍA)󵄩󵄩󵄩󵄩Φn(ρ) −Φ0(ρ)
󵄩󵄩󵄩󵄩1 = 0. (6.49)

In this case, we write (u) limn→+∞Φn = Φ0.

It is clear that if the sequence (Φn)
+∞
n=1 quantum operations converges uniformly to

Φ0 then it converges strongly to Φ0. However, we have the following result due origi-
nally to Shirokov and Holevo [158].

Lemma 6.6.3. The strong convergence topology on QO(A,B) coincides with the topol-
ogy of uniform convergence on compact subsets of 𝒮(ℍA).

Proof. Let Φ ∈ QO(A,B). Then

‖Φ‖1,∞ := sup
ρ∈𝒮(ℍA) ‖Φ(ρ)‖1‖ρ‖1 ≤ sup

ρ∈𝒮(ℍA) ‖ρ‖1‖ρ‖1 = 1,
where ‖ρ‖1 denotes the trace norm of ρ in the Hilbert space ℍA and ‖Φ(ρ)‖1 denotes
the trace norm of channel output Φ(ρ) in the Hilbert space ℍB. It is easily seen that
the topology of strong convergence on the spaceQO(A,B) coincides with the topology
of uniform convergence onQO(A,B) that are restricted to compact subsets of 𝒮(ℍA).
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This is because the supremum in (6.49) is attained in the compact subset of 𝒮(ℍA).
This proves the lemma.

Suppose that the sequence (Φn)
+∞
n=1 ⊂ QC(A,B) converges strongly to Φ0 ∈

QC(A,B). Then its corresponding sequence of dual channels (Φ∗n )+∞n=1 ⊂ QC∗(B,A)
has the following convergence relationship to Φ∗0 ∈ QC∗(B,A):

(w) lim
n→+∞Φ∗n (B) = Φ∗0(B), ∀B ∈ B(ℍB).

That is, (Φ∗n (B))+∞n=1 ⊂ B(ℍA) converges to Φ∗0(B) ∈ B(ℍA) in weak operator topology
(see Definition 2.1.2 for the definition of weak operator topology). In this case,

lim
n→+∞⟨ϕ,Φ∗n (B)ψ⟩ℍA = ⟨ϕ,Φ∗0(B)ψ⟩ℍA , ∀B ∈ B(ℍB) and ∀ϕ,ψ ∈ ℍA.

By noting that the set 𝒮(ℍA) involved in (6.48) can be replaced by its subset con-
sisting of pure states, it is easy to show that the strong convergence of a sequence
(Φn)
+∞
n=1 of quantum channels to a channel Φ0 means, in the Heisenberg picture, that

(w) lim
n→+∞Φ∗n (B) = Φ∗0(B), ∀B ∈ B(ℍB), (6.50)

where (w) limn→+∞(⋅) denotes the limit in the weak operator topology inB(ℍA).

Lemma 6.6.4. The strong convergence of a sequence (Φn)
+∞
n=1 in QC(A,B) to a channel

Φ0 implies strong convergence of the sequence (Φn⊗IR)
+∞
n=1 to the channelΦ0⊗IR, where

R is any system.

Proof. Assume that the sequence quantum channels (Φn)
+∞
n=1 converges toΦ0 strongly.

For any ρAR ∈ 𝒮(ℍAR), we have

lim
n→+∞ 󵄩󵄩󵄩󵄩(Φn ⊗ IR)(ρAR) − (Φ0 ⊗ IR)(ρAR)

󵄨󵄨󵄨󵄨
󵄩󵄩󵄩󵄩1

= lim
n→+∞ tr[󵄨󵄨󵄨󵄨(Φn ⊗ IR)(ρAR) − (Φ0 ⊗ IR)(ρAR)

󵄨󵄨󵄨󵄨]

= lim
n→+∞ tr[trR[|(Φn ⊗ IR)(ρAR) − (Φ0 ⊗ IR)(ρAR)

󵄨󵄨󵄨󵄨]
󵄨󵄨󵄨󵄨]

= lim
n→+∞ tr[󵄨󵄨󵄨󵄨Φn(ρA) −Φ0(ρA)

󵄨󵄨󵄨󵄨]

= lim
n→+∞󵄩󵄩󵄩󵄩Φn(ρA) −Φ0(ρA)

󵄩󵄩󵄩󵄩1 = 0,

where ρA = trR[ρAR]. In the above, we have used the fact that tr[trR[(Φn ⊗ IR)(ρAR)]] =
tr[Φn(ρA)] by (2.11). This proves the lemma.

The diamond-norm distance between two quantum channels is widely used as a
measure of distinguishability between these channels. But the topology (convergence)
generated by the diamond-norm distance on the set of infinite-dimensional quantum
channels is too strong for analysis of real variations of such channels. We offer the
following example to accentuate this comment.
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Example 6.1. Let (Un)
+∞
n=1 be any sequence of unitary operators strongly converging to

the unit operator Iℍ but not converging to Iℍ in the operator norm. That is,

lim
n→+∞ ‖Unψ − ψ‖ℍ = 0, ∀ψ ∈ ℍ but lim

n→+∞ ‖Un − Iℍ‖∞ ̸= 0.
Consider the sequence of channels (Φn)

+∞
n=1 from 𝒮(ℍ) into itself defined by Φn(ρ) =

UnρU∗n for n = 1, 2, . . .. Then this sequence of channels does not converge to the identity
channel Iℍ with respect to the diamond-norm distance. This is because

lim
n→+∞ ‖Φn − Iℍ‖⬦
= lim

n→+∞( sup
ρAR∈𝒮(ℍAR)󵄩󵄩󵄩󵄩(Φn ⊗ IR − Iℍ ⊗ IR)(ρAR)

󵄩󵄩󵄩󵄩1)

= lim
n→+∞( sup

ρA∈𝒮(ℍA)󵄩󵄩󵄩󵄩(Φn − Iℍ)(ρA)
󵄩󵄩󵄩󵄩1) (where ρA = trR[ρAR])

= lim
n→+∞( sup

ρA∈𝒮(ℍA)󵄩󵄩󵄩󵄩UnρAU
∗
n − ρA
󵄩󵄩󵄩󵄩1) ̸= 0.

In general, the closeness of two quantum channels in the diamond-normdistance
means, by Theorem 6.3.2, the operator-norm closeness of the corresponding Stine-
spring isometries. So, if we use the diamond-norm distance then we take into account
only such perturbations of a channel that corresponds to uniform deformations of the
Stinespring isometry (i. e., deformations with small operator norm). As a result, there
exist but not shownhere quantum channelswith close physical parameters (quantum
limited attenuators) having the diamond-norm distance equal to 2.

The following equivalency of energy-constrained diamond norm and strong con-
vergence of channels is due originally to Shirokov [151].

Proposition 6.6.5. Let H be an H-operator defined onℍA and let (Φn)
+∞
n=0 ⊂ QC(A,B).

Then, for any E ≥ E0,

lim
n→+∞ ‖Φn −Φ0‖

E⬦ = 0⇔ lim
n→+∞Φn(ρ) = Φ0(ρ), ∀ρ ∈ 𝒮(ℍA). (6.51)

Proof. (⇒) Recall from Theorem 3.2.5 that 𝒦H(E) is a compact subset of 𝒮(ℍA) and
that ⋃E≥E0 𝒦H(E)

‖⋅‖1 = 𝒮((ℍA). Hence, since the operator norm of Φn − Φ0 for all n is
bounded, it suffices to show that

lim
n→+∞Φn(ρ) = Φ0(ρ), ∀ρ ∈ ⋃

E≥E0 𝒦H(E),

provided that limn→+∞ ‖Φn −Φ0‖
E⬦ = 0. Let ρ be a state in⋃E≥E0 𝒦H(E) and σ ∈ 𝒦H(E).

Then, for sufficiently small p > 0 the energy of the state ρp = (1 − p)σ + pρ does not
exceed E. Hence, limn→+∞ ‖Φn −Φ0‖

E⬦ = 0 implies that
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lim
n→+∞󵄩󵄩󵄩󵄩Φn(ρp) −Φ0(ρp)

󵄩󵄩󵄩󵄩1 = 0 and lim
n→+∞󵄩󵄩󵄩󵄩Φn(σ) −Φ0(σ)

󵄩󵄩󵄩󵄩1 = 0.

It follows that limn→+∞ ‖Φn(ρ) −Φ0(ρ)‖1 = 0 for all ρ ∈ 𝒮(ℍA).
(⇐) Since H is an H-operator, we can write H as H = ∑+∞k=0 Ek |τk⟩A⟨τk |, where

{|τk⟩A} := {|τk⟩ℍA } is the orthonormal basis of eigenvectors of H corresponding
to the nondecreasing sequence of eigenvalues (Ek)+∞k=0 that tend to +∞. Let Pn =
∑n−1k=0 |τk⟩A⟨τk | be the projector on the subspace ℍn spanned by the set of vectors
{|τ0⟩A, . . . , |τn−1⟩A}. Consider the family of seminorms

qn(Φ) := sup
ρ∈𝒮(ℍn⊗ℍR)󵄩󵄩󵄩󵄩(Φ ⊗ IR)(ρ)󵄩󵄩󵄩󵄩1, ∀n ∈ ℕ (6.52)

on the set of all linear completely bounded maps from T(ℍA) to T(ℍB). Note that the
system R in (6.52) may be n-dimensional. Indeed, by convexity of the trace norm the
supremum in (6.52) can be taken over pure states ρ in 𝒮(ℍn ⊗ℍR). Since the marginal
state ρR of any suchpure state ρhas rank≤ n, by applying local unitary transformation
of the system R we can put all these states into the set 𝒮(ℍn ⊗ ℍR,n), where ℍR,n is
any n-dimensional subspace of ℍR. Let (Φk)

+∞
k=1 be a sequence of channels strongly

converging to a channel Φ0. By Definition 6.6.2 and Lemma 6.6.4, this implies that
supρ∈𝒦 ‖(Φk −Φ0) ⊗ IR)(ρ)‖1 tends to zero for any compact subset 𝒦 of 𝒮(ℍAR). Since
dim(ℍR) = n, the set 𝒮(ℍn ⊗ ℍR) is compact and we conclude that

lim
k→+∞ qn(Φk −Φ0) = 0, ∀n ∈ ℕ. (6.53)

Let E ≥ E0 and ρ be a state in 𝒮(ℍAR) such that tr[HρA] ≤ E, where ρA = trR[ρ]. Then
the state ρn = (1− rn)−1(Pn ⊗ IR)ρ(Pn ⊗ IR) (where rn = tr[(IA −Pn)ρA]) belongs to the set
𝒮(ℍn ⊗ ℍR). By using the inequality,

󵄩󵄩󵄩󵄩((IA − Pn) ⊗ IR)ρ(Pn − IR)
󵄩󵄩󵄩󵄩1 ≤ tr[((IA − Pn) ⊗ IR)ρ] = √rn

(which can be easily proved via the operator version of Cauchy–Schwarz inequality)
and by noting that tr[HρA] ≤ E implies rn ≤ E/En, we obtain

‖ρ − ρn‖1 ≤ 2
󵄩󵄩󵄩󵄩((IA − Pn) ⊗ IR)ρ(Pn ⊗ IR)

󵄩󵄩󵄩󵄩1 + 2rn ≤ 4√rn ≤ 4√E/En.

It follows that

‖Φk −Φ0‖
E⬦ ≤ qn(Φk −Φ0) + 8√E/En.

Since En → +∞ as n → +∞, this inequality and (6.53) show that ‖Φn − Φ0‖
E⬦ → 0 as

n→ +∞. This proves the proposition.
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6.6.2 Strong∗ convergence of channels

Definition 6.6.6. A sequence of quantum channels (Φn)
+∞
n=1 in QC(A,B) is said to be

strongly∗ converges to Φ0 inQC(A,B) if

lim
n→+∞󵄩󵄩󵄩󵄩Φn(ρ) −Φ0(ρ)

󵄩󵄩󵄩󵄩1 = 0, ∀ρ ∈ 𝒮(ℍA) (6.54)

and

lim
n→+∞ ‖Φ∗n (B) −Φ∗0(B)‖∞ = 0, ∀B ∈ B(ℍB). (6.55)

In this case, we write (s∗) limn→+∞Φn = Φ0.

By using (6.55) as the simplest definition of the strong∗ convergence, it is easy to
show (see the following proposition due originally to Shirokov [153]) that this conver-
gence is preserved under basic manipulations with quantum channels.

Proposition 6.6.7. We have the following:
1. Let (Φn)

+∞
n=1 ⊂ QC(A,B) and (Ψn)

+∞
n=1 ⊂ QC(C,D) be sequences of quantum channels

that strongly∗ converge to quantum channels Φ0 ∈ QC(A,B) and Ψ0 ∈ QC(C,D),
respectively. Then (i) the sequence (Φn ⊗ Ψn)

+∞
n=1 ⊂ QC(AC,BD) of channels from

AC to BD strongly∗ converges to the channel Φ0 ⊗ Ψ0 ∈ QC(AC,BD); (ii) If B = C,
then the sequence (Ψn ∘ Φn)

+∞
n=1 ⊂ QC(A,D) of channels from A to D strongly∗ con-

verges to the channelΨ0 ∘Φ0 ∈ QC(A,D); and (iii) if (Φn)
+∞
n=1 ⊂ QC(A,B) strongly∗

converges to Φ0 ∈ QC(A,B) then its corresponding sequence of complementary
channels (Φ̂n)

+∞
n=1 ⊂ QC(A,E) strongly∗ converges to the complementary channel

Φ̂0 ∈ QC(A,E) ofΦ0 ∈ (A,B).
2. If a sequence of channels (Φn)

+∞
n=1 ⊂ QC(A,B) from A to B strongly∗ converging to a

channel Φ0 ∈ QC(A,B) then there exists a sequence (Ψn)
+∞
n=1 of quantum channels

from A to some system E that strongly∗ converges to a channelΨ0 ∈ QC(A,E) such
thatΨn = Φ̂n for all n ≥ 0, where Φ̂n is the complementary channel ofΦn as defined
in Definition 5.7.1.

Proof. The proof of the proposition can easily be achieved by using the definition of
strong∗ convergence (see equation (6.55)) on the manipulation of tensor product and
composition of two sequences of strong∗ convergent quantum channels. The details
of the proof is omitted here.

Strong∗ convergence of quantum channels is stronger than the strong conver-
gence. The difference between these types of convergence is best seen on the Heisen-
berg picture: as mentioned earlier, the strong convergence of a sequence (Φn)

+∞
n=1 to a

channel Φ0 can be defined as

(w) lim
n→+∞Φ∗n (B) = Φ∗0(B), ∀B ∈ B(ℍB)
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(the limit in the weak operator topology) while the strong∗ convergence of this se-
quence means that

(s) lim
n→+∞Φ∗n (B) = Φ∗0(B), ∀B ∈ B(ℍB).

While strong∗ convergence of quantum channels is stronger than strong convergence,
the following example shows, however, that the strong∗ convergence is substantially
weaker than the uniform (diamond-norm) convergence.

Example 6.2. Let Φ be an arbitrary quantum channel from A to B, and let (Pn)+∞n=1 be a
sequence of finite rank projectors inB(ℍB) strongly converging to the identity opera-
tor IB := IℍB . Let

Φn(ρ) = PnΦ(ρ)Pn + (tr[(IB − Pn)Φ(ρ)])σ, ∀n,

where σ is a given state in 𝒮(ℍB). Sequences of this type are used in Holevo and Shi-
rokov [158] for approximation of infinite-dimensional quantum channels by channels
with the finite-dimensional output system (see Proposition 6.5.1). We claim that
(A) the sequence (Φn)

+∞
n=1 strongly∗ converges to the channel Φ; and

(B) the sequence (Φn)
+∞
n=1 does not converge uniformly to Φ in general.

We first prove (A) by using the duality relation

tr[Φn(ρ)B] = tr[ρΦ
∗
n (B)], ∀ρ ∈ 𝒮(ℍA) and ∀B ∈ B(ℍB).

For all B ∈ B(ℍB) and for all ρ ∈ 𝒮(ℍA), we have

tr[ρΦ∗n (B)] = tr[Φn(ρ)B]
= tr[PnΦ(ρ)PnB] + tr[(trB[(IB − Pn)Φ(ρ)])σB]
= Pn tr[Φ(ρ)B]Pn + tr[(IB − Pn)Φ(ρ)] trB[Bσ]
= Pn tr[ρΦ

∗(B)]Pn + tr[ρΦ∗((IB − Pn) trB[Bσ])]
= tr[ρΦ∗(PnBPn)] + tr[ρΦ∗((IB − Pn) trB[Bσ])]
= tr[ρΦ∗(PnBPn + (IB − Pn) tr[Bσ])].

This shows that Φ∗n (B) = Φ∗(PnBPn + (IB − Pn) tr[Bσ]). Since the map B 󳨃→ Φ∗(B) is
continuous with respect to the strong operator topology, we have for all B ∈ B(ℍB)

(s) lim
n→+∞Φ∗n (B) = (s) limn→+∞Φ∗(PnBPn + (IB − Pn) tr[Bσ])

= (s) lim
n→+∞Φ∗(PnBPn) + (s) limn→∞Φ∗((IB − Pn) tr[Bσ]) = Φ∗(B),

due to the fact that
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(s) lim
n→+∞Φ∗(PnBPn) = Φ∗((s) limn→∞(PnBPn)) = Φ∗(B)

and

(s) lim
n→+∞Φ∗((IB − Pn) tr[Bσ])
= Φ∗((s) lim

n→+∞(IB − Pn) tr[Bσ]) = Φ∗(0) = 0.
Therefore, the sequence (Φn)

+∞
n=1 strongly∗ converges to the channel Φ.

(B). The sequence (Φn)
+∞
n=1 , however, does not converge uniformly to Φ in general.

This is because one can consider the case whereA = B andΦ = IA := IℍA (the identity
channel onℍA = ℍB = ℍ). In this case, Φn(ρ) = PnρPn + tr[(IB − Pn)ρ]σ and it does
not converge uniformly to Φ = IA, because

lim
n→+∞ sup

ρ∈𝒮(ℍ)󵄩󵄩󵄩󵄩Φn(ρ) −Φ(ρ)
󵄩󵄩󵄩󵄩1

= lim
n→+∞ sup

ρ∈𝒮(ℍ) tr[PnρPn + tr[(I − Pn)ρ]σ − ρ|] ̸= 0 (by choosing σ = ρ)
Therefore, the sequence (Φn)

+∞
n=1 does not converge uniformly to Φ = I.





7 von Neumann entropy

This chapter deals with the relevant concepts and properties of von Neumann entropy
of input quantum states before they are transmitted through the quantum channels
from the sender to the receiver. In particular, continuity and/or discontinuity of von
Neumann entropy on the whole space of 𝒮(ℍ) or on certain closed convex subsets
of 𝒮(ℍ) will be explored. These properties play an important role in developing and
defining channel capacities in later chapters. The topics represented here are suffi-
cient enough for the study of infinite-dimensional quantum information with mem-
ory. For other topics of quantum entropies not touched in this book, the readers are
referred to the paper by Wehrl [175] and the book by Ohya and Petz [121] for further
reading.

We first study the continuity/discontinuity properties of von Neumann and rela-
tive entropies on the entire𝒮(ℍ).While these entropies are only lower semicontinuous
on 𝒮(ℍ), its restriction to some closed subsets or 𝒮(ℍ) reveals many important and
interesting behaviors.

7.1 von Neumann entropy on 𝒮(ℍ)
As amotivation for extension of classical entropies to quantum entropies and for com-
parison between the classical and quantum information theory, we first review the
concept of classical Shannon entropy below.

In classical communication scenario, Alice, the sender, intends to transmit ames-
sage to Bob, the receiver, via a noisy classical channel. To transmit the message that
consists of several letters, Alice first chooses a letter x from an alphabet ΛX at random
according to a random variable X with distribution pX(x) and encodes the selected let-
ter into a codeword before it is transmitted through the channel. Due to noisiness of
the channel, the receiver instead of receiving exactly what the sender had sent, he re-
ceives an alphabet y from the sample space of alphabets ΛY generated by the random
variable Y . One of the goals in communication via a noisy classical channel is to deter-
mine pX(x), the probability mass function of the random variable X, via pX|Y (x|y), the
conditional probability mass function of X given observation Y made by the receiver.
The quantity that measures the receiver’s uncertainty about X before learning it is the
Shannon entropy denoted by S(X) and defined by

S(X) = − ∑
x∈ΛX

pX(x) log(pX(x)), (7.1)

where log denotes the logarithmic function based 2 due to the fact that the messages
are digitized in classical binary bit. Therefore, the entropy S(X) can be viewed as the
receiver’s expected information gain, in the unit of bits, upon learning the outcome

https://doi.org/10.1515/9783110788105-007
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of X. Shannon’s noiseless coding theorem (see Shannon [140]) makes this interpreta-
tion precise by proving that the sender needs to send bits at a rate S(X) in order for
receiver to be able to decode a compressed message.

For communication through quantum channels, Shannon’s entropy is extended
to van Neumann entropy H(ρ) for ρ ∈ 𝒮(ℍ). For comparison purposes, the von Neu-
mann entropy is defined in Definition 7.1.1 for finite-dimensional Hilbert spaceℍ and
in Definition 7.1.2 for infinite-dimensionalℍ, which reduces to Definition 7.1.1 in finite
dimensions. The definition of relative entropy is given in Definition 8.1.3.

In the following, we let the underlined quantum system be represented by a sepa-
rable complexHilbert spaceℍ in finite or infinite dimensions. Recall that the operator
A onHilbert spaceℍ is said to be a finite rank operator if the dimension of its range is a
finite-dimensional Hilbert space. Properties of finite rank map/operator can be found
in Section 1.7.

To generalize the concept of classical Shannon entropy directly to the content of
quantum communication, we first define the von Neumann entropy H(A) for positive
finite rank operator A on the Hilbert spaceℍ below.

Definition 7.1.1. Let A be a positive finite rank operator on the separable complex
Hilbert spaceℍ. The von Neumann entropy H(A) of A is defined by

H(A) = tr[η(A)], (7.2)

where

η(x) = { −x log x if x > 0
0 if x = 0,

(7.3)

and log denotes the logarithmic function based 2.

Ifℍ is a finite-dimensional Hilbert space, then all linear operators onℍ are finite
ranks. Therefore, Definition 7.1.1 and Definition 8.1.3 can be treated as the definition of
vonNeumann entropy andquantum relative entropy for states on afinite-dimensional
Hilbert space.

We now define the von Neumann entropy on infinite-dimensional Hilbert space
ℍ as follows.

Definition 7.1.2. The von Neumann entropy H(ρ) of the quantum state ρ ∈ 𝒮(ℍ) is
defined by

H(ρ) = −∑
i
⟨i|ρ log ρ|i⟩ℍ, (7.4)

where {|i⟩ℍ}+∞i=1 ⊂ ℍ is a basis of the eigenvectors of ρ.
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Writing a quantum state ρ ∈ 𝒮(ℍ) in the form of its spectral decomposition ρ =
∑i pi|i⟩ℍ⟨i|, pi > 0 and ∑i pi = 1. Then the von Neumann entropy H(ρ) defined in (7.4)
can be expressed in the form that is comparable with Shannon entropy S(X) (see (7.1)
for a definition of Shannon entropy) as follows:

H(ρ) = −∑
i
pi log pi = ∑

i
η(pi). (7.5)

As noted in Wehrl [175], the von Neumann entropy H(⋅) expressed in the form of
(7.5) provides a canonical approximation as follows.

If ρ ∈ 𝒮(ℍ) if of finite rank, i. e., only finitely many eigenvalues of ρ are positive
(say pi > 0 for i = 1, 2, . . . ,N and all other pi are zero), then it is clear that H(ρ) < +∞.
Now let ρ be an arbitrary quantum state onℍ. The canonical approximations of ρ can
be written as

ρ(N) = ∑Ni=1 pi|i⟩ℍ⟨i|
∑Ni=1 pi → ρ in ‖ ⋅ ‖1-norm as N → +∞.

Since

H(ρ(N)) = − N
∑
i=1 pi
∑Ni=1 pi log( pi

∑Ni=1 pi ) = − ∑
N
i=1 pi log pi

∑Ni=1 pi + log(∑Ni=1 pi) ,
we have limN→+∞ H(ρ(N)) = H(ρ) because

− lim
N→+∞ pi log pi = H(ρ) and lim

N→+∞ N
∑
i=1 pi = 1.

This fact may be of use in generalizing related theorems that hold for finite- dimen-
sional cases to infinite-dimensional cases.

7.2 Properties of H(⋅) on 𝒮(ℍ)
The properties of H(⋅) along with their physical interpretation have been systemati-
cally explored in Wehrl [175].

We need the following two results, namely Klein’s inequality (see Lindblad [107])
and the Ky Fan inequality [47], in order to establish important properties of H(⋅) on
𝒮(ℍ).

Lemma 7.2.1 (Klein’s inequality). Let f : ℝ → ℝ be a convex C1 function and ρ, σ ∈
𝒮(ℍ). Then tr[f (ρ) − f (σ) − (ρ − σ)f ′(σ)] ≥ 0.
Proof. Let {ϕi}

+∞
i=1 and {ψi}

+∞
i=1 , respectively, be the eigenvectors of ρ and σ that form

complete orthonormal bases of ℍ. Let {ai}+∞i=1 and {bi}+∞i=1 be the eigenvalues corre-
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sponding to {ϕi}
+∞
i=1 and {ψi}

+∞
i=1 , respectively. In this case, f (ρ)ϕi = f (ai)ϕi for i =

1, 2, . . . . Then, by the definition of trace, we have

tr[f (ρ) − f (σ) − (ρ − σ)f ′(σ)]
=
+∞
∑
i=1 ⟨ϕi|f (ρ) − f (σ) − (ρ − σ)f

′(σ)|ϕi⟩ℍ (7.6)

Now ⟨ϕi|f (ρ)|ϕi⟩ℍ = f (ai) and ⟨ϕi|ρf ′(σ)|ϕi⟩ℍ = ai⟨ϕi|f ′(σ)|ϕi⟩ℍ.
Each term in the sum of the summands (7.5) equals

f (ai) − ⟨ϕi|f (σ)|ϕi⟩ℍ − ai⟨ϕi|f
′(σ)|ϕi⟩ℍ + ⟨ϕiσf

′(σ)|ϕi⟩ℍ. (7.7)

Using the closure relation∑+∞i=1 |ψi⟩ℍ⟨ψi| = 1, (7.5) can be rewritten as

tr[f (ρ) − f (σ) − (ρ − σ)f ′(σ)]
= ∑

j

󵄨󵄨󵄨󵄨⟨ϕi,ψj⟩ℍ
󵄨󵄨󵄨󵄨
2
(f (ai) − f (bj) − (ai − bj)f

′(bj)).
Now, since f : ℝ → ℝ is convex, we have f (ai) − f (bj) ≥ (ai − bj)f ′(bj), which proves
the lemma.

Lemma 7.2.2 (Ky Fan inequality). Let ρ, σ ∈ 𝒮(ℍ) be quantum states with the sets of
eigenvalues {pk(ρ)}+∞k=1 and {pk(σ)}+∞k=1 , respectively, each arranged in decreasing order.
Then, for each k = 1, 2, . . . ,

p1(ρ) + p2(ρ) + ⋅ ⋅ ⋅ + pk(ρ) ≤ tr[|ρ − σ|] + p1(σ) + ⋅ ⋅ ⋅ + pk(σ).

Proof. For ρ, σ ∈ 𝒮(ℍ), we write the spectral decompositions of ρ and σ as

ρ =
+∞
∑
i=1 pi(ρ)󵄨󵄨󵄨󵄨ϕi(ρ)⟩ℍ⟨ϕi(ρ)

󵄨󵄨󵄨󵄨 and σ =
+∞
∑
i=1 pi(σ)󵄨󵄨󵄨󵄨ϕi(σ)⟩ℍ⟨ϕi(σ)

󵄨󵄨󵄨󵄨,

respectively, where (pi(ρ))+∞i=1 (resp., (pi(σ))+∞i=1 ) is the sequence of eigenvalues of ρ
(resp., σ) arranged in decreasing order and (ϕi(ρ))+∞i=1 (resp., (ϕi(σ))+∞i=1 ) be its corre-
sponding unit eigenvectors that forms an orthonormal basis ofℍ. Without loss of gen-
erality, we can assume that ρ ≥ σ (and hence, pi(ρ) ≥ pi(σ)), then for any k = 1, 2, . . .
we have

tr[|ρ − σ|] = tr[ρ − σ]

=
+∞
∑
i=1 (⟨ϕi(ρ), ρϕi(ρ)⟩ℍ − ⟨ϕi(σ), σϕi(σ)⟩ℍ)
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=
+∞
∑
i=1 (⟨ϕi(ρ), pi(ρ)ϕi(ρ)⟩ℍ − ⟨ϕi(σ), pi(σ)ϕi(σ)⟩ℍ)

≥
k
∑
i=1(pi(ρ)⟨ϕi(ρ),ϕi(ρ)⟩ℍ − pi(σ)⟨ϕi(σ),ϕi(σ)⟩ℍ) =

k
∑
i=1(pi(ρ) − pi(σ)).

This proves the lemma.

Important properties of von Neumann entropy H(⋅) : 𝒮(ℍ) → [0, +∞] are pro-
vided in the following propositions.

Proposition 7.2.3 (Positivity). H(ρ) ≥ 0, for all ρ ∈ 𝒮(ℍ) and H(ρ) = 0 if and only if ρ
is a pure state.

Proof. Positivity ofH(⋅) : 𝒮(ℍ) → [0, +∞] follows from (7.5), sinceH(ρ) = −∑i pi log pi
for ρ = ∑i pi|i⟩ℍ⟨i|, pi > 0 and ∑i pi = 1, and the positive of the function −x log x for
0 ≤ x ≤ 1. Note that {pi}+∞i=1 , the eigenvalues of a pure state |ψ⟩ℍ⟨ψ|, consists of 1’s or
0’s. Therefore, H(|ψ⟩ℍ⟨ψ|) = ∑

+∞
i=1 −pi log pi = 0. This proves the proposition.

The von Neumann entropy is preserved under unitary transformations as shown
in the following proposition.

Proposition 7.2.4 (Unitary invariance). Let σ = UρU∗ for an unitary operator U. Then
H(σ) = H(ρ).

Proof. It is clear that any quantum state is unitary invariant because unitary transfor-
mation only changes the basis of the state. SinceH(ρ)depends only on the eigenvalues
of ρ by Definition 7.1.2 and is independent of the basis and, therefore, independent of
eigenvalues used in expressing the state. We, therefore, have H(ρ) = H(UρU∗) for all
ρ ∈ 𝒮(ℍ). This proves the proposition.

The above proposition shows that two unitarily equivalent quantum states have
the same von Neumann entropy. However, the converse is not true in general. For a
finite-dimensional Hilbert space, He, Hou and Li [64] give a sufficient and necessary
condition of unitary equivalence of quantum states associated with the von Neumann
entropy. It states that H(λρ + (1 − λ) In ) = H(λσ + (1 − λ)

I
n ), ∀λ ∈ [0, 1] if and only if there

exists a unitaryU such that ρ = UσU∗. The readers are referred to the above references
for details.

Proposition 7.2.5 (Concavity). The von Neumann entropy H(⋅) : 𝒮(ℍ) → [0, +∞] is
concave. That is, for all ρ1, ρ2 ∈ 𝒮(ℍ) and λ1, λ2 ≥ 0, λ1 + λ2 = 1,

H(λ1ρ1 + λ2ρ2) ≥ λ1H(ρ1) + λ2H(ρ2). (7.8)

Equation (7.8) holds for λ1, λ2 > 0 only if ρ1 = ρ2 or H(ρ1) or H(ρ2), respectively, equals
+∞.
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Proof. Assume that ρ = λ1ρ1 + λ2ρ2 = ∑
+∞
k=1 pk |k⟩ℍ⟨k|, where {|k⟩ℍ}+∞k=1 is the set of unit

eigenvectors of ρ corresponding to the set of its eigenvalues {pk}+∞k=1 of ρ. Then, because
of concavity of η(x) = −x log x (where x > 0),

H(ρ) = −∑
k
pk log pk = ∑

k
η(⟨k|ρ|k⟩ℍ)

≥ λ1∑
k
η(⟨k|ρ1|k⟩ℍ) + λ2∑

k
η(⟨k|ρ2|k⟩ℍ)

≥ λ1∑
k
⟨k|η(ρ1)|k⟩ℍ + λ2∑

k
⟨k|η(ρ2)|k⟩ℍ = λ1H(ρ1) + λ2H(ρ2).

This proves the concavity of the von Neumann entropy H(⋅).

The proof of the following proposition will be provided in Corollary 8.1.7.

Proposition 7.2.6 (Generalized concavity). Let ρ and σ be two quantum states on ℍ,
then for all λ ∈ [0, 1],

H(λρ + (1 − λ)σ) ≥ λH(ρ) + (1 − λ)H(σ) + λ(1 − λ)
2
‖ρ − σ‖1. (7.9)

As shown in the following result, H(⋅) is a continuous and bounded functions in
finite dimensions. However, it can take the value +∞ on a dense subset of 𝒮(ℍ)when
ℍ is infinite-dimensional. As it is well known (see, e. g., Wehrl [175] and Shirokov
[144]) that the properties of the entropy for infinite- and finite-dimensional Hilbert
spaces differ quite substantially: in the latter case, the entropy is bounded continu-
ous function on 𝒮(ℍ), while in the former it is discontinuous (however, it is lower
semicontinuous) at every point, and infinite “most everywhere” in the sense that the
set of states with finite entropy is a first category subset of 𝒮(ℍ), which we do not
intend to address here.

Proposition 7.2.7 (Lower semicontinuity). Let (ρn)+∞n=1 be a sequence of states in 𝒮(ℍ)
such that limn→+∞ ‖ρn − ρ‖1 = 0 for some ρ ∈ 𝒮(ℍ). Then

H(ρ) ≤ lim inf
n→+∞ H(ρn).

Proof. Let (ρn)+∞n=1 ⊂ 𝒮(ℍ) be a sequence of quantum states on ℍ such that
limn→+∞ ‖ρn − ρ‖1 = 0 for some ρ ∈ 𝒮(ℍ). For each n ∈ ℕ, consider the following
spectral decompositions of ρn and ρ, respectively,

ρn =
+∞
∑
k=1 pk(ρn)󵄨󵄨󵄨󵄨ϕk(ρn)⟩ℍ⟨ϕk(ρn)

󵄨󵄨󵄨󵄨 and ρ =
+∞
∑
k=1 pk(ρ)󵄨󵄨󵄨󵄨ϕk(ρ)⟩ℍ⟨ϕk(ρ)

󵄨󵄨󵄨󵄨,
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where (ϕk(ρn))+∞k=1 and (ϕk(ρ))+∞k=1 are eigenvectors of ρn and ρ, respectively, corre-
sponding to eigenvalues pk(ρn) > 0 and pk(ρ) > 0 (arranged in decreasing order) By
Ky Fan’s inequality (see Lemma 7.2.2), we have

p1(ρn) + p2(ρn) + ⋅ ⋅ ⋅ + pk(ρn) ≤ tr[|ρn − ρ|] + p1(ρ) + ⋅ ⋅ ⋅ + pk(ρ)

and also by writing ρn = (ρn − ρ) + ρ

p1(ρ) + p2(ρ) + ⋅ ⋅ ⋅ + pk(ρ) ≤ tr[|ρn − ρ|] + p1(ρn) + p2(ρn) + ⋅ ⋅ ⋅ + pk(ρn).

Therefore,

0 ≤ lim
n→+∞ 󵄨󵄨󵄨󵄨(p1(ρn) − p1(ρ)) + ⋅ ⋅ ⋅ + (pk(ρn) − pk(ρ))󵄨󵄨󵄨󵄨 ≤ lim

n→+∞ tr[|ρn − ρ|] = 0.
Eventually, limn→+∞ pk(ρn) = pk(ρ) for each k = 1, 2, . . . . Thus,

−
k
∑
i=1 pi(ρ) log pi(ρ) = − lim

n→+∞( k
∑
i=1 pi(ρn) log pi(ρn))

and

H(ρ) = sup
k
(

k
∑
i=1 −pi(ρ) log pi(ρ))

≤ lim inf
n→+∞ sup

k
(

k
∑
i=1 −pi(ρn) log pi(ρn)) = lim inf

n→+∞ H(ρn).

This proves the lower semicontinuity.

Proposition 7.2.8 (Subadditivity). For the reduced states ρ1 = trℍ2 [ρ], ρ2 = trℍ1 [ρ] of
ρ ∈ 𝒮(ℍ12) (where ℍ12 = ℍ1 ⊗ ℍ2), H(ρ) ≤ H(ρ1) + H(ρ2) and the mapping ρ12 󳨃→
H(ρ1) − H(ρ12) is convex on the set of positive, trace-class operators onℍ12.

Proof. Writing ρ = ρ12, it follows that

H(ρ) = − tr[ρ12 log ρ12]
≤ − tr[ρ12 log(ρ1 ⊗ ρ2)] (since log(ρ1 ⊗ ρ2) ≤ log ρ12)
= − tr[ρ12 log(ρ1 ⊗ I2) + ρ12 log(I1 ⊗ ρ2)]
= − tr[ρ12(log ρ1 ⊗ I2) + ρ12(I1 ⊗ log ρ2)]
= − tr[ρ12(log ρ1 ⊗ I2)] − tr[ρ12(I1 ⊗ log ρ2)]
= − tr1[ρ1 log ρ1] − tr2[ρ2 log ρ2] (by Proposition 2.8.2)
= H(ρ1) + H(ρ2),
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where Ii is the identity operator of ℍi for i = 1, 2. This proves the subadditivity of
H(⋅).

We have the following additivity as a special case of the above proposition when
ρ12 = ρ1 ⊗ ρ2.

Corollary 7.2.9 (Additivity). Let ρi ∈ ℍi for i = 1, 2. Then H(ρ1 ⊗ ρ2) = H(ρ1) + H(ρ2).

The following strong subadditivity of von Neumann entropy (SSA) has been
known and well appreciated in classical probability theory and information the-
ory. Its extension to quantum mechanical entropy (the von Neumann entropy) was
conjectured by Robinson and Ruelle [130], Lanford and Robinson [103] and proved by
Lieb and Ruskai [105]. It is a basic theorem in modern quantum information theory.
SSA concerns the relation between the entropies of various subsystems of a larger
system consisting of three subsystems (or of one system with three degrees of free-
dom). The proof of this relation in the classical case is quite easy but the quantum
case is difficult because of the noncommutativity of the density matrices describing
the subsystems.

The proof of the following proposition will be postponed until after the relative
entropy is introduced in the next chapter.

Proposition 7.2.10 (Strong subadditivity). Let ℍ123 = ℍ1 ⊗ ℍ2 ⊗ ℍ3 and let ρ123 ∈
𝒮(ℍ123). For i, j, k = 1, 2, 3, denote the reduced states trℍi⊗ℍj [ρ123] by ρk and trℍk [ρ123]
by ρij. Then

H(ρ123) + H(ρ2) ≤ H(ρ12) + H(ρ23) (7.10)

and

H(ρ1) + H(ρ2) ≤ H(ρ13) + H(ρ23). (7.11)

Proposition 7.2.11 (Dominated convergence theorem for von Neumann entropy). Let
ρn, ρ be elements in 𝒮(ℍ) satisfying the following conditions: (i) ρn → ρ weakly as
n→ +∞; (ii) ρn ≤ A for all n for some compact operatorA; and (iii)−∑k ak log ak < +∞
for the eigenvalues {ak}+∞k=1 of A. Then H(ρn) → H(ρ) as n→ +∞.

Proof. For each compact operator A on ℍ and each β > 0, it is easy to show that
F(ρ, β,A) ≡ tr[ρA − β−1H(ρ)] is lower semicontinuous in ρ. It is clear that

lim
n→+∞ tr[ρnA] = tr[ρA] if tr[e−βA] < +∞ for all 0 < β < +∞

Now limn→+∞ ‖ρn − ρ‖1 = 0 and limn→+∞ tr[ρnA] = tr[ρA] together implies that

H(ρ) = lim inf
n→+∞ H(ρn) and − H(ρ) = lim inf

n→+∞ (−H(ρn)) = − lim sup
n→+∞ H(ρn)
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This proves that limn→+∞ H(ρn) = H(ρ) under the condition that tr[e−βA] < +∞ for
all 0 < β < +∞, which is met since A is a compact operator on ℍ. This proves the
lemma.

7.3 H(⋅) on subsets of 𝒮(ℍ)
In this section, properties of von Neumann entropy on some proper subsets of 𝒮(ℍ)
will be systematically investigated. These proper subsets of 𝒮(ℍ) include:
(i) Closed convex subset𝒜 of 𝒮(ℍ) with supρ∈𝒜 H(ρ) < +∞;
(ii) Compact subset 𝒦H(h) of 𝒮(ℍ), defined by

𝒦H(h) = {ρ ∈ 𝒮(ℍ) | tr[ρH] ≤ h},

whereH is anH-operator and h > 0 (see (3.2) for definition of anH-operator); and
(iii) Arbitrary closed subset 𝒦 of 𝒮(ℍ).

The von Neumann entropies constrained on these proper subsets determine charac-
terizations of capacities of constrained channels in later chapters.

The presentation of this section is largely based on results obtained byHolevo [78]
and Shirokov [141, 144].

7.3.1 Closed convex subsets𝒜 ⊂ 𝒮(ℍ)
Let H(⋅) : 𝒮(ℍ) → [0, +∞] be the von Neumann entropy and let𝒜 be a convex closed
subset of 𝒮(ℍ) with supρ∈𝒜 H(ρ) < +∞. If this supremum is achieved at a particular
state in𝒜, then this state is usually called the Gibbs state and denoted by Γ(𝒜).

Example 7.1. The following are three interesting examples of closed convex subsets
𝒜 ⊂ 𝒮(ℍ):
(i) the set𝒜 consists of commuting states;
(ii) 𝒜 is a convex hull of a finite collection of states; i. e., the smallest convex set con-

taining the finite collection of states.
(iii) 𝒜 = ϒ(ℬ), where ℬ is a compact subset of T+(𝕂) with dim(𝕂) < +∞ and ϒ is

positive linear map from T(𝕂) to T(ℍ).

We have the following simple observation.

Lemma 7.3.1. Let 𝒜 be a closed convex subset of 𝒮(ℍ) and let (ρn)+∞n=1 be an arbitrary
sequence of states in𝒜 such that

lim
n→+∞H(ρn) = supρ∈𝒜 H(ρ) < +∞.
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Then this sequence converges to the uniquely defined state ρ∗(𝒜) in𝒜 under ‖ ⋅ ‖1. If the
Gibbs state Γ(𝒜) exists, then it coincides with the state ρ∗(𝒜) and the restriction of the
entropy to the set𝒜 is continuous at the state Γ(𝒜).

Proof. Let ϵ > 0 be an arbitrary positive number. By the assumption, there exists Nϵ
such that

H(ρn) > sup
ρ∈𝒜 H(ρ) − ϵ, ∀n ≥ Nϵ.

The convexity of H(⋅) and (7.9) with λ = 1
2 implies

sup
ρ∈𝒜 H(ρ) − ϵ ≤ 1

2
H(ρn1 ) +

1
2
H(ρn2 )

≤ H( 1
2
ρn1 +

1
2
ρn2) −

1
8
‖ρn2 − ρn1‖

2
1 ≤ sup

ρ∈𝒜 H(ρ) − 1
8
‖ρn2 − ρn1‖

2
1 ,

and hence, ‖ρn2 −ρn1‖1 < √8ϵ for all n1 ≥ Nϵ and n2 ≥ Nϵ. Thus, the sequence (ρn)+∞n=1 is
a Cauchy sequence under the trace norm ‖ ⋅ ‖1, and hence, it converges to a particular
state ρ∗ in 𝒜. It is easy to see that this state ρ∗ does not depend on the choice of the
sequence (ρn)+∞n=1 , so it is determined only by the set 𝒜. Denote this state by ρ∗(𝒜). If
the Gibbs state Γ(𝒜) exists, then by the above observation it coincides with the state
ρ∗(𝒜). The continuity assertion follows from lower semicontinuity of the entropy H.
This proves the lemma.

7.3.2 𝒦H(h)
Let H be an H-operator onℍ. That is, H is an unbounded positive linear operator on
ℍ with discrete eigenvalues and with finite multiplicity

0 ≤ hm(H) < hd+1 ≤ hd+2 ≤ ⋅ ⋅ ⋅ ,
where hm(H) is the lowest eigenvalue of H with d multiplicity for some 1 ≤ d < +∞.
That is,

hm(H) = h1 = h2 = ⋅ ⋅ ⋅ = hd < hd+1 ≤ ⋅ ⋅ ⋅ .
Let ℍm(H) ⊂ ℍ be the eigenspace corresponding to hm(H). In this case, ℍm(H) is a
d-dimensional subspace ofℍ.

Let Qn be the spectral projector of the operator H corresponding to the lowest n
eigenvalues hm(H) = h1 = h2 = ⋅ ⋅ ⋅ = hd < hd+1 ≤ ⋅ ⋅ ⋅ ≤ hn. According to (3.2), we define
tr[ρH] by
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tr[ρH] = lim
n→∞ tr[ρQnH],

where the sequence on the right-hand side above is monotonely nondecreasing.
Recall from (3.3) that 𝒦H(h) ⊂ 𝒮(ℍ) is defined by

𝒦H(h) = {ρ ∈ 𝒮(ℍ) | tr[ρH] ≤ h}.

We recall the following simple observations on the set 𝒦H(h):
1. If𝒦 is a compact subset of 𝒮(ℍ), then𝒦 ⊂ 𝒦H(h) for someH-operatorH and some

h > 0 (from Theorem 3.2.5);
2. ⋃h∈ℝ+ 𝒦H(h)

‖⋅‖1 = 𝒮(ℍ), where the closure is taken under the ‖ ⋅ ‖1-norm. It is clear

that ⋃h∈ℝ+ 𝒦H(h)
‖⋅‖1 ⊆ 𝒮(ℍ). On the other hand, if ρ ∈ 𝒮(ℍ), then for every ϵ > 0

there exists h = h(ϵ, ρ) > 0 such that ρ ∈ 𝒦H(h). Therefore,𝒮(ℍ) ⊆ ⋃h∈ℝ+ 𝒦H(h)
‖⋅‖1 .

Consequently,⋃h∈ℝ+ 𝒦H(h)
‖⋅‖1 = 𝒮(ℍ).

We follow Shirokov [141] for the definitions of an increasing coefficient of the H-oper-
ator H and decreasing coefficient of σ ∈ 𝒮(ℍ) given below:

λ†(H) = { inf{λ > 0 | tr[e−λH] < +∞} if tr[e−λH] < +∞ for some λ > 0,
+∞, if tr[−λH] = +∞ for all λ > 0.

The real number λ†(H) defined above is called the increasing coefficient of the
H-operator H.

Let σ be an arbitrary state in 𝒮(ℍ). In what follows, we use the decreasing coeffi-
cient λ†(σ) of the state σ defined as

λ†(σ) = inf{λ > 0 | tr[λσ] < +∞} ∈ [0, 1]. (7.12)

An example of an increasing coefficient and decreasing coefficient is given below.

Example 7.2. Let σ is a full rank state. Then H = − log σ is an H-operator and λ†(σ) =
λ†(H). It is easy to see that λ†(σ) < 1 implies finiteness of the von Neumann entropy
H(σ) but there exist states σ with finite entropy (such as the states with spectrum
{a((k + 1) log3(k + 1))−1}) such that λ†(σ) = 1. The role of these states is shown in Propo-
sition 7.3.9.

While it is known from Theorem 3.2.5 that for every compact subset 𝒦 of 𝒮(ℍ),
there exists an H-operator H and an h > 0 such that 𝒦 ⊂ 𝒦H(h), the similar state-
ment can be made for some specific closed convex subsets 𝒜 such as those stated in
Example 7.1 of 𝒮(ℍ).

The following proposition follows from Example 7.2 since𝒜 that consists of com-
mutative states is a compact subset of 𝒮(ℍ).
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Proposition 7.3.2. Let 𝒜 be the closed convex subset of 𝒮(ℍ) that consists of all com-
mutative states. Then there exist an H-operator H and an h > 0 such that 𝒜 ⊂ 𝒦H(h) if
λ†(H) < +∞.

In the following, we use the concept of relative entropy for finite- and infinite-
dimensional Hilbert spaceℍ. These are briefly defined below but their detailed prop-
erties are the subjects of investigation in the next chapter.

LetA andB be two positive finite rank operators on theHilbert spaceℍ. We define
the relative entropy H(A‖B) of A and B as

H(A‖B) = { tr[A logA − A logB + B − A], if range(A) ⊂ range(B)
+∞, otherwise.

(7.13)

If ρ and σ are quantum states in 𝒮(ℍ), the relative entropy H(ρ‖σ) of states ρ and
σ is defined by

H(ρ‖σ) = { ∑i⟨i|ρ log ρ − ρ log σ⟩ℍ, if ker⊥(ρ) ⊂ ker⊥(σ)
+∞, otherwise,

(7.14)

where {|i⟩ℍ}+∞i=1 ⊂ ℍ is a basis of the eigenvectors of ρ.
Comparing the above two definitions (Definitions 8.1.3 and 8.1.4), we note that ifA

andB are quantum states onℍ, then tr[B] = tr[A] = 1. Consequently, the two formulae
(8.6) and (8.7) coincide.

Proposition 7.3.3. Let 𝒜 be a convex hull of finite subset of states in 𝒮(ℍ). If the von
Neumann entropy H(⋅) is continuous on 𝒜, then there exists an H-operator H and an
h > 0 such that𝒜 ⊂ 𝒦H(h).

Proof. If𝒜 = co({ρi}ni=1) (i. e.,𝒜 is the convex hull of the finite set of states {ρi}ni=1), then
the relative entropy H(ρi‖ρ̄) < +∞, where ρ̄ =

1
n ∑

n
i=1 ρi. Thus, validity of the assertion

in the proposition in this case follows from the implication (2) ⇒ (1) in Theorem 3.2.5
(with𝒜 = {ρi}ni=1 and σ = ρ̄). This proves the proposition.
Proposition 7.3.4. Let 𝒜 = ϒ(ℬ), where ϒ : B(𝕂) → B(ℍ) and ℬ is a compact subset
of T+(𝕂) with dim(𝕂) < +∞. If the von Neumann entropy H(⋅) is continuous on𝒜, then
there exists an H-operator H and an h > 0 such that𝒜 ⊂ 𝒦H(h).

Proof. Wemay assume that the set ℬ contains a full rank operator B0. Since the func-
tionH(⋅) is continuous on the closed convex set𝒜 it is bounded on this set, and hence,
Theorem 3.2.5 implies existence of a positive operator H onℍ such that λ†(H) < +∞
and tr[Hρ] ≤ h for all ρ ∈ 𝒜 and some h > 0. Finiteness of λ†(H) shows that H =
∑+∞i=1 hi|i⟩ℍ⟨i|, where {|i⟩ℍ}+∞i=1 is an orthonormal basis ofℍ. Since tr[Hϒ(B0)] ≤ h and
B0 ≥ λI𝕂 for some λ > 0, we have
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tr[Hϒ(I𝕂)] =
+∞
∑
i=1 hi⟨i|ϒ(I𝕂)|i⟩ℍ = tr[+∞∑i=1 hiϒ∗(|i⟩ℍ⟨i|)] < +∞,

and hence, the linear operator in the square bracket lies inB(𝕂). Thus, the function

B 󳨃→ tr[Hϒ(B)] =
+∞
∑
i=1 hi⟨i|ϒ(B)|i⟩ℍ = tr[+∞∑i=1 hiϒ∗(|i⟩ℍ⟨i|)]B

is continuous on the compact set ℬ. For arbitrary compact subset ℬ of T+(𝕂), Dini’s
lemma (which states that a monotonically increasing sequence of continuous real-
valued functions on a compact set, which converges pointwise to a continuous func-
tion then the convergence is uniform) implies uniform convergence of the series
∑+∞i=1 hiϒ∗(|i⟩ℍ⟨i|) on ℬ, and hence, existence of a nondecreasing sequence (yℬi )

+∞
i=1 of

positive numbers converging to +∞ such that

sup
B∈T+(𝕂) +∞∑i=1 yℬi hiϒ∗(|i⟩ℍ⟨i|) < +∞

Let Hℬ = ∑+∞i=1 yℬi hi|i⟩⟨i| be an H-operator such that λ†(Hℬ) = 0. Thus, we have

sup
B∈ℬ tr[Hℬϒ(B)] = sup

B∈ℬ tr[
+∞
∑
i=1 yℬi hiϒ∗(|i⟩⟨i|)]B < +∞.

This proves the proposition.

Lemma 7.3.5. If σ is a quantum state with λ†(σ) < 1, then for arbitrary state ρ such that
H(ρ‖σ) < +∞ the von Neumann entropy H(ρ) is finite and for all λ > λ†(σ), the following
identity holds:

H(ρ‖(tr[σλ])−1σλ) = λH(ρ‖σ) + log(tr[σλ]) − (1 − λ)H(ρ).
If tr[σλ†(σ)] < +∞, then above identity holds for λ = λ†(σ).
Proof. Let (Pn)+∞n=1 be an increasing sequence of spectral projectors of the state σ. Let
An = PnρPn and Bn = PnσPn be positive trace-class operators. By definition, we have

H(An‖B
λ
n) = tr[An logAn − An logB

λ
n + B

λ
n − An]

= tr[(λ + (1 − λ))An logAn − λAn logBn + B
λ
n − An]

= λH(An‖Bn) + tr[B
λ
n] − λ tr[Bn]

− (1 − λ) tr[An] − (1 − λ) tr[An(− logAn)].

Since Bλn = Pnσ
λPn, Lindblad’s results (see also Lemma 7.2.7) imply

lim
n→+∞ tr[An(− logAn)] = H(ρ) and lim

n→+∞H(An‖B
λ
n) = H(ρ‖σ

λ)
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for all λ > λ†(σ). So, passing to the limit in the above equality, we obtain

H(ρ‖σλ) = λH(ρ‖σ) + tr[σλ] − 1 − (1 − λ)H(ρ).

Thus, finiteness of H(ρ‖σ) implies finiteness of H(ρ) and of H(ρ‖σλ) for all λ > λ†(σ).
By noting that

H(ρ‖(tr[σλ])−1σλ) = H(ρ‖σλ) + log(tr[σλ]) − tr[σλ] + 1,
we obtain the identity of the lemma.

The following result, due originally to Shirokov [141], specifies conditions on λ†(H)
at which the von Neumann H(⋅) is either bounded or continuous on the set 𝒦H(h).

Proposition 7.3.6. Let H be an H-operator on the Hilbert spaceℍ and h be a positive
number such that h > hm(H). Then:
1. The vonNeumannentropyH(⋅) is boundedon the set𝒦H(h) if andonly if λ†(H) < +∞.
2. The von Neumann entropy H(⋅) is continuous on the set 𝒦H(h) if and only if

λ†(H) = 0.
Proof. We follow the proof given in [141] below. Throughout this proof, we will as-
sume that the H-operator takes the form H = ∑+∞k=1 hk |k⟩ℍ⟨k|, where (hk)+∞k=1 is a non-
decreasing sequence of eigenvalues of H converging to infinity and {|k⟩ℍ}+∞k=1 ⊂ ℍ is
an orthonormal basis of corresponding eigenvectors ofH. That is,H|k⟩ℍ = hk |k⟩ℍ for
k = 1, 2, . . . , and {|k⟩ℍ}+∞k=1 form an orthonormal basis of ℍ. Let d = dim(ℍm(H)), so
that hk = hm(H) for k = 1, 2, . . . d, and {|k⟩ℍ}dk=1 is a basis ofℍm(H). We begin with the
proof of the first part of the proposition.

(1). (⇒) Suppose λ†(H) := inf{λ > 0 | tr[exp(−λH)] < +∞} < +∞. Then there exists
λ > 0 such that

σ = exp(−λH)
tr[exp(−λH)]

is a state. Byusingnonnegativity of relative entropy and thedefinition of the set𝒦H(h),
we obtain

H(ρ) = λ tr[ρH] + log(tr[exp(−λH)]) − H(ρ‖σ)
≤ λh + log(tr[exp(−λH)])
(because h > hm(H) and H(ρ‖σ) ≥ 0) < +∞, ∀ρ ∈ 𝒦H(h),

which means boundedness of H(ρ) on 𝒦H(h).
(⇐) On the other hand, suppose supρ∈𝒦H(h) H(ρ) < +∞. We first show that the

equation
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n
∑
k=1 hk exp(−λhk) = n

∑
k=1 h exp(−λhk) (7.15)

has the unique positive solution λn for all sufficiently large n and that the sequence
(λn)+∞n=1 is increasing. Note that equation (7.15) is equivalent to the equation fn(λ) = 0,
where

fn(λ) =
n
∑
k=1(hk − h) exp(−λ(hk − h)) = exp(λh) n∑k=1(hk − h) exp(−λhk).

Since f ′n(λ) = −∑nk=1(hk−h)2 exp(−λ(hk−h)) < 0, the function fn(λ) is strictly decreasing
on [0, +∞[ for each n. It is easy to see that

fn(0) =
n
∑
k=1 hk − nh and lim

λ→+∞ fn(λ) = −∞ if h > hm(H).

Since the sequence (hk)+∞k=1 is nondecreasing and unbounded, ∑nk=1 hk > nh (hence,
fn(0) > 0) for all sufficiently large n and the above observation imply existence of the
unique positive solution λn of the equation fn(λ) = 0 for each n. To show that λn+1 > λn,
it is sufficient to note that fn+1(λ) > fn(λ) for all λ in [0, +∞[ and for all n such that
hn > h.

For each sufficiently large n, consider the state

ρn = (
n
∑
k=1 exp(−λnhk))

−1 n
∑
k=1 exp(−λnhk)󵄨󵄨󵄨󵄨k⟩ℍ⟨k󵄨󵄨󵄨󵄨 (7.16)

in 𝒦H(h).
This state is themaximumpoint of the entropyH(ρ) on the subset𝒦(n)H (h) of𝒦H(h)

consisting of states supported by the linear hull of the vectors {|k⟩ℍ}nk=1. Indeed, by
using nonnegativity of the relative entropy and definition of the state ρn it is easy to
see that

H(ρ) = λn tr[ρH] + log(
n
∑
k=1 exp(−λnhk)) − H(ρ‖ρn)

≤ λnh + log(
n
∑
k=1 exp(−λnhk))

(because h ≥ tr[ρH] and H(ρ‖ρn) ≥ 0)

for all ρ ∈ 𝒦(n)H (h) and that the equality of the inequality above takes place if and only
if ρ = ρn. By using this and monotonicity of the logarithmic function, we obtain

H(ρn) = λnh + log(
n
∑
k=1 exp(−λnhk)) ≥ λn(h − hm(H)) (7.17)
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Since h > hm(H), the assumption supρ∈𝒦H(h) H(ρ) < +∞ implies boundedness of the
sequence (λn)+∞n=1 . By this and due to the mentioned above monotonicity of this se-
quence, we conclude that there exists limn→+∞ λn = λ∗ < +∞. Since λn ≤ λ∗ for all n,
the first equality in (7.17) implies

n
∑
k=1 exp(−λ∗hk) ≤ n

∑
k=1 exp(−λkhk) < exp( sup

ρ∈𝒦H(h)H(ρ)) < +∞, (7.18)

for all n, and hence, +∞
∑
k=1 exp(−λ∗hk) < +∞. (7.19)

This shows that λ†(H) ≤ λ∗ < +∞. We conclude that the von Neumann entropy H(⋅) is
bounded on 𝒦H(h) if and only if λ†(H) < +∞.

(2). For n = 1, 2, . . . , let 𝒦(n)H (h) be as defined in the proof of part (1). Since 𝒦H(h) =
⋃n𝒦
(n)
H (h) and supρ∈𝒦(n)H (h) H(ρ) = H(ρn), lower semicontinuity of H(ρ) implies that

sup
ρ∈𝒦H(h)H(ρ) = lim

n→+∞( sup
ρ∈𝒦(n)H (h)H(ρ)) = lim

n→+∞H(ρn).
By Lemma 7.3.1, the sequence of states (ρn)+∞n=1 converges to the state ρ∗(𝒦H(h)). For
each n ∈ ℕ, let An = ∑

n
k=1 exp(−λnhk)|k⟩ℍ⟨k|. Since limn→+∞ λn = λ∗, the sequence of

operators (An)
+∞
n=1 converges toA∗ = ∑+∞k=1 exp(−λ∗hk)|k⟩ℍ⟨k| inT(ℍ) in weak operator

topology. Combining these observations, it is easy to see that

lim
n→+∞ tr[An] = lim

n→+∞ n
∑
k=1 exp(−λnhk) = +∞∑k=1 exp(−λ∗hk) = tr[A∗], (7.20)

since tr[|k⟩ℍ⟨k|] = 1 for each k, and that

ρ∗(𝒦H(h)) = lim
n→+∞ ρn = (+∞∑

k=1 exp(−λ∗hk))
−1 +∞
∑
k=1 exp(−λ∗hk)|k⟩ℍ⟨k|. (7.21)

By using (7.17) and (7.20), we obtain

sup
ρ∈𝒦H,h

H(ρ) = lim
n→+∞H(ρn) = hλ∗ + log(+∞∑

k=1 exp(−λ∗hk)). (7.22)

Lower semicontinuity of the entropy implies
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H(ρ∗(𝒦H(h))) = λ
∗∑+∞k=1 hk exp(−λ∗hk)
∑+∞k=1 exp(−λ∗hk)
+ log(

+∞
∑
k=1 exp(−λ∗hk)) ≤ lim

n→+∞H(ρn).
It follows from (7.22) that this inequality is equivalent to the inequality+∞

∑
k=1 hk exp(−λ∗hk) ≤ h +∞∑k=1 exp(−λ∗hk). (7.23)

Note that equality in this inequality implies that ρ∗(𝒦H(h)) is the Gibbs state Γ(𝒦H(h)).
Conversely, by Lemma 7.3.1 if the Gibbs state Γ(𝒦H(h)) exists, then it coincides with
ρ∗(𝒦H(h)), and hence, equality holds in (7.23). Thus, existence of the Gibbs state
Γ(𝒦H(h)) is equivalent to equality in (7.23). So, to complete the proof of this part of
the proposition it is sufficient to show that the inequality h ≤ h∗(H) is equivalent to
equality in (7.23).

We first show that λ∗ > λ†(H) implies equality in (7.23). Consider the function

f (λ) = lim
n→+∞ fn(λ) = +∞∑

k=1(hk − h) exp(−λ(hk − h)).
Since the series∑+∞k=1 hpk exp(−λhk) converges uniformly on the interval [λ†(H) + ϵ, +∞[
for arbitrary p ∈ ℕ and ϵ > 0, the function f (λ) has a continuous derivative f ′(λ) =
−∑+∞k=1 (hk − h)2 exp(−λ(hk − h)) < 0 on the interval ]λ†(H), +∞[. By the construction,
f (λn) ≥ fn(λn) = 0 for all sufficiently large n. This and continuity of the function f (λ) at
the point λ∗ ∈ ]λ†(H), +∞[ imply f (λ∗) ≥ 0. Since (7.23) implies the converse inequal-
ity, we obtain f (λ∗) = 0, which means equality in (7.23).

If h < h∗(H), then (finite or infinite) f (λ†(H)) > 0. Since (7.23) implies f (λ∗) ≤ 0,
this means λ∗ > λ†(H) and by the above observation f (λ∗) = 0. If h = h∗(H), then
f (λ†(H)) = 0, and hence, λ∗ = λ†(H). Indeed, if λ∗ > λ†(H) then by the above observa-
tion f (λ∗) = 0 = f (λ†(H)) contradicting to the strict decreasing property of the function
f (λ).

If h > h∗(H), then f (λ†(H)) < 0. Since the function f (λ) is decreasing, this implies
f (λ∗) < 0, and hence, equality does not hold in (7.23).

Let us prove the second part of the proposition. If λ†(H) = 0, then the entropy is
continuous on the set𝒦H(h) by the observation inWehrl [174]. It follows also from the
implication (1) ⇒ (2) in the below Proposition 7.3.10. To prove the converse implica-
tion, consider the sequence of states

(σn = (1 − qn)|1⟩ℍ⟨1| +
qn
n

n+1
∑
k=2 |k⟩ℍ⟨k|)

+∞
n=1

where
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(qn = (h − hm(H))(n
−1 n+1∑

k=2 hk − hm)
−1
)

+∞
n=1

is a sequence of positive numbers that converges to 0, where we assume that n is suf-
ficiently large so that qn < 1. Since the sequence (σn)+∞n=1 lies in𝒦H(h) and converges to
the pure state |1⟩ℍ⟨1|, continuity of H(ρ) on the set 𝒦H(h) implies the convergence of
the sequence (H(σn))+∞n=1 , to 0, where

H(σn) = h2(qn) + qn log n = h2(qn) +
(h − hm) log n

n−1∑n+1k=2 hk − hm .
By the obvious estimation n−11∑n+1k=2 hk ≤ hn+1, it follows that the sequence (νn =
hn+1 log n)n∈ℕ converges to zero. Therefore, for arbitrary λ > 0, we have

tr[exp(−λH)] =
+∞
∑
n=0 exp(−λhn+1) = +∞∑n=1 n− λ

νn < +∞

and hence, λ†(H) = 0. This proves the proposition.
Let

h∗(H) = { tr[H exp(−λ†(H)H)]
tr[exp(−λ†(H)H)] , if tr[exp(−λ†(H)H)] < +∞;
+∞, otherwise.

(7.24)

Let FH(⋅) : [hm(H), +∞[→ [0, +∞] be the function defined by

FH(h) = sup
ρ∈𝒦H(h)H(ρ), h ∈ [hm(H), +∞[. (7.25)

The following proposition (also due originally to Shirokov [141]) give precise cal-
culation of FH(h) for the range h ≤ h∗(H) as well as for h > h∗(H).
Proposition 7.3.7. Let H be an H-operator on the Hilbert spaceℍ and h be a positive
number such that h > hm(H). Then:
1. If h ≤ h∗(H), then

FH(h) := sup
ρ∈𝒦H(h)H(ρ) = λ∗h + log(tr[exp(−λ∗H)]),

where λ∗ = λ∗(H, h) ≥ λ†(H) is uniquely defined by the equation
tr[H exp(−λH)] = h tr[exp(−λH)], (7.26)

and there exists the Gibbs state Γ(𝒦H(h)) =
tr[exp(−λ∗H)]
exp(−λ∗H) of the set 𝒦H(h).
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2. If h > h∗(H), then
FH(h) := sup

ρ∈𝒦H(h)H(ρ) = λ†(H)h + log(tr[exp(−λ†(H)H)])
and there exists no ρ ∈ 𝒦H(h) such that H(ρ) = FH(h). In all cases,

FH(h) := sup
ρ∈𝒦H(h)H(ρ) = inf

λ†(H)<λ<+∞(λh + log(tr[exp(−λH)])).
Proof. From the proof in Proposition 7.3.7, we observe that

FH(h) := sup
ρ∈𝒦H(h)H(ρ) = inf

λ†(H)<λ<+∞(λh + log(tr[exp(−λH)])).
The general expression for FH(h) := supρ∈𝒦H(h) H(ρ) can be deduced from the previous
observation by noting that the infimum in this expression is achieved at λ∗ if h ≤ h∗(H)
and at λ†(H) if h ≥ h∗(H). This proves the proposition.
Example 7.3. As a classical counterpart for part (2) of Proposition 7.3.7, we demon-
strate that Shannon entropy is continuous on a closed convex set𝒜 of classical prob-
ability distributions if and only if𝒜 ⊂ 𝒦{hi},h for a particular nondecreasing sequence
(hi)+∞i=1 of nonnegative numbers that tends to +∞ such that λ†((hi)+∞i=1 ) = 0 and h > 0,
where

λ†((xi)+∞i=1 ) = inf{λ | ∑
i
exp(−λhi) < +∞}.

Toprove this assertion, it is sufficient toprove the ”only if ” part, since the converse
assertion follows from the similar assertion for the von Neumann entropy (see the
previous section). Since the function (xi)+∞i=1 󳨃→ S((xi)+∞i=1 ) is finite on the closed convex
set𝒜, it is bounded on this set and the classical analog of Corollary 5 in Shirokov [141]
shows that the set𝒜 is compact. By the Dini’s lemma, the condition ‖(xi)+∞i=1 ‖1 = 1 and
the continuity of the function (xi)+∞i=1 󳨃→ S((xi)+∞i=1 ) imply uniform convergence of the
series ∑i xi and ∑i xi(− log xi) on the set 𝒜. Hence, there exists a sequence (yi)+∞i=1 of
positive numbers tending to +∞ such that

sup(xi)∈𝒜∑i yixi < +∞ and sup(xi)∈𝒜∑i yixi(− log xi) < +∞. (7.27)

Let ℬ be the image of the set𝒜 under the map (xi)+∞i=1 󳨃→ (yixi)+∞i=1 . It follows from (7.27)
that ℬ is a convex bounded subset of the positive cone of the space l1 and that the
extended Shannon entropy defined by the formula

S((xi)
+∞
i=1 ) = 󵄩󵄩󵄩󵄩(xi)+∞i=1 󵄩󵄩󵄩󵄩l1S( (xi)+∞i=1‖(xi)+∞i=1 ‖l1 )
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is bounded on the set ℬ, where ‖(xi)+∞i=1 ‖l1 = ∑+∞i=1 |xi|. By the classical analog of
Lemma 2 in Shirokov [145], there exists a sequence (hi)+∞i=1 of nonnegative numbers
(hi)+∞i=1 such that λ†((hi)+∞i=1 ) < +∞ and sup(xi)∈𝒜 hiyixi < +∞. It is easy to see that
λ†((hiyi)+∞i=1 ) = 0.

The following result (due originally to Shirokov [141]) investigates the behaviors
of the function FH(⋅) defined in (7.25).

Proposition 7.3.8. The function FH(⋅) has the following properties:
1. The function FH : [hm(H), +∞[ → [0, +∞] is continuous and increasing such that

FH(hm(H)) = log(dim(ℍm(H))) and limh→+∞ FH(h) = +∞.
2. The function FH(h) has a continuous derivative

dFH(h)
dh
= {

λ∗(H, h), h ∈ ]hm(H), h∗(H)[
λ†(H), h ∈ [h∗(H), +∞[

such that

dFH(h)
dh

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨h=hm(H) = lim
h↓hm(H) dFH(h)dh

= +∞ and lim
h→+∞ dFH(h)

dh
= λ†(H).

3. FH(⋅) is strictly concave on the interval [hm(H), h∗(H)[ and linear on [h∗(H), +∞[ if
h∗(H) < +∞.

Proof. As in the proof of Proposition 7.3.7,wewill assume that theH-operator takes the
formH = ∑+∞k=1 hk |k⟩ℍ⟨k|, where {|k⟩ℍ}+∞k=1 is an orthonormal basis in the spaceℍ and
(hk)+∞k=1 is a nondecreasing sequence of positive numbers converging to the infinity. Let
d = dim(ℍm(H)) so that hk = hm(H) for k = 1, 2, . . . d and {|k⟩ℍ}dk=1 is a basis ofℍm(H).

The general expression for FH(h) = supρ∈𝒦H,h
H(ρ) can be deduced from the previ-

ous observation by noting that the supremum in this expression is achieved at λ∗(H, h)
if h ≤ h∗(H) and at λ†(H) if h ≥ h∗(H).

The proof of the properties of the function FH(h) is based on the implicit function
theorem (see, e. g., Rudin [133] and Halmos [57]) and is presented below. We first note
that by lower semicontinuity of the von Neumann entropy

lim
h→+∞ FH(h) = lim

h→+∞ sup
ρ∈𝒦ℍ(h)H(ρ) = sup

ρ∈𝒮(ℍ)H(ρ) = +∞
for arbitrary value of λ†(H), since⋃h∈ℝ𝒦H(h) = 𝒮(ℍ). Consider the function

g(λ, h) =
+∞
∑
k=1(hk − h) exp(−λhk).

By using the theorem about series depending on parameters, it is easy to see that this
function is differentiable at any point (λ, h) with λ > λ†(H) and
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𝜕g(λ, h)
𝜕λ
=
+∞
∑
k=1 hk(h − hk) exp(−λhk), 𝜕g(λ, h)𝜕h = − +∞∑k=1 exp(−λhk). (7.28)

By the observation in the proof of Proposition 7.3.7 for each h ∈ ]hm(H), h∗(H)[, there
exists the unique λ∗ = λ∗(h) > λ†(H) such that g(λ∗(h), h) = 0. It follows from (7.28):

𝜕g(λ, h)
𝜕λ

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨λ=λ∗(h) = +∞∑k=1 hk(h − hk) exp(−λ∗(h)hk) < 0.
By the implicit function theorem, the function λ∗(h) is differentiable on the open in-
terval ]hm(H), h∗(H)[ and

dλ∗(h)
dh
= (
𝜕g(λ, h)
𝜕λ
)
−1
𝜕g(λ, h)
𝜕h

= (
+∞
∑
k=1 hk(h − hk) exp(−λ∗(h)hk))

−1 +∞
∑
k=1 exp(−λ∗(h)hk) < 0. (7.29)

Expression (7.22) implies that

FH(h) = λ
∗(h)h + log(+∞∑

k=1 exp(−λ∗(h)hk)), ∀h ∈ ]hm(H), h∗(H)]. (7.30)

By direct derivative calculation, we obtain

dFH(h)
dh
=

d
dh
(λ∗(h)h + log(+∞∑

k=1 exp(−λ∗(h)hk))) = λ∗(h), (7.31)

where the equality g(λ∗(h), h) = 0 was used. This and equation (7.29) imply

d2FH(h)
dh2
=
dλ∗(h)
dh
< 0,

which shows strict concavity of the function FH(h) on the open interval ]hm(H), h∗(H)[.
Suppose h∗(H) < +∞. If h > h∗(H), then by the proved part of Proposition 7.3.7,

FH(h) = λ
†(H)h + log(+∞∑

k=1 exp(−λ†(H)hk)) (7.32)

is a linear function and

dFH(h)
dh
= λ†(H). (7.33)

If h = h∗(H), then by the observation in the proof of Proposition 7.3.7, λ∗(h) = λ†(H),
and hence, representations (7.30) and (7.32) coincide in this case. To show smoothness
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of the function FH(⋅) at the point h∗(H), note that λ∗(h) → λ†(H) as h ↑ h∗(H). Indeed,
by (7.29) the function λ∗(h) is decreasing on the open interval [hm(H), h∗(H)[ and for
arbitrary λ > λ†(H) there exists

hλ = (
+∞
∑
k=1 exp(−λhk))

−1 +∞
∑
k=1 hk exp(−λhk)

such that λ = λ∗(hλ).
Thus, equations (7.30), (7.31), (7.32) and (7.33) together imply

lim
h↑h∗(H) FH(h) = FH(h∗(H)) and lim

h↑h∗(H) dFH(h)dh
=
dFH(h)
dh

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨h=h∗(H)+,
and hence, the function FH(h) has a continuous derivative at the point h∗(H). To prove
right continuity of the function FH(⋅) at the point hm(H), note first that

lim
h↓hm(H) λ∗(h) = +∞. (7.34)

Indeed, by (7.29) the function λ∗(h) is decreasing on the open interval
]hm(H), h∗(ℍ)[, and hence, there exists λm = limh↓hm(H) λ∗(h). If λm < +∞ then by

passing to the limit as h ↓ hm(H) in the identity+∞
∑
k=1 hk exp(−λ∗(h)hk) = h +∞∑k=1 exp(−λ∗(h)hk),

valid for all h in the open interval ]hm(H), h∗(H)[, we obtain a contradiction.
Let d = dim(ℍm(H)). It is easy to see that

P(h) = log(
+∞
∑
k=1 exp(−λ∗(h)hk)) = −λ∗(h)hm(H) + Q(h), (7.35)

whereQ(h) = log(d+∑+∞k>d exp(−λ∗(h)(hk −hm(H))) is a nondecreasing function on the
open interval ]hm(H), h∗(H)[ tending to log(d) as h ↓ hm(H). Since the function FH(⋅)
is obviously nonnegative and nondecreasing on the interval [hm(H), +∞[, there exists
limh↓hm(H) FH(h) ≥ FH(hm(H)). This, Lemma 7.3.1, and (7.35) together imply that there
exists

lim
h↓hm(H) λ∗(h)(h − hm(H)) = C < +∞

and that

lim
h↓hm(H) FH(h) = C + log(d) = C + FH(hm(H)).
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Thus, to prove right continuity of the function FH(⋅) at the point hm(H) it is sufficient
to show that C = 0. This can be done by proving that

h′′

∫
hm(H) λ(h)dh = lim

h′↓hm(H)
h′′

∫

h′

λ∗(h)dh < +∞, (7.36)

for some h′′ > hm(H). Indeed, finiteness of this integral and the assumption C > 0
imply finiteness of the integral ∫h

′′

hm(H)(h − hm(H))−1dh.
It is easy to see that

dP(h)
dh
= −hdλ

∗(h)
dh

and hence − dλ
∗(h)
dh
(h − hm(H)) =

dQ(h)
dh
.

By direct integration, we obtain

Q(h′′) − Q(h′) = λ∗(h′)(h′ − hm(H)) − λ(h′′)(h′′ − hm(H)) + h′′∫
h′

λ∗(h)dh.
This and the mentioned before existence of limh↓hm(H) Q(h) = log d and of
limh↓hm(H) λ∗(h′)(h′ − hm(H)) = C < +∞ imply (7.36). By the above observation,

FH(h) − FH(hm(H))
h − hm(H)

≥ λ∗(h), ∀h > hm(H),
and hence, (7.34) implies dFH(h)

dh |h=hm(H)+ = +∞.
This proves the proposition.

Proposition 7.3.9. Let σ be a state with finite von Neumann entropy H(σ). If λ†(σ) < 1,
then limn→+∞ H(ρn) = H(σ) for arbitrary sequence (ρn)+∞n=1 of states H-converging to the
state σ. If λ†(σ) = 1, then for arbitrary h ≥ H(σ) there exists a sequence (ρn)+∞n=1 of states
with finite support H-converging to the state σ such that limn→+∞ H(ρn) = h.
Proof. Let λ†(σ) < 1. Then Lemma 7.3.5 implies

H(ρn‖(tr[σλ])−1σλ) − λH(ρn‖σ)
1 − λ

=
log(tr[σλ])

1 − λ
− H(ρn) (7.37)

for all λ > λ†(σ). Suppose lim infn→+∞ H(ρn) − H(σ) = Δ > 0. Since the first term
in the right-hand side of (7.37) tends to H(σ) as λ → 1, there exists λ′ < 1 such that
the right-hand side of (7.37) is less than −Δ/2 for this λ′ and sufficiently large n. While
by nonnegativity of the relative entropy, the left-hand side of (7.37) is greater than
− λ
′H(ρn‖σ)
1−λ′ , which tends to zero as n → +∞. Let λ†(σ) = 1 and let h > H(σ). Without

loss of generality, we may assume that σ is a full rank state so that H = − log σ is an
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H-operator such that λ†(H) = λ†(σ) = 1 and h∗(H) = H(σ) < +∞. By Proposition 7.3.7,
supρ∈∈𝒦H(h) H(ρ) = h for all h > h∗(H). For given h > h∗(H) in the proof of Propo-
sition 7.3.7, the sequence (ρn)+∞n=1 of states converging to the state ρ∗(𝒦H(h)) = σ was
constructed. By this construction,

lim
n→∞H(ρn) = sup

ρ∈𝒦H(h)H(ρ) = h and lim
n→+∞H(ρn‖σ) = 0.

This proves the proposition.

We conclude this subsection by summarizing some results regarding the vonNeu-
mann entropy H(⋅) on the compact subset 𝒦H(h) of 𝒮(ℍ), where H is an H-operator
onℍ.
– H(⋅) is finite on the set 𝒦H(h) if and only if λ†(H) < +∞;
– H(⋅) is continuous on the set 𝒦H(h) if and only if λ†(H) = 0;
– H(⋅) is finite on a closed convex set 𝒜 if and only if there exists an H-operator H

with λ†(H) < +∞ such that𝒜 ⊆ 𝒦H(h).

7.3.3 H(⋅) on an arbitrary closed subset𝒦
The following result is devoted to the question of continuity of the entropy on arbitrary
subsets of states.

Proposition 7.3.10. Let 𝒦 be an arbitrary closed subset of 𝒮(ℍ). The following proper-
ties are equivalent:
1. 𝒦 ⊆ 𝒦H(h) for some positive number h and H-operator H with λ†(H) = 0;
2. The von Neumann entropy H(⋅) is continuous on the set 𝒦 and there exists a state

σ in 𝒮(ℍ) such that the relative entropy H(⋅‖σ) is continuous and bounded on the
set 𝒦;

3. There exists a H-operator H with λ†(H) < +∞ such that the linear function tr[⋅H] is
continuous and bounded on the set 𝒦.

If equivalent properties (1)–(3) hold, then theH-operatorsH and the state σ can be cho-
sen in such a way that tr[σH] < +∞, H = − log σ and H(σ) < +∞.

Proof. (2) ⇒ (3). Since every continuous function is finite, we have from Defini-
tion 8.1.3 that

H(ρ‖σ) = −H(ρ) + tr[ρ(− log σ)], ρ ∈ 𝒦, (7.38)

since tr[ρ] = tr[σ] = 1. By Proposition 3a (7.3.10), the set 𝒦 is compact, and hence, the
entropy is bounded on 𝒦. Thus, the conditions of (2) and (7.38) imply continuity and
boundedness of the function tr[ρ(− log σ)](= H(ρ‖σ) + H(ρ)) on the set 𝒦, since both
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H(⋅‖σ) and H(⋅) are bounded and continuous on 𝒦. Hence, (3) holds with H = − log σ,
which is an H-operator with λ†(H) < +∞ as shown in Example 7.2.
(3) ⇒ (2). For given λ > λ†(H̃), let σ = (tr[exp(−λH̃)])−1 exp(−λH̃) be a state in

𝒮(ℍ)with finite entropy. Then (3) means continuity and boundedness of the function
tr[ρ(− log σ)] on the set 𝒦. By lower semicontinuity of the entropy and of the relative
entropy this and (7.38) imply continuity and boundedness of the functions H(⋅) and
H(⋅‖σ) on the set 𝒦.
(1) ⇒ (3). By the assumption ∑k exp(−λhk) < +∞ for all λ > 0, and hence,

∑k hk exp(−λhk) < +∞ for all λ > 0. This implies existence of a sequence (λk)+∞k=1 of pos-
itivenumbersmonotonously converging to zero and such that∑k hk exp(−λkhk) < +∞.
This sequence can be constructed as follows. For arbitrary naturalm, let N(m) be the
minimal number such that +∞

∑
k=N(m) exp(−hk/m) < 2−m.

Consider a sequence (λk)+∞k=1 , where
λk = {

1, k < N(2)
1/m, N(m) ≤ k < N(m + 1),m ≥ 2.

}

It is easy to see that this sequence satisfies the above condition. Since tr[ρH] =
∑k hk⟨k|ρ|k⟩ℍ ≤ h for all ρ ∈ 𝒦, the series ∑k∈ℕ λkhk⟨k|ρ|k⟩𝕂 converges uniformly
on 𝒦. This implies continuity of the function tr[ρ(− log σ)], where

σ = (∑
k
exp(−λkhk))

−1
∑
k
exp(−λkhk)|k⟩ℍ⟨k|.

Note that the condition

∑
k
hk exp(−λkhk) < +∞ implies tr[σH] < +∞ and H(σ) < +∞.

Thus, (3) holds with H̃ = − log σ.
(3) ⇒ (1). Let H̃ = ∑k h̃k |k⟩ℍ⟨k|, where (|k⟩ℍ)k∈ℕ is an orthonormal basis in ℍ.

Since (3) implies (2), Proposition 3a (7.3.10) implies compactness of𝒦. By the assump-
tion, the series∑k h̃k⟨k|ρ|k⟩ℍ converges on the compact set𝒦 to the continuous func-
tion tr[ρH̃]. By the Dini’s lemma, it converges uniformly on 𝒦. This implies existence
of a sequence (λk)+∞k=1 of positive numbers monotonously converges to +∞ and such
that ∑k λk h̃k⟨k|ρ|k⟩ℍ ≤ h < +∞ for all ρ ∈ 𝒦. It is easy to see that the H-operator
H = ∑k λk h̃k |k⟩ℍ⟨k| has all the properties stated in (1).

The last assertion of the proposition follows from the above construction. This
proves the proposition.
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We have the following observation from Propositions 7.3.7 and 7.3.10.

Corollary 7.3.11. IfH is anH-operator with λ†(H) = 0, then there exists a state σ in𝒮(ℍ)
and an H-operator H̃ with λ†(H̃) < +∞ such that the relative entropy H(⋅‖σ) and linear
functional tr[⋅H̃] are continuous on the set 𝒦H(h).

Since the set𝒦H,h is convex by definition, Propositions 7.3.7 and 7.3.10 also provide
the following result.

Corollary 7.3.12. If the von Neumann entropy H(⋅) is continuous on the closed set 𝒦
and there exists a state σ ∈ 𝒮(ℍ) such that the relative entropy H(⋅‖σ) is continuous and
bounded on the set 𝒦, then the entropy is continuous on the set co(𝒦).

Remark 7.1. The assumption of existence of the state σ in the statement (2) of Propo-
sition 7.3.10 and in Corollary 7.3.12 is essential. Indeed, let𝒦 be the closed subset of all
pure states in 𝒮(ℍ). Then the von Neumann entropyH(⋅) is clearly continuous on this
set𝒦, but it is not continuous on co(𝒦) = 𝒮(ℍ). There exists compact countable set𝒦
of pure states such that H(⋅) is unbounded on the set co(𝒦).

The implication (3) ⇒ (2) in Proposition 7.3.10 makes it possible to show continu-
ity of the entropy on some nontrivial subsets of states, which will be used later.

Corollary 7.3.13. Let λ 󳨃→ Uλ bea continuousmapping from some compact setΛ into the
set of all unitaries (antiunitaries) onℍ and let ω be a state in𝒮(ℍ) such thatUλωU∗λ = ω
for all λ ∈ Λ. Then for arbitrary state σ such that tr[σ(− logω)] < +∞ the functions
H(⋅) and H(⋅‖ω) are continuous on the set co({UσU∗λ }λ ∈ Λ), where co{⋅ ⋅ ⋅} denotes the
smallest closed convex set containing {⋅ ⋅ ⋅}.

For an arbitrary orthonormal basis {|k⟩ℍ}+∞k=1 inℍ, consider the expectation
Π{|k⟩ℍ} : ρ 󳨃→ ∑

k
⟨k|ρ|k⟩ℍ|k⟩ℍ⟨k|.

Note that the output states of Π{|k⟩ℍ} can be considered as classical states (probabil-
ity distributions). So, we may call the set Π{|k⟩ℍ}(𝒦) classical projection of the set 𝒦,
corresponding to the basis {|k⟩ℍ}+∞k=1 .

The following proposition shows, roughly speaking, that properties of sets of
quantum states are closely related to the properties of classical projections of these
sets.

Proposition 7.3.14. Let 𝒦 be an arbitrary closed subset of 𝒮(ℍ).
1. The set 𝒦 is compact if the set Π{|k⟩ℍ}(𝒦) is compact for at least one basis {|k⟩ℍ}.
2. If the set𝒦 is compact in 𝒮(ℍ), then the setΠ{|k⟩ℍ}(𝒦) is compact for arbitrary basis
{|k⟩ℍ}.

3. The von Neumann entropy H(⋅) is bounded on the set 𝒦 if it is bounded on the set
Π{|k⟩ℍ}(𝒦) for at least one basis {|k⟩ℍ}.
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4. If the von Neumann entropy H(⋅) is bounded on the set 𝒦 and the set 𝒦 is convex,
then it is bounded on the set Π{|k⟩ℍ}(𝒦) for at least one basis {|k⟩ℍ}.

5. The von Neumann entropy H(⋅) is continuous on the set 𝒦 if it is continuous on the
set Π{|k⟩ℍ}(𝒦) for at least one basis {|k⟩ℍ}.

6. If the von Neumann entropy H(⋅) is continuous on the set 𝒦 and there exists a state
σ ∈ 𝒮(ℍ) such that the relative entropy H(⋅‖σ) is continuous and bounded on the
set 𝒦, then the von Neumann entropy H(⋅) is continuous on the set Π{|k⟩ℍ}(𝒦) for at
least one basis {|k⟩ℍ}.

Proof. If the set Π{|k⟩ℍ}(𝒦) is compact, then by the compactness criterion for subsets
of classical states for arbitrary ϵ > 0 there exists Nϵ > 0 such that

tr[Pϵρ] =
Nϵ

∑
k=1⟨k|ρ|k⟩ℍ ≥ 1 − ϵ, ∀ρ ∈ 𝒦,

where Pϵ = ∑
Nϵ
k=1 |k⟩ℍ⟨k| is a finite rank projection. By the compactness criterion for

subsets of 𝒮(ℍ), this implies compactness of the set 𝒦. If the set 𝒦 is compact, then
for arbitrary basis {|k⟩𝔸}k∈ℕ the set Π{|k⟩ℍ}(𝒦) is compact as an image of a compact set
under a continuous mapping.

In the proof of the following statements, we will use the following identity:

H(ρ‖Π{|k⟩ℍ}(ρ)) = H(Π{|k⟩ℍ}(ρ)) − H(ρ), (7.39)

valid for arbitrary state ρ ∈ 𝒮(ℍ)with finiteH(Π{‖k⟩ℍ}(ρ)). If the vonNeumann entropy
H(⋅) is bounded on the set Π{|k⟩ℍ}(𝒦), then it is bounded on the set 𝒦 since identity
(7.39) and nonnegativity of the relative entropy implies H(ρ) ≤ H(Π{|k⟩ℍ}(ρ)) for arbi-
trary ρ ∈ 𝒦. If the entropy is bounded on the convex set𝒦, then this set𝒦 is contained
in the set 𝒦H,h defined by a particular H-operator H with λ†(H) < +∞. Let {|k⟩ℍ}k∈ℕ
be the basis of eigenvectors for theH-operatorH. Then Π{|k⟩{ℍ}(𝒦) also is contained in
the set 𝒦H,h, and hence, the von Neumann entropy is bounded on the set Π{|k⟩ℍ}(𝒦)
by Proposition 7.3.7. Suppose the von Neumann entropy H(⋅) is continuous on the set
Π{|k⟩ℍ}(𝒦). Then the entropy is finite on this set, and by (7.39) it is finite on the set𝒦.
Let ρ be a state in 𝒦 and a sequence of states (ρn)n∈ℕ in 𝒦 converging to ρ. By the
assumption, lower semicontinuity of the relative entropy and (7.39), we have

lim sup
n→+∞ H(ρn)

= lim
n→+∞H(Π{|k⟩ℍ}(ρn)) − lim inf

n→+∞ H(ρn‖Π{|k⟩ℍ}(ρn))
≤ H(Π{|k⟩ℍ}(ρ)) − H(ρ‖Π{|k⟩ℍ}(ρ)) = H(ρ).

This and lower semicontinuity of the entropy imply limn→+∞ H(ρn) = H(ρ).
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If the entropy is continuouson the set𝒦 and there exists a stateσ in𝒮(ℍ) such that
the relative entropy H(ρ‖σ) is continuous and bounded on the set 𝒦 then by Proposi-
tion 7.3.10, the set 𝒦 is contained in the set 𝒦H,h defined by a particular H-operator H
with λ†(H) = 0. Let {|k⟩ℍ}+∞k=1 be the basis of eigenvectors forH. Then Π{|k⟩ℍ}(𝒦) also is
contained in the set𝒦H,h, and hence, the von Neumann entropyH(⋅) is continuous on
the set Π{|k⟩ℍ}(𝒦) by Proposition 7.3.7. This proves the proposition.
7.4 H(⋅) extended toT+(ℍ)
Recall that T+(ℍ) is the positive cone of the Banach space of trace-class operators
T(ℍ). That is,

T+(ℍ) = {A ∈ T(ℍ) | A ≥ 0}.
In this section, we extend von Neumann entropy H(⋅) and relative entropy H(⋅‖⋅)

from the space of quantum states 𝒮(ℍ) to the positive cone of trace- class operators
T+(ℍ) onℍ.

We first consider any real valued or extended real valued function F from its do-
main 𝒮(ℍ) to T+(ℍ), also denoted by F, via the following formula:

F(A) = tr[A]F( A
tr[A]
), ∀A ∈ T+(ℍ), (7.40)

where A
tr[A] ∈ 𝒮(ℍ).

While we make no notational distinction before and after the extension of a func-
tion to T+(ℍ), we note that F on the left-hand side of the above equation denotes a
function with domain in T+(ℍ), whereas F in the right-hand side denotes a function
with domain in 𝒮(ℍ).

Motivated by the definitions of von Neumann and relative entropies for quan-
tum states, it is natural to extend these quantum entropies from 𝒮(ℍ) to T+(ℍ). By
choosing F(x) = η(x) for x ≥ 0, we can define the extended von Neumann entropy
H(⋅) : T+(ℍ) → [0, +∞] as follows.
Definition 7.4.1. The von Neumann entropy of an operator A ∈ T+(ℍ) is defined as
follows:

H(A) = tr[η(A)] − η(tr[A]). (7.41)

Note that when A ∈ 𝒮(ℍ), then tr[A] = 1 and η(tr[A]) = 0. The extended von
Neumann entropy reduces to the von Neumann entropy H(A) = tr[η(A)].

Similar to the extension of H(⋅) to T+(ℍ), classical entropy H(⋅) : P1 → [0, +∞]
can also be extended to the positive cone of the Banach space
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(l1)+ := {(xn)+∞n=1 | xn > 0, +∞∑
n=1 xn < +∞}

as follows. Let (xn)+∞n=1 be a sequence of real numbers in (l1)+. With a little abuse of no-
tation of von Neumann entropyH(⋅), we define classical entropy H(⋅) : (l1)+ → [0, +∞]
as

(xn)
+∞
n=1 󳨃→ H((xn)

+∞
n=1 ) := +∞∑

n=1 η(xn) − η(+∞∑n=1 xn). (7.42)

The restriction of the classical entropy to

P1 = {(xn)
+∞
n=1 | xn > 0, +∞∑

n=1 xn = 1} ⊂ (l1)+
reduces to the Shannon entropy defined earlier. This is because

H((xn)
+∞
n=1 ) = +∞∑

n=1 η(xn) = +∞∑n=1 −xn log xn, ∀(xn)+∞n=1 ∈ P1,

because η(∑+∞n=1 xn) = η(1) = 0.
With the exception of Shannon entropy S(⋅), the same notationH(⋅) has been used

for von Neumann entropy, extended von Neumann entropy and classical entropy de-
fined above. However, the type of entropies H(⋅) is referred to should be clear from its
context or explicitlymentioned throughout the endof this book. The samealso applies
to H(⋅‖⋅).

7.4.1 Properties of H(⋅) onT+(ℍ)
UsingDefinition 7.4.1 andwell-knownproperties of the vonNeumann entropy on𝒮(ℍ)
(see Section 7.2), it is easy to obtain the following properties for the extended von Neu-
mann entropy on T+(ℍ). In particular, it is easy to show the nonnegativity, concav-
ity and lower semicontinuity of the extended von Neumann entropyH(⋅) follows from
those of the vonNeumann entropyH(⋅) on 𝒮(ℍ) (see Propositions 7.2.3, 7.2.6 and 7.2.7).

Proposition 7.4.2. The following properties of the extended von Neumann entropy
H(⋅);T+(ℍ) → [0, +∞] hold:
1. For each A ∈ T+(ℍ) and λ ≥ 0,

H(λA) = λH(A), λ ≥ 0, (7.43)

2. (Concavity) For λ ∈ [0, 1] and A,B ∈ T(ℍ), we have

H(λA + (1 − λ)B) ≥ λH(A) + (1 − λ)H(B). (7.44)
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3. (Lower semicontinuity) H(A) ≤ lim infn→+∞ H(An) for any sequence (An)
+∞
n=1 in

T(ℍ) such that limn→+∞ An = A ∈ T(ℍ) under ‖ ⋅ ‖1-norm.
4. (Strong subadditivity) For composite Hilbert space ℍ123 = ℍ1 ⊗ ℍ2 ⊗ ℍ3 and let

A123 ∈ T(ℍ123). For i, j, k = 1, 2, 3, denote trℍi⊗ℍj [A123] by Ak and trℍk [A123] by Aij.
Then

H(A123) + H(A2) ≤ H(A12) + H(A23)

H(A1) + H(A2) ≤ H(A13) + H(A23).

5. (Monotonicity) For A,B ∈ T+(ℍ),
A ≤ B⇒ H(A) ≤ H(B), (7.45)

and

H(A) + H(B − A) ≤ H(B) ≤ H(A) + H(B − A) + tr[B]h2(
tr[A]
tr[B]
), (7.46)

where A,B ∈ T+(ℍ), A ≤ B, and h2(x) = η(x) + η(1 − x).
Proof. 1. We first note that

H(λA) = tr[η(λA)] − η(tr[λA])
= − tr[λA log(λA)] + tr[λA] log(tr[λA])
= − tr[λA(log λ + log(A))] + tr[λA](log λ + log(tr[A]))
= −λ tr[A logA] + λ tr[A] log(tr[A])
= λ tr[η(A)] − η(tr[A]) = λH(A), ∀A ∈ T+(ℍ) and λ ≥ 0.

5. Consequently, by taking the concavity of the extended von Neumann entropy and
(7.43), we have the following monotonicity property:

A ≤ B⇒ H(A) ≤ H(B), ∀A,B ∈ T+(ℍ). (7.47)

This completes the proof.

We will also use the following lemmas.

Lemma 7.4.3. Let (An)
+∞
n=1 and (Bn)+∞n=1 be sequences of operators in T+(ℍ) converging

in trace-norm ‖ ⋅ ‖1 to operators A0 and B0, respectively. Then

lim
n→+∞H(An + Bn) = H(A0 + B0)

if and only if

lim
n→+∞H(An) = H(A0) and lim

n→+∞H(Bn) = H(B0).
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Proof. (⇒) The implication follows immediately by first choosing Bn = 0 for all n and
then choosing An = 0 for each n ∈ ℕ.

(⇐) We now assume that limn→+∞ H(An) = H(A0) and limn→+∞ H(Bn) = H(B0).
Then by lower semicontinuity of H(⋅),

H(A0) + H(B0) = lim
n→+∞H(An) + lim

n→+∞H(Bn) ≤ lim
n→+∞H(An + Bn).

On the other hand, by convexity of H(⋅), we have

lim
n→+∞H(An + Bn) ≤ lim

n→+∞H(An) + lim
n→+∞H(Bn) = H(A0) + H(B0).

This proves the lemma.

Proposition 7.4.4. Let {Ai}
n
i=1 be a set of operators in T≤1(ℍ) and {λi}ni=1 be a set of pos-

itive real numbers such that∑ni=1 λi = 1, where n ≤ +∞. Then
n
∑
i=1 λiH(Ai) ≤ H(

n
∑
i=1 λiAi) ≤

n
∑
i=1 λiH(Ai) + H({λi}

n
i=1). (7.48)

Proof. The first inequality in (7.48) follows from the concavity of the extended von
Neumann entropyH(⋅). To show the second inequality, we first consider a special case
where Ai = Pi (a one-dimensional projection). In this case,

H(
n
∑
i=1 λiAi) = tr[η(

n
∑
i=1 λiPi)] − η( n

∑
i=1 λi tr[Pi]) ≤ − n

∑
i=1 λi log λi.

Inequality (7.48) then follows in the general case because if one decomposes ρi into
one-dimensional spectral projections,

ρi =
+∞
∑
k=1 p(i)k Q(i)k ,

then

H(
n
∑
i=1 λiρi) = H(∑i,k λip(i)k Q(i)k )

≤ −∑
i,k λip(i)k (log λi + log p(i)k )

= −∑
i
λi log λi −∑

i
λ − i∑

k
p(i)k log p(i)k

= −∑
i
λi log λi +∑

i
λiH(ρi).

This proves the proposition.
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The following two corollaries follow immediately from Proposition 7.4.4.

Corollary 7.4.5. Let {Ai}
n
i=1 be a set of operators in T≤1(ℍ) with finite ∑ni=1 tr[Ai]. Then

n
∑
i=1H(Ai) ≤ H(

n
∑
i=1Ai) ≤

n
∑
i=1 λiH(Ai) + H({tr[Ai]}

n
i=1). (7.49)

Corollary 7.4.6. The extended von Neumann entropy H(A) of an arbitrary operator A ∈
T+(ℍ) and the classical H(⋅) of the sequence of its diagonal values in any orthonormal
basis (|i⟩ℍ)+∞i=1 of the spaceℍ are related as follows:

H(A) ≤ H((⟨i|A|i⟩ℍ)
+∞
i=1 ) (7.50)

Corollary 7.4.7. Let A,B ∈ T≤1(ℍ) and λ ∈ ]0, 1[. Then
H(λA + (1 − λ)B) ≤ λH(A) + (1 − λ)H(B) + h2(λ), (7.51)

where

n2(λ) = η(λ) + η(1 − λ) = −λ log λ − (1 − λ) log(1 − λ)

is the binary entropy.

The conclusionof the followingproposition comes immediately fromLemma7.4.6.
The proof is therefore omitted.

Proposition 7.4.8. Let (|i⟩ℍ)+∞i=1 be an orthonormal basis of a Hilbert spaceℍ. Continu-
ity of the von Neumann entropy H(⋅) on a set 𝒜 ⊂ T+(ℍ) follows from the continuity of
the classical entropy on the set

{{⟨i|A|i⟩ℍ}
+∞
i=1 | A ∈ 𝒜} ⊂ (l1)+,

where (l1)+ is the positive cone of the space l1, i. e.,
(l1)+ = {(cn)+∞n=1 | cn ≥ 0, +∞∑

n=1 cn < +∞}.
7.4.2 Discontinuity of extended quantum entropies

This subsection (written based on the results obtained in Shirokov [150]) deals with
discontinuity of H(⋅) : T+(ℍ) → [0, +∞] and H(⋅‖⋅) : T+(ℍ) × T+(ℍ) → [−∞, +∞].
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Since the extended von Neumann H(⋅) : T+(ℍ) → [0, +∞] is lower semi-
continuous,

H(A0) = lim inf
n→+∞ H(An) ≤ lim sup

n→+∞ H(An)

for any sequence (An)
+∞
n=1 ⊂ T+(ℍ) that converges to A0 ∈ T(ℍ) in the ‖ ⋅ ‖1-norm. By

the lower semicontinuity of the extended vonNeumann entropyH(⋅), its discontinuity
jumps for such a sequence can be characterized by the nonnegative value

dj(H(An)) = lim sup
n→+∞ H(An) − H(A0),

where it is assumed that djH(An) = +∞ if H(A0) = +∞. This value can be called the
entropy loss corresponding to the sequence (An)

+∞
n=1 .

We have the following simple but useful observation.

Proposition 7.4.9. Let (An)
+∞
n=1 ⊂ T+(ℍ) be a sequence converging to an operator A0 in

the ‖ ⋅ ‖1-norm. Then

dj(H(An)) ≤ lim sup
n→+∞ tr[An(− logBn)] − tr[A0(− logB0)] (7.52)

for any sequence (Bn)+∞n=1 ⊂ T+(ℍ) converging to an operator B0 in the ‖ ⋅ ‖1-norm, where
it is assumed that the right-hand side is equal to +∞ if tr[A0(− logB0)] = +∞.

Proof. We first note that if Bn = An for all n, then (7.52) becomes trivial. It follows from
(7.41) and (7.46) that

H(An) + H(An‖Bn) + f (An) − tr[Bn] = tr[An(− logBn)] (7.53)

for all n ≥ 0, where f (An) = η(tr[An]) + tr[An]. Hence,

lim sup
n→+∞ H(An) + lim inf

n→+∞ H(An‖Bn) + lim
n→+∞(f (An) − tr[Bn])

≤ lim sup
n→+∞ tr[An(− logBn)].

By subscribing equality (7.53) with n = 0 from this inequality and by using the lower
semicontinuity of the relative entropy, we obtain (7.52). This proves the proposi-
tion.

Let {|k⟩ℍ}+∞k=1 be an orthonormal basis inℍ. For any state ρ ∈ 𝒮(ℍ), we may con-
sider the probability distribution π(ρ) = {⟨k|ρ|k⟩ℍ}+∞k=1 . It is well known from Corol-
lary 7.4.6 thatH(ρ) ≤ S(π(ρ)), where S(⋅) is the Shannon entropy, which is a lower semi-
continuous function on the set of all countable probability distributions equipped
with the l1 metric. Proposition 7.4.9 shows that a similar relation hold for jumps of
the entropy corresponding to converging sequences (ρn)+∞n=1 and (π(ρn))+∞n=1 .



202 | 7 von Neumann entropy

Corollary 7.4.10. For any sequence (ρn)+∞n=1 ⊂ 𝒮(ℍ) converging to a state ρ0, we have
djH(ρn) ≤ dj(S(π(ρn))) = lim sup

n→+∞ S(π(ρn)) − S(π(ρ0)), (7.54)

where it is assumed that dj(S(π(ρn))) is equal to +∞ if S(π(ρ0)) = +∞. Note that “=”
holds in (7.54) if the sequence (ρn)+∞n=1 consists of states diagonalizable in the basis
{|k⟩ℍ}+∞k=1 .



8 Relative and conditional entropies

8.1 Quantum relative entropy

As a motivation for developing quantum relative entropy, we first recall absolute con-
tinuity ofmeasures (seeHalmos [57] andRudin [133]) andKullback–Leibier divergence
(see Kullback–Leibier [101]) below.

Definition 8.1.1 (Absolute continuity and Radon–Nikodym derivative). Let P and Q be
probability measures on a (Borel) measurable space (𝕏,ℬ(𝕏)). The measure P is said
to be absolutely continuous with respect to measure Q if, for all A ∈ ℬ(𝕏), Q(A) = 0,
implies P(A) = 0. In this case, there exists a measurable function called the Radon–
Nikodym derivative and denoted symbolically by dP

dQ (x), x ∈ 𝕏, such that

P(A) = ∫
A

dP
dQ
(x)Q(dx), ∀A ∈ ℬ(𝕏). (8.1)

Definition 8.1.2 (Kullback–Leibier divergence). Let P and Q be two probability mea-
sures defined on (Borel)measurable space (𝕏,ℬ(𝕏)) such that P is absolutely continu-
ouswith respect toQwith the Radon–Nikodymderivative dP

dQ (x). The Kullback–Leibier
divergence of P with respect to Q is defined by

DKL(P‖Q) = ∫
𝕏

log(dP
dQ
(x))P(dx) (8.2)

provided that the right-hand expression above exists.

Some special cases of Kullback–Leibier divergence are illustrated below. For dis-
crete probability measures P and Q defined on the same probability space (ℝ,ℬ(ℝ)),
the Kullback–Leibier divergence between P and Q is reduced to

DKL(P‖Q) = ∑
x∈ℝ

P(x) log(P(x)
Q(x)
). (8.3)

For distribution P andQ for continuous random variables, the Kullback–Leibier diver-
gence between P and Q becomes

DKL(P‖Q) =
+∞

∫
−∞

p(x) log(p(x)
q(x)
)dx, (8.4)

where p(x) and q(x) are probability densities of P and Q, respectively. Furthermore,
if μ is any measure on 𝕏 for which p = dP

dμ and q = dQ
dμ exist (meaning that p and

q are absolutely continuous with respect to μ), then the Kullback–Leibier divergence
becomes

https://doi.org/10.1515/9783110788105-008
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DKL(P‖Q) = ∫
𝕏

p log(p
q
)dμ. (8.5)

In (classical)mathematical statistics, theKullback–Leibier divergence (also called
relative entropy) is a measure of how one probability distribution is different from
a second, reference probability distribution, which can be used to characterize the
relative (Shannon) entropy in classical information systems. In this case, log in both
(8.4) and (8.5) is taken to be based 2 for the unit of bits.

In contrast to variation of information, Kullback–Leibier divergence is a distri-
butionwise asymmetric measure, and thus does not qualify as a statistical metric
of spread-it, and also does not satisfy the triangle inequality. In the simple case, a
Kullback–Leibier divergence of 0 indicates that the two distributions in question are
identical.

In the context of quantum information, the relative entropyH(ρ‖σ) of states ρ and
σ defined in (8.6) and (8.7) can be considered as a measure of divergence of these
states, which generalize its classical analog of Kullback–Leibier divergence described
above.

We first define relative entropy of quantum states for finite-dimensional Hilbert
spaceℍ below.

Definition 8.1.3. Let A and B be two positive finite rank operators on the Hilbert
spaceℍ. We define the relative entropy H(A‖B) of A and B as

H(A‖B) = { tr[A logA − A logB + B − A], if range(A) ⊂ range(B)
+∞, otherwise.

(8.6)

We now define relative entropies of quantum states on infinite-dimensional
Hilbert spaceℍ as follows.

Definition 8.1.4. Let ρ and σ be quantum states in 𝒮(ℍ). The relative entropy H(ρ‖σ)
of states ρ and σ is defined by

H(ρ‖σ) = { ∑i⟨i|ρ log ρ − ρ log σ⟩ℍ, if ker⊥(ρ) ⊂ ker⊥(σ)
+∞, otherwise,

(8.7)

where {|i⟩ℍ}+∞i=1 ⊂ ℍ is a basis of the eigenvectors of ρ.

Comparing the above two definitions, Definitions 8.1.3 and 8.1.4, we note that if A
andB are quantum states onℍ, then tr[B] = tr[A] = 1. Consequently, the two formulae
(8.6) and (8.7) coincide.

We need the following Lieb concavity theorem to establish some properties of rel-
ative entropy H(⋅‖⋅).

Lemma 8.1.5 (Lieb’s concavity theorem [104]). Let A1 ≥ 0 and A2 ≥ 0 and K is any
operator. Then for 0 ≤ t ≤ 1, and then
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(A1,A2) 󳨃→ tr[KAt
1K
∗A1−t

2 ] (8.8)

is a joint concave function of (A1,A2). That is,

λ tr[At
1K
∗A1−t

1 K] + (1 − λ) tr[At
2K
∗A1−t

2 K] ≤ tr[CtK∗C1−tK] (8.9)

where C = λA1 + (1 − λ)A2.

Proof. We follow a simple proof provided by Ruskai [135] below.
We first observe that

⟨ϕ,Cϕ⟩ = 0⇒ ⟨ϕ,A1ϕ⟩ = ⟨ϕ,A2ϕ⟩ = 0,

so that (8.9) holds trivially for ϕ ∈ ker(C). Hence, it suffices to prove the inequality
(8.9) on ker⊥(C) so that we can assume without loss of generality that C is invertible
and that C−1 is bounded.

We first consider the finite-dimensional case below:

(A) Finite-dimensional case
DefineM = C(1−t)/2KCt/2 and

fk(t) = tr[A
t
kC
−t/2M∗C−(1−t)/2A1−t

k C−(1−t)/2MC−t/2], k = 1, 2. (8.10)

Then (8.9) is equivalent to

f (t) ≡ λ1f1(t) + (1 − λ)f2(t) ≤ tr[M
∗M]. (8.11)

Observe that the functions fk(z) (with t replaced by z = x + ιy, x, y ∈ ℝ) above can be
analytically continued to the strip 0 ≤ ℜ(z) ≤ 1. The next step is to show that each
fk(z) is bounded on this strip. To do so, we first note the polar decomposition theorem
(Theorem 1.8.11) implies that one can write any operator as X = V|X| with V unitary
and |X| = √X∗X so that |X| = V∗X. Using this in (8.10) (with t replaced by z = x + ιy)
yields

󵄨󵄨󵄨󵄨fk(z)
󵄨󵄨󵄨󵄨 ≤ ‖Ak‖

󵄩󵄩󵄩󵄩C
−1󵄩󵄩󵄩󵄩 tr[
󵄨󵄨󵄨󵄨M
∗V∗M󵄨󵄨󵄨󵄨] ≤ ‖Ak‖

󵄩󵄩󵄩󵄩C
−1󵄩󵄩󵄩󵄩‖M‖ tr[|M|]. (8.12)

Although the unitary Vmay depend on z, the last bound on the right is independent
of z. By the maximum modulus principle (see Rudin [133]), |fk(z)| is bounded by its
supremum on the boundary of this strip, i. e., for z = 0 + ιy or z = 1 + ιy. Now,

fk(0 + ιy) = tr [(A
ιy/2
k C−ιy/2M∗Cιy/2C−1/2A1/2

k )

× (A−ιyk A1/2
k C−1/2Cιy/2MC−ιy/2Aιy/2

k )] . (8.13)

Note that (8.13) has the form tr[X∗Y], which is bounded above by
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√tr[X∗X]√tr[Y∗Y] ≤ 1
2
(tr[X∗X] + tr[Y∗Y])

and, therefore,

󵄨󵄨󵄨󵄨fk(0 + ιy)
󵄨󵄨󵄨󵄨 ≤

1
2
tr[M∗Cιy/2C−1/2AkC

−1/2C−ιy/2M]

+
1
2
tr[M∗C−ιy/2C−1/2AkC

−1/2Cιy/2M], k = 1, 2. (8.14)

Thus,

󵄨󵄨󵄨󵄨f (0 + ιy)
󵄨󵄨󵄨󵄨 ≤ λ
󵄨󵄨󵄨󵄨f1(0 + ιy)

󵄨󵄨󵄨󵄨 + (1 − λ)
󵄨󵄨󵄨󵄨f2(0 + ιy)

󵄨󵄨󵄨󵄨

≤
1
2
tr[M∗Cιy/2C−1/2(λA1 + (1 − λ)A2)C

−1/2C−ιy/2M]

+
1
2
tr[M∗C−ιy/2C−1/2(λA1 + (1 − λ)A2)C

−1/2Cιy/2M]

=
1
2
tr[M∗Cιy/2C−1/2M] + 1

2
tr[M∗C−ιy/2CιyM] = tr[M∗M] (8.15)

since C was defined as λA1 + (1 − λ)A2. One can similarly show that

󵄨󵄨󵄨󵄨f (1 + ιy)
󵄨󵄨󵄨󵄨 ≤ tr[M

∗M],

which implies (8.11). This establishes the concavity ofA 󳨃→ tr[AtK∗A1−tK]. The general
case then follows from the observation that

Tr[At
1K
∗A1−t

2 K]

= tr[( A1 0
0 A2

)
t

(
0 K∗

0 0
)(

A1 0
0 A2

)
1−t

(
0 0
K 0
)] .

This proves the concavity of (A1,A2) 󳨃→ tr[At
1K
∗A1−t

2 K] for the finite-dimensional case.

(B) Extension to infinite dimensions
The restriction to finite-dimensional matrices was used only to ensure that C−1 is
bounded on the orthogonal complement of ker(C) so that (8.12) gives a uniform bound
for |fk(z)| on the strip 0 ≤ ℜ(z) ≤ 1. It is worth emphasizing that in this part of the
proof it is enough to show that |fk(z)| satisfies some upper bound, which can be rather
crude as long as it holds uniformly for all z in the infinite strip. Only for the subsequent
estimate on the boundary do we need a precise bound of the form (8.15), which can
be generalized to operators on infinite-dimensional spaces. Therefore, the Lieb con-
cavity theorem can be extended to infinite dimensions in several ways. First, observe
that C = λ1A1 + λ2A2 (λ1 = λ and λ2 = 1 − λ) implies that for 0 ≤ q ≤ 1

Ak ≤ λ
−1
k C⇒ Aq

k ≤ λ
−q
k Cq ⇒ C−q/2Aq

kC
−q/2 ≤ λ−qk I
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where the first implication uses the operator monotonicity of the map A 󳨃→ Aq. Then
under the additional hypothesis that K is Hilbert–Schmidt (i. e., tr[K∗K] < +∞), one
can replace (8.12) by

󵄨󵄨󵄨󵄨fk(z)
󵄨󵄨󵄨󵄨 ≤ λ
−1
k tr[M∗M] ≤ λ−1k ‖C‖ tr[K

∗K].

Lieb uses the even weaker assumption that M = Cq/2KCp/2 is Hilbert–Schmidt, and
also proves concavity for the map (A,B) 󳨃→ tr[ApK∗BqK] for 0 ≤ p + q ≤ 1. For this,
Ruskai [135] uses the operator concavity of the map A 󳨃→ At for 0 ≤ t ≤ 1 to conclude
that C−t/2(λ1At

1 + λ2A
t
2)C
−t/2 ≤ I. This proves the lemma.

Important properties of relative entropy are summarized in the following theorem
(see Wehrl [175] and Ohya and Petz [121]). We only provide proofs for some of them,
since many of these proofs follow the same line of that in the previous chapter that
deals with von Neumann entropy.

Theorem 8.1.6. The relative entropy satisfies the following properties:
1. (Positivity) H(ρ‖σ) ≥ 0, H(σ‖σ) = 0 if and only if ρ = σ.
2. (Joint convexity) H(λρ1 + (1 − λ)ρ2‖λσ1 + (1 − λ)σ2) ≤ λH(ρ1‖σ1) + (1 − λ)H(ρ2‖σ2) for

any λ ∈ [0, 1].
3. (Additivity) H(ρ1 ⊗ ρ2‖σ1 ⊗ σ2) = H(ρ1‖σ1) + H(ρ2‖σ2).
4. (Lower semicontinuity) If limn→+∞ ‖ρn − ρ‖1 = 0 and limn→+∞ ‖σn − σ‖1 = 0, then

H(ρ‖σ) ≤ lim infn→+∞ H(ρn‖σn). Moreover, if there exists a positive number λ satis-
fying ρn ≤ λσn, then limn→+∞ H(ρn‖σn) = H(ρ‖σ).

5. (Lower bound) 1
2 ‖ρ − σ‖

2
1 ≤ H(ρ‖σ).

6. (Invariance under the unitary mapping) H(UρU∗‖UσU∗) = H(ρ‖σ), where U is a
unitary operator.

7. (Donald’s identity) Suppose the density operator ρk occurs with probability pk ,
yielding an average state ρ = ∑k pkρk , and suppose σ is some other density opera-
tor. Then

∑
k
pkH(ρk‖ρ) = ∑

k
pkH(ρk‖ρ) + H(ρ‖σ)

Proof. To avoid repetition of proof, we only prove parts of this theorem and leave the
rest to the readers to fill in the gaps.

2. (Joint convexity) To prove the joint convexity of H(⋅‖⋅), we consider joint con-
cavity in ρ1 and ρ2 of the function tr[ρt1ρ

1−t
2 ] by using of the Lieb’s concavity theorem

(8.1.5) with K = I:

d
dt

tr[ρt1ρ
1−t
2 ]
󵄨󵄨󵄨󵄨t=0 = tr[ρ2(log ρ1 − log ρ2)],

is joint concave in ρ1 and ρ2. Therefore, H(ρ1‖ρ2) is jointly convex. This proves part 2.
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4. (Lower semicontinuity) Since the function η(x) = −x log x for x > 0 and = 0 for
x = 0 is continuous on the compact interval [0, 1], it is easy to show that limn→+∞ ‖ρn−
ρ‖1 = 0 implies that limn→+∞ |η(ρn) − η(ρ)| = 0, since

‖A‖1 = sup
ϕ ̸=0

⟨ϕ|A|ϕ⟩ℍ
⟨ϕ,ϕ⟩ℍ

.

Thus, for the finite-dimensional projection operator P on ℍ, limn→+∞ ‖P(η(ρn) −
η(ρ))‖1 = 0 because of the standard inequality tr[PA] ≤ tr[P‖A‖]. On the other hand,

tr[PA] ≤ ‖P‖∞ tr[A] and tr[A] ≤ sup
P

tr[PA].

Therefore,

H(ρ) = sup
P

tr[Pη(ρ)] ≤ lim inf
n→+∞
(sup

P
tr[Pη(ρn)]) = lim inf

n→+∞
H(ρn).

Now,

H(σ‖ρ) = sup
P,λ

tr[P(η(λσ + (1 − λ)ρ) + λη(σn))]

≤ lim inf
n→+∞
(sup
P,λ

tr[P(η(λσn + (1 − λ)ρn) + λη(σn) − (1 − λ)η(ρn))])

= lim inf
n→+∞

H(σn‖ρn).

This proves the lower semicontinuity of H(⋅‖⋅).
7. The proof of Donald’s identity for relative entropy is given below:

∑
k
pkH(ρk‖σ) = ∑

k
pk(tr[ρk log ρk] − tr[ρk log σ])

= ∑
k
pk(tr[ρk log ρk] − tr[ρk log ρ] + tr[ρk log ρ] − tr[ρk log σ])

= ∑
k
pk(tr[ρk log ρk] − tr[ρk log ρ]) − tr[ρ log ρ − ρ log σ]

= ∑
k
pkH(ρk‖ρ) + H(ρ‖σ).

This proves Donald’s identity of H(⋅‖⋅).

Corollary 8.1.7. Let ρ and σ be two quantum states onℍ, then

H(λρ + (1 − λ)σ) ≥ λH(ρ) + (1 − λ)H(σ) + λ(1 − λ)
2
‖ρ − σ‖1, ∀λ ∈ [0, 1].

Proof. We apply part 5 of Theorem 8.1.6 to each of the following two quantities and
obtain
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λH(ρ‖λρ + (1 − λ)σ) + (1 − λ)H(σ‖λρ + (1 − λ)σ)

≥
1
2
λ󵄩󵄩󵄩󵄩(1 − λ)(ρ − σ)

󵄩󵄩󵄩󵄩
2
1 +

1
2
(1 − λ)󵄩󵄩󵄩󵄩λ(ρ − σ)

󵄩󵄩󵄩󵄩
2
1 =

λ(1 − λ)
2
‖ρ − σ‖21 .

The above inequality implies that

H(λρ + (1 − λ)σ) ≥ λH(ρ) + (1 − λ)H(σ) + λ(1 − λ)
2
‖ρ − σ‖21 .

This proves the corollary.

Note if ρ = σ ∈ 𝒮(ℍ) that H(ρ‖σ) = 0. Despite this fact the relative entropy is not
a metric, because it is nonsymmetric, i. e., H(ρ‖σ) ̸= H(σ‖ρ) in general. However, it
is possible to introduce the notion of convergence of a sequence of states (ρn)+∞n=1 to a
particular state ρ as follows.

Definition 8.1.8 (H-convergence). A sequence (ρn)+∞n=1 ⊂ 𝒮(ℍ) is said to H-converges
to ρ ∈ 𝒮(ℍ) if

lim
n→+∞

H(ρn‖ρ) = 0. (8.16)

In this case, we write (H) limn→+∞ ρn = ρ.

Part 5 of Theorem 8.1.6 implies that the metric induced by the relative entropy
function H(⋅‖⋅) : 𝒮(ℍ) × 𝒮(ℍ) → [0, +∞] (or simply the H-metrics) is weaker than the
metric induced by the trace-norm ‖ ⋅ ‖1.

Proposition 8.1.9. A sequence of quantum states (ρn)+∞n=1 ⊂ 𝒮(ℍ) converges to ρ ∈ 𝒮(ℍ)
in trace-norm ‖ ⋅ ‖1 if and only if it converges in H-topology defined in Definition 8.1.8.
That is,

(H) lim
n→∞

ρn = ρ if and only if lim
n→∞
‖ρn − ρ‖1 = 0. (8.17)

Proof. (⇒) It is clear from part 5 of Theorem 8.1.6 that H-convergence implies conver-
gence in trace-norm ‖ ⋅ ‖1.

(⇐) Assume that limn→+∞ ‖ρn −ρ‖1 = 0 and that ker(ρn)⊥ ⊆ ker(ρ)⊥ for all n. Then
by the definition of H(ρn‖ρ) (Definition 8.1.3), we have

H(ρn‖ρ) = ∑
i
⟨i|ρn log ρn − ρn log ρ + ρ − ρn|i⟩ℍ

= tr[ρn(log ρn − log ρ)] + tr[ρ − ρn],
→ 0,

since ‖ρn − ρ‖1 → 0 implies tr[ρn(log ρn − log ρ)] ≤ ‖ρn‖∞‖ log ρn − log ρ‖1 → 0 as
n→ +∞. This proves the proposition.
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8.2 H(⋅‖⋅) extended toT+(ℍ) × T+(ℍ)
By the same token in which von Neumann entropy H(⋅) is extended to T+(ℍ), the ex-
tended relative entropyH(⋅‖⋅) : T+(ℍ)×T+(ℍ) → [−∞, +∞] can be defined as follows.

Definition 8.2.1. The relative entropy of operators A,B ∈ T+(ℍ) is defined as follows:

H(A‖B) = { ∑
∞
i=1⟨ei|(A logA − A logB + B − A)|ei⟩ℍ, ker⊥(A) ⊆ ker⊥(B),
+∞, otherwise ,

where {ei}+∞i=1 is an orthonormal basis of eigenvectors of the operator A and the series
consists of nonnegative terms.

Note that the extended relative entropyH(⋅‖⋅) defined above reduces to the relative
entropy defined on 𝒮(ℍ) × 𝒮(ℍ) because tr[B] = tr[A] = 1 when A,B ∈ 𝒮(ℍ).

Lemma 8.2.2. Let ρ andσ bequantumstates in𝒮(ℍ), and letCbeanoperator inT+(ℍ).
Then

H(λρ + (1 − λ)σ‖C) ≥ λH(ρ‖C) + (1 − λ)H(σ‖C) − h2(λ), λ ∈ [0, 1],

where h2(λ) = η(λ) + η(1 − λ).

Proof. Let (Pn)+∞n=1 be an increasing sequence of finite-rank projection operators
strongly converging to the identity operator Iℍ. Then An = PnρPn, Bn = PnσPn and
Cn = PnCPn are finite-rank operators for each n, and hence,

H(λAn + (1 − λ)Bn‖Cn)
= tr[(λAn + (1 − λ)Bn) log(λAn + (1 − λ)Bn)]
− tr[(λAn + (1 − λ)Bn) logCn]
+ tr[Cn] − tr[λAn + (1 − λ)Bn]
= tr[(λAn + (1 − λ)Bn(− log(Cn))] − tr[η(λAn + (1 − λ)Bn)]
+ tr[Cn] − tr[λAn + (1 − λ)Bn]
≥ λ tr[An(− logCn)] + (1 − λ) tr[Bn(− logCn)] + tr[Cn]
− λ tr[An] − (1 − λ) tr[Bn] − λ tr[η(An)] − (1 − λ) tr[η(Bn)]
− η(tr[λAn + (1 − λ)Bn]) + λη(tr[An]) + (1 − λ)η(tr[Bn])
− xnh2(x

−1
n λ tr[An])

= λH(An‖Cn) + (1 − λ)H(Bn‖Cn) − η(tr[λAn + (1 − λ)Bn])
+ λη(tr[An]) + (1 − λ)η(tr[Bn]) − xnh2(x

−1
n λ tr[An]),

where xn = tr[λAn + (1 − λ)Bn] and where we used the inequality

H(λAn + (1 − λ)Bn) ≤ λH(An) + (1 − λ)H(Bn) + xnh2(x
−1
n λ tr(An)),



8.2 H(⋅‖⋅) extended toT+(ℍ) ×T+(ℍ) | 211

following (7.43) and (8.18). By Lemma 8.2.5 and passing to the limit, we have proved
the lemma.

Lemma 8.2.3. Let (An)
+∞
n=1 be a sequence of operators in T+(ℍ) converging in the trace-

norm ‖ ⋅ ‖1 to an operator A0 such that An ≤ A0 for all n. Then

lim
n→+∞

H(An‖B) = H(A0‖B),

for any operator B ∈ T+(ℍ).

Proof. Without loss of generality, we can assume that A0 ∈ 𝒮(ℍ) is a quantum state.
It can be represented in the form

A0 = λnρn + (1 − λn)σn,

where

λn = tr[An], ρn =
An

tr]An]
, σn =

A0 − An
1 − λn
.

By Lemma 8.2.2 and nonnegativity of relative entropy, we have

H(A0‖B) ≥ λnH(ρn‖B) + (1 − λn)H(σn‖B) − h2(λn)
≥ H(An‖λnB) − h2(λn)
= H(An‖B) − tr(B)(1 − λn) − λn log(λn) − h2(λn).

Hence, limn→+∞ H(An‖B) ≤ H(A0‖B). By lower semicontinuity of H(⋅‖⋅), this proves
the lemma.

Lemma 8.2.4. Let P be an orthogonal projection onℍ and A,B ∈ T+(ℍ). Then:
1. H(PAP) ≤ H(A).
2. H(PAP∗‖(I − P)A(I − P)) + H(PBP∗‖(I − P)B(I − P)) ≤ H(A‖B).

Proof. 1. Since PAP ≤ A and H(⋅) is nondecreasing, H(PAP) ≤ H(A).
2. Note that U = 2PI is unitary and that

PAP + (I − P)A(I − P) = 1
2
(A + U∗AU).

By the joint convexity of the relative entropy H(⋅‖⋅), we have

H(PAP‖PBP) + H((I − P)A(I − P)‖(I − P)B(I − P))
= H(PAP + (I − P)A(I − P)‖PBP + (I − P)B(I − P))

≤
1
2
H(A‖B) + 1

2
H(U∗AU‖U∗BU) = H(A‖B).

This proves the lemma.
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The following result (due originally to Lindblad [108]) provides a tool for approx-
imation of infinite-dimensional quantum entropies.

Lemma 8.2.5. Let (Pn)+∞n=1 be an arbitrary sequence of finite-dimensional projectors
monotonously increasing to the unit operator Iℍ and let A,B ∈ T+(ℍ). Then the se-
quences (H(PnAPn))+∞n=1 and (H(PnAPn‖PnBPn))

+∞
n=1 are monotonously increasing and

have the limits

H(A) = lim
n→+∞

H(PnAPn) and H(A‖B) = lim
n→+∞

H(PnAPn‖PnBPn)

in the range [0, +∞] independent of the choice of the sequence (Pn)+∞n=1 .

Proof. We follow the proof of Lindblad [108]. First, note that An = PnAPn ∈ T+(ℍ)
converges to A uniformly when n→ +∞. We can write

A − An = A
+
n − A
−
n = (PnAPn)

+ − (PnAPn)
−,

where A+n ,A
−
n ∈T+(ℍ) for each n ∈ℕ and A+nA

−
n =0. Obviously, limn→+∞tr[A−An] =0.

It follows from the definitions of extended von Neumann entropy H(⋅) and extended
relative entropy H(⋅‖⋅) that

lim
n→+∞

H(PnAPn) = H(A)

and

lim
n→+∞

H(PnAPn‖PnBPn) = H(A‖B).

This proves the lemma.

With the help of Lemma 8.2.5, the above definitions of entropy and relative en-
tropy can also be defined for A,B ∈ T+(ℍ) as follows:

H(A) = lim
n→+∞

H(PnAPn) (8.18)

and

H(A‖B) = lim
n→+∞

H(PnAPn‖PnBPn), (8.19)

where (Pn)+∞n=1 be an arbitrary sequence of finite-dimensional projectorsmonotonously
increasing to the unit operator Iℍ.

The proof of the following lemma follows exactly frompart 4 of Theorem8.1.6with
very minor modification.
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Lemma 8.2.6. Let (An)
+∞
n=1 ⊂ T+(ℍ) and (Bn)

+∞
n=1 ⊂ T+(ℍ) be such that

lim
n→+∞
‖An − A‖1 = 0 and lim

n→+∞
‖Bn − B‖1 = 0 for some A,B ∈ T+(ℍ).

Then

H(A‖B) ≤ lim inf
n→+∞

H(An‖Bn) (8.20)

The first inequality of the following lemma follows from strong subadditivity as
formulated in Lemma 7.2.10. The second statement is trivial.

Lemma 8.2.7. Let ℍ = ℍ1 ⊗ ℍ2 and put A1 := tr2[A] and B1 := tr2[B] for all A,B ∈
T+(ℍ), where tr2[⋅] = trℍ2 [⋅]. Then

H(A1‖B1) ≤ H(A‖B). (8.21)

Furthermore, if A1,B1 ∈ T+(ℍ1), A2 ∈ T+(ℍ2), and tr[A2] = 1, then

H(A1 ⊗ A2‖B1 ⊗ A2) = H(A1‖B1). (8.22)

8.3 Quantum conditional entropy

The conditional quantumentropy is an entropymeasureused inquantum information
theory. It is a generalization of the conditional entropy of classical information theory.
For a bipartite state ρAB, the conditional entropy is written as H(A|B)ρ. The quantum
conditional entropywas defined in terms of a conditional density operator ρA|B by Cerf
and Adami [19, 20] who showed that quantum conditional entropies can be negative,
something that is forbidden in classical physics. The negativity of quantum condi-
tional entropy is a sufficient criterion for quantum nonseparability (see Chapter 10 for
separability of quantum states).

8.3.1 Definitions

Consider a bipartite composite quantum systems AB represented by the Hilbert space
ℍAB := ℍA ⊗ ℍB, whereℍA andℍB for the component system A and B, respectively.

Assume first that dim(ℍA) < +∞ and dim(ℍB) < +∞. Let ρAB ∈ 𝒮(ℍAB) be a joint
state of composite system AB, and ρA = trB[ρAB] and ρB = trA[ρAB] are corresponding
partial states.

Definition 8.3.1 (Finite-dimensional case). Let ρ = ρAB be a quantum state in the com-
posite systemAB of the finite-dimensional Hilbert spaceℍAB. The conditional entropy
H(A|B)ρ of A given B under the joint quantum state ρ = ρAB is defined by
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H(A|B)ρ = H(ρAB) − H(ρB), (8.23)

where H(⋅) = tr[η(⋅)] is the von Neumann entropy defined in (7.1.1).

The conditional entropy (8.23) iswell-defined in finite-dimensionalHilbert spaces
and takes its values in ] − ∞, +∞[. However, in the infinite-dimensional case, uncer-
tainty may occur in the sense that wemay have the situation that (+∞)−(+∞). There-
fore, we introduce the following definition for infinite- dimensionalℍA andℍB.

Definition 8.3.2 (Infinite-dimensional case). Let ℍA and ℍB be arbitrary complex
separable Hilbert spaces with ρ = ρAB ∈ 𝒮(ℍAB) and H(ρA) < +∞. Then we define a
conditional entropy of A given B under ρAB as

H(A|B)ρ = H(ρA) − H(ρAB‖ρA ⊗ ρB), (8.24)

where H(⋅‖⋅) is the relative entropy defined in Definition 8.2.1.

Obviously, the conditional entropydefinedby relation (8.24) is equivalent to (8.23)
on the finite rank states, since

H(ρAB‖ρA ⊗ ρB) = H(ρA) + H(ρB) − H(ρAB).

Due to the conditionH(ρA) < +∞, Definition 8.3.2 iswell-defined. InequalitiesH(ρA) <
+∞, H(ρAB‖ρA ⊗ ρB) ≥ 0 imply that

−∞ ≤ H(A|B)ρ ≤ H(ρA) < +∞. (8.25)

In the above and inwhat follows,we use the shorthandnotationH(A) = H(ρA),H(B) =
H(ρB), etc., whenever there is no danger of ambiguity.

8.3.2 Properties of conditional entropy

The following supplemental results regarding operators on a composite and its com-
ponent Hilbert spaces will be needed in order to establish properties of conditional
entropy.

The presentation of this subsection is largely based on the results obtained by
Kuznetsova [102].

Lemma 8.3.3. If sequences of projectors (PAk )
+∞
k=1 and (P

B
k )
+∞
k=1 onℍA andℍB, converge

in the operator norm ‖ ⋅ ‖∞ to the identity operators IA and IB, respectively, then the
sequence (PAk ⊗ P

B
k )
+∞
k=1 converges in the operator norm to the identity operator IAB on

ℍAB.



8.3 Quantum conditional entropy | 215

Proof. We consider the following inequalities obtained via the triangular inequality
of the operator norm ‖ ⋅ ‖∞:

󵄩󵄩󵄩󵄩P
A
k ⊗ P

B
k − IAB
󵄩󵄩󵄩󵄩∞

≤ 󵄩󵄩󵄩󵄩P
A
k ⊗ P

B
k − P

A
k ⊗ IB
󵄩󵄩󵄩󵄩∞ +
󵄩󵄩󵄩󵄩P

A
k ⊗ IB − IAB

󵄩󵄩󵄩󵄩∞
≤ ‖PAk ⊗ (P

B
k − IB)‖∞ + ‖(P

A
k − IA) ⊗ IB‖∞

≤ 󵄩󵄩󵄩󵄩P
A
k
󵄩󵄩󵄩󵄩∞
󵄩󵄩󵄩󵄩P

B
k − IB
󵄩󵄩󵄩󵄩∞ +
󵄩󵄩󵄩󵄩P

A
k − IA
󵄩󵄩󵄩󵄩∞‖IB‖∞,

where we have used the fact that ‖A ⊗ B‖∞ ≤ ‖A‖∞‖B‖∞ in the above for operators
A and B on Hilbert spaces ℍA and ℍB, respectively. Therefore, limk→+∞ ‖PAk ⊗ P

B
k −

IAB‖∞ = 0, since limk→+∞ ‖PAk − IA‖∞ = 0 and limk→+∞ ‖PBk − IB‖∞ = 0. This proves
the lemma.

Lemma 8.3.4. Let (Tk)+∞k=1 ⊂ T(ℍB) be a sequence of trace-class operators that con-
verges in the weak∗-topology to T ∈ T(ℍB). Then the sequence (IA ⊗ Tk)+∞k=1 ⊂ B(ℍAB)
converges to IA ⊗ T in the weak operator topology.

Proof. For each ψ ∈ ℍAB, we find that

⟨ψ|IA ⊗ Tk |ψ⟩AB = tr[TkK
B
ψ],

where KB
ψ = trA[|ψ⟩AB⟨ψ|] is the reduced operator. Since KB

ψ is trace class (and thus
compact), we have

lim
k→+∞
⟨ψ|IA ⊗ Tk |ψ⟩AB = lim

k→+∞
tr[TkK

B
ψ] = tr[TK

B
ψ] = ⟨ψ|IA ⊗ T|ψ⟩AB.

That is, the sequence (IA ⊗ Tk)+∞k=1 ⊂ B(ℍAB) converges to IA ⊗ T in the weak
∗ operator

topology. This proves the lemma.

For ρ = ρAB ∈ 𝒮(ℍAB), denote ρA = trB[ρAB] and ρB = trA[ρAB], where trA[⋅ ⋅ ⋅] and
trB[⋅ ⋅ ⋅] are partial traces of [⋅ ⋅ ⋅] over the Hilbert spacesℍA andℍB, respectively.

Lemma 8.3.5. Consider arbitrary increasing sequences of the finite rank projectors
(PAn )
+∞
n=1 and (P

B
k )
+∞
k=1 , converging in operator norm to the operator IA and IB, respectively,

and the density operator

ρnkAB = λ
−1
nk((P

A
n ⊗ P

B
k )ρAB(P

A
n ⊗ P

B
k )), λnk = tr[(P

A
n ⊗ P

B
k )ρAB],

with partial states ρnkA = trB[ρ
nk
AB] and ρ

nk
B = trA[ρ

nk
AB]. Then

lim
n,k→∞

H(Ank |Bnk)ρ = H(A|B)ρ,

where H(Ank |Bnk)ρ = H(ρnkA ) −H(ρ
nk
AB‖ρ

nk
A ⊗ ρ

nk
B ) and H(A|B)ρ = H(ρA) −H(ρAB‖ρA ⊗ ρB).
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Proof. By using the lower semicontinuity of the vonNeumann entropyH(⋅), we obtain

lim inf
n,k→+∞

H(λnkρ
nk
A )

= lim inf
n,k→+∞

H((PAn ⊗ P
B
k )ρA(P

A
n ⊗ P

B
k ))

≥ H( lim
n,k→+∞
(PAn ⊗ P

B
k )ρA(P

A
n ⊗ P

B
k ))

= H( lim
n→+∞
(PAn ⊗ IB)ρA(P

A
n ⊗ IB)) by Lemmas 8.3.3 and 8.3.4

= H( lim
n→+∞

PAnρAP
A
n) by Lemmas 8.3.3 and 8.3.4

= H(ρA).

On the other hand, Lemma 8.2.5 implies

H(λnkρ
nk
A ) = H(P

A
n trB[(IA ⊗ P

B
k )ρAB(IA ⊗ P

B
k )]P

A
n )

≤ H(trB[(IA ⊗ P
B
k )ρAB(IA ⊗ P

B
k )]).

Furthermore, by the dominated convergence theorem for entropy (see Lemma 7.2.11),
we have

lim
n,k→∞

H(trB[(IA ⊗ P
B
k )ρAB(IA ⊗ P

B
k )]) = H(ρA),

since trB[(IA ⊗ PBk )ρAB(IA ⊗ P
B
k )] ≤ ρA and H(ρA) < +∞. Thus, by the theorem on the

limit of the intermediate sequence, we obtain

lim
n,k→+∞

H(λnkρ
nk
A ) = H(ρA), hence lim

n,k→+∞
H(ρnkA ) = H(ρA).

Then we prove that

lim
n,k→+∞

H(ρnkAB‖ρ
nk
A ⊗ ρ

nk
B ) = H(ρAB‖ρA ⊗ ρB).

Consider the following values:

Hnk = H(ρ
nk
AB‖ρ

nk
A ⊗ ρ

nk
B ) = H(ρ

nk
A ) + H(ρ

nk
B ) − H(ρ

nk
AB),

H̃nk = H(ρ
nk
AB‖μ
−1
n PAnρAP

A
n ⊗ η
−1
k PBkρBP

B
k )

= −H(ρnkAB) − tr[ρ
nk
A log(μ−1n PAnρAP

A
n )]

− tr[ρnkB log(η−1k PBkρBP
B
k )],

where

μn = tr[P
A
nρA], ηk = tr[P

B
kρB].
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Using again Theorem 2.3.10, we have

lim
n,k→+∞

H̃nk = lim
n,k→+∞

H((PAn ⊗ P
B
k )ρAB(P

A
n ⊗ P

B
k )‖(P

A
nρAP

A
n ) ⊗ (P

B
kρBP

B
k ))

= H(ρAB‖ρA ⊗ ρB).

Then we consider the difference between Hnk and H̃nk; after some calculation, we ob-
tain that it tends to zero:

lim
n,k→∞
(Hnk − H̃nk) = lim

n,k→∞
(H(ρnkA ‖μ

−1
n PAnρAP

A
n ) + H(ρ

nk
B ‖η
−1
k PBkρBP

B
k )) = 0.

The last double limit is equal to zero, since it follows from Theorem 2.3.10 that

0 ≤ H(λnkρ
nk
A ‖P

A
nρAP

A
n )

= H(PAn trB[IA ⊗ P
B
kρABIA ⊗ P

B
k ]P

A
n ‖P

A
nρAP

A
n )

≤ H(trB[IA ⊗ P
B
kρABIA ⊗ P

B
k ]‖ρA),

implies

lim
n,k→+∞

H(trB[IA ⊗ P
B
kρABIA ⊗ P

B
k ]‖ρA) = H(ρA‖ρA) = 0.

Thus, the theorem on the limit of the intermediate sequence implies

lim
n,k→+∞

H(λnkρ
nk
A ‖P

A
nρAP

A
n ) = lim

n,k→+∞
H(ρnkA ‖μ

−1
n PAnρAP

A
n ) = 0.

Similarly, we obtain that the second summand of the difference Hnk − H̃nk that also
tends to zero:

lim
n,k→+∞

H(ρnkAB‖η
−1
k PBkρBP

B
k ) = 0.

Finally, we have

lim
n,k→+∞

H(ρnkAB‖ρ
nk
A ⊗ ρ

nk
B ) = H(ρAB‖ρA ⊗ ρB)

and

lim
n,k→+∞

H(Ank |Bnk) = H(A|B).

This proves the lemma.

In the finite-dimensional case, conditional entropy has the properties of mono-
tonicity, concavity in ρAB and subadditivity. These properties can be generalized to the
infinite-dimensional case and will be derived in the following proposition due origi-
nally to Kuznetsova [102].
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Proposition 8.3.6. Suppose H(ρA) < +∞. The conditional entropy function has the fol-
lowing properties:
1. (Monotonicity) The inequality

H(A|BC)ρABC ≤ H(A|B)ρABC , (8.26)

holds for any systems A, B, C and for all ρABC ∈ 𝒮(ℍABC);
2. (Concavity in ρAB) If ρAB = αρ1AB + (1 − α)ρ

2
AB, α ∈ [0, 1], then

H(A|B)ρAB ≥ αH(A
1|B1) + (1 − α)H(A2|B2); (8.27)

3. (Subadditivity of conditional entropy) The inequality

H(AB|CD) ≤ H(A|C) + H(B|D) (8.28)

holds for any systems A, B, C, D such that H(ρA) < ∞, H(ρB) < ∞.

Proof. (1) To prove monotonicity, we rewrite inequality (8.26) in the following way:

H(ρA) − H(ρABC‖ρA ⊗ ρBC) ≤ H(ρA) − H(ρAB‖ρA ⊗ ρB),

which is equivalent to

H(ρAB‖ρA ⊗ ρB) ≤ H(ρABC‖ρA ⊗ ρBC),

and the last inequality holds since the relative entropy in monotone with respect to
taking the partial trace.

(2). To prove concavity, we will use the approximation by finite rank states. Con-
sider again an arbitrary increasing sequence of finite rank projectors PAn , P

B
k , strongly

converging to the operators IA, IB, respectively. Consider the sequence of states

ρnkAB = λ
−1
nk((P

A
n ⊗ P

B
k )ρAB(P

A
n ⊗ P

B
k )), λnk = tr[(P

A
n ⊗ P

B
k )ρAB]

with the partial states ρnkA and ρnkB . Let ρAB = αρ1AB + (1 − α)ρ
2
AB, α ∈ [0, 1]. Then

ρnkAB = λ
−1
nk((P

A
n ⊗ P

B
k )ρAB(P

A
n ⊗ P

B
k ))

=
α((PAn ⊗ P

B
k )ρ

1
AB(P

A
n ⊗ P

B
k )) + (1 − α)((P

A
n ⊗ P

B
k )ρ

2
AB(P

A
n ⊗ P

B
k ))

α tr[PAn ⊗ PBkρ
1
AB] + (1 − α) tr[PAn ⊗ P

B
kρ

2
AB]

=
θ1nkρ

1nk
AB + θ

2
nkρ

2nk
AB

θ1nk + θ
2
nk
,

where
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θ1nk = α tr[(P
A
n ⊗ P

B
k )ρ

1
AB], ρ1nkAB =

α(PAn ⊗ P
B
k )ρ

1
AB(P

A
n ⊗ P

B
k )

θ1nk
,

θ2nk = (1 − α) tr[(P
A
n ⊗ P

B
k )ρ

2
AB], ρ2nkAB =

(1 − α)(PAn ⊗ P
B
k )ρ

2
AB(P

A
n ⊗ P

B
k )

θ2nk
.

Due to concavity of the conditional entropy on the finite rank states, we can write that

H(Ank |Bnk) ≥
θ1nk

θ1nk + θ
2
nk
H(A1nk |B

1
nk) +

θ2nk
θ1nk + θ

2
nk
H(A2nk |B

2
nk).

Taking the limit and using Lemma 8.3.5 for both sides of the inequality, we obtain the
proof of concavity.

(3). A direct verification shows that in the finite-dimensional case

H(AB|CD) = H(A|CD) + H(B|CD) − (H(A|CD) − H(A|BCD)), (8.29)

which implies

H(AB|CD) ≤ H(A|CD) + H(B|CD), (8.30)

since the value in brackets in (8.29) is nonnegative. Using an approximation by finite
rank states, we obtain inequality (8.30), on account of which we can immediately get
(8.28) by using monotonicity of the conditional entropy.

Let ρABCD = ρ ∈ 𝒮(ℍABCD)be a statewithH(ρA) < ∞,H(ρB) < ∞. Consider an arbi-
trary increasing sequence of finite rank projectors (PCDl )

+∞
l=1 , which strongly converges

to the operator ICD. Consider also the sequence of states

ρl = τ−1l (IA ⊗ IB ⊗ P
CD
l )ρ(IA ⊗ IB ⊗ P

CD
l ), τl = tr[(IA ⊗ IB ⊗ P

CD
l )ρ].

The relation (8.29) (which implies (8.30)) holds for ρl since all the summands in (8.29)
are finite. We will show that

H(Al|CDl) → H(A|CD). (8.31)

Actually, using Definition 8.3.1, we have

H(Al|CDl) = H(ρlA) − H(ρ
l) − H(ρlACD‖ρ

l
A ⊗ ρ

l
CD).

It follows from Theorem 2.3.10 that

lim
l→∞

H(ρlA) = liml→∞
H(τ−1l trBCD[(IA ⊗ IB ⊗ P

CD
l )ρ]) = H(ρA).

Furthermore, consider the values
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Hl = H(ρ
l
ACD‖ρ

l
A ⊗ ρ

l
CD) = H(ρ

l
ACD) + H(ρ

l
A) + H(ρ

l
CD)

and

H̃l = H(ρ
l
ACD‖ρA ⊗ ρ

l
CD)

= H(τ−1IA ⊗ P
CD
l ρACDIA ⊗ P

l
CD‖ρA ⊗ τ

−1
l PCDl ρCDP

CD
l )

= −H(ρlACD) + H(ρ
l
CD) + tr[τ

−1
l trCD[IA ⊗ P

CD
l ρACD](− log ρA)].

Then Theorem 2.3.10 implies that

lim
l→+∞

H̃l = H(ρACD‖ρA ⊗ ρCD).

On the other hand, after some calculation and using Theorem 2.3.10, we obtain

lim
l→+∞
(H̃l − Hl) = lim

l→+∞
H(τ−1l trCD[IA ⊗ P

CD
l ρACD]‖ρA) = 0.

This implies that

lim
l→+∞

H(ρlACD‖ρ
l
A ⊗ ρ

l
CD) = H(ρACD‖ρA ⊗ ρCD)

and

lim
l→+∞

H(Al|CDl) = H(A|CD).

In a similar way, we obtain

lim
l→+∞

H(Bl|CDl) = H(B|CD) and lim
l→+∞

H(ABl|CDl) = H(AB|CD),

which implies that inequality (8.30) holds in an infinite-dimensional case, and hence,
the subadditivity property of the conditional entropy holds. This proves the proposi-
tion.

As mentioned in Lemma 7.2.10, the strong subadditivity of von Neumann entropy
H(⋅) can be proved using the properties of conditional entropy.

Corollary 8.3.7. Letℍ123 := ℍ1⊗ℍ2⊗ℍ3 and let ρ123 ∈ 𝒮(ℍ123). For i, j, k = 1, 2, 3, denote
the reduced states trij[ρ123] := trℍi⊗ℍj [ρ123] by ρk = trij[ρ123] and trk[ρ123] := trℍk [ρ123]
by ρij. Then

H(ρ123) + H(ρ2) ≤ H(ρ12) + H(ρ23) (8.32)

and

H(ρ1) + H(ρ2) ≤ H(ρ13) + H(ρ23). (8.33)
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Proof. From Proposition 8.3.6, the conditional entropy H(ρ2|ρ1)ρ is concave. This im-
plies the following inequality holds for ρ123 ∈ 𝒮(ℍ123):

H(ρ1) + H(ρ2) ≤ H(ρ13) + H(ρ23), (8.34)

where H(ρ1) = tr[η(ρ1)] = − tr[ρ1 log ρ1], etc. This statement, somewhat similar to
monotonicity, is obtained by considering

Δ = (H(ρ13) − H(ρ1)) + (H(ρ23) − H(ρ2)).

The mapping ρ123 󳨃→ ρ13 := tr2[ρ123] being linear, H(ρ13) − H(ρ1) is concave in ρ123.
Similarly, the same is true for H(ρ23) − H(ρ2). Therefore, Δ is concave in ρ123. For pure
states, Δ = 0, since H(ρ13) = H(ρ2) and H(ρ23) = H(ρ1). By concavity, Δ ≥ 0 for mixed
states.We nowproceed by choosing a fourthHilbert spaceℍ4 such that there is a pure
state ρ1234 inℍ123 ⊗ ℍ4, where ρ123 = tr4[ρ1234]. Then

H(ρ123) + H(ρ2) − H(ρ12) − H(ρ23) = H(ρ4) + H(ρ2) − H(ρ12) − H(ρ14) ≤ 0

by (8.34). This proves the strong subadditivity.

Obviously, it is possible to extend the domain of H(A|B) to states ρAB such that
H(B) < +∞ or H(AB) = H(C) < +∞. (Similarly, for the definition of conditional en-
tropy, we use notation C for the reference system.) In this case, conditional entropy
can be defined as in the finite-dimensional case (8.23), taking values [−H(B), +∞]
provided H(B) < +∞ or [−∞,H(C)] provided H(C) < +∞. The above properties of
conditional entropy (monotonicity, concavity and subadditivity) hold in the infinite-
dimensional case. Monotonicity and subadditivity can be proved similarly for the
finite-dimensional case by using the subadditivity of von Neumann entropy. To prove
concavity, we use the following argument.

Consider density operator ρAB and spectral representations of its partial states

ρA =
+∞
∑
i=1

αi|i⟩A⟨i|, ρB =
+∞
∑
i=1

βj|j⟩B⟨j
󵄨󵄨󵄨󵄨,

where {|i⟩A, i = 1, 2, . . .}, {|j⟩,B j = 1, 2, . . .} are the sets of eigenvectors of the states ρA and
ρB in the spaces ℍA and ℍB, respectively. Also consider again increasing sequences
of the spectral projectors PAn = ∑

n
i=1 |i⟩A⟨i| and PBn = ∑

n
j=1 |j⟩B⟨j|. We also consider the

state

ρnkAB = λ
−1
nk(P

A
n ⊗ P

B
kρABP

A
n ⊗ P

B
k ), λnk = tr[(P

A
n ⊗ P

B
k )ρAB]

with its partial states ρnkA and ρnkB .
Then we prove concavity in a similar way to Proposition 8.3.6. Let ρAB = αρ1AB +

(1 − α)ρ2AB, α ∈ [0, 1]; then
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ρnkAB = λ
−1
nk(P

A
n ⊗ P

B
kρABP

A
n ⊗ P

B
k )

=
α(PAn ⊗ P

B
kρ

1
ABP

A
n ⊗ P

B
k ) + (1 − α)(P

A
n ⊗ P

B
kρ

2
ABP

A
n ⊗ P

B
k )

α tr[PAn ⊗ PBkρ
1
AB] + (1 − α) tr[PAn ⊗ P

B
kρ

2
AB]

=
θ1nkρ

1nk
AB + θ

2
nkρ

2nk
AB

θ1nk + θ
2
nk
,

where

θ1nk = α tr[P
A
n ⊗ P

B
kρ

1
AB], ρ1nkAB =

α(PAn ⊗ P
B
kρ

1
ABP

A
n ⊗ P

B
k )

θ1nk
,

θ2nk = α tr[P
A
n ⊗ P

B
kρ

2
AB], ρ2nkAB =

(1 − α)(PAn ⊗ P
B
kρ

2
ABP

A
n ⊗ P

B
k )

θ2nk
,

By using the concavity of the conditional entropy on finite rank states, we have

H(ρnkAB) − H(ρ
nk
B )

≥
θ1nk

θ1nk + θ
2
nk
(H(ρ1nkAB ) − H(ρ

1nk
B )) +

θ2nk
θ1nk + θ

2
nk
(H(ρ2nkAB ) − H(ρ

2nk
B )). (8.35)

Note that λnkρnkB = P
B
k trA[(P

A
n ⊗ I)ρAB(P

A
n ⊗ I)]P

B
k ≤ P

B
kρBP

B
k for all k. For any φ ∈ ℍB, we

have

+∞
∑
i=1
⟨i|A ⊗ ⟨φ|B(P

A
n ⊗ P

B
kρABP

A
n ⊗ P

B
k )|i⟩A ⊗ |φ⟩B

=
+∞
∑
i=1
⟨i|A ⊗ ⟨φ|B(

n
∑
m=1
|m⟩⟨m| ⊗ PBkρAB

n
∑
m′=1
|m′⟩⟨m′ ⊗ PBk)|i⟩ ⊗ |φ⟩

=
n
∑
i=1
⟨i| ⊗ ⟨φPBk |ρAB|i⟩ ⊗ |P

B
kφ⟩

≤
+∞
∑
i=1
⟨i| ⊗ ⟨φPBk |ρAB|i⟩ ⊗ |P

B
kφ⟩ = ⟨φ|P

B
kρBP

B
k |φ⟩.

Also note that H(PBkρBP
B
k ) < ∞. Further, consider the inequality (8.35) and take the

limit first on n and then on k. By applying Lemma 8.2.5 for the summands H(ρnkAB),
H(ρi,nkAB ), i = 1, 2 and (using the fact that H(PBkρBP

B
k ) < +∞), and Lemma 8.2.5 for the

summands H(ρinkB ), H(ρ
i,nk
B ), i = 1, 2, we prove the concavity property.



9 Channel output entropies
In the following, let ℍA, ℍB and ℍE be separable complex Hilbert spaces that rep-
resent correspondingly input system A, output system B of a quantum channel Φ :
𝒮(ℍA) → 𝒮(ℍB) and environment system E that is interacting with A or B.

The purpose of this chapter is to explore various properties of the output entropy
HΦ(⋅) := H(Φ(⋅)) : 𝒮(ℍA) → [0, +∞] of the map Φ(𝒮(ℍA)) ⊆ 𝒮(ℍB), where Φ :
𝒮(ℍA) → 𝒮(ℍB) is a quantum channel. The properties of the output vonNeumann en-
tropyHΦ(⋅) of a quantum channel Φ reveal an important characteristic of this channel
used in the study of its information properties.

9.1 Monotonicity of output relative entropy and Petz’s theorem

Themain results in this section consist of the monotonicity of channel output relative
entropy (Theorem 9.1.3) that states

H(Φ(ρ)‖Φ(σ)) ≤ H(ρ‖σ), ∀Φ ∈ QC(A,B) and ∀ρ, σ ∈ 𝒮(ℍA),

(whereQC(A,B) denotes the class of quantum channels from A to B) and Petz’s theo-
rem (Theorem9.1.5) that specifies the conditions underwhich the equality of the above
inequality hold.

9.1.1 Monotonicity of output relative entropy

The proof of this result (Theorem 9.1.3), due originally to Lindblad [107], will be pro-
vided after the following lemmas.

Lemma 9.1.1. Assume that ℍ is a finite-dimensional complex Hilbert space. Assume
that the quantum channel Φ takes the form of Φ(A) = ∑ni=1 ViAV∗i for all A ∈ B(ℍ),
where Vi ∈ B(ℍ) with ∑

n
i=1 ViV∗i = I (i. e., Φ is completely positive and trace preserv-

ing). Then

H(Φ(A)‖Φ(B)) ≤ H(A‖B), ∀A,B ∈ T+(ℍ).

Proof. Assume that dim(ℍ) = n. Put𝕂 = ℍ ⊗ℍn, whereℍn is any Hilbert space with
dim(ℍn) = n. Let {|i⟩}ni=1 be a complete orthonormal set of ℍ and |α⟩ be an arbitrary
unit vector inℍn. Define

W =
n
∑
i=1

Vi ⊗ (|i⟩ℍ⟨α|ℍn),

where |i⟩ℍ⟨α|ℍn : ℍn → ℍ is a map defined by

https://doi.org/10.1515/9783110788105-009
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|i⟩ℍ⟨α|ℍn |ψ = ⟨α|ψ⟩ℍn |i⟩ℍ, ∀ψ ∈ ℍn.

Then

W∗W = (
n
∑
i=1

Vi ⊗ (|i⟩ℍ⟨α|ℍn ))
∗

(
n
∑
i=1

Vi ⊗ (|i⟩ℍ⟨α|ℍn))

=
n
∑
i=1
(V∗i Vi)⟨i|i⟩ℍ ⊗ (|α⟩ℍn⟨α|) = I ⊗ (|α⟩ℍn⟨α|) = Iℍ ⊗ Pα,

where Pα = |α⟩ℍn⟨α| is a one-dimensional projection onℍn along |α⟩ℍn . Hence, there
is a unitary operator U in𝕂 such thatW = U ⊗ Pα. Consequently,

U(A ⊗ Pα)U
∗ =

n
∑
i,j=1

ViAVj ⊗ |i⟩ℍ⟨j|

and

tr2[U(A ⊗ Pα)U
∗] = ∑

i
ViAV
∗
i = Φ(A),

where tr2[⋅ ⋅ ⋅] is the partial trace of [⋅ ⋅ ⋅] taken with respect to the second Hilbert space
ℍn of the tensor product. By Lemma 8.2.7, it follows that

H(Φ(A)‖Φ(B)) = H(tr2[U(A ⊗ Pα)U
∗]‖ tr2[U(B ⊗ Pα)U

∗])

≤ H(U(A ⊗ Pα)U
∗‖U(B ⊗ Pα)U

∗) (by Lemma 8.2.7)
= H(A ⊗ Pα‖B ⊗ Pα) (since U is unitary)
≤ H(A‖B) (since Pα is a one-dimensional projection).

This proves the lemma.

Lemma 9.1.2. Let Φ ∈ QC(A,B), where dim(ℍA) < +∞ and dim(ℍB) < +∞. If ρ, σ ∈
𝒮(ℍA), then

H(Φ(ρ)‖Φ(σ)) ≤ H(ρ‖σ). (9.1)

Proof. Kraus’ representation theorem (4.4.4) implies that Φ can be approximated by
finite linear combination

Φn(ρ) =
n
∑
i=1

ViρV
∗
i

with Φ∗n (IB) = ∑
n
i=1 V
∗
i Vi ≤ IA. Then

Ψn(ρ) ≡ Φn(ρ) + Vn+1ρV
∗
n+1,
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where Vn+1 = √IA −Φ∗n (IB), is trace preserving. From Lemma 9.1.1, it follows that for
all states ρ and σ,

H(Ψn(ρ)‖Ψn(σ)) ≤ H(ρ‖σ).

Due to the fact that dim(ℍA) is finite,we obtain uniform convergenceΨn(ρ)−Φ(ρ) → 0
for every ρ ∈ 𝒮(ℍA). Obviously,

H(Φ(ρ)‖Φ(σ)) = lim
n→+∞

H(Ψn(ρ)‖Ψn(σ)) ≤ H(ρ‖σ).

This proves the lemma.

The following result establishes monotonicity of the relative entropy under a
quantum channel Φ ∈ QC(A,B).

Theorem 9.1.3 (Lindblad [107]). Let ℍA and ℍB be two separable complex Hilbert
spaces, and letΦ : 𝒮(ℍA) → 𝒮(ℍB) be a quantum channel from A to B. Then

H(Φ(ρ)‖Φ(σ)) ≤ H(ρ‖σ), ∀ρ, σ ∈ 𝒮(ℍA). (9.2)

Proof. Let (Pn)+∞n=1 be an increasing sequence of finite rank projections that converges
strongly to the identity operator IB onℍB. Let (Φn)

+∞
n=1 be a sequence of a completely

positive trace-preserving operator from T+(ℍA) to T+(ℍB) as in Lemma 9.1.2. From
Lemmas 9.1.2 and 8.2.7, we know that for every n,

H(Φn(A)‖Φn(B)) ≤ H(An‖Bn) ≤ H(A‖B),

where An = PnA and Bn = PnB for n = 1, 2, . . .. From the lower semi-continuity of H(⋅‖⋅)
(see part 4 of Theorem 8.1.6), it follows that

H(Φ(A)‖Φ(B)) ≤ lim inf
n→+∞

H(Φn(A)‖Φn(B)) ≤ H(A‖B)

and the theorem is proved.

9.1.2 Petz’s theorem on output relative entropy

The conditions under which the monotonicity of relative entropy expressed in (9.2)
become an equality that have been studied by many researchers including Hay-
den et al. [63], Jencova and Ruska [93], Petz [126], Ruskal [135] and Zhang and Wu
[183].

We need the following lemma for our proof of Petz’s theorem (Theorem 9.1.5).
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Lemma 9.1.4. Let (ρn)+∞n=1 be a sequence of states in 𝒮(ℍ) (where ℍ is any separable
Hilbert space) converging to a state ρ0 and (An)

+∞
n=1 be a sequence of operators in the

unit ball of B(ℍ) converging to an operator A0 in the weak operator topology (i. e.,
limn→+∞⟨ϕ,Anϕ⟩ℍ = ⟨ϕ,A0ϕ⟩ℍ for all ϕ ∈ ℍ). Then the sequence (√ρnAn√ρn)+∞n=1
converges to√ρ0A0√ρ0 in the Hilbert–Schmidt norm ‖ ⋅ ‖HS defined in (1.23).

Proof. Since the sequence (ρn)+∞n=1 converges to ρ0 in ‖ ⋅ ‖1-norm, {ρn}+∞n=0 ⊂ 𝒮(ℍ) is
a compact set. The compactness criterion for subsets of 𝒮(ℍ) (see Proposition 3.2.2)
implies that for an arbitrary ϵ > 0 there exists a finite- rank projector Pϵ on ℍ such
that tr[(Iℍ − Pϵ)ρn] < ϵ for all n ≥ 0. We have

√ρnAn√ρn = √ρnPϵAnPϵ√ρn + √ρnPϵAn(Iℍ − Pϵ)√ρn
+ √ρn(Iℍ − Pϵ)AnPϵ√ρn + √ρn(Iℍ − Pϵ)An(Iℍ − Pϵ)√ρn. (9.3)

Since Pϵ is a finite-rank operator on ℍ, PϵAnPϵ tends to PϵA0Pϵ under the operator
norm ‖ ⋅ ‖∞, and hence √ρnPϵAnPϵ√ρn tends to √ρ0PϵA0Pϵ√ρ0 in trace-norm ‖ ⋅ ‖1.
While it is easy to show that the Hilbert–Schmidt norm ‖ ⋅ ‖HS of the other terms of
the right-hand side of (9.3) converges to zero as ϵ → 0 uniformly in n. This proves the
lemma.

The necessary and sufficient condition that guarantees the equality in (9.2) is
stated below. Theorem 9.1.5 is originally proved in Petz [125] in the von Neumann alge-
bra settings and with the transition probability instead of the relative entropy under
the condition that ρ is full rank state in 𝒮(ℍA).

Theorem 9.1.5 (Petz’s theorem [125]). Let ρ, σ ∈ 𝒮(ℍA) be such that the relative en-
tropy H(ρ‖σ) < +∞. The equality holds in (9.2) if and only if Θσ(Φ(ρ)) = ρ, where Θσ is
a channel from 𝒮(ℍB) to 𝒮(ℍA) defined by the formula

Θσ(ω) = √σΦ
∗((Φ(σ))−1/2(ω)(Φ(σ))−1/2)√σ, ∀ω ∈ 𝒮(ℍB). (9.4)

Note that (9.4) implies that Θσ(Φ(σ)) = σ, so the above criterion for the equality
in (9.2) can be treated as a reversibility condition (sufficiency) of the channel Φ with
respect to the states ρ and σ in terms of Definition 5.6.1.

Proof of Theorem 9.1.5. A proof of the theorem for the finite-dimensional case can be
found in Hial et al. [66], which will not be repeated here. For infinite-dimensionalℍA
andℍB, we follow the proof provided in the Appendix of Shirokov [149] below.

(⇒) We assume that Θσ(Φ(ρ)) = ρ, i. e., the channel Φ is reversible with respect
to the states ρ and σ. The equality H(Φ(ρ)‖Φ(σ)) = H(ρ‖σ) has been established in
Shirokov [149] and will not be repeated here.

(⇐) Assume that H(Φ(ρ)‖Φ(σ)) = H(ρ‖σ) for all ρ, σ ∈ 𝒮(ℍA). We want to show
that Θσ(ω) = √σΦ∗((Φ(σ))−1/2(ω)(Φ(σ))−1/2)√σ, ∀ω ∈ 𝒮(ℍB). We first note that
H(ρ‖σ) < +∞ does not imply that λρ ≤ σ for some λ > 0, and hence the argument
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(⋅ ⋅ ⋅) of the map Φ∗(⋅ ⋅ ⋅) in (9.4) with ω = Φ(ρ) may be an unbounded operator. Nev-
ertheless, we can define the channel Θσ as a predual map to the linear completely
positive unital map

Θσ(ζ ) = [Φ(σ)]
−1/2Φ([σ]1/2(ζ )[σ]1/2)[Φ(σ)]−1/2, ∀ζ ∈ 𝒮(ℍA). (9.5)

This means that we can use formula (9.4), keeping in mind that Φ∗ is an extension
of the dual map to unbounded operators in ℍB (which can be defined by Φ∗(⋅) =
∑k V
∗
k (⋅)Vk via the Kraus representation Φ(⋅) = ∑k Vk(⋅)V∗k ). With this definition of the

channel Θσ with the nonfull rank state ρ, wewill prove the following. Consider the en-
semble consisting of two states ρ and σ with probabilities t and 1 − t, where t ∈ ]0, 1[.
Let σt = tρ + (1 − t)σ. By Donald’’s identity (part 7 of Theorem 8.1.6), we have

tH(ρ‖σ) + (1 − t)H(σ‖σ) = tH(ρ‖σt) + (1 − t)H(σ‖σt) + H(σt‖σ) (9.6)

and

tH(Φ(ρ)‖Φ(σ)) + (1 − t)H(Φ(σ)‖Φ(σ))
= tH(Φ(ρ)‖Φ(σt)) + (1 − t)H(Φ(σ)‖Φ(σt)) + H(Φ(σt)‖Φ(σ))
≤ tH(ρ‖σt) + (1 − t)H(σ‖σt) + H(σt‖σ)
= tH(ρ‖σ) + (1 − t)H(σ‖σ), (9.7)

where the left-hand sides are finite and coincide by the condition. Since the first, the
second and the third terms in the right-hand side of (9.7) are not less than the corre-
sponding terms in (9.8) by monotonicity of the relative entropy, we obtain

H(Φ(ρ)‖Φ(σt)) = H(ρ‖σt) and H(Φ(σ)‖Φ(σt)) = H(σ‖σt). (9.8)

Consequently, we have ρ = Θt(Φ(ρ)) for all t ∈ ]0, 1[, where

Θt(ρ) = [σt]
1/2Φ∗([Φ(σt)]

−1/2
(ρ)[Φ(σt)]

−1/2
)[σt]

1/2, ∀ρ ∈ 𝒮(ℍB).

To complete the proof, it suffices to show that

lim
t→0

Θt = Θσ (9.9)

in the strong convergence topology (in which Φn → Φ strongly means Φn(ρ) → Φ(ρ)
for all ρ), since this implies ρ = limt→+0 Θt(Φ(ρ)) = Θσ(Φ(ρ)). SinceΘt(Φ(σ)) = σ for all
t ∈ ]0, 1[, the set of channels {Θt}t∈]0,1[ is relatively compact in the strong convergence
topology. Hence, there exists a sequence (tn)+∞n=1 converging to zero such that

lim
n→+∞

Θtn = Θ0, (9.10)
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where Θ0 is a particular channel. We will show that Θ0 = Θσ . Note that (9.10) means
that the sequence (Θ∗tn (A) (whereΘ

∗
tn (⋅) : B(ℍB) → B(ℍA) is the dual channel of Θtn (⋅))

tends to the operator Θ∗0(A) in the weak operator topology for any positiveA ∈ B(ℍB).
By Lemma (9.1.4), we have

lim
n→+∞
[Φ(σtn )]

1/2Θ∗tn (A)[Φ(σtn )]
1/2
= [Φ(σ)]1/2Θ∗0(A)[Φ(σ)]

1/2

in the Hilbert–Schmidt norm ‖ ⋅ ‖HS. But the explicit form of Θ∗tn shows that

[Φ(σtn )]
1/2Θ∗tn (A)[Φ(σtn )]

1/2
= Φ([σ]1/2A)[σ]1/2)

and since limn→+∞[σtn ]
1/2A[σtn ]

1/2 = [σ]1/2A[σ]1/2 in the trace-norm ‖ ⋅ ‖1, the above
limit coincides with Φ([σ]1/2A[σ]1/2). So, we have Θ∗0(A) = Θ

∗
σ(A) for all A, and hence

Θ0 = Θσ . The above observation shows that for an arbitrary sequence (tn)+∞n=1 converg-
ing to zero any partial limit of the sequence (Θtn )

+∞
n=1 coincides with Θσ, which means

(9.9). This proves Petz’s theorem.

9.2 Continuity of output entropies

In this section, we investigate continuity of the output entropy HΦ(⋅) := H(Φ(⋅)) :
T+(ℍA) → [0, +∞], when the map Φ : T+(ℍA) → T+(ℍB) is:
(i) a general positive linear map;
(ii) a quantum operation; or
(iii) a quantum channel.

These three cases are to be explored in the following subsections.

9.2.1 Positive linear map Φ

Let Φ : T+(ℍA) → T+(ℍB) be a positive linear map. Since the von Neumann entropy
H(⋅) : 𝒮(ℍA) → [0, +∞] is a concave and lower semicontinuous function, it is easy to
see that the output von Neumann entropy HΦ(⋅) := (H ∘Φ)(⋅) = H(Φ(⋅)) of the positive
linear map Φ is also a concave nonnegative lower semicontinuous function on the set
𝒮(ℍA) ⊂ T+(ℍA).

We need the following lemmas for proving the main result (Theorem 9.2.3) in this
subsection.

Lemma 9.2.1. Assume that ℍA = ℍB = ℍ. For an arbitrary convex set 𝒜 ⊂ 𝒮(ℍ),
on which the von Neumann entropy H(⋅) is bounded. Then there exists an operator T ∈
B(ℍ) such that
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sup
A∈𝒜

tr[A(− logT)] < +∞ and UT = TU

for any unitary U ∈ B(ℍ) such that UAU∗ ∈ 𝒜 for all A ∈ 𝒜.

Proof. Let

𝕂 = ℂ|0⟩ℍ = {c|0⟩ℍ | c ∈ ℂ}

be the one-dimensional subspace ofℍ generated by the unit vector |0⟩ℍ. Consider the
convex set𝒜e = {ρA | A ∈ 𝒜} of states in 𝒮(ℍ ⊕ 𝕂), where ρA is defined by

ρA = A ⊕ (1 − tr[A])|0⟩ℍ⟨0|.

For arbitrary A ∈ 𝒜, we have

H(ρA) = tr[η(ρA)]
= tr[η(A ⊕ (1 − tr[A])|0⟩ℍ⟨0|)] = tr[η(A) + η((1 − tr[A])|0⟩ℍ⟨0|)]
= tr[η(A)] + tr[η((1 − tr[A])(|0⟩ℍ⟨0|))]
= H(A) + η(tr[A]) + η(1 − tr[A]) = H(A) + 1,

where η : [0, +∞] → [−∞, +∞] is defined by

η(x) = { −x log x, if x > 0,
0, if x = 0.

Thus, the von Neumann entropy H(⋅) is bounded on the convex set 𝒜e. Hence, the
Holevo χ-capacity defined by

Cχ(𝒜
e) = sup

μ∈𝒫𝒜e
χ(μ) = sup

μ∈𝒫𝒜e
( ∫
𝒮(ℍA)

H(ρ‖ρ(μ))μ(dρ)) < +∞,

where

𝒫𝒜e := 𝒫𝒜e(𝒮(ℍA)) = {μ ∈ 𝒫(𝒮(ℍA)) | ρ̄(μ) ∈ 𝒜
e}

(see Chapter 12 for the definition of χ-capacity). This implies existence of the unique
state ω(𝒜e) in𝒜e (called the optimal average state of the set𝒜e) such that

H(ρ‖ω(𝒜e)) ≤ Cχ(𝒜
e)

for all ρ ∈ 𝒜e. The state ω(𝒜e) has the form T ⊕ |0⟩ℍ⟨0|, where T ∈ QC(ℍ) and λ > 0.
For arbitrary unitary U inB(ℍ), such that U𝒜U∗ = 𝒜. Consequently, (U ⊕ I𝕂)ω(𝒜e) =
ω(𝒜e)(U ⊕ I𝕂), and hence UT = TU. This proves the lemma.
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The following proposition is a summary of results in Proposition 7.3.7 that will be
useful in establishing the results in output entropy. Recall from (7.12) that the increas-
ing number λ†(H) of an H-operator H is defined as λ†(H) = inf{λ > 0 | tr[exp(−λH)] <
+∞}and𝒦H(h) is a compact convex subset of𝒮(ℍA).Wehaveused the convention that
λ†(H) = +∞ if tr[exp(−λH)] = +∞ for any λ > 0 and λ†(H) = 0 if tr[exp(−λH)] < +∞
for all λ > 0.

Proposition 9.2.2. LetH be anH-operator on a separable complexHilbert spaceℍ and
h > 0.
1. The von Neumann entropy H(⋅) is bounded on the set 𝒦H(h) if and only if

λ†(H) < +∞;
2. The von Neumann entropy H(⋅) is continuous on the set 𝒦H(h) if and only if

λ†(H) = 0.

The following theorem (dueoriginally to Shirokov [147]) shows that the output von
Neumann entropyHΦ(⋅) := H(Φ(⋅)) cannot be finite anddiscontinuous simultaneously
for any positive (but not necessarily completely positive) linear map Φ : T+(ℍA) →
T+(ℍB) that is trace nonincreasing.

The following theorem is due originally to Shirokov [147].

Theorem 9.2.3 (Shirokov [147]). LetΦ be a positive linearmap fromT+(ℍA) toT+(ℍB)
that is trace nonincreasing. The following properties are equivalent:
1. the function ρ 󳨃→ HΦ(ρ) is finite on 𝒮(ℍA);
2. the function ρ 󳨃→ HΦ(ρ) is continuous and bounded on 𝒮(ℍA);
3. there exists an orthonormal basis {|i⟩B}+∞i=1 of the space ℍB such that the function

ρ 󳨃→ H({⟨i|Φ(ρ)|i⟩B}+∞i=1 ) is continuous and bounded on 𝒮(ℍA);
4. there exists an orthonormal basis {|i⟩B}+∞i=1 of the spaceℍB and a sequence (hi)+∞i=1

of nonnegative numbers such that

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

+∞

∑
i=1

hiΦ
∗(|i⟩B⟨i|)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞
< +∞ and

+∞

∑
i=1

exp(−hi) < +∞,

whereΦ∗ : B(ℍB) → B(ℍA) is the dual map toΦ.

The set 𝒮(ℍA) in (1) can be replaced by arbitrary convex closed bounded subset 𝒜 ⊂
T+(ℍA) such that

sup
A∈𝒜
( lim
n→+∞

tr[ABn]) < +∞ ⇒ sup
n
‖Bn‖∞ < +∞

for any increasing sequence (Bn)+∞n=1 of positive operators inΦ
∗(B(ℍB)).

Proof. (1) ⇒ (2) Validity of the discrete Jensen inequality for the concave finite non-
negative function ρ 󳨃→ HΦ(ρ) implies its boundedness (see Proposition 3.4.4). Indeed,
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if the opposite were true that for each natural n there exists a state ρn such that
HΦ(ρn) ≥ 2n (for contradiction purpose), then by discrete Jensen inequality, we have

HΦ(
+∞

∑
n=1

2−nρn) ≥
+∞

∑
n=1

2−nHΦ(ρn) = +∞.

Lemma 9.2.1 implies existence of an H-operator H = − logT such that λ†(H) < +∞
and tr[HΦ(ρ)] ≤ h for all ρ ∈ 𝒮(ℍA) and some h > 0. Let H = ∑+∞i=1 hi|i⟩B⟨i|. Since the
function

ρ 󳨃→ tr[HΦ(ρ)] = tr[(
+∞

∑
i=1

hi|i⟩B⟨i|)Φ(ρ)]

=
+∞

∑
i=1

hi⟨i|Φ(ρ)|i⟩B = tr[
+∞

∑
i=1

hiΦ
∗(|i⟩B⟨i|)ρ]

is bounded on 𝒮(ℍB), the linear operator ∑
+∞
i=1 hiΦ

∗(|i⟩B⟨i|) is bounded in ℍA under
the operator norm ‖ ⋅ ‖∞. Thus, the above function is continuous on 𝒮(ℍA). For arbi-
trary compact subset𝒦 of 𝒮(ℍA), Dini’s lemma (see Rudin [134]) implies uniform con-
vergence of the infinite series of operators∑+∞i=1 hi tr[Φ

∗(|i⟩B⟨i|)ρ]on the set𝒦 ⊂ 𝒮(ℍA),
and hence, existence of a nondecreasing sequence (y𝒦i )

+∞
i=1 of positive numbers con-

verging to +∞ such that

sup
ρ∈𝒦
(
+∞

∑
i=1

y𝒦i hi tr[Φ
∗(|i⟩B⟨i|)ρ]) < +∞.

Let H𝒦 = ∑+∞i=1 hi|i⟩B⟨i| be an H-operator onℍB with λ†(H𝒦) = 0. Thus, we have

sup
ρ∈𝒦
(tr[H𝒦Φ(ρ)]) = sup

ρ∈𝒦
(
+∞

∑
i=1

y𝒦i hi tr[Φ
∗(|i⟩B⟨i|)ρ]) < +∞. (9.11)

By part (2) of Proposition 7.3.7, the function ρ 󳨃→ H(Φ(ρ)) is continuous on the set 𝒦,
and hence on the set 𝒮(ℍA) (since 𝒦 is an arbitrary compact subset of 𝒮(ℍA)).
(1) ⇒ (4). In the proof of (1) ⇒ (2), existence of the basis {|i⟩B}+∞i=1 and of the

sequence (h′i )
+∞
i=1 , where h

′
i = λhi, λ > 0, with the desired properties is shown.

(4) ⇒ (3) follows from the proof of (1) ⇒ (2), since (9.11) and part (2) of Proposi-
tion 7.3.7 implies continuity of the function ρ 󳨃→ H({⟨i|Φ(ρ)|i⟩B}+∞i=1 ) on the set 𝒦.
(3) ⇒ (1) follows from relation H(ρ) ≤ H({⟨i|Φ(ρ)|i⟩B}+∞i=1 ).
The last assertion of the theorem is a corollary of the proof of (1) ⇒ (2).
This proves the theorem.

Remark 9.1. Theorem9.2.3 does not assert that finiteness of the vonNeumannentropy
H(⋅) on the set Φ(𝒮(ℍA)) ⊆ 𝒮(ℍB) implies its continuity on this set, since continuity
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of the function ρ 󳨃→ H(Φ(ρ)) on the noncompact set 𝒮(ℍA) does not imply continuity
of the function B 󳨃→ H(B) on the set Φ(𝒮(ℍA)) ⊆ 𝒮(ℍB). To show this, we consider
the following example. Let ℬ be a convex closed subset of 𝒮(ℍB) on which the von
Neumann entropy H(⋅) is bounded but not continuous. Let (σn)+∞n=1 be a sequence of
states inℬ converging to a stateσ0 such that limn→+∞ H(σn) ̸= H(σ0). Consider themap
Φ : ρ 󳨃→ ∑+∞n=0⟨n|ρ|n⟩Aσn, where (|n⟩A)

+∞
n=0 is a particular orthonormal basis inℍA. By

Theorem9.2.3, the function ρ 󳨃→ HΦ(ρ) is continuous on the set𝒮(ℍA)but the function
B 󳨃→ H(B) is not continuous on the set Φ(𝒮(ℍA)) ⊆ 𝒮(ℍB) containing the sequence
(σn)+∞n=1 and the state σ0. Continuity of the function ρ 󳨃→ HΦ(ρ) on the set 𝒮(ℍA)means
continuity of the function B 󳨃→ H(B) on each set of the form Φ(𝒦) ⊂ 𝒮(ℍB), where 𝒦
is a compact subset of 𝒮(ℍA).

Remark 9.2. The main assertion of Theorem 9.2.3 (the implication (1) ⇒ (2)) is based
on the specific property of the von Neumann entropy; it cannot be proved by using
only such general properties of entropy-type functions as concavity, lower semiconti-
nuity and nonnegativity. The simplest example showing this is given by the function
ρ 󳨃→ R0(Φ(ρ)) = ‖Φ(ρ)‖∞ log(rank(Φ(ρ))), the output 0-order Renyi entropy of the
map Φ. Theorem 9.2.3 can be used to obtain a condition of continuity of the output
entropy for a certain class of quantum channels.

Theorem 9.2.3 and inequality (7.48) imply the following observation (which can be
directly proved by using Lemma 7.4.3).

Corollary 9.2.4. Let Φ and Ψ be positive linear maps from T+(ℍA) to T+(ℍB) that are
trace nonincreasing, and let λ ∈ ]0, 1[. The map λΦ+ (1− λ)Ψ has continuous output en-
tropy if and only if themapsΦandΨ have continuous output entropiesH(Φ(⋅)),H(Ψ(⋅)) :
𝒮(ℍA) → [0, +∞].

Thus, the set of all positive maps with continuous output entropy is convex and
forms a face of the convex setL+≤1(ℍA,ℍB), whereL

+
≤1(ℍA,ℍB) is the set of all positive

linear maps from T+(ℍA) to T+(ℍB) that are trace non-increasing. It is easy to show
that this face is dense in L+≤1(ℍA,ℍB) in the strong convergence topology.

We will use the following corollary of Theorem 9.2.3 and inequality (7.49).

Corollary 9.2.5. Let {Φi}i∈I be a finite or countable family of positive linear maps from
T+(ℍA) to T+(ℍB) that are trace nonincreasing such that

sup
ρ∈𝒮(ℍA)
∑
i∈I

tr[Φi(ρ)] < +∞.

Then the output entropy of the map∑i∈I Φi is continuous if

∑
i∈I

H(Φi(ρ)) < +∞ and H({tr[Φi(ρ)]}i∈I) < +∞, ∀ρ ∈ 𝒮(ℍA).
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This condition is necessary if either supp(Φi(ρ)) ⊥ supp(Φj(ρ)) for all i ̸= j and for all
ρ ∈ 𝒮(ℍA) or 𝕀 is a finite set.

Theorem 9.2.3 provides a simple proof for the following corollary.

Corollary 9.2.6. LetΦ : T+(ℍA) → T+(ℍB) andΨ : T+(𝕂A) → T+(𝕂B) be two positive
bounded linear maps having continuous output entropies HΦ(⋅) and HΨ(⋅), respectively.
If the map Φ ⊗ Ψ : T+(ℍA ⊗ 𝕂A) → T+(ℍB ⊗ 𝕂B) is positive, then it has continuous
output entropy HΦ⊗Ψ(⋅) : T+(ℍA ⊗ 𝕂A) → [0, +∞].

Proof. Without loss of generality, we may assume that the maps Φ and Ψ are trace
nonincreasing. By Theorem 9.2.3, it is sufficient to prove that H((Φ ⊗Ψ)(ω)) < +∞ for
any ω ∈ T+(ℍA ⊗ 𝕂A). This follows from subadditivity of the quantum entropy since
tr𝕂A [(Φ ⊗ Ψ)(ω)] ≤ Φ(tr𝕂A [ω]) and trℍA [(Φ ⊗ Ψ)(ω)] ≤ Ψ(trℍA [ω]). This proves the
corollary.

Corollary 9.2.7. Let Φ : T+(ℍA) → T+(ℍB) and Ψ : T+(𝕂A) → T+(𝕂B) be positive
linear bounded maps such that the map Φ ⊗ Ψ : T+(ℍA ⊗ 𝕂A) → T+(ℍB ⊗ 𝕂B) is
positive. If the map Ψ is trace preserving and has finite (and hence continuous) output
entropy HΨ(⋅) := H(Ψ(⋅)), then the following properties are equivalent:
1. H((Φ ⊗Ψ)(|ϕ⟩ℍA⊗𝕂A⟨ϕ|)) < +∞ for any unit vector ϕ ∈ ℍA ⊗ 𝕂A;
2. the mapΦ has continuous output entropy HΦ(⋅);
3. the mapΦ ⊗Ψ has continuous output entropy HΦ⊗Ψ(⋅).

If the map Φ is trace preserving, then the condition of finiteness of the output entropy
HΦ(⋅) of the mapΦ can be replaced by the condition

min{HΦ(tr𝕂A[|ϕ⟩ℍA⊗𝕂A⟨ϕ|]),HΨ(trℍA[|ϕ⟩ℍA⊗𝕂A⟨ϕ|])} < +∞, ∀ϕ ∈ ℍA ⊗ 𝕂A.

Proof. Wemay assume that the map Φ is trace nonincreasing.
1. (1) ⇒ (2). Let ρ be an arbitrary state in 𝒮(ℍA) ⊂ T+(ℍA) and ϕ be a vector inℍA ⊗
𝕂A such that ρ = tr𝕂A [|ρ⟩ℍA⊗𝕂A⟨ϕ|]. Since the map Ψ is trace preserving, we have
tr𝕂A [(Φ ⊗ Ψ)(|ϕ⟩ℍA⊗𝕂A⟨ϕ|)] = Φ(ρ). By noting that trℍA [(Φ ⊗ Ψ)(|ϕ⟩ℍA⊗𝕂A⟨ϕ|)] ≤
Ψ(σ), where σ = trℍA [|ϕ⟩ℍA⊗𝕂A⟨ϕ|], and by using finiteness ofH(Ψ(σ))with (7.48)
and the triangle inequality

H((Φ ⊗Ψ)(|ϕ⟩ℍA⊗𝕂A⟨ϕ|)) ≥
󵄨󵄨󵄨󵄨H(tr𝕂A[(Φ ⊗Ψ)(|ϕ⟩ℍA⊗𝕂A⟨ϕ|)])

− H(trℍA[(Φ ⊗Ψ)(|ϕ⟩ℍA⊗𝕂A⟨ϕ|)])
󵄨󵄨󵄨󵄨,

we conclude that H(Φ(σ)) < +∞. By Theorem 9.2.3, the map Φ has continuous
output entropy.

2. (2) ⇒ (3) follows from Corollary 9.2.6.
3. (3) ⇒ (2) is obvious.
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The last assertion of the corollary is proved by the similar argumentation. This proves
the corollary.

9.2.2 Quantum operations

In the following,we follow the approach used in Shirokov [147] to investigate the prop-
erties of output entropyHΦ : T+(ℍA) → [0, +∞], whenΦ is a quantumoperation, i. e.,
Φ : T+(ℍA) → T+(ℍB) is a completely positive trace-nonincreasing operator.

Lemma 9.2.8. Let (pi)+∞i=1 be a sequence of positive numbers. Then

sup
{xi}⊂l1+

H({pixi}
+∞
i=1 ) = λ

∗

where λ∗ is either the unique finite solution of the equation ∑+∞i=1 e
−λ/pi = 1 if it exists or

equal to λ†({p−1i }
+∞
i=1 ) = inf{λ > 0 | ∑

+∞
i=1 e
−λ/pi < +∞} otherwise.

In the above, we adopt the convention that inf{⋅ ⋅ ⋅} = +∞ and note that
∑+∞i=1 e

−λ/pi = 1 has no solution if and only if either λ†({p−1i }) = +∞ or

+∞

∑
i=1

exp(−λ†({p−1i })/pi) < 1.

Proof. By using the Lagrange method, it is easy to show that the function {xi}+∞i=1 󳨃→
H({pixi}+∞i=1 ) attains its maximum at the vector (x∗i )

+∞
i=1 where x∗i = cp

−1
i e−λ

∗
n /pi and λ∗n is

the solution of the equation∑ni=1 e
−λ/pi = 1 and c = (∑ni=1 p

−1
i e−λ

∗
n /pi )−1. Hence,

max
{xi}⊂l1+

H({pixi}
n
i=1) = λ

∗
n . (9.12)

The assertion of the lemma follows by noting that the sequence (λ∗n )
+∞
n=1 tends to λ

∗ as
n → +∞ and by using lower semicontinuity of the classical entropy. This proves the
lemma.

Proposition 9.2.9. Let V be a linear operator from ℍA to ℍB. The function ρ 󳨃→
H(VρV∗), ρ ∈ 𝒮(ℍA), is continuous if and only if the operator V is compact and has
such sequence (νi)+∞i=1 of eigenvalues of |V| := √V∗V that ∑+∞i=1 e

−λ/ν2i < +∞ for some
λ > 0. If this condition holds, then

sup
ρ∈𝒮(ℍA)

H(VρV∗) = λ∗(V),

where λ∗(V) is either the unique solution of the equation ∑+∞i=1 e
−λ/ν2i = 1 if it exists or

equal to λ†((ν−2i )
+∞
i=1 ) = inf{λ > 0 | ∑

+∞
i=1 e
−λ/ν2i < +∞}, otherwise.
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Proof. Without loss of generality, we assume thatℍA = ℍB = ℍ, V = |V|, ‖V‖∞ ≤ 1,
and ker(V) = {0}. Assume that the operator V takes the form V = ∑+∞i=1 νi|i⟩ℍ⟨i|. If
∑+∞i=1 e

−λ/ν2i < +∞ for λ > 0, then property (4) in Theorem 9.2.3 holds with the basis
{|i⟩ℍ}∞i=1 and the sequence (hi)+∞i=1 , hi = λ/ν

2
i , since in this case Φ∗(⋅) = V(⋅)V∗, and

hence,

Φ∗(|i⟩ℍ⟨i|) = V(|i⟩ℍ⟨i|)V
∗

= (
+∞

∑
j=1

νj|j⟩ℍ⟨j|)(|i⟩ℍ⟨i|)(
+∞

∑
k=1

νk |k⟩ℍ⟨k|) = ν
2
i |i⟩ℍ⟨i|.

The assertion concerning the supremum of the function ρ 󳨃→ H(VρV∗) is easily de-
rived from Lemma 9.2.8 by using the inequality H(A) ≤ H(⟨i|A|i⟩ℍ) for all A ∈ T+(ℍ).
Suppose the function ρ 󳨃→ H(VρV∗) is continuous on the set 𝒮(ℍ). Then the entropy
is bounded on the convex set {VρV∗ | ρ ∈ 𝒮(ℍ)}, and hence, this set is relatively com-
pact by using the construction from the proof of Lemma 9.2.1. Thus, the operator V is
compact (since otherwise there exists a sequence of unit vectors (|φn⟩ℍ)

+∞
n=1 such that

the sequence (V|φn⟩ℍ)
+∞
n=1 is not relatively compact). Lemma 9.2.1 implies existence of

an operator T ∈ T1(ℍ) such that

sup
ρ∈𝒮(ℍ)

tr[VρV∗(− logT)] < +∞ and UT = TU

for arbitrary unitary U commuting with the operator V. It follows from the last prop-
erty of the operator T that this operator is diagonizable in the basis {|i⟩ℍ}, i. e., T =
∑∞i=1 τi|i⟩ℍ⟨i|,where (τi)

+∞
i=1 is a sequenceof nonnegativenumbers such that∑+∞i=1 τi ≤ 1.

Thus, we have

sup
ρ∈𝒮

tr[VρV∗(− logT)] = sup
ρ∈𝒮(ℍ)

+∞

∑
i=1
⟨i|ρ|i⟩ℍν

2
i (− log τi) < +∞,

and hence, ν2i (− log τi) ≤ λ for all i. This implies λ∗(V) < +∞. This proves the proposi-
tion.

Note that an arbitrary quantum operation Φ : T(ℍ) → T(ℍ) has Kraus represen-
tation

Φ(⋅) =
+∞

∑
i=1

Vi(⋅)V
?
i

where {Vi}
+∞
i=1 is a set of bounded linear operators from ℍA into ℍB such that

∑∞i=1 ViV∗i ≤ Iℍ (correspondingly, ∑
+∞
i=1 ViV∗i = Iℍ for the quantum channel).

The following proposition contains the sufficient conditions for continuity of the
output entropy of a quantum operation Φ expressed in terms of the set {Vi}

+∞
i=1 of its

Kraus operators.
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Proposition 9.2.10. Let Φ be a quantum operation in T≤1(ℍA,ℍB) and {Vi}i∈I be the
corresponding set of Kraus operators. Let di = rank(Vi) ≤ +∞.
1. If the index set I is finite, then the operationΦ has continuous output entropy if and

only if which in this case is equivalent to

λ∗(Vi) < +∞, ∀i ∈ I , (9.13)

which in this case is equivalent to

λ∗(√∑
i∈I

V∗i Vi) < +∞. (9.14)

In the general case, (9.13) is a necessary condition of continuity of the output entropy
of the operationΦ (in contrast to (9.14)).

2. If I = ℕ, then the operationΦ has continuous output entropy if one of the following
conditions is valid:
(i) di < +∞ for all i and there exists a sequence (hi)+∞i=1 of nonnegative numbers

such that

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

+∞

∑
i=1

hiV
∗
i Vi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞
< +∞ and

+∞

∑
i=1

die
−hi < +∞

and
(ii) H({tr[ViρV∗i +]}

+∞
i=1 ) < +∞ for all ρ ∈ 𝒮(ℍA) and condition (9.14) holds.

Note that Condition (9.14) in (ii) can be replaced by the condition of finiteness
of one of series ∑+∞i=1 λ

∗(Vi) and ∑
+∞
i=1 log(di‖Vi‖∞). If the sequence (Vi)

+∞
i=1 consists of

scalar multiples of mutually orthogonal projectors, then (i) is a necessary condition
of continuity of the output entropy of the operation Φ. If range(Vi) ⊥ range(Vj) for
all i ̸= j, then (ii) is a necessary condition of continuity of the output entropy of the
operation Φ.

Proof of Proposition 9.2.10. 1. This directly follows from Corollary 9.2.5, Proposi-
tion 9.2.9, since∑+∞i=1 V

∗
i Vi = Φ∗(IℍB ).

2. Suppose condition (i) holds. Let 𝕂 = ⨁+∞i=1 range(Vi) and Ui be a partial isom-
etry fromℍB into 𝕂 such that U∗i Ui is the projector onto range(Vi) ⊂ ℍB and UiU∗i is
the projector onto range(Vi) ⊂ 𝕂. Consider the quantum operation Φ̂ in T≤1(ℍA, 𝔸B)
defined by the sequence of Kraus operators (V̂i)

+∞
i=1 , V̂i = UiVi. We have range(V̂i) ⊥

range(V̂j) for all i ̸= j. Let Pi be the di-rank projector onto the subspace range(V̂i).
Consider the H-operator H = ∑+∞i=1 hiPi. The condition ∑

+∞
i=1 die

−hi < +∞ means that
λ†(H) < +∞. The condition ‖∑+∞i=1 hiViV∗i ‖∞ = h < +∞ implies
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tr[HΦ̂(ρ)] =
+∞

∑
i=1

hi tr[PiV̂
∗
i V̂i] = tr[

+∞

∑
i=1

hiViV
∗
i ρ] ≤ h, ∀ρ ∈ 𝕊(ℍA).

The quantum entropy is bounded on the set Φ̂(𝒮(ℍA)). Since

H(Φ̂(ρ)) =
+∞

∑
i=1

H(ViρV
∗
i ) + H({tr[ViρV

∗
i ]}
+∞
i=1 ).

Inequality (7.49) implies boundedness of the function ρ 󳨃→ H(Φ(ρ)). By Theorem 9.2.3,
this function is continuous. If condition (ii) holds then Proposition 9.2.11 below im-
plies continuity of the output entropy of the operation Φ. Possibility to replace condi-
tion (9.14) in (ii) by one of the conditions ∑+∞i=1 λ

∗(Vi) < +∞ and ∑+∞i=1 log(di‖Vi‖∞) <
+∞ follows from Corollary 9.2.5, since each of these conditions implies finiteness of
the series ∑+∞i=1 H(ViρV∗i ) for any ρ in 𝒮(ℍA).

To prove the assertion concerning necessity of condition (i), assume that Φ(⋅) =
∑i=1 ciPi(⋅)Pi, where (Pi)

+∞
i=1 is a sequence of mutually orthogonal projectors. Lem-

ma 9.2.1 implies existence of a trace-class operator of the form T = ∑+∞i=1 λiPi such
that

sup
ρ∈𝒮(ℍA)

tr[Φ(ρ)(− logT)] = sup
ρ∈𝒮(ℍA)

tr[
+∞

∑
i=1

ci(− log λi)Piρ] < +∞.

Since tr[T] = ∑+∞i=1 diλi, condition (i) holds with the sequence (hi)
+∞
i=1 , hi = − log λi.

To prove the assertion concerning necessity of condition (ii), it is sufficient to note
that the condition range(Vi) ⊥ range(Vj) for all i ̸= j implies

H(VρV∗) ≤ H(Φ(ρ))

=
+∞

∑
i=1

H(ViρV
∗
i ) + H({tr[ViρV

∗
i ]}
+∞
i=1 ), ∀ρ ∈ 𝒮(ℍA),

where V is the Stinespring contraction of the operation Φ defined via the set {Vi}
+∞
i=1

(see the proof of Proposition 9.2.11 below), and to apply Theorem 9.2.3 and Proposi-
tion 9.2.10 (by using V∗V = ∑+∞i=1 V

∗
i Vi). This proves the proposition.

Example 9.1. Let (Vi)
+∞
i=1 be a sequence of finite rank operators in B(ℍA) such that

∑+∞i=1 V
∗
i Vi ≤ IℍA , range(Vi) ⊥ range(Vj) for all sufficiently large i ̸= j and ‖Vi‖

2
∞ ≤

C log−α(i) for all i, where α ≥ 0 and C > 0. Since V∗i Vi ≤ C log
−α(i)Pi, where Pi is the

projector on the subspace range(Vi, condition a) in part 2 of Proposition 9.2.10 holds
for the operation Φα(⋅) = ∑

+∞
i=1 Vi(⋅)Vi for all α ≥ 1 provided the rate of increase of

the sequence (rank(Vi))
+∞

i=1
does not exceed the polynomial rate: rank(Vi) ≤ in for

some natural n and all sufficiently large i (this can be shown by using the sequence
(hi)+∞i=1 , hi = (n+ 2) log(i). Hence, the output entropy of the operation Φα is continuous
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in this case. The last assertion of Proposition 9.2.10 shows that the output entropy of
the operationΦα is not continuous if α < 1 andVi = √C log

−α iPi even for the bounded
sequence (rank(V)i)∞i=1.

The following proposition contains the sufficient conditions for continuity of the
output entropy of the complementary operation expressed in terms of the set (Vi)

+∞
i=1

of Kraus operators of the initial operation.

Proposition 9.2.11. Let Φ be a quantum operation in T≤1(ℍA,ℍB) and {Vi}
+∞
i=1 be the

corresponding set of Kraus operators. The complementary operation Φ̂ has continuous
output entropy if one of the following conditions holds:
1. H({tr[ViρV∗i ]}

+∞
i=1 ) < +∞ for all ρ ∈ 𝒮(ℍA);

2. there exists a sequence of nonnegative real numbers (hi)+∞i=1 such that

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

+∞

∑
i=1

hiV
∗
i Vi

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞
< +∞ and

+∞

∑
i=1

e−hi < +∞;

3. H({‖Vi‖∞}
+∞
i=1 ) < +∞.

If range(Vi) ⊥ range(Vj) for all i ̸= j, then (1)⇔(2) is a necessary condition of continuity
of the output entropy of the operation Φ̃.

Note that the above conditions are related in the following way: (3) ⇒ (2) ⇔ (1).

Proof. We first show that (1) implies continuity of the function ρ 󳨃→ H(Φ̂(ρ)). LetℍC
be a separable Hilbert space and {|i⟩C}+∞i=1 be an orthonormal basis in ℍC. Then the
operator V : ℍA → ℍB ⊗ ℍC defined by

V(|φ⟩A) =
+∞

∑
i=1
|Viφ⟩ℍB ⊗ |i⟩ℍC

is the Stinespring contraction for the operation Φ. That is,

Φ(A) = trB[VAV
∗], A ∈ T(ℍA).

Therefore, we have

Φ̂(A) = trB[VAV
∗] =
+∞

∑
i,j=1

tr[ViAV
∗
j ]|i⟩C⟨j|, A ∈ T(ℍA).

By relation H(A) = H({⟨i|A|i⟩A}+∞i=1 ), condition (1) implies

H(Φ̂(ρ)) ≤ H({⟨i|Φ̂(ρ)|i⟩C}
+∞
i=1 )

= H({tr[ViρV
∗
i ]}
+∞
i=1 ) < +∞, ∀ρ ∈ 𝒮(ℍA).
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By Theorem (9.2.3), the output entropy of the complementary Φ̂ is continuous.
Since finiteness of the function ρ 󳨃→ H({tr[VρV∗]}+∞i=1 ), ρ ∈ 𝒮(ℍA), implies that the

last condition can be rewritten as follows:

sup
ρ∈𝒮(ℍA)

+∞

∑
i=1

hi tr[ViρV
∗
i ] < +∞

and by using the classical versions of part (1) of Proposition 9.2.2 and Lemma 9.2.1. The
implication (3) ⇒ (2) is obvious.

If rangle(Vi) ⊥ range(Vj) for all i ̸= j, then

Φ̂(ρ) =
+∞

∑
i=1

tr[ViρV
∗
i ]|i⟩ℍC ⟨i|, ∀ρ ∈ 𝒮(ℍA),

and hence, the function in (1) coincides with the output entropy of the operation Φ̂.
This proves the proposition.

9.3 Convex closure of output entropy

We now consider the channel input entropyH(⋅) and channel output entropyHΦ(⋅) :=
H(Φ(⋅)), where Φ : 𝒮(ℍA) → 𝒮(ℍB) is a quantum channel from system A to system B.

Definition 9.3.1. Let Φ be a quantum channel or quantum operation from system A to
system B. Φ is said to be preserving finite entropy (PFE) if

H(ρ) < +∞ ⇒ HΦ(ρ) < +∞, (9.15)

and Φ is said to be preserving continuous entropy (PCE) if

lim
n→+∞

H(ρn) = H(ρ) ⇒ lim
n→+∞

HΦ(ρn) = HΦ(ρ) (9.16)

for all (ρn)+∞n=1 ⊂ 𝒮(ℍA) such that limn→+∞ ‖ρn − ρ‖1 = 0.

The following characterization of PFE and PCE channels is due to Shirokov [152,
153] (see also Shirokov and Bulinski [157]).

Theorem 9.3.2 (Shirokov [152, 153]). Let Φ be a positive linear map from T+(ℍA) into
T+(ℍB). The following properties are equivalent:
(i) Φ preserves finiteness of the entropy (PFE), i. e., property (9.15) holds;
(ii) Φ preserves continuity of the entropy, i. e., property (9.16) holds;
(iii) the output entropy HΦ(⋅) is bounded on extr(𝒮(ℍA)), (i. e., the set of all pure states).

Proof. Wemay assume that Φ does not increase a trace of any positive operator.
It is clear that (i)⇒ (ii).
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By using inequality (7.48) and the spectral decomposition ρ = ∑i pi|φi⟩A⟨φi|, we
obtain

HΦ(ρ) ≤ ∑
i
piHΦ(|φi⟩A⟨φi|) + H(ρ) ≤ C‖ρ‖1 + H(ρ), (9.17)

where C = supρ∈extr(𝒮(ℍA)) HΦ(ρ). This shows that (iii)⇒ (i).
To prove the implication (ii) ⇒ (iii). Suppose (iii) was false. Then for each natural

n there exists a pure state ρn such thatHΦ(ρn) ≥ 2n. It follows from (7.48) that the state
ρ0 = ∑

+∞
n=1 2
−nρn has finite entropy, while the concavity of the function HΦ(⋅) implies

HΦ(ρ0) ≥ ∑
+∞
n=1 2
−nHΦ(ρn) = +∞. Hence (ii) is false. This proves that (ii) ⇒ (iii).

To prove the nontrivial implication (iii) ⇒ (i), it suffices to show that (iii) implies
continuity of the function HΦ on the set extr(𝒮(ℍA)) and to apply Theorem 9.2.3. This
proves the theorem.

Theorem 9.3.2 implies, in particular, that property (9.15) holds if and only if

Hp
max(Φ) ≡ sup

ρ∈extr(𝒮(ℍA))
HΦ(ρ) < +∞. (9.18)

In analysis of informational properties of a quantum channel Φ : 𝒮(ℍA) →
𝒮(ℍB), the convex closure co(HΦ)(⋅) of its output entropy plays important role. Recall
from Section 3.4 that the function co(HΦ)(⋅) is defined as the maximal closed (lower
semicontinuous) convex function on 𝒮(ℍA)majorized by the function HΦ(⋅). In finite
dimensions, co(HΦ)(⋅) coincides with the convex hull co(HΦ)(⋅) ofHΦ(⋅)—themaximal
convex function on 𝒮(ℍA) majorized by the function HΦ(⋅), which is given by the
formula

co(HΦ)(ρ) = inf
∑i piρi=ρ
∑
i
piHΦ(ρi), (9.19)

where the infimum is over all finite ensembles {pi, ρi} of input states with the average
state ρ. In infinite dimensions, the function co(HΦ(⋅)) coincides with co(HΦ(⋅)) only for
positive maps (channels) with finite output entropy, but one can assume that it coin-
cideswith the σ-convex hull σ-co(HΦ)(⋅) ofHΦ(⋅)defined by formula (9.19) inwhich the
infimum is over all countable ensembles {pi, ρi} of input stateswith the average state ρ.
On the other hand, the compactness criterion for families of probability measures on
𝒮(ℍA)makes it possible to show that

co(HΦ)(ρ) = infρ̄(μ)
∫

𝒮(ℍA)

HΦ(ρ)μ(dρ), (9.20)

where the infimum is over all Borel probability measures μ on the set 𝒮(ℍA) with the
barycenter ρ. In the following, we show that σ-co(HΦ(⋅)) = co(HΦ(⋅)) under some con-
ditions on Φ.
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The following result can be found in Section 3.4 when f (⋅) = HΦ(⋅) : 𝒮(ℍA) →
[0, +∞].

Proposition 9.3.3. Let Φ : T+(ℍA) → T+(ℍB) be a positive linear map possessing the
following (PFE) property:

H(ρ) < +∞ ⇒ HΦ(ρ) < +∞.

Then:
1. σ-co(HΦ)(ρ) = co(HΦ)(ρ) for any ρ ∈ 𝒮(ℍA);
2. the function σ-co(HΦ)(⋅) = co(HΦ)(⋅) is continuous and bounded on 𝒮(ℍA).





10 Quantum entanglement

As often stated in previous chapters, a closed (or isolated) quantum system is a system
that does not interact with any other systems and, therefore, there is no correlation
between the systems to speak of. However, an open quantum system is a system that
interactswith other systems suchas its environmentdue to ameasurement, etc. There-
fore, there is strong possibility of correlation of a quantum state on an open quantum
system that consists of multiple component systems.

Does quantum correlation exist in open systems? Are quantum correlations differ-
ent from classical correlations? The answer to these questions is affirmative. Histori-
cally, Einstein, Podolsky and Rosen [44] were the first to realize that quantum physics
comes with unfamiliar correlations that have no classical interpretation or counter-
part. This realization led them to reject quantum mechanics as a whole, despite its
remarkable success at that time. In his response to [44], Schrodinger [161] discovered
and coined the term entanglement for those strange nonclassical correlations.

What is a quantum entanglement? Roughly speaking, a pure quantum state on a
multipartite system is said to be an entangled state if it is not separable, i. e., it can-
not be written as tensor product of states on the component subsystems. The crucial
point about entanglement of states is that this opens thepossibility for correlations be-
tween subsystems. It turns out that entanglement is an exclusively quantum property
andmakes it possible for numerous, newpromising applications of quantummechan-
ics in computing, communication and cryptography. In particular, entanglement is of
great importance, because it is a central resource inmany applications of quantum in-
formation theory like entanglement enhanced teleportation or quantum computing.

Due to its interesting applicability, entanglement (see, e. g., [89]) is still one of the
most interesting topics in modern physics. This chapter attempts to explore the con-
cepts of entanglement and investigates its relevance in quantum information theory.
To explain entanglement in greater detail and to introduce somenecessary formalism,
we have to complement the scheme developed in previous chapters by a procedure,
which allows us to construct states and observables of the composite system from its
subsystems by means of tensor products.

10.1 Schmidt decomposability of states

Recall from Definition 2.7.1 that the tensor product TA ⊗ TB of two linear operators
TA ∈ L(ℍA), TB ∈ L(ℍB) is defined first for product vectors ϕ ⊗ ψ ∈ ℍA ⊗ ℍB by
(TA ⊗TB)(ψ1 ⊗ψ2) = (TAϕ) ⊗ (TBψ) and then it is extended by linearity to all vectors in
ℍAB := ℍA ⊗ℍB. In this case, the spaceL(ℍAB) coincides with the span of all TA ⊗TB.
The tensor product T1 ⊗ T2 ⊗ ⋅ ⋅ ⋅ ⊗ Tn of Ti ∈ L(ℍi) for i = 1, 2, . . . , n can be similarly
defined.

https://doi.org/10.1515/9783110788105-010
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Consider the bipartite quantum system AB represented by the Hilbert spaceℍAB.
Let T(ℍAB) be the Banach space of trace-class operators under the trace-norm ‖ ⋅ ‖1.
It can also easily checked that the partial traces trA[⋅ ⋅ ⋅] and trB[⋅ ⋅ ⋅] defined in Subsec-
tion 2.8.2, and viewed as maps

trA[⋅ ⋅ ⋅] : T(ℍAB) → T(ℍB)

and

trB[⋅ ⋅ ⋅] : T(ℍAB) → T(ℍA)

that are completely positive and trace preserving. The partial trace map given above
includes a dualmap tr∗B[⋅ ⋅ ⋅] between the C

∗-algebras of bounded operators onℍA and
ℍAB given by tr∗B[a] = a ⊗ I. tr

∗
B maps observables to observables and is the Heisen-

berg picture representation of trB. The dual map tr∗A[⋅ ⋅ ⋅] can similarly represented as
tr∗A[b] = I ⊗ b.

Let {ϕi}
+∞
i=1 and {ψj}

+∞
j=1 be orthonormal bases of the Hilbert spacesℍA andℍB, re-

spectively. Asmentioned earlier in this section, {ϕi⊗ψj}
+∞
i,j=1 formsanorthonormal basis

of the Hilbert spaceℍAB and we can expand each ζ ∈ ℍAB as ζ = ∑i,j ζijϕi ⊗ ψj with
ζij = ⟨ϕi⊗ψj, ζ ⟩AB,where ⟨⋅, ⋅⟩AB denotes the inner product on the composite spaceℍAB.
This procedure works for an arbitrary number of tensor factors. However, if we have
exactly a twofold tensor product, there is amore economicway to expand ζ , called the
Schmidt decomposition in which only diagonal terms of the form {ϕi ⊗ ψi}

+∞
i=1 appear.

Schmidt decomposition of pure states on a tensor product Hilbert space is defined
below.

Definition 10.1.1. Apure state ρAB on the tensor product Hilbert spaceℍAB := ℍA⊗ℍB
is said to have a Schmidt decomposition if there exist an orthonormal basis {|i⟩A}+∞i=1
ofℍA and an orthonormal basis {|i⟩B}+∞i=1 ofℍB such that

ρAB =
+∞

∑
i=1
√λi|i⟩A ⊗ |i⟩B,

for some positive constants λi, i = 1, 2, . . . . In this case, λi, i = 1, 2, . . . are called Schmidt
coefficients of ρAB and the number of nonzero λ′i s in this decomposition is called the
Schmidt number.

A. Finite-dimensional case
To state and prove Schmidt decomposition (in finite dimensions), we first recall (see,
e. g., Banerjee and Roy [6]) the singular value decomposition (SVD) as follows. SVD is
a factorization of a real or complex matrix. It generalizes the eigendecomposition of a
square normal matrix with an orthonormal eigenbasis to anym×nmatrix. It is related
to the polar decomposition. Specifically, the singular value decomposition of anm×n
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complex matrixM is a factorization of the formM = UΣV∗, where U is anm ×m com-
plex unitary matrix, Σ is an m × n rectangular diagonal matrix with nonnegative real
numbers on the diagonal and V is an n× n complex unitary matrix. IfM is real, U and
V can also be guaranteed to be real orthogonal matrices. In such contexts, the SVD is
often denotedM = UΣV⊤. The diagonal entries σi = Σii are uniquely determined byM
and are known as the singular values ofM. The number of nonzero singular values is
equal to the rank ofM. The columns ofU and the columns of V are called left-singular
vectors and right-singular vectors of M, respectively. They form two sets of orthonor-
mal bases u⃗1, . . . , u⃗m and v⃗1, . . . , v⃗n (treated as column vectors), and the singular value
decomposition can bewritten asM = ∑ri=1 σiu⃗iv⃗

∗
i , where r ≤ min{m, n} is the rank ofM.

The following Schmidt decomposition theorem of finite-dimensional Hilbert
spaces was originally established by Schmidt (see e. g. Wilde [178]). In recent years, it
is widely used in quantum information theory (see, e. g., Nielson and Chuang [116],
Hayashi [61], Holevo [77], Watrous [173] and Wilde [178]). However, there may not
exist a Schmidt decomposition for some pure states on tensor product of infinite-
dimensional Hilbert spaces (see Theorem 10.1.6 below).

Lemma 10.1.2. LetℍA andℍB be Hilbert spaces of dimensions n and m, respectively.
Assume n ≥ m. For any vector ζAB ∈ ℍAB, there exist orthonormal sets {ϕi}

n
i=1 ⊂ ℍA and

{ψj}
m
j=1 ⊂ ℍB such that ζAB = ∑

m
i=1 αiϕi ⊗ ψi, where the scalars αi are real, nonnegative

and uniquely determined by ζAB

Proof. The decomposition claimed in this lemma is essentially a restatement of the
singular value decomposition (see the paragraph above) in a different context. Fix
orthonormal bases {ei}ni=1 ⊂ ℍA and {fj}

m
j=1 ⊂ ℍB. We can identify an elementary tensor

ei ⊗ fj with the n × m matrix M = [Mij], where Mij = eif⊤j (f⊤j is the transpose of fj).
A general element of the tensor product ζAB = ∑

n
i=i ∑

m
j=1 βijei ⊗ fj can then be viewed as

the n ×mmatrixMζ = [βij]. By the singular value decomposition, there exist an n × n
unitary matrix U,m×m unitary V and a positive semidefinite diagonal n×mmatrix Σ
such that

Mζ = U [
Σ
0
]V∗.

Write U = [U1 U2], where U1 is n × m and we have Mζ = U1ΣV∗. Let {ϕ1, . . . ,ϕm} be
the m columns vector of U1, {ψ1, . . . ,ϕm} be the column vector of V and α1, α2, . . . , αm
the diagonal elements of Σ. The previous expression then becomesMζ = ∑

m
k=1 αkϕkψ∗k .

Then ζAB = ∑
m
k=1 αkϕk ⊗ ψk . This proves the lemma.

Proposition 10.1.3 (Finite-dimensional Schmidt decomposition). Let ℍA and ℍB be
two finite-dimensional complex Hilbert spaces with dim(ℍA) = dim(ℍB) = N. For each
ζ ∈ ℍAB, there are orthonormal bases {ϕi}

N
i=1 and {ψj}

N
j=1 of ℍA and ℍB, respectively,

such that ζ = ∑Ni=1√λiϕi ⊗ ψi holds. The two bases {ϕi}
N
i=1 and {ψj}

N
j=1 are uniquely
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determined by ζ . The expansion is called Schmidt decomposition and the numbers √λi
are the Schmidt coefficients.

Proof. By definition of pure states (see Definition 2.4.1), it is easy to show that a pure
state cannot be written as nontrivial convex combination of another two states by
showing one of the coefficients, say λi′ = 1, and all others λi = 0 for all i ̸= i′. This
implies that any pure state ρAB onℍAB has the product form

ρAB = (|ui′⟩A⟨ui′ |) ⊗ (|vi′⟩B⟨vi′ |) ≡ (|ϕ⟩A⟨ϕ|) ⊗ (|ψ⟩B⟨ψ|),
for some ϕ ∈ ℍA and ψ ∈ ℍB.

If ρAB is mixed, it can be written as a convex combination of pure states

ρAB = ∑
k
pk |ζk⟩AB⟨ζk |,

where ζk ∈ ℍAB and pk > 0 are such that∑k pk = 1. Let

ρk,A = trB[|ζk⟩AB⟨ζk |] ∈ 𝒮(ℍA) and ρk,B = trA[|ζ ⟩AB⟨ζ |] ∈ 𝒮(ℍB).

Then

ρA = trB[ρAB] = ∑
k
pkρk,A and ρB = trA[ρAB] = ∑

k
pkρk,B.

But as ρA ∈ 𝒮(ℍA) is a pure state, we only have two possibilities: (i) either pk′ = 1
for some k′ and pk = 0 for k ̸= k′ or (ii) ρk,A is the same state ρA for every k. In the
first case, ρA is pure obviously, and for the second option let us introduce the Schmidt
decomposition again for each state |ψk⟩ = ∑i, λi,k |ui,k , vi,k⟩:

ρA = ρk,A = trB[|ζk⟩AB⟨ζk |] = ∑
i
λi,k |ui,k⟩A⟨ui,k |, ∀k,

so both λi,k and |ui,k⟩must be independent of k, and

ρA = ∑
i
λ2i |ui⟩⟨ui|.

This equation is the same as the one, where λi′ is equal to one for some i′, and λi = 0
for all i ̸= i′. With these requirements, we get |ψk⟩ = |ui′ , vi′ ,k⟩, and finally

ρ = ∑
k
pk |ψk⟩⟨ψk | = ∑

k
pk |ui′ , vi′ ,k⟩⟨ui′ , vi′ ,k |

= |ui′⟩⟨ui′ | ⊗ ∑
k
pk |vi′ ,k⟩⟨vi′ ,k | ≡ |ψ⟩A⟨ψ| ⊗ ρB.

The proves the proposition.
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B. Infinite-dimensional case
As is shownabove, theSchmidt decompositionholds for anypure state on tensor prod-
uct of any two finite-dimensional Hilbert spaces. However, an example is given by Hu
and Yu [91] to show that the Schmidt decomposition theorem is not generally true for
bipartite pure states in infinite- dimensional Hilbert spaces.

The following result, due to [91], shows that if a pure state ψ on infinite- dimen-
sional Hilbert spaceℍA⊗ℍB has a Schmidt decomposition then it is necessary that its
matrix of amplitudeM as defined in Section 10.2.1 has a singular value decomposition.

Proposition 10.1.4. LetℍA andℍB be two infinite-dimensional complexHilbert spaces.
Let ρAB be a pure state on the composite Hilbert space ℍAB and let M be an infinite
matrix of amplitude of ρAB. If ρAB has a Schmidt decomposition, then there exists unitary
operators U and V and a diagonal operator D with nonnegative eigenvalues on l2(ℕ;ℂ)
such that M = UDV.

Proof. From the definition of the Schmidt decomposition for a bipartite pure state ρAB,
there exist orthonormal bases {|i⟩A}+∞i=1 for system A and {|j⟩B}+∞j=1 for system B, such
that

ρAB =
+∞

∑
i=1

λi|i⟩A ⊗ |i⟩B, (10.1)

where λi are nonnegative real numbers, which satisfy ∑+∞i=1 λ
2
i = 1 known as Schmidt

coefficients. LetM = [aij]+∞i,j=1 be the matrix of the amplitudes of ρAB, where

aij = ⟨ρAB, |i⟩A ⊗ |j⟩B⟩ℍAB .

Since {|i⟩A}+∞i=1 is an orthonormal basis for Hilbert space ℍA, there exists an infinite-
dimensional unitary matrix U = [uij]+∞i,j=1 such that

|i⟩A =
+∞

∑
j=1

uji|j⟩B, i = 1, 2, . . . . (10.2)

Similarly, there exists an unitary matrix V = [vmn]+∞m,n=1 such that

|j⟩B =
+∞

∑
i=1

vij|i⟩A, j = 1, 2, . . . . (10.3)

Substituting (10.2) and (10.3) into (10.1), we have

ψ =
+∞

∑
i,j,k=1

ujiλivik |j⟩A ⊗ |k⟩B. (10.4)

Comparing (10.4) with (10.1), we have ajk = ∑
+∞
i=1 ujiλivik . Let
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D =
(((

(

λ1 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅
0 λ2 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅
...

...
...

...
...

0 0 ⋅ ⋅ ⋅ λn ⋅ ⋅ ⋅
...

...
...

...
...

)))

)

.

Obviously, D is an diagonal operator andM = UDV. This proves the theorem.

Corollary 10.1.5. SupposeM is the infinite-dimensionalmatrix of the amplitudes of pure
state ψ onℍAB, which has Schmidt decomposition. Then there exist a unitary operator
Ũ and a Hermitian operator P on l2(ℕ;ℂ) such that M = ŨP.

Proof. From the above Proposition 10.1.4, there exist unitary operators U and V, such
that M = UDV = UVV∗DV, where D is a diagonal operator. Let Ũ = UV, P = V∗DV,
thenM = ŨP. It is easily seen that Ũ is a unitary operator andP is aHermitian operator.
This proves the corollary.

Theorem 10.1.6 (Hu and Yu [91]). There exists a pure state ψ of the composite systems
A and B, which does not have Schmidt decomposition.

Proof. Let

M = [aij]
+∞
i,j=1 =

((((((((((

(

0 1
√2 0 0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅

0 0 1
√4 0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅

0 0 0 1
√8 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅

0 0 0 0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅
0 0 0 0 ⋅ ⋅ ⋅ 1

√2n
0 ⋅ ⋅ ⋅

0 0 0 0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅
...

...
...

...
...

...
...

...

))))))))))

)

.

It is clear that ∑+∞i=1 ∑
+∞
j=1 |aij|

2 = 1. Therefore, M is the matrix of amplitudes for some
pure state ψ on the composite system ℍAB. If ψ has a Schmidt decomposition, then
from Corollary 10.1.5 there exist a unitary operator Ũ and a Hermitian operator P, such
that

M = ŨP or equivalently P = Ũ∗M.

Under the orthonormal basis |i⟩A ⊗ |j⟩B, Ũ∗ is represented as an infinite- dimensional
matrix
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(((

(

a11 a12 ⋅ ⋅ ⋅ a1n ⋅ ⋅ ⋅
a21 a22 ⋅ ⋅ ⋅ a2n ⋅ ⋅ ⋅
...

...
...

...
...

an1 an2 ⋅ ⋅ ⋅ ann ⋅ ⋅ ⋅
...

...
...

...
...

)))

)

.

Since P is Hermitian, we have P = P∗. Thus,

Ũ∗M = M∗Ũ

or equivalently

(((

(

a11 a12 ⋅ ⋅ ⋅ a1n ⋅ ⋅ ⋅
a21 a22 ⋅ ⋅ ⋅ a2n ⋅ ⋅ ⋅
...

...
...

...
...

an1 an2 ⋅ ⋅ ⋅ ann ⋅ ⋅ ⋅
...

...
...

...
...

)))

)

(

0 1
√2 0 . . .

0 0 1
√4 0

0 0 0 . . .
...

...
...

...

)

=(

0 0 0 0 ⋅ ⋅ ⋅
1
√2 0 0 0 ⋅ ⋅ ⋅
0 1
√4 0 0 ⋅ ⋅ ⋅

...
...

...
...

...

)(

a11 a21 a31 ⋅ ⋅ ⋅
a12 a22 a32 ⋅ ⋅ ⋅
a13 a23 a33 ⋅ ⋅ ⋅
...

...
...

...

)

From the above equality, we see a1j = 0, 1 ≤ j < ∞. Thus,

Ũ∗ =
(((

(

0 0 ⋅ ⋅ ⋅ 0 ⋅ ⋅ ⋅
a21 a22 ⋅ ⋅ ⋅ a2n ⋅ ⋅ ⋅
...

...
...

...
...

an1 an2 ⋅ ⋅ ⋅ ann ⋅ ⋅ ⋅
...

...
...

...
...

)))

)

and

Ũ =
(((

(

0 a21 ⋅ ⋅ ⋅ an1 ⋅ ⋅ ⋅
0 a22 ⋅ ⋅ ⋅ an2 ⋅ ⋅ ⋅
...

...
...

...
...

0 a2n ⋅ ⋅ ⋅ ann ⋅ ⋅ ⋅
...

...
...

...
...

)))

)

.
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Obviously, the vector e1 = (1,0,0, . . .)∗ ∈ l2(ℕ;ℂ) belongs to the kernel of Ũ, which
means that ker(Ũ) ̸= 0. This is a contradiction, since Ũ is a unitary operator on l2(ℕ;ℂ).
Thus,M cannot be written as the product of a unitary operator and a Hermitian oper-
ator. From Corollary 10.1.5, ψ does not have Schmidt decomposition.

10.2 Separability of states

In this section, we investigate separability of pure states of a composite quantum sys-
tem in terms of a tensor product of pure states on each of its component subsystems.

10.2.1 Matrix of amplitudes

A. Bipartite pure states
To simplify the illustrations of the concepts of a matrix of amplitudes of a pure state
in a composite system, we first consider the composite systems that consist of only
two subsystems called bipartite systems. The matrix of amplitude of a pure state on
composite systems with n subsystems for n > 2 will be illustrated in part B. For that
purpose, we consider a bipartite quantum system ℍ = ℍAB := ℍA ⊗ ℍB (and often
written as ℍAB), where ℍA and ℍB are separable Hilbert spaces that represent the
two quantum subsystemsA and B, whichmay ormay not necessarily be the input and
output quantum system of a quantum channel discussed in Chapters 8 and 9.

Let ψ ∈ 𝒮(ℍAB) be a pure state of the bipartite system AB. That is, ψ cannot
be written as a convex combination of any other states on ℍAB or equivalently, ψ ∈
extr(𝒮(ℍAB)) (see Definition 2.4.1 for the definition of pure states).

Let {|i⟩A}+∞i=1 and {|j⟩B}+∞j=1 be orthonormal bases for Hilbert spaceℍA andℍB, re-
spectively. From Subsection 2.7.1, we know {|i⟩A ⊗ |j⟩B}+∞i,j=1 is an orthonormal basis for
the composite system AB represented byℍAB := ℍA ⊗ℍB. If ψ is a pure state onℍAB,
we can give an expansion of ψ under this basis as ψ = ∑+∞i,j=1 aij|i⟩A ⊗ |j⟩B, where

aij := ⟨ψ, |i⟩A ⊗ |j⟩B⟩ℍAB ∈ ℂ

is called an amplitude ofψwith∑+∞i=1 ∑
+∞
j=1 |aij|

2 = 1. LetM = [aij]+∞i,j=1 be the infinite (but
countable, since bothℍA andℍB are separable Hilbert spaces)-dimensionalmatrix of
the amplitudes of pure state ψ on the composite systemℍAB.

Let l2(ℕ;ℂ) be the space of infinite sequences of elements (xi)+∞i=1 in ℂ such that
∑+∞i=1 |xi|

2 < +∞. Recall that (see Example 1.2) that l2(ℕ;ℂ) is a complex Hilbert space
under the inner product ⟨⋅, ⋅⟩l2 (or simply written as ⟨⋅, ⋅⟩2 when there is no danger of
ambiguity):

⟨x, y⟩l2 =
+∞

∑
i=1

xiyi,
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∀x = (x1, x2, . . . , xn, . . .), y = (y1, y2, . . . , yn, . . .) ∈ l
2(ℕ;ℂ),

where yn denotes the complex conjugate of yn for n = 1, 2, . . . .
In the following, we proveM = [aij]+∞i,j=1 is a compact linear operator on l2(ℕ;ℂ).

Lemma 10.2.1. Let ψ be a pure quantum state onℍAB and let M = [aij]+∞i,j=1 be a matrix
of amplitude of ψ. Then M is a compact linear operator on the Hilbert space l2(ℕ;ℂ).

Proof. (1) For n = 1, 2, . . ., letMn be the nth column vector of the matrixM, i. e.,

M = (M1,M2, . . . ,Mn, . . .) = (M
⊤
1 ,M
⊤
2 , . . . ,M

⊤
n , . . .)

⊤
,

where M⊤n denotes the transpose of the column vector Mn. We have for every x ∈
l2(ℕ;ℂ),

Mx = (M⊤1 ,M
⊤
2 , . . . ,M

⊤
n , . . .)

⊤x

= (M⊤1 ⋅ x,M
⊤
2 ⋅ x, . . .M

⊤
n ⋅ x, . . .)

⊤

= (⟨M1, x⟩2, ⟨M2, x⟩2, . . . ⟨Mn, x⟩2, . . .)
⊤
,

where M⊤i ⋅ x = ⟨Mi, x⟩2 denotes the l2 inner product of the row vector M⊤i with x for
i = 1.2. . . . . Therefore,

‖Mx‖22 =
+∞

∑
n=1
|⟨Mn, x⟩2|

2 ≤
+∞

∑
n=1
‖Mn‖

2
2‖x‖

2
2

=
+∞

∑
i=1

+∞

∑
j=1
|aij|

2‖x‖22 = ‖x‖
2
2.

This shows thatM : l2(ℕ;ℂ) → l2(ℕ;ℂ) is a bounded linear operatorwith the operator
norm ‖M‖∞ ≤ 1.

(2) To proveM is a compact operator, it suffices to show there is a sequence (Tn)+∞n=1
of operators of finite rank such that ‖M − Tn‖∞ → 0 when n → +∞. Because M =
[aij]+∞i,j=1 is the matrix of the amplitudes of ψ, we have ∑+∞i=1 ∑

+∞
j=1 |aij|

2 = 1. Set the se-
quence of matrices {Tn}+∞n=1 as follows:

Tn =
(((((

(

a11 a12 . . . a1n 0 0 ⋅ ⋅ ⋅
a21 a22 . . . a2n 0 0 ⋅ ⋅ ⋅
...

...
. . .

...
...

...
...

an1 an2 . . . ann 0 0 ⋅ ⋅ ⋅
0 0 0 0 0 0 ⋅ ⋅ ⋅
...

...
...

...
...

...
...

)))))

)

. (10.5)
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It is clear that the matrix Tn has finite rank n for n = 1, 2, . . . . Denote s =
∑+∞i=1 ∑

+∞
j=1 |aij|

2 = 1 and sn = ∑
n
i=1∑

n
j=1 |aij|

2 for n = 1, 2, . . . . It is clear that the sequence
(sn)+∞n=1 converges to s absolutely. We have

M − Tn =
(((((

(

0 0 ⋅ ⋅ ⋅ 0 a1(n+1) a1(n+2) ⋅ ⋅ ⋅
0 0 ⋅ ⋅ ⋅ 0 a2(n+1) a2(n+2) ⋅ ⋅ ⋅
...

...
...

...
...

...
...

0 0 ⋅ ⋅ ⋅ 0 an,n+1 an,n+2 ⋅ ⋅ ⋅
an+1,1 an+1,2 ⋅ ⋅ ⋅ an+1,n an+1,n+1 an+1,n+2 ⋅ ⋅ ⋅
...

...
...

...
...

...
...

)))))

)

=

((((((((

(

B⊤1
B⊤2
...
B⊤n
B⊤n+1
B⊤n+2
...

))))))))

)

.

From the fact that ∑+∞i=1 ∑
+∞
j=1 |aij|

2 = 1, we have Bi ∈ l2(ℕ;ℂ) for all i = 1, 2, . . . . Let
l2≤1(ℕ;ℂ) be the closed unit ball of l

2(ℕ;ℂ), i. e.,

l2≤1(ℕ;ℂ) = {(xn)
+∞
n=1 ∈ l

2(ℕ;ℂ)|‖(xn)
+∞
n=1‖2 ≤ 1}.

We have for every x ∈ l2≤1(ℕ;ℂ),

(M − Tn)x =

(((((((

(

B⊤1
B⊤2...
B⊤n
B⊤n+1
B⊤n+2...

)))))))

)

x =

(((((((

(

B⊤1 ⋅ x
B⊤2 ⋅ x...
B⊤n ⋅ x
B⊤n+1 ⋅ x
B⊤n+2 ⋅ x...

)))))))

)

=

(((((((

(

⟨B1, x⟩2
⟨B2, x⟩2

...
⟨Bn, x⟩2
⟨Bn+1, x⟩2
⟨Bn+2, x⟩2

...

)))))))

)

.

Then

󵄩󵄩󵄩󵄩(M − Tn)x
󵄩󵄩󵄩󵄩
2
2 =
+∞

∑
i=1
|⟨Bi, x⟩2|

2

≤
+∞

∑
i=1
‖Bi‖

2
2‖xi‖

2
2 ≤
+∞

∑
i=1
‖Bi‖

2
2. (10.6)

From the definition of Bi, i = 1, 2, . . ., we have

+∞

∑
i=1
‖Bi‖

2
2 =

n
∑
i=1
‖Bi‖

2
2 +
+∞

∑
i=n+1
‖Bi‖

2
2

=
n
∑
i=1

+∞

∑
j=n+1
|aij|

2 +
+∞

∑
i=n+1

+∞

∑
j=1
|aij|

2

= |s − sn|. (10.7)
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From (10.6) and (10.7), we have ‖(M − Tn)x‖22 ≤ |s − sn| for all x ∈ l
2
≤1(ℕ;ℂ). From the

definition of the norm of the operators on l2(ℕ;ℂ), we have

‖M − Tn‖
2
∞ = sup

x∈l2≤1(ℕ;ℂ) ‖(M − Tn)x‖
2
2 ≤ |s − sn| → 0 as n→ +∞.

This shows thatM : l2(ℕ;ℂ) → l2(ℕ;ℂ) is a compact operator.

Recall from the polar decomposition theorem 1.8.11 that if T is a compact operator
on Hilbert spaceℍ and ifA is the unique positive square root of T∗T, then (a) ‖Ah‖ℍ =
‖Th‖ℍ for all h ∈ ℍ; and (b) there is a unique operatorU such that ‖Uh‖ℍ = ‖h‖ℍ when
h ⊥ ker(T), and Uh = 0, when h ∈ ker(T) and UA = T.

The following result is due originally to Hu and Yu [91, 92].

Theorem 10.2.2. Let ψ be a pure state inℍAB, and letM be thematrix of the amplitudes
of ψ. Then M has polar decomposition.

Proof. This follows from Lemma 10.2.1 and polar decomposition restated above (see
also Theorem 1.8.11).

Lemma 10.2.3. If M is the matrix of the amplitudes of a pure state ψ onℍAB, then M =
xy∗, where x, y ∈ l2(ℕ;ℂ) if and only if M is a bounded linear operator with rank 1.

Proof. (⇒) Assume thatM = xy∗, for some x, y ∈ l2(ℕ;ℂ). For every z ∈ l2(ℕ;ℂ), write

z =
(((

(

z1
z2
...
zn
...

)))

)

.

We have

Mz = xy†z = x(y1, y2, . . . , yn, . . .)
(((

(

z1
z2
...
zn
...

)))

)

= x(
∞

∑
i=1

yizi).

This implies that range(M) ⊂ span(x). ButM ̸= 0. Therefore, rank(M) = 1.
(⇐) Assume that rank(M) = 1. DenoteM = (M1,M2, . . . ,Mi, . . .) and without loss of

generality, we can assume that M1 ̸= 0. Suppose the vector ei ∈ l2(ℕ;ℂ) is the vector
with all 0s except for a 1 in the ith coordinate. We haveMe1 = M1 andMei = Mi. Then
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M1,Mi ∈ range(M), but rank(M) = 1, so there exists λi ∈ ℂ such that Mi = λiiM1. We
have

M = (M1,M2, . . . ,Mi, . . .)

= (M1, λ2M1, . . . , λiℳ1, . . .)

= M1(1, λ2, . . . , λi, . . .).

Denote x = M1 and y = (1, λ2, . . . , λi, . . .)∗. This shows that M = xy∗. Since M is an
amplitude of the pure state ψ, we know x, y ∈ l2(ℕ;ℂ). This proves the lemma.

B. Multipartite pure states
Here, we extend the concept of matrix of amplitudes for bipartite pure states to pure
states on a composite quantum system that consists of n subsystems. Letℍ(k) be the
complex Hilbert space that represents subsystem Ak for k = 1, 2, . . . , n. Then the com-
posite system can be represented by the Hilbert space ℍ = ℍ(1) ⊗ ℍ(2) ⊗ ⋅ ⋅ ⋅ ⊗ ℍ(n),
where n ≥ 3 (Note that we have temporally changed the notation of the Hilbert space
for the component subsystems from the previously used notationℍk toℍ(k) in order
to accommodate double indices used below). If {|e(k)ki ⟩}

+∞
ki=1 is a an orthonormal basis

forℍ(k) for k = 1, 2, . . . , n, then it can be shown that

{|e(1)1i ⟩ ⊗ |e
(2)
2i ⟩ ⊗ ⋅ ⋅ ⋅ ⊗ |e

(n)
ni ⟩ ⊗ ⋅ ⋅ ⋅}

+∞
ki=1

Assume that each of the component Hilbert space is finite-dimensional with
dim(ℍ(k)) = dk for k = 1, 2, . . . , n. Then any n-partite pure state ψ on a finite-
dimensional composite systemℍ can be expressed as

ψ =
d1
∑
i1=1

d2
∑
i2=1
⋅ ⋅ ⋅

dn
∑
in=1

ai1i2 ⋅⋅⋅ine
(1)
i1
⊗ e(2)i2 ⊗ ⋅ ⋅ ⋅ ⊗ e

(n)
in
,

where ai1i2 ⋅⋅⋅in are called the amplitudes of ψ with

d1
∑
i1=1

d2
∑
i2=1
⋅ ⋅ ⋅

dn
∑
in=1
|ai1i2 ⋅⋅⋅in |

2 = 1.

Consider a n-partite composite systemA1A2 ⋅ ⋅ ⋅An represented by theHilbert space

ℍA1A2 ⋅⋅⋅An
= ℍA1
⊗ ℍA2
⊗ ⋅ ⋅ ⋅ ⊗ ℍAn

.

We have the following result for the von Neumann entropy for the n-partite system.
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Lemma 10.2.4. Let ωA1A2 ⋅⋅⋅An
be a quantum state of an n-partite system A1A2 ⋅ ⋅ ⋅An and

(PkAi
)+∞k=1 ⊂ B(ℍAi

) be sequences of projectors strongly converging to the identity opera-
tors IAi

for i = 1, 2, . . . n. Let

ωk
A1A2 ...An
= λ−1k QkωA1A2 ....An

Qk ,

where Qk = PkA1
⊗ PkA2
⊗ ⋅ ⋅ ⋅ ⊗ PkAn

, λk = tr[QkωA1A2 ...An
] and Ai1 ⋅ ⋅ ⋅Aim , (m ≤ n), be a

subsystem of A1 . . .An. Then

lim
k→+∞

H(ωk
Ai1Ai2 ⋅⋅⋅Aim

) = H(ωAi1 ...Aim
) ≤ +∞.

Proof. By noting that

λkω
k
Ai1Ai2 ⋅⋅⋅Aim

≤ (PkAi1
⊗ PkAi2
⊗ ⋅ ⋅ ⋅ ⊗ PkAim

)ω(PkAi1
⊗ PkAi2
⊗ ⋅ ⋅ ⋅ ⊗ PkAim

),

this assertion can be proved by using Simon’s convergence theorems for the von Neu-
mann entropy (see theAppendix of Lieb andRuskai [105]). This proves the lemma.

10.2.2 Separability

Roughly speaking, we call a state ρAB of an (infinite-dimensional as well as finite-
dimensional) bipartite quantum systemsAB entangled if it cannot bewritten as amix-
ture of product states. More precisely, we have the following.

Definition 10.2.5. A quantum state ρAB onℍAB := ℍA ⊗ ℍB is said to be separable if
ρAB is in the convex closure of the subset of all tensor product states ωA ⊗ σB, where
ωA ∈ 𝒮(ℍA) and σB ∈ 𝒮(ℍB). A state is said to be entangled if it is not separable.

Since any quantum state in each of the component systems can be written as a
convex combination of pure states in that system, therefore, the above definition can
be restated as follows: A state ρAB ∈ 𝒮(ℍAB) is separable if it is in the convex closure
of the subset of all tensor products ρA ⊗ ρB of pure states. Note that the convex subset
of pure states in 𝒮(ℍAB) is closed in the trace-norm topology.

The separability of multipartite state ρ1,2,...,n in 𝒮(ℍ1⊗ℍ2⊗⋅ ⋅ ⋅⊗ℍn) can be defined
similarly as follows.

Definition 10.2.6. A multipartite state ρ1,2,...,n in 𝒮(ℍ1 ⊗ ℍ2 ⊗ ⋅ ⋅ ⋅ ⊗ ℍn) is said to be
separable if it is in the convex closure of the set of all tensor product states ρ1 ⊗ ρ2 ⊗
⋅ ⋅ ⋅ ⊗ ρn, where ρi is a pure state in 𝒮(ℍi) for i = 1, 2, . . . , n. The state ρ1,2,...,n is said be an
entangled state if it is not a separable state.
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A. Bipartite quantum states
Let ψ ∈ 𝒮(ℍAB) be a quantum state of a bipartite system AB. The following lemma
characterizes separability of ψ in terms of its integral representation.

Lemma 10.2.7. A quantum state ρAB ∈ 𝒮(ℍAB) is separable if and only if there exists a
Borel probability measure μ on 𝒮(ℍA) × 𝒮(ℍB) such that

ρAB = ∫
𝒮(ℍA)

∫
𝒮(ℍB)

(|φ⟩A⟨φ| ⊗ |ψ⟩B⟨ψ|)μ(dφdψ), (10.8)

where |φ⟩A⟨φ| ⊗ |ψ⟩B ⊗ ⟨ψ| = ⟨|φ⟩ℍA⟨φ| ⊗ |ψ⟩ℍB⟨ψ|.

Proof. Let 𝒜 be the convex hull of a tensor product of pure states |ψ⟩A⟨ψ| in 𝒮(ℍA)
with pure states |ϕ⟩B⟨ϕ| in 𝒮(ℍB). That is,

𝒜 = co({|ϕ⟩A⟨ϕ| ⊗ |ψ⟩B⟨ψ| | ϕ ∈ ℍA,ψ ∈ ℍB}).

It is clear that𝒜 is a closed subset of 𝒮(ℍAB). Lemma 3.3.7 states that co(𝒜) coincides
with the set of barycenters of all probability measures supported by 𝒜. From Defini-
tion 10.2.5, pure state ρAB ∈ 𝒮(ℍAB) is separable if and only if ρAB ∈ co(𝒜), and hence
ρAB is barycenter of a Borel probability measure μ supported by 𝒜 or equivalently by
𝒮(ℍA) ⊗ 𝒮(ℍB). Therefore, ρAB is separable if and only if

ρAB = ∫
𝒮(ℍA)

∫
𝒮(ℍB)

(|φ⟩A⟨φ| ⊗ |ψ⟩B⟨ψ|)μ(dφdψ).

This proves the lemma.

Definition 10.2.8. A separable bipartite state ρAB ∈ 𝒮(ℍAB) is said to be countably
decomposable if the measure μ in its integral representation (10.8) is atomic. That is,
if there exists a discrete ensemble
{pij, |ϕi⟩A⟨ϕi| ⊗ |ψj⟩B⟨ψj|}

+∞
i,j=1 such that

ρAB =
+∞

∑
i,j=1

pij(|ϕi⟩A⟨ϕi| ⊗ |ψi⟩B⟨ψj|), (10.9)

where pij > 0 with∑
+∞
i,j=1 pij = 1 and |ϕi⟩A⟨ϕi| ⊗ |ψj⟩B⟨ψj| ∈ 𝒮(ℍA) ⊗ 𝒮(ℍB).

The following lemma follows immediately from the above definition.

Lemma 10.2.9. If the bipartite state ρAB is countably decomposable, then there exist
|α⟩A ∈ ℍA and |β⟩B ∈ ℍB such that

ρAB ≥ |α⟩A⟨α| ⊗ |β⟩B⟨β|.
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We assume here that ℍA and ℍB both have a countable number of dimensions
(finite or infinite dimensions). That is, ℍA and ℍB both have countable dense sub-
sets or equivalently both ℍA and ℍB are separable Hilbert spaces. Let {|i⟩A}+∞i=1 and
{|j⟩B}+∞j=1 beorthonormal bases forHilbert spacesℍA andℍB, respectively. Fromabove,
we know {|i⟩A ⊗ |j⟩B}+∞i,j=1 is an orthonormal basis for the tensor product Hilbert space
ℍAB := ℍA ⊗ ℍB. LetM = [aij]+∞i,j=1 be the infinite (but countable)-dimensional matrix
of amplitudes of the pure sate ψ onℍAB, where

aij := ⟨ψ, |i⟩A ⊗ |j⟩B⟩ℍAB ∈ ℂ

with∑+∞i=1 ∑
+∞
j=1 |aij|

2 = 1.
We have provedM is a compact linear operator on l2(ℕ;ℂ) (see Lemma 10.2.1) and

it has a polar decomposition (see Theorem 1.8.11 for polar decomposition of a compact
operator).

The following result extends separability of bipartite state fromfinite-dimensional
Hilbert spaces to infinite-dimensional ones is due to Hu and Yu [91].

Theorem 10.2.10. A pure state ψ onℍAB is separable if and only if there exist two unit
vectors x, y ∈ l2(ℕ;ℂ) such that M = xy∗, where M is the matrix of amplitudes of ψ.

Proof. (⇒) Assume that the pure state ψ on ℍAB is separable. Then ψ can be writ-
ten as tensor product of a pure state ϕA = ∑

+∞
i′=1 xi′ |i′⟩A on ℍA and a pure state ϕB =

∑+∞j′=1 yj′ |j′⟩B onℍB, where {|i′⟩A}+∞i′=1 and {|j′⟩B}+∞j′=1 are some orthonormal bases ofℍA
andℍB, respectively. That is,

ψ = (
+∞

∑
i′=1 xi′ |i′⟩A) ⊗ (

+∞

∑
j′=1 yj′ |j′⟩B),

where x = (xi′ )+∞i′=1, y = (yj′ )+∞j′=1 ∈ l2(ℕ;ℂ) are such that ∑+∞i′=1 |xi′ |2 = 1, ∑+∞j′=1 |yj′ |2 = 1.
As above, ψ = ∑+∞i,j=1 aij|i⟩A ⊗ |j⟩B is the Fourier expansion of ψ under the orthonor-
mal basis {|i⟩A ⊗ |j⟩B}+∞i,j=1 in ℍAB. From the definition of tensor product for infinite-
dimensional Hilbert spaces, the amplitudes aij, i, j = 1, 2, . . . of the pure stateψ onℍAB
can be computed as

aij = ⟨ψ, |i⟩A ⊗ |j⟩B⟩AB

= ⟨(
+∞

∑
i′=1 xi′ |i′⟩A) ⊗ (

+∞

∑
j′=1 yj′ |j′⟩B), |i⟩A ⊗ |j⟩B⟩AB

= ⟨
+∞

∑
i′=1 xi′ |i′⟩A, |i⟩A⟩A

⟨
+∞

∑
j′=1 yj′ |j′⟩B, |j⟩B⟩B

= ⟨xi|i⟩A, |i⟩A⟩A⟨yj|j⟩B, |j⟩B⟩B = xiyj, i, j = 1, 2, . . . ,

where ⟨⋅, ⋅⟩A = ⟨⋅, ⋅⟩ℍA , etc.



258 | 10 Quantum entanglement

Set

x =
(((

(

x1
x2
...
xi
...

)))

)

and y =
(((

(

y1
y2
...
yj
...

)))

)

.

From the fact that∑+∞i=1 |xi|
2 = 1 and∑+∞j=1 |yj|

2 = 1, we have x, y ∈ l2(ℕ;ℂ) and

M = [aij]
+∞
i,j=1 =
(((

(

a11 a12 ⋅ ⋅ ⋅ a1n ⋅ ⋅ ⋅
a21 a22 ⋅ ⋅ ⋅ a2n ⋅ ⋅ ⋅
...

...
...

...
...

an1 an2 ⋅ ⋅ ⋅ ann ⋅ ⋅ ⋅
...

...
...

...
...

)))

)

=
(((

(

x1
x2
...
xi
...

)))

)

(y1, y2, . . . , yj, . . .) = xy
∗.

(⇐) Suppose that M = xy∗, for some x, y ∈ l2(ℕ;ℂ), where ‖x‖22 := ∑
+∞
i=1 |xi|

2 < ∞
and ‖y‖22 := ∑

+∞
j=1 |yj|

2 < +∞. Because M = [aij]+∞i,j=1 is the matrix of the amplitudes
of the pure state ψ of ℍA ⊗ ℍB, we know ∑

+∞
i=1 ∑
+∞
j=1 |aij|

2 = 1. Since M = xy∗, we
see aij = xiyj from the multiplication for infinite (countable)-dimensional matrices.
Also from the fact that ∑+∞i=1 ∑

+∞
j=1 |aij|

2 = 1, we have ∑+∞i=1 |xi|
2∑+∞j=1 |yj|

2 = 1. Setting
x̃ = x
‖x‖2

and ỹ = y
‖y‖2

, we also have M = x̃ỹ. Therefore, without loss of generality, we
can assume ‖x‖2 = 1 and ‖y‖2 = 1 and construct two vectors |v⟩A = ∑

+∞
i=1 xi|i⟩A and

|w⟩B = ∑
+∞
j=1 yj|j⟩B. We have

|v⟩A ⊗ |w⟩B = (
+∞

∑
i=1

xi|i⟩A) ⊗ (
+∞

∑
j=1

yj|j⟩B)

=
+∞

∑
i=1

+∞

∑
j=1

xiyj(|i⟩A ⊗ |j⟩B) = ∑
i,j
aij(|i⟩A ⊗ |j⟩B) = ψ.

This shows that ψ is a separable pure state onℍA ⊗ℍB. This proves the theorem.

Lemma 10.2.11. If M is the matrix of the amplitudes of a pure state ψ, then M = xy∗ if
and only if the determinants of all the 2 × 2 submatrices of M are zero.
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Proof. (⇒) Assume that M = xy∗, where M = [aij]+∞i,j=1, x = (xi)
+∞
i=1 , and y = (yj)

+∞
j=1 . As

above, we see aij = xiyj for all i, j = 1, 2, . . . . Let

M2×2 = (
ail aik
ajl ajk

)

be any 2 × 2 submatrix ofM. It is easy to check that

det(M2×2) = ailajk − aikajl = xiylxjyk − xiykxjyl = 0.

Therefore, if the pure state ψ is separable, then the determinants of all the 2 × 2 sub-
matrices ofM are zero.

(⇐) Assume that the determinant of all 2 × 2 submatrices ofM are zeros. Suppose
the matrixM can be written asM = (M1,M2, . . . ,Mj, . . .)whereM1 ̸= 0. IfM1 andMj are
linearly independent for some j > 1, then any 2 × 2 submatrix of (M1,Mj) is invertible
and, therefore, its determinant is zero. This is a contradiction. Therefore,M1 andMj are
linearly dependent for all j > 1. This implies that for each j > 1 there exists a nonzero
λj ∈ ℂ such thatMj = λjM1. Then

M = (M1,M2, . . . ,Mj, . . .)

= (M1, λ2M1, . . . , λjM1, . . .)

= M1(1, λ2, . . . , λj, . . .) = xy
∗,

where x = M1 and y = (1, λ2, . . . , λj, . . .)⊤. Since M is the matrix of amplitudes of the
pure state ψ, it is clear that x, y ∈ l2(ℕ;ℂ). This proves the lemma.

The following theorem follows from Theorem 10.2.10 and Lemma 10.2.11.

Theorem 10.2.12. ψ is a separable pure stateℍAB if and only if the determinate of all
the 2 × 2 submatrices of M are zero.

B. Multipartite quantum states
Let ψ be a pure state on an n-partite tensor product Hilbert space

ℍ = ℍ(1) ⊗ ℍ(2) ⊗ ⋅ ⋅ ⋅ ⊗ ℍ(n).

We assume that all component subsystems are finite-dimensional and denote dk =
dim(ℍ(k)) for k = 1, 2, . . . , n and d = max{d1, d2, . . . , dn}. Let {e

(k)
ki
}dkki=1.

Let ψ be a pure state on composite systemℍ. The pure state ψ is said to be sep-
arable if it can be written as tensor product of pure states on its subsystem, i. e., ψ =
ψ(1) ⊗ ψ(2) ⊗ ⋅ ⋅ ⋅ ⊗ ψ(n), where ψ(k) is a pure state on ψ(k) for k = 1, 2, . . . , n.

We have the following result (due to Hu and Yu [91]).
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Theorem 10.2.13. A n-partite pure state ψ is separable if and only if it is Schmidt de-
composable and has Schmidt number 1.

Proof. (⇒) Assume that the pure state ψ is separable. Then ψ = ψ(1) ⊗ψ(2) ⊗ ⋅ ⋅ ⋅ ⊗ψ(n),
whereψ(k) is a pure state onℍ(k) for k = 1, 2, . . . , n. We construct an orthonormal basis
{|e(k)ki ⟩}

dk
ki=1

for k = 1, 2, . . . , n as follows. First, for k = 1, 2, . . . , n, let |e(k)1 ⟩ = ψ
(k). Then

we choose |e(k)ik , ik = 2, 3, . . . , n so that {|e
(k)
ik
}dkik=1 forms an orthonormal basis forℍ(k) for

k = 1, 2, . . . , n. Now choose λ1 = 1 and λ2 = λ3 = ⋅ ⋅ ⋅ = λd = 0. Then the n-partite pure
state ψ can be written as

ψ =
d
∑
k=1

λk |e
(1)
k ⟩ ⊗ |e

(2)
k ⟩ ⊗ ⋅ ⋅ ⋅ |e

(n)
k ⟩,

which is a Schmidt decomposition with the Schmidt number 1.
(⇐) We assume that the n-partite pure state ψ is Schmidt decomposable and has

Schmidt number 1. Assume that λ1 ̸= 0 and we have

ψ =
d
∑
k=1

λk
󵄨󵄨󵄨󵄨e
(1)
k ⟩ ⊗
󵄨󵄨󵄨󵄨e
(2)
k ⟩ ⊗ ⋅ ⋅ ⋅ ⊗

󵄨󵄨󵄨󵄨e
(n)
k ⟩

= λk
󵄨󵄨󵄨󵄨e
(1)
k ⟩ ⊗
󵄨󵄨󵄨󵄨e
(2)
k ⟩ ⊗ ⋅ ⋅ ⋅ ⊗

󵄨󵄨󵄨󵄨e
(n)
k ⟩,

where |e(k)1 ⟩ is a pure state onℍ
(k) for k = 1, 2, . . . , n. This proves the theorem.

Taking into account of Theorem 10.2.13 separability of any n-partite pure state can
be proved by finding its Schmidt decomposition. In order to obtain the Schmidt de-
composition of a n-partite pure state ψ, we need to compute (1) the density operator
ρψ, (2) the reduced density operators ρ

(k)
ψ of ρψ for k = 1, 2, . . . , n and (3) the eigenvalues

λik of ρ
(k)
ψ for k = 1, 2, . . . , n. However, it is hard to compute all the eigenvalues of high-

dimensional density operators exactly. Theorem 10.2.13 does not give us an effective
criterion. In the following,wewill introduce some effective separability criterions. Any
quantum state can be represented by a density operator. For an n-partite pure state ψ
on the composite systemℍ, its density operator is ρψ = |ψ⟩⟨ψ|. Taking the partial trace
operation on each kth subsystemℍ(k), we get reduced density ρ(k)ψ = trℍ(k) (ρψ).

For k = 1, 2, . . . , n, whereM(k)ψ arematrices related to the reduced density operators
ρ(k)ψ and Ek are the identitymatrices with the same dimension asM(k)ψ for k = 1, 2, . . . , n.

The following lemma can be easily proved by using the characterizations of den-
sity operators and the proof is omitted here.

Lemma 10.2.14. The rank of M(k)ψ , k = 1, 2, . . . , n are all equal to 1 if and only if the fol-
lowing condition holds:

det(M(k)ψ − Ek) = 0, k = 1, 2, . . . , n. (10.10)
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In order to prove the separability of an n-partite pure state ψ, there is no need to
find the Schmidt decomposition because of the following result, which is also due to
Hu and Yu [91].

Theorem 10.2.15. Ann-partite pure state onℍ is separable if and only if Condition 10.10
holds.

Proof. Taking into account Theorem 10.2.13 and Lemma 10.2.14, we need only to prove
that the n-partite pure state is Schmidt decomposable and has Schmidt number 1 if
and only if the rank of matrices M(k)ψ are equal to 1 for k = 1, 2, . . . , n. If the n-partite
pure state ψ is Schmidt decomposable and has Schmidt number 1, then we have ψ =
|e(1)1 ⟩ ⊗ |e

(2)
1 ⟩ ⊗ |e

(n)
1 ⟩. We can calculate the density operator

ρψ = |ψ⟩⟨ψ| =
󵄨󵄨󵄨󵄨e
(1)
1 ⊗ e

(2)
1 ⊗ ⋅ ⋅ ⋅ ⊗ e

(n)
1 ⟩⟨e

(1)
1 ⊗ e

(2)
1 ⊗ ⋅ ⋅ ⋅ ⊗ e

(n)
1
󵄨󵄨󵄨󵄨

and the reduced density operators

ρ(k)ψ = trℍ(k) (ρψ)
= 󵄨󵄨󵄨󵄨e
(1)
1 ⊗ e

(2)
1 ⊗ e

(k−1)
1 ⊗ e

(k+1)
1 ⊗ e

(n)
1 ⟩

⟨e(1)1 ⊗ e
(2)
1 ⊗ e

(k−1)
1 ⊗ e

(k+1)
1 ⊗ e

(n)
1
󵄨󵄨󵄨󵄨 (k = 1, 2, . . . , n).

Therefore, we have

M(k)ψ =(

1 0 ⋅ ⋅ ⋅ 0
0 0 ⋅ ⋅ ⋅ 0
...

...
...

...
0 0 ⋅ ⋅ ⋅ 0

), k = 1, 2, . . . , n.

Thismeans thatM(k)ψ (k = 1, 2, . . . , n) only have 1 to be their nonzero eigenvalues. There-
fore, Condition 10.10 holds.

On the other hand, allM(k)ψ (k = 1, 2, . . . , n) only have 1 to be their nonzero eigenval-
ues. Let f (k)1 be the eigenvector corresponding to the eigenvalues 1 for k = 1, 2, . . . , n
respectively. Then we have ψ = f (1)1 ⊗ f

(2)
1 ⊗ f

(n)
1 , which is the Schmidt decomposition

of ψ with Schmidt number 1. Therefore, ψ is separable. This proves the theorem.

The above theorem can be used to determine if an n-partite pure state is separable
or entangled.

Example 10.1. Consider the n-cat state (in honor of Schrodinger’s cat) ψ = √22 (|0
⊗n⟩ +

|1⊗n⟩) with the Eiinsten–Podolsky–Rosen–Bohm pair √22 (|00⟩ + |11⟩) for n = 2 and
Greenberger–Hone–Zeilinger–Mermin state √22 (|000⟩+ |111⟩)when n = 3. We have the
density operator for n = 1, 2, . . .,
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ρψ =
1
2
(󵄨󵄨󵄨󵄨0
⊗n⟩⟨0⊗n󵄨󵄨󵄨󵄨 +

󵄨󵄨󵄨󵄨0
⊗n⟩⟨1⊗n󵄨󵄨󵄨󵄨 +

󵄨󵄨󵄨󵄨1
⊗n⟩⟨0⊗n󵄨󵄨󵄨󵄨 +

󵄨󵄨󵄨󵄨1
⊗n⟩⟨1⊗n󵄨󵄨󵄨󵄨)

and reduced density operators

ρ(k)ψ =
1
2
(󵄨󵄨󵄨󵄨0
⊗(n−1)⟩⟨0⊗(n−1)󵄨󵄨󵄨󵄨 +

󵄨󵄨󵄨󵄨1
⊗(n−1)⟩⟨1⊗(n−1)󵄨󵄨󵄨󵄨).

This means that

M(k)ψ =(

1
2 0 ⋅ ⋅ ⋅ 0 0
0 0 ⋅ ⋅ ⋅ 0 0
...

...
...

...
...

0 0 ⋅ ⋅ ⋅ 0 1
2

), k = 1, 2, . . . , n.

Then we have det(M(k)ψ − Ek) =
1
4 ̸= 0 for k = 1, 2, . . . , n. Therefore, the n-cat state is an

entangled (i. e., not separable) state according to Theorem 10.2.15.

In the following, we will express separability of the n-partite pure stateψ in terms
of its matrix of amplitudes M = w[ai1i2 ⋅⋅⋅in ] and its reduced matrices Mk, which takes
the following form for k = 1, 2, . . . , n:

Mk =

(((((((((

(

a11⋅⋅⋅111⋅⋅⋅111 a11⋅⋅⋅121⋅⋅⋅111 ⋅ ⋅ ⋅ a11⋅⋅⋅1dk1⋅⋅⋅111
a11⋅⋅⋅111⋅⋅⋅112 a11⋅⋅⋅121⋅⋅⋅112 ⋅ ⋅ ⋅ a11⋅⋅⋅1dk1⋅⋅⋅112

...
...

...
...

a11⋅⋅⋅111⋅⋅⋅11dn a11⋅⋅⋅121⋅⋅⋅11dn ⋅ ⋅ ⋅ a11⋅⋅⋅1dk1⋅⋅⋅11dn
...

...
...

...
ai1i2 ⋅⋅⋅ik−11ik+1 ⋅⋅⋅in ai1i2 ⋅⋅⋅ik−12ik+1 ⋅⋅⋅in ⋅ ⋅ ⋅ ai1i2 ⋅⋅⋅ik−1dk Ik+1 ⋅⋅⋅in

...
...

...
...

ad1d2 ⋅⋅⋅dk−11dk+1 ⋅⋅⋅dn ad1d2 ⋅⋅⋅dk−12dk+1 ⋅⋅⋅dn ⋅ ⋅ ⋅ ad1d2 ⋅⋅⋅dk−1dkdk+1 ⋅⋅⋅dn

)))))))))

)

. (10.11)

The following lemma follows from a straightforward calculation and is therefore
omitted.

Lemma 10.2.16. The reducedmatricesM(k)ψ , k = 1, 2, . . . , n satisfy the following relation:

M(k)ψ = MkM
∗
k , k = 1, 2, . . . , n, (10.12)

where Mk(k = 1, 2, . . . , n) are given by (10.11) and M∗k is the Hermitian of Mk for k =
1, 2, . . . , n.

Theorem 10.2.17. An-partite pure state ψ is separable if and only if the rank ofmatrices
Mk are equal to 1 for k = 1, 2, . . . , n.

Proof. FromTheorem 10.2.15 and Lemma 10.2.14, we know that a n-partite pure stateψ
is separable if and only if the rank ofmatricesM(k)ψ (k = 1, 2, . . . , n) are equal to 1. Taking
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into account of Lemma 10.2.16, we know that the rank of matricesM(k)ψ (k = 1, 2, . . . , n)
are equal to 1 if and only if the rank of Mk (k = 1, 2, . . . , n) are equal to 1. This proves
the theorem.

The following corollary follows easily from Theorem 10.2.17.

Corollary 10.2.18. An n-partite pure state ψ is separable if and only if the determinants
of all of the 2 × 2 submatrices of Mk (k = 1, 2, . . . , n) are zeros.

10.3 Measurements of entanglement

Recall fromDefinition 10.2.5 that a quantum state ρAB onℍAB := ℍA ⊗ℍB is separable
if ρAB is in the convex closure of the subset of all tensor product states ωA ⊗ σB, where
ωA ∈ 𝒮(ℍA) and σB ∈ 𝒮(ℍB). A state is entangled if it is not separable.

According to Holevo–Shirokov–Werner [84, 85], a separable bipartite ρAB ∈
𝒮(ℍAB) (ℍAB is an infinite-dimensional Hilbert space representing the bipartite sys-
tem AB) can be characterized by Lemma 3.3.7, which states that a state ρAB on ℍAB
is separable if and only if there exists a Borel probability measure on 𝒮(ℍA) × 𝒮(ℍB)
such that

ρAB = ∫
𝒮(ℍA)

∫
𝒮(ℍB)

(|φ⟩A⟨φ| ⊗ |ψ⟩B⟨ψ|)μ(dφdψ).

In the finite-dimensional case, application of Caratheodory’s theorem reduces
this to the familiar definition of a separable state as a finite convex combination of
pure states. In general, we call the state ρAB countably decomposable if it is possible to
find a representation (10.8) with a purely atomicmeasure μ on𝒮(ℍAB). In otherwords,
if ρAB admits the following decomposition:

ρAB = ∑
i
piρ
(i)
A ⊗ ρ
(i)
B , pi ≥ 0, ∑

i
pi = 1, (10.13)

where ρ(i)A and ρ(i)B are density operators representing subsystemsA andB, respectively.
In the case when ρAB can be written in the above form, it is called separable or classi-
cally correlated .

Although detection of quantum entanglement is not one of the main topics to be
discussed in this book, one of the most important problems we have to face is that
there is no simple way of deciding if a given state ρAB is entangled or not. Other than
its characterization stated in Lemma3.3.7, the general problemof separability remains
unresolveddespite the fact that huge effort has been expended so far to invent stronger
and easier to apply separability criteria (see, e. g., the recent review on detection of
entanglement Ghne and Tuth [52]).
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We need the following preliminary results for investigations of measurements of
entanglement in the following three subsections. The proof is omitted.

Lemma 10.3.1 (Fannes’ inequality [48]). Let σ and ρ be states on a finite-dimensional
Hilbert spaceℍ with dim(ℍ) = d < +∞. If ‖σ − ρ‖1 < 1/3, then

󵄨󵄨󵄨󵄨H(σ) − H(ρ)
󵄨󵄨󵄨󵄨 ≤ log(d)‖σ − ρ‖1 − ‖σ − ρ‖1 log(‖σ − ρ‖1). (10.14)

Lemma 10.3.2. Let ℍ be a separable complex Hilbert space. Let ω be a state that is
supported on a finite-dimensional subspace of 𝒮(ℍ), and let (ωn)

+∞
n=1 , ωn ∈ 𝒮(ℍ

⊗n), be
a sequence of states satisfying

lim
n→+n
󵄩󵄩󵄩󵄩ωn − ω

⊗n󵄩󵄩󵄩󵄩1 = 0.

Then

H(ω) ≤ lim inf
n→+∞

1
n
H(ωn). (10.15)

Proof. Let P be the projection operator on the support of ω, and let

ηn := P
⊗nωnP

⊗n, λn := ‖ηn‖1. (10.16)

The trace-normdistance is nonincreasing under trace preservingwith completely pos-
itive maps. Therefore,

‖ω⊗n − ηn‖1 + (1 − λn) ≤ ‖ω
⊗n − ωn‖1. (10.17)

Hence, if limn→+∞ ‖ω⊗n − ωn‖1 = 0 holds, then also limn→+∞ ‖ω⊗n − ηn‖1 = 0, and
limn→+∞ λn = 1. In turn, if limn→+∞ ‖ω⊗n − ηn‖1 = 0, then

lim
n→+∞
‖λnω
⊗n − ηn‖1 = 0, (10.18)

as

‖λnω
⊗n − ηn‖1 ≤ |λn − 1| + ‖ω

⊗n − ηn‖1. (10.19)

The triangle inequality yields

|H(ω⊗n) − H(ηn)|
n

≤
|H(ω⊗n) − H(ηn/λn)|

/n
+ |1 − 1/λn|H(ηn)/n − log2(λn)/(nλn). (10.20)

The second term on the right-hand side in (10.20) certainly vanishes in the limit n →
+∞, as H(ηn)/n ≤ C for all n ∈ ℕ for some appropriately chosen C > 0. By applying
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Fannes’ inequality (see Lemma 10.3.1) on the first term and by making use of (10.19),
one can conclude that

lim
n→+∞
|H(ω⊗n) − H(P⊗nωnP⊗n)|

n
= 0, (10.21)

if limn→+∞ ‖ω⊗n−ωn‖1 = 0. Using the function η defined as η(x) = −x log2(x), one finds
that

lim inf
n→+∞

1
n
H(ωn) ≥ lim inf

n→+∞
1
n
tr[P⊗nη(ωn)] = H(ω),

which is the statement of the lemma. This proves the lemma.

In preparation for investigation of the three measurements of entanglement (en-
tropy of entanglement, relative entropy of entanglement and entanglement of forma-
tion) for energy-constrained quantum states, we recall the following.

Let H be an H-operator defined on the composite Hilbert spaceℍAB = ℍA ⊗ ℍB.
That is,H is an unbounded positive linear operator onℍAB with a discrete point spec-
trum (eigenvalues),

λ1 ≤ λ2 ≤ ⋅ ⋅ ⋅ ≤ λn ≤ ⋅ ⋅ ⋅

of finite multiplicity will be called an H-operator. The operator H normally denotes
an Hamiltonian that represents an energy of the system. In this case, the quantity
tr[σH] represents the expected energy under the state σ. For a given number M > 0,
let 𝒦H(M) ⊂ 𝒮(ℍAB) be the set of states with a mean energy of at mostM, where

𝒦H(M) := {σ ∈ 𝒮(ℍAB) | tr[σH] < M}.

It has been shown in Theorem 3.2.5 that 𝒦H(M) is a compact subset of 𝒮(ℍAB) under
the trace-norm ‖ ⋅ ‖1.

In the following, results on measurement of entanglement of energy-constrained
states in𝒦H(M)will be explored. Inparticular,wewill see, unlike in theunconstrained
case illustrated in Proposition 10.3.4, that in sequence of energy-constrained states
(σk)+∞k=1 ⊂ 𝒦H(M) that converges in trace-norm ‖ ⋅ ‖1 to some state σ ∈ 𝒦H(M), the
sequence of the entropies of entanglement of σk necessarily converge to that of entan-
glement of σ.

Let H be an H-operator on a separable complex Hilbert space ℍ. To explore
asymptotic results of entropy of entanglement, relative entropy of entanglement and
entanglement of formation for energy constrained stateω ∈ 𝒦H(M) is obtained below.
For each n ∈ ℕ, we define an H(n)-operator onℍ⊗n as follows:

H(n) = H ⊗ I ⊗ ⋅ ⋅ ⋅ ⊗ I⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
n factors

+ ⋅ ⋅ ⋅ + I ⊗ I ⊗ ⋅ ⋅ ⋅ ⊗ I ⊗H⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
n factors

. (10.22)
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In the following subsections, three different types of entanglement measures for
bipartite quantum stateswill be explored, namely, (i) entropy of entanglement; (ii) rel-
ative entropy of entanglement and (iii) entanglement of formation will be explored.

10.3.1 Entropy of entanglement

Entanglement measures give an account of the degree of entanglement of a given en-
tangled bipartite quantum state ρAB ∈ 𝒮(ℍAB). One of suchmeasures is the entropy of
entanglement denoted by EoE(⋅) : 𝒮(ℍAB) → [0, +∞[ is defined below.

Definition 10.3.3. For a pure state ρAB ∈ 𝒮(ℍAB) of a composite systemAB, its entropy
of entanglement EoE(ρAB) is given by

EoE(ρAB) = H(trB[ρAB])(= H(trA[ρAB])), (10.23)

where H : 𝒮(ℍA) → [0, +∞[ (H : 𝒮(ℍB) → [0, +∞[) denotes the von Neumann en-
tropy defined by H(σ) = tr[η(σ)],

η(x) = { −x log x for x ̸= 0,
0 for x = 0.

forσ ∈ 𝒮(ℍA), and trA[⋅] and trB[⋅] are the partial traces of [⋅] taken over the component
Hilbert spaceℍA andℍB, respectively.

The entropy of entanglement EoE(⋅) defined above is a functional mapping com-
posite state space 𝒮(ℍAB) into the set of nonnegative real numbers [0, +∞[; the larger
the number is, the more entangled is the quantum state. For example, if ρAB = ρA ⊗ ρB
is a product pure state, then EoE(ρAB) = H(trB[ρAB]) = H(ρA) = 0, since ρA is a pure
state onℍA.

The entropy of entanglement quantifies to what extent the state departs from a
product state—it may be very different from zero for states and yet they can be very
‘close’ to pure product states in the trace-class norm as shown in the following exam-
ple.

Example 10.2. Let σ0 = |ψ0⟩AB⟨ψ0|, where ψ0 = ϕ0
A ⊗ ϕ

0
B is the ground state of the

bipartite system AB. Let (σk)+∞k=1 be a sequence of pure states σk = |ψk⟩AB⟨ψk |, where

ψk = √1 − δkψ0 + √
δk
k

k
∑
i=1

ϕ(i)A ⊗ ϕ
(i)
B , (10.24)

and δk = 1/ log(k). In fact, the sequence (σk)+∞k=1 converges to σ0 in trace-norm ‖ ⋅ ‖1,
i. e., limk→+∞ ‖σk − σ0‖1 = 0. However, limk→+∞ EoE(σk) = 1, whereas EoE(σ0) = 0,
since σ0 it is a product state.
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A. Unconstrained states
The following results in the remaining of this subsection are due originally to Eiser–
Simon–Plenio [45].

Proposition 10.3.4. For all ψ ∈ ℍAB and all ϵ > 0, there exist a vector ϕ ∈ ℍAB such
that ‖|ψ⟩AB⟨ψ| − |ϕ⟩AB⟨ϕ|‖1 < ϵ and yet

EoE(ϕ) := H(trB[|ϕ⟩AB⟨ϕ|]) = +∞.

Proof. According to the Schmidt decomposition (by Proposition 10.1.4, which can
be applied in this infinite-dimensional setting), there exists an orthonormal basis
{ψ(n)A }

+∞
n=1 of ℍA and an orthonormal basis {ψ(n)B }

+∞
n=1 in ℍB such that ψ ∈ ℍAB can be

written in the form

ψ =
+∞

∑
n=1
√p(n)ψ(n)A ⊗ ψ

(n)
B , (10.25)

where {p(n)}+∞n=0 forms a probability distribution. For each n ∈ ℕ, define a sequence
{q(n)k }
+∞
k=1 through q

(1)
k = pk, and

q(n)k =
p(n) + 1/(kn log2(n)2)

δk
, n = 2, 3, . . . , (10.26)

where δk > 0 is chosen in such a way that {q(n)k }
+∞
n=1 is also a probability distribution.

This gives rise to a sequence of state vectors (ψk)
+∞
k=1 ⊂ ℍAB defined as

ψk =
+∞

∑
n=1
√q(n)k ψ(n)A ⊗ ψ

(n)
B (10.27)

The sequence (p(n))+∞n=0 is convergent by using the fact that f : [0, 1] → [0, +∞[ defined
as f (x) = −x log2 x is monotonously increasing on [0, ϵ] for some ϵ > 0. One can show
that H(trB[|ψk⟩AB⟨ψk |]) = +∞ for all k ∈ ℕ. However,

lim
k→+∞
󵄩󵄩󵄩󵄩|ψ⟩AB⟨ψ| − |ψk⟩AB⟨ψk |

󵄩󵄩󵄩󵄩1 = lim
k→+∞

+∞

∑
n=1

󵄨󵄨󵄨󵄨p
(n) − q(n)k

󵄨󵄨󵄨󵄨 = 0. (10.28)

This proves the proposition.

B. Energy-constrained states
Let H be an H-operator defined on the composite Hilbert spaceℍAB = ℍA ⊗ ℍB and

𝒦H(M) := {σ ∈ 𝒮(ℍA) | tr[σH] < M}.
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In the following, results on the entropy of entanglement of states in 𝒦H(M) will
be explored. In particular, we will see, unlike in the unconstrained case illustrated in
Proposition 10.3.4, that in sequence of energy-constrained states (σk)+∞k=1 ⊂ 𝒦H(M) that
converges in trace-norm ‖ ⋅ ‖1 to some state σ ∈ 𝒦H(M), the sequence of the entropies
of entanglement of σk necessarily converge to that of entanglement of σ.

Contrary to theunconstrainedbipartite state case (seeProposition 10.3.4),wehave
the following result for the EoE of constrained bipartite states.

Proposition 10.3.5. Let M > 0, let σ ∈ 𝒦H(M) and let (σk)+∞k=1 be a sequence of states
σk ∈ 𝒦H(M) satisfying limk→+∞ ‖σk − σ‖1 = 0. Then

lim
k→+∞
󵄨󵄨󵄨󵄨EoE(σ) − EoE(σk)

󵄨󵄨󵄨󵄨 = 0. (10.29)

That is, the entropy of entanglement EoE(⋅) : 𝒦H(M) → [0, +∞[ is a trace-norm contin-
uous functional.

Proof. This statement is a consequence of a statement concerning the continuity of
the von-Neumann entropy under an appropriate constraint of the energy (see Propo-
sition 7.3.7): If (ωk)

+∞
k=1 is a sequence of states taken from 𝒦H(M) satisfying ωk → ω in

trace norm for some state ω ∈ 𝒦H(M), together with the above assumptions concern-
ing the spectrum of H, then

lim
k→+∞

H(ωk) = H(ω). (10.30)

The states ωk := trB[σk] with 𝒦 := ℍA form such a sequence, since

󵄩󵄩󵄩󵄩trB[σk] − trB[σ]
󵄩󵄩󵄩󵄩1 ≤ ‖σk − σ‖1, ∀k ∈ ℕ, (10.31)

by the contraction property of the partial trace under trace norm, and since

tr[PAH trB[σk]] ≤ tr[Hσk] ≤ M,

where PA : ℍAB → ℍA is a projection ofℍAB ontoℍA. Hence,

lim
k→+∞
󵄨󵄨󵄨󵄨(H(trB[σk)]) − H(trB[σ])

󵄨󵄨󵄨󵄨 = 0, if lim
k→+∞
‖σk − σ‖1 = 0.

This proves the proposition.

The proof of the next proposition follows exactly as that of Proposition 10.3.10
with a few small minor but necessary modifications and is therefore omitted.

Proposition 10.3.6. Let H be an H-operator on ℍ and M > 0. Let σ ∈ 𝒦H(M) be a
pure state that is supported on a finite-dimensional subspace of 𝒮(ℍ), and let (σn)+∞n=1 ⊂
𝒦H(n) (nM) be a sequence of states satisfying
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lim
n→+∞
‖σn − σ‖1 = 0. (10.32)

Then

lim
n→+∞
|EoE(σn) − EoE(σ⊗n)|

n
= 0. (10.33)

10.3.2 Relative entropy of entanglement

The following concept and properties of the set of separable states in a bipartite
system AB was first introduced and investigated by Werner [176], Clifton et al. [25,
26, 59], Brocker and Werner [16], Horodecki and Lewenstein [88] and Horodeski–
Cirac–Lewenstein [87].

Definition 10.3.7. The set of separable states, denoted by 𝒮sep(ℍAB), is defined as the
set of states ω ∈ 𝒮(ℍAB) for which there exists a sequence (ωk)

+∞
k=1 ⊂ 𝒮(ℍA) ⊗ 𝒮(ℍB),

such that limk→+∞ ‖ωk − ω‖1 = 0 and such that each ωk is of the form

ωk =
+∞

∑
i=1

p(k)i η(k,i)A ⊗ η
(k,i)
B , (10.34)

where η(k,i)A ∈ 𝒮(ℍA), η
(k,i)
B ∈ 𝒮(ℍB) and {p

(k)
i }
+∞
i=1 form a probability distribution for all

k ∈ ℕ.

For both finite and infinite-dimensional cases, the set of separable states,
𝒮sep(ℍAB), is the closed convex hull of the set of product states (with respect to the
topology induced by the trace norm).

Definition 10.3.8 (Relative entropy of entanglement). The relative entropy of entan-
glement is the map REoE : 𝒮(ℍAB) → [0, +∞[ defined by

REoE(ω) = inf
ρ∈𝒮sep(ℍAB)

H(ω‖ρ), (10.35)

whereH(⋅‖⋅) : 𝒮(ℍAB) ×𝒮(ℍAB) → [−∞, +∞] is the relative entropy defined by Defini-
tion 8.1.3.

Similar to the EoE of bipartite states for energy-constrained case (see Proposi-
tion 10.3.5), we have the following continuity result for REoE.

Proposition 10.3.9. Let H be an H-operator and M > 0. The relative entropy of entan-
glement REoE : 𝒦H(M) ⊂ 𝒮(ℍAB) → [0, +∞[ is continuous in trace-norm ‖ ⋅ ‖1.

Proof. Let (σk)+∞k=1 be a sequence of states with the constraint 𝒦H(M) for which
limk→+∞ ‖σk − σ‖1 = 0. Since 𝒦H(M) is a compact subset of 𝒮(ℍAB). Let ρk ∈ 𝒦H(M)
for each k be the state for which
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REoE(σk) = inf
ρ∈𝒮sep(ℍAB)

H(σk‖ρ) = H(σk‖ρk)

(such a state exists, due to the compactness of the set 𝒦H(M) and the lower semicon-
tinuity of the relative entropy H(⋅‖⋅)). Then

󵄨󵄨󵄨󵄨REoE(σ) − REoE(σk)
󵄨󵄨󵄨󵄨 ≤
󵄨󵄨󵄨󵄨H(σ) − H(σk)

󵄨󵄨󵄨󵄨 +
󵄨󵄨󵄨󵄨−tr[σ log(ρ)] + tr[σk log(ρk)]

󵄨󵄨󵄨󵄨. (10.36)

As σ, σk ∈ 𝒦H(M), limk→+∞ |H(σk)−H(σ)| = 0. The second term on the right-hand side
of (10.36) is bounded from above by

󵄨󵄨󵄨󵄨−tr[σ log(ρ)] + tr[σk log(ρk)]
󵄨󵄨󵄨󵄨

≤ 󵄨󵄨󵄨󵄨−tr[σ log(ρ)] + tr[σ log(ωk)]
󵄨󵄨󵄨󵄨

+ 󵄨󵄨󵄨󵄨−tr[σ log(ωk)] + tr[σk log(ωk)]
󵄨󵄨󵄨󵄨

+ 󵄨󵄨󵄨󵄨−tr[σk log(ωk)] + tr[σk log(ωk)]
󵄨󵄨󵄨󵄨, (10.37)

where ωk := ‖σ − σk‖1σk + (1 − ‖σ − σk‖1)ρ. Due to the operator monotonicity of the
logarithm,

− tr[σ log(ρ)] + tr[σ log(ωk)] ≥ log(1 − ‖σ − σk‖1) (10.38)

holds. But − tr[σ log(ρ)] ≤ − tr[σ log(ωk)] and, therefore,

lim
k→+∞
󵄨󵄨󵄨󵄨−tr[σ log(ρ)] + tr[σ log(ωk)]

󵄨󵄨󵄨󵄨 = 0. (10.39)

In the sameway, one finds that limk→+∞ |−tr[σk log(ωk)]+tr[σk log(ρk)]| = 0. The third
termon the right-hand side of (10.37) canbe dealtwith just as inDonald andHorodeski
[41], where the Gibbs state plays the role of the maximally mixed state: Since

󵄨󵄨󵄨󵄨−tr[σ log(ω − k)] + tr[σk log(ωk)]
󵄨󵄨󵄨󵄨 ≤ ‖σ − σk‖1

󵄩󵄩󵄩󵄩 log(ωk)
󵄩󵄩󵄩󵄩∞, (10.40)

one can again make use of the operator monotonicity of the logarithm to find

󵄩󵄩󵄩󵄩 log(ωk)
󵄩󵄩󵄩󵄩∞ ≤ − log(‖σ − σk‖1) +

󵄩󵄩󵄩󵄩 log(σβ)
󵄩󵄩󵄩󵄩∞, (10.41)

and hence, limk→+∞ |−tr[σ log(ωk)]+tr[σk log(ωk)]| = 0. Collecting the partial results,
one finds that limk→+∞ |REoE(σ) − REoE(σk)| = 0. This proves the proposition.

The asymptotic behavior of energy-constrained REoE is explored in the following
proposition.

Proposition 10.3.10. Let H be an H-operator on ℍ and M > 0. Let σ ∈ 𝒦H(M) be a
pure state that is supported on a finite-dimensional subspace of 𝒮(ℍ), and let (σn)+∞n=1 ,
σn ∈ 𝒦H(n) (nM), be a sequence of states satisfying limn→+∞ ‖σn − σ⊗n‖1 = 0. Then
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lim
n→+∞
|REoE(σ⊗n) − REoE(σn)|

n
= 0. (10.42)

Proof. The first step of the proof can be performed just as in Lemma 10.3.2. Let ζ ∈
𝒦H(M), let ω be a state that is supported on a finite-dimensional subspace of 𝒦H(M)
and let (ωn)

+∞
n=1 , ωn ∈ 𝒦H(n) (nM) be a sequence of states satisfying limn→+∞ ‖ωn −

ω⊗n‖1 = 0. Then

H(ζ ‖ω) ≤ lim inf
n→+∞

1
n
H(ζ ⊗n‖ωn) (10.43)

holds. The validity of (10.43) can be seen as follows: the relative entropy of ζ ⊗n with
respect to ω⊗n can be written as

H(ζ ⊗n‖ω⊗n) = sup
p∈[0,1]

sup
Pn

tr[Pn(η(pη
⊗n + (1 − p)ω⊗n] (10.44)

where the second supremum of the above equation is taken over all finite-rank pro-
jection operators Pn onℍ. So just as in Lemma 10.3.2, applying the triangle inequality
and Fannes’ inequality several times yields (10.42). In particular, one has to make use
of the inequality

|H(pζ ⊗n + (1 − p)ω⊗n) − H(pζ ⊗n + (1 − p)ηn)|
n

≤
|H(pζ ⊗n + (1 − p)ω⊗n) − H(pζ ⊗n + (1 − p)ηn/λn)|

n

+
|H(pζ ⊗n + (1 − p)ηn/λn) − H(pζ ⊗n + (1 − p)ηn)|

n

Equation (10.22) is now the starting point of an argument along the line of the argu-
ment of Wehrl [174] and [175]. Since the free energy can be expressed in terms of the
relative entropy according to

1
n
F(ωn, β,ℍ

⊗n) := H(σ⊗n‖ωn)/n − log(tr[e
−βH])/β,

it has the property

F(ω, β,H) ≤ lim inf
n→+∞

1
n
F(ωn, β,H

(n)), (10.45)

implying that

β tr[ωH] − H(ω) ≤ lim inf
n→+∞

1
n
(β tr[ωnH

(n)] − H(ωn)) (10.46)

and, therefore,

−H(ω) ≤ lim inf
n→+∞
(−H(ωn)/n)
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+ β lim sup
n→+∞

󵄨󵄨󵄨󵄨tr[ωnH
(n)]󵄨󵄨󵄨󵄨/n + β tr[ωH] (10.47)

for all β > 0. Again, the sum of the last two terms of (10.47) is bounded from above by
2βM, providing the inequality

− H(ω) ≤ lim inf
n→+∞
(−H(ωn)/n). (10.48)

Statement (10.48) and the statement of Lemma 10.3.2 then imply that

H(ω) = lim
n→+∞

H(ωn).

Finally, one can argue as in Proposition 10.3.10, by takingω := trB[σ] andωn := trB[σn].
This gives rise to the asymptotic continuity property stated in (10.42). This proves the
proposition.

10.3.3 Entanglement of formation

We are concerned with the entanglement of formation (EoF), which was originally in-
troduced byBennet et al. [7] inmeasuring the entanglement of amixed state in a finite-
dimensional bipartite system. In this section, we generalize the definition of EoF to
infinite-dimensional composite system and prove that a general quantum state in a
bipartite system is separable if and only if its entanglement of formation is zero.

The presentation of this subsection is largely based on results obtained in [7], Ma-
jewski [113] and Eisert–Simon–Plenio [45].

The original definition (see [7]) of entanglement of the formation of a mixed state
is defined as the minimum average entanglement of an ensemble of pure states that
represents the given mixed state. This definition can be mathematically formulated
as follows: The entanglement of formation or EoF for a bipartite state ρAB is defined
as

EoF(ρAB) = min
ρ=ρAB
∑
i
piH(trA[ρi]) (10.49)

where the minimization is over all discrete ensembles μ = {pi, ρi} ∈ 𝒫(𝒮(ℍAB)) having
probability distributions pi on rank-one density operators ρi such that its barycenter
(or average state) ρ̄(μ) := ∑i piρi = ρAB.

The alternative approach to the definition of the EoF is considered in Majewski
[113] in the case of tensor product of two systems ℍA and ℍB with one of them be-
ing finite-dimensional. By using the results of Subsection 3.3, we can generalize this
approach and define the EoF in the general case by the following definition.
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Definition 10.3.11 (Entanglement of formation).

EoF(ρ) = inf
μ∈𝒫{ρ}(𝒮(ℍ)) ∫

𝒮(ℍ)

H(trA[ρ])μ(dρ), (10.50)

where 𝒫{ρ}(𝒮(ℍ)) is the collection of μ ∈ 𝒫(𝒮(ℍ)) with barycenter ρ̄(μ) = ρ.

A. Unconstrained states
For unconstrained states, we state the following main result of EoF without a proof.

Theorem 10.3.12. The state ω ∈ 𝒮(ℍAB) is separable if and only if EoF(ω) = 0.

B. Energy-constrained states
For a given mixed state σ ∈ 𝒦H(M), M > 0, there exist (countably infinitely many)
sequences (p(i))+∞i=1 of positive numbers forming a probability distribution, p(1) ≥ p(2) ≥
⋅ ⋅ ⋅, and sequences (ψ(i))+∞i=1 of state vectors ψ(i) ∈ ℍ such that

σ = ∑
i
p(i)󵄨󵄨󵄨󵄨ψ
(i)⟩ℍ⟨ψ

(i)󵄨󵄨󵄨󵄨. (10.51)

The pair ({p(i)}+∞i=1 , {ψ
(i)}+∞i=1 ) will be called decomposition of σ. As for a finite-dimen-

sional Hilbert space, one may define the entanglement of formation as

EoF(σ) = inf∑
i
piH(trB[

󵄨󵄨󵄨󵄨ψ
(i)⟩ℍ⟨ψ

(i)󵄨󵄨󵄨󵄨]), (10.52)

where the infimum is understood to be with respect to all decompositions of σ. In
the case of a finite-dimensional Hilbert space, the infimum is always attained, and
by virtue of Caratheodory’s theorem, one can find an upper bound for the required
number of terms in a decomposition of the state. It is worth noting that, using a dif-
ferent language, a decomposition of a state σ can also be represented by probability
measures μσ on state space with the barycenter ρ̄(μσ) = ∫𝒮(ℍAB) ρμσ(dρ).

A convergence result for EoF for energy-constrained bipartite state is given below.

Proposition 10.3.13. LetH be anH-operator onℍAB and let M > 0. Let σ = |ψ⟩AB⟨ψ| ∈
𝒦H(M) be a pure state, and let (σk)+∞k=1 be a sequence of states in 𝒦H(M) with
limk→+∞ ‖σk − σ‖1 = 0. Then

lim
k→+∞
󵄨󵄨󵄨󵄨EoF(σk) − EoF(σ)

󵄨󵄨󵄨󵄨 = 0. (10.53)

Proof. We start with proving the lower semicontinuity of EoF(⋅) in σ. Let r > 0 be a
number satisfying EoF(σk) ≤ r for all k ∈ ℕ. For all ϵ > 0, there exists a decomposition
({p(i)k }

+∞
i=1 , {ψ

(i)
k }
+∞
i=1 ) of each σk such that
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∑
i
p(i)k H(trB[

󵄨󵄨󵄨󵄨ψ
(i)
k ⟩AB⟨ψ

(i)󵄨󵄨󵄨󵄨]) ≤ r + ϵ. (10.54)

The fact that σk → σ = |ψ⟩AB⟨ψ| in trace norm implies that there exists a sequence of
real numbers (rk)+∞k=1 with limk→+∞ rk = 0, and such that

lim
k→+∞
∑
i
p(i)θ(rk −

󵄩󵄩󵄩󵄩ψ
(i)
k ⟩AB⟨ψ

(i)
k − σ
󵄩󵄩󵄩󵄩1) = 1, (10.55)

where θ : ℝ → {0, 1} is the Heaviside function. For each k, construct a sequence
(q(i)k )
+∞
i=1 of real numbers as

q(i)k = {
p(i)k , if rk − ‖|ψ

(i)
k ⟩AB⟨ψ

(i)
k | − σ‖1 > 0,

0, otherwise.
(10.56)

Similarly, define a sequence (ϕ(i))+∞i=1 through

ϕ(i)k = {
ψ(i)k , if rk − ‖|ψ

(i)
k ⟩AB⟨ψ

(i)
k | − σ‖1 > 0,

ψ, otherwise.

It follows that

∑
i
q(i)k H(trB[

󵄨󵄨󵄨󵄨ψ
(i)
k ⟩AB⟨ψ

(i)
k
󵄨󵄨󵄨󵄨]) < r + ϵ, (10.57)

limk→+∞ ‖|ψ
(i)
k ⟩AB⟨ψ

(i)
k | − σ‖1 = 0 for all i, and limk→+∞∑i q

(i)
k = 1. Hence, due to

the lower semicontinuity of the von Neumann entropy we can conclude that also
H(trB[σ]) ≤ r + ϵ. As ϵ > 0 was arbitrary, it follows that EoF(σ) ≤ r, which means that
EoF(⋅) is lower semicontinuous in σ. Note that the constraint on the mean energy was
not needed in this step. The second part of the proof will be concerned with the upper
semicontinuity in σ. Let r ∈ ℝ such that EoF(σk) ≥ r for all k ∈ ℕ. Essentially, the
proof here follows to a large extent along the line of the argument in Wehrl [174] and
[175], where additionally, we make use of convexity of the relative entropy functional.
Let ({p(i)k }

+∞
i=1 , {ψ

(i)
k }
+∞
i=1 ) be a decomposition of σk, and let ω := trB[σ], ωk := trB[σk] and

ω(i)i := trB[|ψ
(i)
k ⟩AB⟨ψ

(i)
k |]. On using both the lower semicontinuity and the convexity of

the relative entropy functional, one obtains

H(ω‖σβ) ≤ lim inf
k→+∞

H(ωk‖σβ) ≤ lim inf
k→+∞
∑
i
p(i)k H(ω

(i)‖σβ). (10.58)

Therefore,

β tr[ωHA] − H(ω) ≤ lim inf
k→+∞
(β tr[ωkHA] − ∑

i
k(i)k H(ω(i)k )) (10.59)

and
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− H(ω) ≤ lim inf
k→+∞

p(i)k (−H(ω
(i)
k )) + β lim inf

k→+∞
tr[ωkHA] − β tr[ωHA]. (10.60)

Hence, we arrive at

− H(ω) ≤ lim inf
k→+∞
∑
i
p(i)k (−H(ω

(i)
j )). (10.61)

As EoF(σk) ≥ r for all k ∈ ℕ, and the above decomposition is not necessarily optimal
for EoF(σk),

∑
i
p(i)k H(trB[

󵄨󵄨󵄨󵄨ψ
(i)
k ⟩AB⟨ψ

(i)󵄨󵄨󵄨󵄨]) ≥ r. (10.62)

The last step is to see that H(trB[σ]) ≥ r, which means that EoF(⋅) : 𝒦H(M) → [0, +∞[
is also upper semicontinuous. This proves the proposition.

Therefore, we conclude that the entanglement of formation for pure states can in-
deedby simply identifiedwith the entropyof entanglement on the set𝒦H(M). A similar
argument applies again on the asymptotic limit: if we have a series ofmixed states that
converges in trace-norm to the n-fold tensor product of a pure state with a finite sup-
port, then, again, one can expect an asymptotic continuity as in Proposition 10.3.10.

Proposition 10.3.14. Let H be an H-operator on ℍ and M > 0. Let σ ∈ 𝒦H(M) be a
pure state that is supported on a finite-dimensional subspace of 𝒮(ℍ), and let (σn)+∞n=1 ⊂
𝒦H(n) (nM), be a sequence of states satisfying

lim
n→+∞
󵄩󵄩󵄩󵄩σn − σ

⊗n‖1 = 0.

Then

lim
n→+∞
|EoF(σn) − EoF(σ⊗n)|

n
= 0. (10.63)

Proof. One can proceed in the same way as Proposition 10.3.13. Instead of the mere
lower semicontinuity of the von Neumann entropy, one has to make use of the state-
ment of Lemma 10.3.2. This proves the proposition.





11 Quantum mutual and coherent information

This chapter defines and explores the properties of quantum mutual and coherent
information. The classical capacities and quantum capacities of quantum channels
can be expressed in terms of this information in later chapters.

Roughly speaking, quantum mutual information, or von Neumann mutual infor-
mation, after John von Neumann, is a measure of correlation between subsystems of
quantum state. It is the quantummechanical analog of Shannonmutual information,
whereas coherent information is an entropy measure used in quantum information
theory. It is a property of a quantum state ρ and a quantum channel Φ and it attempts
to describe how much of the quantum information in the state will remain after the
state goes through the channel. In this sense, it is intuitively similar to the mutual
information of classical information theory.

The presentation of this chapter is largely based on works by Holevo and Shi-
rokov [82], Shirokov [150], Davies [30], Barnum–Nielsen–Schumacher [5], Bennett–
Shor–Smolin–Thapliyal [8], Devetak [37], Wehrl [175] and Kuznetsova [102].

11.1 Quantum mutual information

Motivated by the fact that classical mutual information I(X : Y) plays an important
role in the computation of channel capacity in classical communication, we explore
below the concept and properties of Im(ρ,Φ), the quantummutual information of the
quantum channel Φ at the state ρ, in order to extend this classical result to its quan-
tum counterpart. In quantum information theory, quantum mutual information is a
measure of correlation between subsystems of quantum state. It is the quantum me-
chanical analog of Shannon mutual information.

In what follows, let ℍ be a separable complex Hilbert space in finite or infinite
dimensions. Let T(ℍ) be the Banach space of trace-class operators under trace-class
norm ‖ ⋅ ‖1, so that 𝒮(ℍ) ⊂ T+(ℍ), where T+(ℍ) is the positive cone of T(ℍ).

Recall from Definition 7.1.1 that the von Neumann entropy of a state ρ ∈ 𝒮(ℍ) is
defined as H(ρ) = tr[η(ρ)], where the function η : ℝ+ → ℝ is defined as

η(x) = { −x log x for x > 0
0 for x = 0,

and as mentioned earlier log denotes the logarithmic function based 2.
As noted in Section 7.4, the vonNeumann entropyH(⋅) can be extended from𝒮(ℍ)

to T+(ℍ) as

H(A) = tr[η(A)] − η(tr[A]), ∀A ∈ T+(ℍ). (11.1)

https://doi.org/10.1515/9783110788105-011
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We note that the above definition is an extension from 𝒮(ℍ) to T+(ℍ), because if ρ ∈
𝒮(ℍ) then tr[ρ] = 1 and η(tr[ρ]) = 0 and H(ρ) = tr[η(ρ)] := S(ρ) reduces to the one
given in Definition 7.1.1. In addition, the relative entropyH(⋅‖⋅) on 𝒮(ℍ)×𝒮(ℍ) defined
in Definition 8.1.3 is extended to T+(ℍ) × T+(ℍ) as

H(A‖B) = { ∑
+∞
i=1 ⟨ei|(A logA − A logB + B − A)|ei⟩, supp(A) ⊆ supp(B),
+∞, otherwise,

(11.2)

where (ei)+∞i=1 is an orthonormal basis of eigenvectors of the operator A and the series
consists nonnegative terms.

Consider the quantum systems A, B and E described by Hilbert spaces ℍA, ℍB
andℍE, respectively.

Supposewe are given a quantumstate ρA ∈ 𝒮(ℍA)with its spectral decomposition

ρA =
+∞
∑
i=1

λi|ei⟩A⟨ei|, λi ∈ ℂ, i = 1, 2, . . . ,

where |ei⟩A⟨ei| = |ei⟩ℍA⟨ei|. Then ρRA defined by

ρRA =
+∞
∑
i=1
√λi|ei⟩R ⊗ |ei⟩A

is a purificationof ρA in the composite systemRA (see (5.25) andSubsection 5.5) for def-
inition and property of purification of quantum states), where (|ei⟩A)+∞i=1 and (|ei⟩R)+∞i=1
are orthonormal bases of the input system A and the reference system R, respectively.

Definition 11.1.1. LetΦ : 𝒮(ℍA) → 𝒮(ℍB) be a quantum channel from systemA to sys-
tem B, and let ρ be an arbitrary quantum state in 𝒮(ℍA)with a spectral decomposition
ρ = ∑+∞i=1 λi|ei⟩A⟨ei|. The mutual information of the channel Φ at the state ρ is defined
in terms of relative entropy H(⋅‖⋅) as follows:

Im(ρ,Φ) = H((Φ ⊗ IR)(|ϕρ⟩AR⟨ϕρ|)‖Φ(ρ) ⊗ ρ) (11.3)

where

ϕρ =
+∞
∑
i=1
√λi|ei⟩A ⊗ |ei⟩R ∈ ℍAR := ℍA ⊗ ℍR

is the purification vector for the state ρ and IR(⋅) is the identity operator on 𝒮(ℍR).

Note that the above definition of Im(ρ,Φ) depends neither on the choice of a ref-
erence system R represented by the space ℍR nor on a purification vector ϕρ, where
trR[|ϕρ⟩AR⟨ϕρ|] = ρ. This can be shown by using well-known relation between differ-
ent purification vectors of a given state (see (5.25), Subsection 5.5, and properties of
the relative entropy (Definition 8.1.3)).
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We need the following result regarding purification of quantum states.

Lemma 11.1.2. LetℍA be a separable complex Hilbert space. For an arbitrary sequence
(ρn)+∞n=1 ⊂ 𝒮(ℍA) converging to a state ρ0 under the trace class norm ‖ ⋅ ‖1, there exists
a corresponding purification sequence (ρ̂n)+∞n=1 ⊂ 𝒮(ℍAR) converging to a purification
ρ̂0 ∈ 𝒮(ℍAR) of the state ρ0 ∈ 𝒮(ℍA).

Proof. The assertion of the lemma follows from the inequality (see Proposition 6.1.12)

β2(ρ, σ) ≤ ‖ρ − σ‖1

for theBures distance β(ρ, σ) = inf ‖φρ−φσ‖1,where the infimum is over all purification
vectors φρ and φσ of the states ρ and σ. This proves the lemma.

Recall thatQC(A,B) denotes the set of all quantum channels from𝒮(ℍA) to𝒮(ℍB)
endowedwith the strong convergence topology, where a sequence (Φn)

+∞
n=1 ⊂ QC(A,B)

is said to converge strongly to a channel Φ0 ∈ QC(A,B) if

lim
n→+∞

Φn(ρ) = Φ0(ρ), ∀ρ ∈ 𝒮(ℍA).

Lemma 11.1.3. Assume that dim(ℍB) < +∞. Let Φ : 𝒮(ℍA) → 𝒮(ℍB) be a quan-
tum channel and let ρ0 be a state in 𝒮(ℍA) with a spectral representation ρ0 =
∑+∞i=1 λi|ei⟩A⟨ei|. Let

ρn =
1
μn

n
∑
i=1

λi|ei⟩A⟨ei|, where μn =
n
∑
i=1

λi,

for every n. Then limn→+∞ Im(ρn,Φ) = Im(ρ0,Φ).

Proof. Let Pn = ∑
n
i=1 |ei⟩A⟨ei| for n = 1, 2, . . .. Then (Pn)

+∞
n=1 is an increasing sequence

of finite rank projections that converges to the identity operator IA on ℍA. Since
dim(ℍB) < ∞, the value

I(n)m = H((Φ ⊗ IR)(ρ̂n)‖Φ(ρ0) ⊗ ρn)

=
1
μn

H(Qn((Φ ⊗ IR)(ρ̂0))Qn‖Qn(Φ(ρ0) ⊗ ρn)Qn) < +∞,

where

ρ̂0 = (
+∞
∑
i=1
√λi|ei⟩A⟨ei|) ⊗ (

+∞
∑
j=1
√λj|ej⟩R⟨ej|)

=
+∞
∑
i,j=1
√λiλj|ei⟩A⟨ej| ⊗ |ei⟩R⟨ej|,

ρ̂n =
1
μn

n
∑
i,j=1
√λiλj|ei⟩A⟨ej| ⊗ |ei⟩R⟨ej|, and Qn = IB ⊗ Pn.
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According to Lemma 8.2.5, we have

lim
n→+∞

I(n)m = H((Φ ⊗ IR)(ρ̂0)‖Φ(ρ0) ⊗ ρ0) = Im(ρ0,Φ). (11.4)

We now prove that limn→+∞ I(n)m = limn→+∞ Im(ρn,Φ) by considering the difference
I(n)m − Im(ρn,Φ). Since we have H((Φ ⊗ IR)(ρ̂n)) < +∞, we have

I(n)m − Im(ρn,Φ)
= H((Φ ⊗ IR)(ρ̂n)‖Φ(ρ0) ⊗ ρn) − H((Φ ⊗ IR)(ρ̂0)‖Φ(ρn) ⊗ ρn)
= −H((Φ ⊗ IR)(ρ̂n)) − tr[(Φ ⊗ IR)(ρ̂n)) log(Φ(ρ0) ⊗ ρn)]
+ H((Φ ⊗ IR)(ρ̂n)) + tr[(Φ ⊗ IR)(ρ̂n) log(Φ(ρn) ⊗ ρn)]
= (i) − (ii),

where

(i) = − tr[(Φ ⊗ IR)(ρ̂n) log(Φ(ρ0) ⊗ ρn)],
(ii) = − tr[(Φ ⊗ IR)(ρ̂n) log(Φ(ρn) ⊗ ρn)].

We use the following property of the logarithm of the tensor product of quantum
states:

log(ρ ⊗ σ) = log(ρ) ⊗ IR + IA ⊗ log(σ), (11.5)

where, in the case of nonfull-rank states ρ and σ, restrictions to the subspaces supp(ρ)
and supp(σ) are considered, i. e.,

(Pρ ⊗ Pσ)(log(ρ ⊗ σ))
= (Pρ ⊗ Pσ)(log(ρ) ⊗ IR + IA ⊗ log(σ))
= (Pρ log(ρ)Pρ) ⊗ Pσ + Pρ ⊗ (Pσ log(σ)Pσ), (11.6)

where Pρ and Pσ are respectively the projectors onto supp(ρ) and supp(σ). Since
PΦ(ρn) ≤ PΦ(ρ0), we have

(i) = − tr[(Φ ⊗ IR)(ρ̂n) log(Φ(ρ0) ⊗ IR)] − tr[((Φ ⊗ IR)(ρ̂n))(IB ⊗ log(ρn))]
= − tr[Φ(ρn) logΦ(ρ0)] + H(ρn),

(ii) = − tr[(Φ ⊗ IR)(ρ̂n))(log(Φ(ρn) ⊗ IR)] − tr[(Φ ⊗ IR)(ρ̂n))(IB ⊗ log(ρn))]
= −H(Φ(ρn)) + H(ρn).

Hence,

I(n)m − Im(ρn,Φ) = (i) − (ii) = − tr[Φ(ρn) logΦ(ρ0)] − H(Φ(ρn)) = H(Φ(ρn)‖Φ(ρ0)).
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By monotonicity of the relative entropy (see Lemma 9.1.3), we have

H(Φ(ρn)‖Φ(ρ0)) ≤ H(ρn‖ρ0) = −
n
∑
i=1

λi
μn

log μn = − log μn.

Since μn → 1 as n → +∞, we get limn→+∞(I(n)m − Im(ρn.Φ)) = 0. Taking into account
(11.4), this implies that limn→+∞ Im(ρn,Φ) = Im(ρ0,Φ) ≤ +∞. This proves the lemma.

The following proposition due originally to Holevo and Shirokov [82] holds for
infinite-dimensional Hilbert spacesℍA,ℍB, etc.

Proposition 11.1.4. The map (ρ,Φ) 󳨃→ Im(ρ,Φ) is nonnegative and lower semicontinu-
ous on the set 𝒮(ℍA) ×QC(A,B). It has the following properties:
1. Concavity in ρ: Im(pρ1 + (1−p)ρ2,Φ) ≥ pIm(ρ1,Φ) + (1−p)Im(ρ2,Φ) for all 0 ≤ p ≤ 1,

ρ1, ρ2 ∈ 𝒮(ℍA) andΦ ∈ QC(A,B);
2. Convexity inΦ: Im(ρ, pΦ1+(1−p)Φ2) ≤ pIm(ρ,Φ1)+(1−p)Im(ρ,Φ2) for all 0 ≤ p ≤ 1,

ρ ∈ 𝒮(ℍA) andΦ1,Φ2 ∈ QC(A,B);
3. The first chain rule: for arbitrary channels Φ ∈ QC(A,B) and Ψ ∈ QC(B,C), the

inequality Im(ρ,Ψ ∘Φ) ≤ Im(ρ,Φ) holds for any ρ ∈ 𝒮(ℍA);
4. The second chain rule: for arbitrary channelsΦ ∈ QC(A,B) andΨ ∈ QC(B,C), the

inequality Im(ρ,Ψ ∘Φ) ≤ Im(Φ(ρ),Ψ) holds for any ρ ∈ 𝒮(ℍA);
5. Subadditivity: for arbitrary channelsΦ ∈ QC(A,B) andΨ ∈ QC(C,D), the inequal-

ity

Im(ω,Φ ⊗Ψ) ≤ Im(ωA,Φ) + Im(ωC ,Ψ)

holds for any ω ∈ 𝒮(ℍAC), where ωA = trC[ω] and ωC = trA[ω].

Proof. By Definition 11.1.1, nonnegativity of the value Im(ρ,Φ) follows from nonnega-
tivity of the relative entropyH(⋅‖⋅). By Lemma 11.1.2 and the fact that the mutual infor-
mation is independent of choice of the reference system R and the purified vector ϕρ,
lower semicontinuity of the map (ρ,Φ) 󳨃→ Im(ρ,Φ) follows from lower semicontinuity
of the relative entropy in both arguments.

1. To prove concavity of the function ρ 󳨃→ Im(ρ,Φ) for each fixed Φ ∈ QC(A,B), we
first assume that dim(ℍB) < +∞. Letρ = pσ1+(1−p)σ2 for 0 ≤ p ≤ 1 and let (Pn)+∞n=1 bean
increasing sequenceof finite-rank spectral projectors of the stateρ strongly converging
to the identity operator IA on the Hilbert spaceℍA. Let

ρn =
PnρPn
tr[Pnρ]

=
pPnσ1Pn + (1 − p)Pnσ2Pn
p tr[Pnσ1] + (1 − p) tr[Pnσ2]

=
μn1σ

n
1 + μ

n
2σ

n
2

μn1 + μ
n
2
,

where
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μn1 = p tr[Pnσ1], σn1 = p
Pnσ1Pn
μn1
,

μn2 = (1 − p) tr[Pnσ2], σn2 = (1 − p)
Pnσ2Pn
μn2
.

By the concavity of the map ρ 󳨃→ Im(ρ,Φ) on the set 𝒮f (ℍA) (𝒮f (ℍA) is the set of quan-
tum states onℍA that has finite ranks), as mentioned earlier before Proposition 11.1.4,
we have

Im(ρn,Φ) ≥
μn1

μn1 + μ
n
2
Im(σ1,Φ) +

μn2
μn1 + μ

n
2
Im(σ2,Φ).

2. Convexity of the function Φ 󳨃→ Im(ρ,Φ) follows from joint convexity of the rela-
tive entropy H(⋅‖⋅) in its arguments.

3. The first chain rule immediately follows fromDefinition 11.1.1 andmonotonicity
of the relative entropy H(⋅‖⋅).

4. The second chain rule is also proved by using monotonicity of the relative en-
tropy in the following way:

Let |φρ⟩AR⟨φρ| be a purification of the state ρ ∈ 𝒮(ℍA) in the spaceℍAR; then

Φ(|φρ⟩AR⟨φρ|) = (V ⊗ IR)|φρ⟩AR⟨φρ|(V ⊗ IR)

is a purification of the stateΦ(ρ) ∈ 𝒮(ℍB) in the spaceℍB⊗ℍE⊗ℍR (hereV is the isom-
etry from Stinespring representation (see Theorem 4.3.4) of the channel Φ). Hence,
Lemma 11.1.3 implies that limn→+∞ Im(ρn,Φ) = Im(ρ,Φ). By using the lower semicon-
tinuity of the function ρ 󳨃→ Im(ρ,Φ), we obtain

Im(ρ,Φ) ≥ lim inf
n→+∞

μn1
μn1 + μ

n
2
Im(σ1,Φ) + lim inf

n→+∞

μn2
μn1 + μ

n
2
Im(σ2,Φ)

≥ pIm(σ1,Φ) + (1 − p)Im(σ2,Φ).

Let Φ be an arbitrary quantum channel. Consider the sequence of channels (Φn)
+∞
n=1 ,

where Φn = Πn ∘Φ for each n, with a finite-dimensional output, where

Πn(ρ) = PnρPn + tr[((IB − Pn)ρ)|ψ⟩B⟨ψ|]

is a quantum channel from 𝒮(ℍB) to itself for each n, the sequence (Pn)+∞n=1 is an in-
creasing sequence of finite rank projections strongly converge to the identity operator
IB onℍB and |ψ⟩B⟨ψ| is a pure state onℍB. Then for each n the function ρ 󳨃→ Im(ρ,Φn)
is concave by the above observation. Since

Im(ρ,Φn) ≤ Im(ρ,Φ), ∀n = 1, 2, . . . , and lim inf
n→+∞

Im(ρ,Φn) ≥ Im(ρ,Φ)

by monotonicity of relative entropy H(⋅‖⋅) and lower semicontinuity of the function
Φ 󳨃→ Im(ρ,Φ), we have
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Im(ρ,Φ) = supn
Im(ρ,Φn).

This and lower semicontinuity of the (ρ,Φ) → Im(ρ,Φ) imply the assertion of the
proposition.

Lemma 11.1.5. Let Φ ∈ QC(A,B) be an arbitrary quantum channel from system A to
system B and (ϒn)+∞n=1 ⊂ QC(B) be a sequence of quantum channels from system B to
itself that converges strongly to the identity channel IB : 𝒮(ℍB) → 𝒮(ℍB). Let (ρn)+∞n=1
be a sequence of states in 𝒮(ℍA) converging to a state ρ0 ∈ 𝒮(ℍA) such that λnρn ≤ ρ0
for some sequence of real numbers (λn)+∞n=1 converging to 1. Then

lim
n→+∞

Im(ρn,ϒn ∘Φ) = Im(ρ0,Φ).

Proof. It follows from the inequality λnρn ≤ ρ0 that ρ0 = λnρn + (1 − λn)σn, where σn is
a state in 𝒮(ℍA). Hence, concavity and nonnegativity of the mutual information and
the first chain rule implies the inequality

λnIm(ρn,ϒn ∘Φ) ≤ Im(ρ0,ϒn ∘Φ) ≤ Im(ρ0,Φ),

showing that

lim sup
n→+∞

Im(ρn,ϒn ∘Φ) ≤ lim sup
n→+∞

Im(ρ0,Φ)
λn
= Im(ρ0,Φ).

This and lower semicontinuity of the map (ρ,Φ) → Im(ρ,Φ) imply

lim sup
n→+∞

Im(ρn,ϒn ∘Φ) ≤ Im(ρ0,Φ) ≤ lim inf
n→+∞

Im(ρn,ϒn ∘Φ).

The assertion of the lemma follows.

The proof of the next lemma follows easily from the convergence in ‖ ⋅‖1-norm and
properties of partial trace.

Lemma 11.1.6. Let ℍ and 𝕂 be two finite-dimensional Hilbert spaces such that
dim(ℍ) = dim(𝕂). For an arbitrary pure state ω0 ∈ 𝒮(ℍ ⊗ 𝕂) and an arbitrary se-
quence (ρk)+∞k=1 of states in 𝒮(ℍ) converging to the state ρ0 = tr𝕂[ω0], there exists
a sequence (ωk)

+∞
k=1 of pure states in 𝒮(ℍ ⊗ 𝕂) converging to the state ω0 such that

ρk = tr𝕂[ωk] for all k.

The following proposition due to Shirokov [150] investigates conditions under
which the map (ρ,Φ) 󳨃→ Im(ρ,Φ) from𝒜 ×QC(A,B) to [−∞, +∞], where𝒜 ⊂ 𝒮(ℍA) is
continuous under an appropriate product topology.

Proposition 11.1.7. The map (ρ,Φ) 󳨃→ Im(ρ,Φ) has the following continuity properties:
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1. Continuity of the von Neumann entropy H(⋅) on a set 𝒜 ⊂ 𝒮(ℍA) implies continuity
of the map (ρ,Φ) 󳨃→ Im(ρ,Φ) on the set𝒜 ×QC(A,B). Specifically,

lim
n→+∞

H(ρn) = H(ρ0) < +∞ ⇒ lim
n→+∞

Im(ρn,Φn) = Im(ρ0,Φ0) < +∞,

for arbitrary sequence (Φn)
+∞
n=1 of channels strongly converging to a channelΦ0.

2. Local continuity of the function (ρ,Φ) 󳨃→ H(Φ(ρ)) implies local continuity of the
function (ρ,Φ) 󳨃→ Im(ρ,Φ). Specifically,

lim
n→+∞

H(Φn(ρn)) = H(Φ0(ρ0)) < +∞

⇒ lim
n→+∞

Im(ρn,Φn) = Im(ρ0,Φ0) < +∞,

for arbitrary sequences (ρn)+∞n=1 ⊂ 𝒮(ℍA) and (Φn)
+∞
n=1 ⊂ QC(A,B) converging respec-

tively to a state ρ0 and to a channelΦ0.
3. Local continuity of the function (ρ,Φ) 󳨃→ Im(ρ,Φ) implies local continuity of themap
(ρ,Φ) 󳨃→ Im(ρ,Ψ ∘Φ) for any channelΨ ∈ QC(B,C). That is,

lim
n→+∞

Im(ρn,Φn) = Im(ρ0,Φ0) < +∞

⇒ lim
n→+∞

Im(ρn,Ψ ∘Φn) = Im(ρ0,Ψ ∘Φ0) < +∞

for arbitrary channel Ψ ∈ QC(B,C) and for arbitrary sequences (ρn)+∞n=1 ⊂ 𝒮(ℍA)
and (Φn)

+∞
n=1 ⊂ QC(A,B) converging respectively to a state ρ0 and to a channelΦ0.

Proof. Since the strong convergence of a sequence (Φn)
+∞
n=1 to a channel Φ0 implies

the strong convergence of the sequence (Φn ⊗ IR)
+∞
n=1 (see Lemma 6.6.4) to the channel

Φ0 ⊗ IR assertions 1 and 2 follow immediately.

11.1.1 Finite-dimensional case

In this subsection, we consider special results of mutual information Im(ρ,Φ) for
finite-dimensional Hilbert spaces ℍA, ℍB and ℍE . The presentation of this subsec-
tion is based on the results obtained in Cerf and Adami [19] and Holevo and Shirokov
[82].

Let V : ℍA → ℍBE := ℍB ⊗ ℍE be an isometric operator and let V∗ : ℍBE → ℍA
be its adjoint operator. Then it can be shown via Stinespring representation (see Sub-
section 4.3) that the a quantum channel Φ : 𝒮(ℍA) → 𝒮(ℍB) and its corresponding
complementary channel Φ̂ : 𝒮(ℍA) → 𝒮(ℍE) (see Definition 5.7.1) can be expressed as

Φ(ρ) = trE[VρV
∗] and Φ̂(ρ) = trB[VρV

∗], ∀ρ ∈ 𝒮(ℍA), (11.7)
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where trX[⋅] = trℍX [⋅], define completely positive trace-preserving maps. That is, Φ is
a quantum channel from the input system A to output system B and Φ̂ is a quantum
channel from the input system A to the environment E. The channels Φ and Φ̂ are
called mutually complementary. The construction of Φ and Φ̂ above can be extended
to the infinite-dimensional case without changes.

In the following, the identity operator on ℍX and the identity transformation of
the set 𝒮(ℍX) will be denoted by IX and IX , respectively.

Let ρ = ρA be an input state in the spaceℍA, and ρB and ρE be results of the action
of the channels Φ and Φ̂ on the state ρA, respectively. That is,

ρB = Φ(ρA) = trE[VρAV
∗] and ρE = Φ̃(ρA) = trB[VρAV

∗].

We have the following results.

Lemma 11.1.8. Assume that dim(ℍA) < +∞ and dim(ℍB) < +∞. Let Φ : 𝒮(ℍA) →
𝒮(ℍB) and Φ̂ : 𝒮(ℍA) → 𝒮(ℍE) be mutual quantum channels defined by (11.7) and
ρ = ρA be an input state in the spaceℍA, ρB = Φ(ρA), and ρE = Φ̂(ρA). Then

Im(ρ,Φ) = H(ρ) + H(Φ(ρ)) − H(Φ̂(ρ)), ∀ρ ∈ 𝒮(ℍA) (11.8)

and

Im(ρ,Φ) = H(ρ) + H(Φ(ρ)) − H((Φ ⊗ IE)(|ψAE⟩⟨ψAE |)), ∀ρ ∈ 𝒮(ℍA), (11.9)

where E is an environment system and ψAE is the purification of the state ρ.

Proof. We first note from the definition of mutual information Im(ρ,Φ) (see Defini-
tion 11.1.1, where we write R = E) that

H((Φ ⊗ IE)(|φρ⟩AE⟨φρ|)‖Φ(ρ) ⊗ ρ) = H(ρBE‖ρB ⊗ ρE)
= tr[ρBE log(ρBE) − log(ρB ⊗ ρE)]
= −H(ρBE) + H(ρB) + H(ρE).

This implies that for finite-dimensional spacesℍA,ℍB andℍE and Φ and Φ̂ defined
by (11.7), (11.8) and (11.9) hold. This proves the lemma.

Based on the same argument as above, we have an analogous characteristic for
the complementary channel,

Im(ρ, Φ̂) = H(ρA) + H(ρE) − H(ρB) = H(ρR) + H(ρE) − H(ρER).

We therefore have a fundamental identity

Im(ρ,Φ) + Im(ρ, Φ̂) = 2H(ρ). (11.10)
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11.1.2 Infinite-dimensional case

Weconsider complementary channelsΦand Φ̂ in infinite-dimensional spacesℍA,ℍB
andℍR defined by

Φ(ρ) = trE[VρV
∗] and Φ̂(ρ) = trB[VρV

∗], ∀ρ ∈ 𝒮(ℍA), (11.11)

where V : ℍA → ℍBE is an isometric operator and let V∗ : ℍBE → ℍA be its adjoint
operator.

The following theorem, due originally toHolevo andShirokov [82], relates Im(ρ,Φ)
and Im(ϕ, Φ̂).

Theorem 11.1.9. LetΦ : 𝒮(ℍA) → 𝒮(ℍB) and Φ̂ : 𝒮(ℍA) → 𝒮(ℍE) be mutual channels
defined by (11.11). For an arbitrary state ρ ∈ 𝒮(ℍA), we have the relation

Im(ρ,Φ) + Im(ρ, Φ̂) = 2H(ρ). (11.12)

Proof. Let {|hi⟩E}+∞i=1 be an orthonormal basis in the spaceℍE . Then

Vφ =
+∞
∑
i=1
(Viφ) ⊗ |hi⟩E ,

where Vi : ℍA → ℍB, i = 1, 2, . . . is a sequence bounded operator satisfying the
condition ∑+∞i=1 V

∗
i Vi = IA. The channel Φ has the Kraus representation Φ(ρ) =

∑+∞i=1 ViρV∗i , and its complementary channel Φ̂ has the representation Φ̂ =
∑+∞i,j=1(trB[VρV

∗]))|hi⟩E⟨hj|. Let ρ = ∑
m
i=1 λi|ei⟩A⟨ei| be a finite-rank quantum state in

𝒮(ℍA), and ρ̂ be its purification on 𝒮(ℍAR). Consider a sequence of linear completely
positive trace-nonincreasing maps (Φn)

+∞
n=1 , where Φn : 𝒮(ℍA) → 𝒮(ℍB) is defined

as Φn(ρ) = ∑
n
i=1 ViρV∗i . The sequence (Φn)

+∞
n=1 strongly and monotonously converges

to Φ, i. e., Φn(ρ) ≤ Φn+1(ρ) for all n and ρ ∈ 𝒮(ℍA) and limn→+∞Φn(ρ) = Φ(ρ) for all
ρ ∈ 𝒮(ℍA).

Since (Φn ⊗ IR)(ρ̂) is a finite-rank quantum state in 𝒮(ℍA ⊗ ℍR), we have

Xn = H((Φn ⊗ IR)(ρ̂)‖Φ(ρ) ⊗ ρ)
= − tr[η((Φn ⊗ IR)(ρ̂))] − tr[(Φn ⊗ IR)(ρ̂) log(Φ(ρ) ⊗ ρ)] + Rn

where Rn = 1 − tr[Φn(ρ)] → 0 as n → +∞. By Lemma 8.2.3, we have limn→+∞ Xn =
Im(ρ,Φ). Since

(Φn ⊗ IR)(ρ̂) = trE[(IB ⊗ Pn ⊗ IR) ⋅ (V ⊗ IR)ρ̂(V
† ⊗ IR) ⋅ (IB ⊗ Pn ⊗ IR)],

where Pn = ∑
n
i=1 |hi⟩E⟨hi| is a finite-dimensional projector onℍE, and the partial trace

is taken in the space ℍB ⊗ ℍE ⊗ ℍR. The operator (Φn ⊗ IR)(ρ̂) is isomorphic to the
operator
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Φ̃n(ρ) = trBR[(IB ⊗ Pn ⊗ IR) ⋅ (V ⊗ IR) ⋅ ρ̂ ⋅ (V
† ⊗ IR)(IB ⊗ Pn ⊗ IR)],

where Φ̃(ρ) = PnΦ̃(⋅)Pn is the quantum operation complementary to Φn. Thus,
tr[η(Φn ⊗ IR(ρ̂))] = tr[η(Φ̃n(ρ))]. By using the property of logarithm

log(ρ ⊗ σ) = log(ρ) ⊗ I + I ⊗ log(σ)

and noting that Φn(⋅) ≤ Φ(⋅), we obtain

− tr[(Φn ⊗ IR(ρ̂))(log(Φ(ρ) ⊗ ρ))]
= − tr[(Φn ⊗ IR(ρ̂))(log(Φ(ρ)) ⊗ IR)] − tr[(Φn ⊗ IR(ρ̂))(IB ⊗ log(ρ))]
= − tr[Φn(ρ) log(Φ(ρ))] − tr[(trB(Φn ⊗ IR(ρ̂)) log(ρ)].

Consider the quantity

Yn = H((Φ̃n ⊗ IR)(ρ̂)‖Φn(ρ) ⊗ ρ)
= − tr[η((Φn ⊗ IR)(ρ̂))] − tr[(Φn ⊗ IR)(ρ̂) log(Φn(ρ) ⊗ ρ)].

Then limn→∞ Yn = Im(ρ, Φ̃). Similar to the computation of Xn, we obtain

tr[η((Φ̃n ⊗ IR)(ρ̂))] = tr[η(Φn(ρ))]

and

− tr[((Φ̃n ⊗ IR)(ρ̂))(log(Φ̃n(ρ) ⊗ ρ))]
= − tr[((Φ̃ ⊗ IR)(ρ̂))(log(Φ̃n(ρ)) ⊗ IR)] − tr[(Φ̃n ⊗ IR)(ρ̂)(IE ⊗ log(ρ))]
= tr[η(Φ̃n(ρ))] − tr[trE[(Φ̃n ⊗ IR)(ρ̂)] log(ρ)].

We next want to show that limn→∞(Xn + Yn) = 2H(ρ). By the definition of the
relative entropy, we have

Xn + Yn = − tr[Φn(ρ) log(Φ(ρ))] − tr[η(Φn(ρ))] + Cn + Dn + Rn
= H(Φn(ρ)‖Φ(ρ)] + Cn + Dn,

where

Cn = − tr[trB[(Φn ⊗ IR)(ρ̂)] log(ρ)] and Dn = − tr[trE[(Φ̃n ⊗ IR)(ρ̂)] log(ρ)].

We next prove limn→+∞ Cn = limn→+∞ Dn = H(ρ). By noting that

trB[Φn ⊗ IR(ρ̂)] =
m
∑
i,j=1
√λiλj tr[Φ(|ei⟩⟨ej|)|ei⟩⟨ej|],
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we obtain

Cn =
m
∑
i=1
(−λi log λi) tr[Φn(|ei⟩⟨ei|)],

and hence, limn→+∞ Cn = H(ρ), since limn→+∞ tr[Φn(|ei⟩⟨ei|)] = 1. In a similar way,
one can prove limn→+∞ Dn = H(ρ). Consequently,

lim
n→+∞

H(Φn(ρ)‖Φ(ρ)) = 0.

Thus, we have limn→+∞(Xn + Yn) = 2H(ρ). Since limn→+∞ Xn = Im(ρ,Φ) and
limn→+∞ Yn = Im(ρ, Φ̃), the assertion of the theorem is proved for finite-rank states.
Since the left- and right-hand sides of relation (11.12) are concave lower semicontin-
uous nonnegative functions, validity of this relation for all states follows because
concave lower semicontinuous lower bounded function on a set of quantum states is
uniquely determined by its restriction to the set of finite-rank states. This proves the
theorem.

11.2 Coherent information

The coherent information was first introduced by Schumacher and Nielsen [162] and
Lloyd [109]. It is an entropic measure of a quantum state ρ and a quantum channel
Φ in an attempt to describe how much of the quantum information in the state will
remain after the state goes through the channel. In this sense, it is intuitively similar
to the mutual information of classical information theory.

We first give a definition of coherent information for the finite-dimensional case
below (see, e. g.,Wilde [178] andNielson andChung [116] for the definition andgeneral
properties).

Definition 11.2.1 (Finite dimensions). Assume that dim(ℍA) < ∞, dim(ℍB) < ∞ and
dim(ℍE) < ∞, the coherent information Ic(ρ,Φ) of quantum channel Φ : 𝒮(ℍA) →
𝒮(ℍB) at (input) quantum state ρ ∈ 𝒮(ℍA) is defined by

Ic(ρ,Φ) = H(Φ(ρ)) − H(ρE) = H(Φ(ρ)) − H(ρAR), (11.13)

where reference system ℍR ≅ ℍA (a copy of ℍA) is a reference system and ψAR ∈
𝒮(ℍAR) is the purification vector for the state ρA, and ρAR = (Φ ⊗ IR)(|ψAR⟩⟨ψAR|).

Since in the infinite-dimensional case the right-hand side in Definition 11.2.1 of
the coherent information Ic(ρ,Φ) can be indefinite (i. e., in the form of∞ −∞) even
for a state ρ with finite entropy H(ρ) and finite mutual information Im(ρ,Φ) for such
state ρ and any channelΦ. FollowingHolevo andShirokov [82],wedefine the coherent
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information for an infinite-dimensional quantum channel as follows to avoid such a
pitfall.

Definition 11.2.2 (Infinite dimensions). Let Φ : 𝒮(ℍA) → 𝒮(ℍB) be a quantum chan-
nel, and ρ be a state in 𝒮(ℍA) with finite entropy. The coherent information of the
channel Φ at the state ρ is defined as follows:

Ic(ρ,Φ) = Im(ρ,Φ) − H(ρ). (11.14)

Remark 11.1. Following from Theorem 11.1.9 that Im(ρ,Φ) + Im(ρ, Φ̂) = 2H(ρ) and the
above definition of Ic(ρ,Φ), we immediately have the following relation:

Ic(ρ,Φ) + Ic(ρ, Φ̂) = 0, (11.15)

where Φ̂ : 𝒮(ℍA) → 𝒮(ℍE) is the complementary channel of Φ.

The coherent information Ic(ρ,Φ) of the channel Φ at the state ρ has the following
basic properties, which follow immediately by its definition and from the basic prop-
erties of mutual information Im(ρ,Φ) (see Proposition 11.1.4) and the relation between
Im(ρ,Φ) and Ic(ρ,Φ) as defined in (11.14).

The following three results can be found in Holevo and Shirokov [82].

Proposition 11.2.3. The map (ρ,Φ) 󳨃→ Ic(ρ,Φ) is nonnegative and lower semicontinu-
ous on the set 𝒮(ℍA) ×QC(A,B). It has the following properties:
1. Concavity in ρ: Ic(pρ1 + (1 − p)ρ2,Φ) ≥ pIc(ρ1,Φ) + (1 − p)Ic(ρ2,Φ) for all 0 ≤ p ≤ 1,

ρ1, ρ2 ∈ 𝒮(ℍA) andΦ ∈ QC(A,B);
2. Convexity inΦ: Ic(ρ, pΦ1 + (1 − p)Φ2) ≤ pIc(ρ,Φ1) + (1 − p)Ic(ρ,Φ2) for all 0 ≤ p ≤ 1,

ρ ∈ 𝒮(ℍA) andΦ1,Φ2 ∈ QC(A,B);
3. The first chain rule: for arbitrary channels Φ ∈ QC(A,B) and Ψ ∈ QC(B,C) the

inequality Ic(ρ,Ψ ∘Φ) ≤ Ic(ρ,Φ) holds for any ρ ∈ 𝒮(ℍA);
4. The second chain rule: for arbitrary channelsΦ ∈ QC(A,B) andΨ ∈ QC(B,C), the

inequality Ic(ρ,Ψ ∘Φ) ≤ Ic(Φ(ρ),Ψ) holds for any ρ ∈ 𝒮(ℍA);
5. Subadditivity: for arbitrary channelsΦ ∈ QC(A,B) andΨ ∈ QC(C,D) the inequality

Ic(ω,Φ ⊗Ψ) ≤ Ic(ωA,Φ) + Ic(ωC ,Ψ)

holds for any ω ∈ 𝒮(ℍA ⊗ ℍC), where ωA = trC[ω] and ωC = trA[ω].

Proposition 11.2.4. For an arbitrary quantum channel Φ : 𝒮(ℍA) → 𝒮(ℍB), the func-
tions ρ → Im(ρ,Φ) and ρ → Ic(ρ,Φ) are continuous on any subset𝒜 ⊂ 𝒮(ℍA) on which
the von Neumann entropy H(⋅) is continuous.

Proof. By Proposition 11.1.4, the functions ρ → Im(ρ,Φ) and ρ → Ic(ρ,Φ) are lower
semicontinuous, while by Theorem 11.1.9, Im(ρ,Φ) + Ic(ρ,Φ) = H(ρ), which is continu-
ous on the set𝒜 by the condition. Hence, these functions are continuous on the set𝒜.
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The function ρ → Ic(ρ,Φ) is continuous on the set 𝒜 as a difference of two functions
that are continuous on this set. This proves the proposition.

Proposition 11.2.5. Let (Φn)
+∞
n=1 be a sequence of channels inQC(A,B) and strongly con-

verging to a channel Φ0. Assume that there exists a sequence (Φ̂n)
+∞
n=1 of channels in

QC(A,E) strongly converging to a channel Φ̂0 such that (Φn, Φ̂n) is a complementary
pair for each n = 0, 1, 2, . . .. Then the relations

lim
n→+∞

H(ρn) = lim
n→+∞

Im(ρn,Φn) = Im(ρ0,Φ0) (11.16)

and

lim
n→+∞

Ic(ρn,Φn) = Ic(ρ0,Φ0) (11.17)

hold for any sequence (ρn)+∞n=1 of states in 𝒮(ℍA) converging to the state ρ0 such that
limn→+∞ H(ρn) = H(ρ0) < +∞.

Proof. This follows from the continuity of the Im(⋅, ⋅) and Ic(⋅, ⋅) from 𝒮(ℍA)×QC(A,B).

In the following, we use the following Holevo channel output χ-function χΦ(μ)
defined by

χΦ(μ) = ∫
𝒮(ℍA)

H(Φ(ρ)‖Φ(ρ(μ)))μ(dρ),

where ρ(μ) = ∫𝒮(ℍA) ρμ(dρ) is the barycenter of the measure μ ∈ 𝒫(𝒮(ℍA)) (see Defini-
tion 12.1.2).

Lemma 11.2.6. Let (Φn)
+∞
n=1 be a sequence of quantum operations, strongly converging

to the channelΦ0. The relations

lim
n→+∞

co(HΦn
(ρ)) = co(HΦ0

(ρ)) and lim
n→+∞

χΦn
(ρ) = χΦ0

(ρ),

hold for any state ρ in 𝒮(ℍA) in the following cases:
(A) Φn(⋅) = PnΦ0(⋅)Pn for some sequence (Pn)+∞n=1 of projectors inB(ℍB),
(B) Φn(ρ) ≤ Φ0(ρ) for all ρ in 𝒮(ℍA) (in the operator order).

Proof. (A) For arbitrary state ρ in 𝒮(ℍA), the monotonicity of the relative entropy (see
(9.2)) implies co(HΦn

(ρ)) ≤ co(HΦ0
(ρ)) and χΦn

(ρ) ≤ χΦ0
(ρ), correspondingly. Hence,

the limit relations in the lemma follow from the fact that the functions (ρ,Φ) 󳨃→ χΦ(ρ)
and (ρ,Φ) 󳨃→ coHΦ(ρ) on the set 𝒮(ℍA) ×QC(A,B).
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(B) For arbitrary state ρ in 𝒮(ℍA), the following inequality:

H(A) + H(B − A) ≤ H(B) ≤ H(A) + H(B − A) + tr[Bh2(
tr[B]
tr[A]
)]

(where A,B ∈ T1(ℍA), A ≤ B and h2 = η(x) + η(1 − x)) implies that

co(HΦn
(ρ)) ≤ co(HΦ0

(ρ)) and HΦn
(ρ) ≤ HΦ0

(ρ) + (tr[Φn(ρ))] + h2(tr[Φn(ρ)]),

correspondingly. Hence, the limit relations in the proposition follows. This proves the
lemma.

The following result provides an alternative expression for the coherent informa-
tion of the channel Φ at the state ρ, Ic(ρ,Φ), with H(ρ) < +∞ and H(Φ(ρ)) < +∞.
The proof can be obtained by using the relation of this quantity with the secret clas-
sical capacity of a channel mentioned in Schumacher and Westmoreland [139] and,
therefore, is omitted here.

Proposition 11.2.7. Let ρ = ∑i piρi ∈ 𝒮(ℍA) andΦ ∈ QC(A,B) be such that H(ρ) < +∞
and H(Φ(ρ)) < +∞. Let Φ̂ : 𝒮(ℍA) → 𝒮(ℍE) be the complementary channel ofΦ. Then

Ic(ρ,Φ) = χΦ(ρ) − χΦ̂(ρ), (11.18)

where

χΦ(ρ) = sup∑
i
piH(Φ(ρi)‖Φ(∑

i
piρi))

and

χΦ̂(ρ) = sup∑
i
piH(Φ̂(ρi)‖Φ̂(∑

i
piρi)),

in which the supremum above is taken over all convex decompositions ρ = ∑i piρi, ρi ∈
𝒮(ℍA).

LetBseq(ℍA,ℍB) be the set of all sequences V⃗ = (Vi)
+∞
i=1 of bounded linear oper-

ators from ℍA to ℍB such that ∑+∞i=1 V
∗
i Vi = IA, endowed with the topology of coor-

dinatewise strong operator convergence. That is, V⃗(n) = (V(n)i )
+∞
i=1 ∈ Bseq(ℍA,ℍB) for

n = 1, 2, . . ., is said to converge to V⃗ = (Vi)
+∞
i=1 ∈ Bseq(ℍA,ℍB) as n→ +∞ if

lim
n→+∞
‖V(n)i − Vi‖∞ = 0, ∀i = 1, 2, . . . .

We have the following corollary.
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Corollary 11.2.8. For anarbitrary subset𝒜 ⊆ 𝒮(ℍA) onwhich the vonNeumann entropy
H(⋅) is continuous, the functions

(ρ, V⃗) 󳨃→ Im(ρ,Φ[V⃗]), (ρ, V⃗) 󳨃→ Ic(ρ,Φ[V⃗]),

and

(ρ, V⃗) 󳨃→
+∞
∑
i=1

H(ViρV
∗),

whereΦ[V⃗](⋅) = ∑+∞i=1 Vi(⋅)V∗i , are continuous on the set𝒜 ×Bseq(ℍA,ℍB).

Proof. By Proposition 11.2.5, continuity of the first two functions follows from conti-
nuity of the maps

V⃗ 󳨃→ Φ[V⃗] ∈ QC(A,B) and V⃗ 󳨃→ Φ̂[V⃗] ∈ QC(A,E),

where Φ̂[V⃗](⋅) = ∑+∞i,j=1 trB[Vi(⋅)V∗j ](|hi⟩E⟨hj|), and (|hi⟩E)
+∞
i=1 is an orthonormal basis in

ℍE . To prove continuity of these maps, it suffices to show that

lim
n→+∞

Φ[V⃗n](|φ⟩A⟨φ|) = Φ[V⃗0](|φ⟩A⟨φ|) (11.19)

and

lim
n→+∞

Φ̂[V⃗n](|φ⟩A⟨φ|) = Φ̂[V⃗0](|φ⟩A⟨φ|) (11.20)

for any sequence (V⃗(n))+∞n=1 ⊂ Bseq(ℍA,ℍB) converging to a vector V⃗0 ∈ Bseq(A,B) and
for any unit vector φ ∈ ℍA. Let V⃗(n) = (V

(n)
i )
+∞
i=1 for each n ≥ 0. Relation 11.19 can be

proved by noting that the condition∑+∞i=1 ‖V
(n)
i ‖

2
∞ = 1 for all n ≥ 0 implies

lim
m→+∞

sup
n≥0

tr[∑
i>m

V(n)i (|φ⟩A⟨φ|)V
(n)∗
i ] = lim

m→+∞
sup
n≥0
∑
i>m

󵄩󵄩󵄩󵄩V
(n)
i |φ⟩A
󵄩󵄩󵄩󵄩
2
ℍB
= 0.

Relation 11.20 is easily proved by using the fact that convergence of quantum states in
trace norm ‖ ⋅ ‖1 is equivalent to weak operator convergence (see Section 2.1).

To prove continuity of the third function, we let ℍC = ⊕+∞i=1 ℍ
i
B, where ℍ

i
B = ℍB

(an identical copy of ℍB), and let Ui be an isometric embedding of ℍB in ℍC such
that UiℍB = ℍ

i
B for each i. For an arbitrary sequence (Vi)

+∞
i=1 inB1(A,B), one can take

the sequence (V̂i)
+∞
i=1 in B1(A,C), where V̂i = UiVi such that range(V̂i) ⊥ range(V̂j)

for all i ̸= j. Since the above correspondence is continuous (as a map fromB1(A,B) to
B1(A,C)), the above observation shows continuity of the function

(ρ, V⃗) 󳨃→ Ic(ρ, Φ̂[V⃗]) =
+∞
∑
i=1

H(V̂iρV̂
∗
i ) =
+∞
∑
i=1

H(ViρV
∗
i )
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on the set 𝒜 × B1(A,B), where Φ̂[V⃗](⋅) = ∑
+∞
i=1 V̂i(⋅)V̂∗i and where the first equality

follows from the last assertion of Proposition 11.2.5. This proves the corollary.

As was mentioned in Chapter 9, the quantity∑+∞i=1 H(ViρV∗i ) can be considered as
the mean entropy of an a posteriori state in the quantum measurement described by
the collectionof operators (Vi)

+∞
i=1 . Corollary 11.2.8 shows that continuity of the entropy

H(ρ) of an a priori state ρ implies continuity of the mean entropy of the a posteriori
state as a function of a pair (a priori state, measurement) provided that the strong
operator topology is used in the definition of convergence of a sequence of measure-
ments. This assertion strengthens an analogous assertion in Example 3 in Shirokov
[144], where a stronger topology (the so-called *-strong operator topology) was used
in the definition of convergence of a sequence of measurements. Hence, with the use
of Corollary 11.2.8, one can strengthen all the assertions in Example 3 in [144] by in-
serting the strong operator topology in the definition of convergence of a sequence of
measurements, which seems more natural in this context.

Consider the channel Φ(⋅) = trE[⋅] : 𝒮(ℍBE) → 𝒮(ℍB) and note (see Kuznetsova
[102]) that its complementary channel is Φ̂(⋅) = trB[⋅] : 𝒮(ℍBE) → 𝒮(ℍE). If we write
Definition 11.2.2 of coherent information of the channels Φ and Φ̂ at the state ρBE, we
have

Ic(ρBE , trE[⋅]) = H(ρAB‖ρA ⊗ ρB) − H(ρBE)
= H(ρAB‖ρA ⊗ ρB) − H(ρA) = −H(A|B),

Ic(ρBE , trB[⋅]) = H(ρAE‖ρA ⊗ ρE) − H(ρBE)
= H(ρAE‖ρA ⊗ ρE) − H(ρA) = −H(A|E).

We use the fact that H(ρBE) = H(ρA), since ρABE is a pure state. Since coherent infor-
mation Ic(ρ,Φ) of any channel Φ at the state ρ takes values in [−H(ρ),H(ρ)], a similar
relation for conditional entropy is

−H(A) ≤ H(A|B) ≤ H(A).

Due to the previous result for coherent information, we obtain the important identity

H(A|B) + H(A|E) = 0,

which occurs in the case when ρABE is a pure state of systemℍA ⊗ ℍB ⊗ ℍE .
Recall from Definition 5.6.4 that a channel Φ : 𝒮(ℍA) → 𝒮(ℍB) is perfectly re-

versible on a state ρ ∈ 𝒮(ℍA) if there exists a channel Ψ : 𝒮(ℍB) → 𝒮(ℍA) such that
Ψ ∘Φ(σ) = σ for all states σ with supp(σ) ⊆ supp(ρ).

The following result, due originally to Shirokov [148], characterizes a perfect re-
versibility of a channel Φ in terms of its mutual information Im(ρ,Φ) and coherent
information Ic(ρ,Φ).



294 | 11 Quantum mutual and coherent information

Proposition 11.2.9. Let ρ ∈ 𝒮(ℍA) be such that H(ρ) < +∞. A channel Φ : 𝒮(ℍA) →
𝒮(ℍB) is perfectly reversible on the state ρ if and only if one of following equivalent
conditions holds: (i) Ic(ρ,Φ) = H(ρ) and (ii) Im(ρ, Φ̃) = 0, where Φ̃ is the complimentary
channel ofΦ.

Proof. By Theorem 11.1.9 and Definition 11.2.2, we have

H(ρ) − Ic(ρ,Φ) = Im(ρ,Φ) ≥ 0,

where the equality holds if and only if ρRE = ρR ⊗ ρE, since Im(ρ,Φ) = H(ρRE‖ρR ⊗ ρE).
(⇒) Assume that the channel Φ is perfectly reversible. Let V : ℍA → ℍBE be the

isometry from the following representation of the channel Φ : 𝒮(ℍA) → 𝒮(ℍB) and
its complementary channel Φ̂ : 𝒮(ℍA) → 𝒮(ℍE);

Φ(ρ) = trE[VρV
∗] and Φ̃(ρ) = trB[VρV

∗], ∀ρ ∈ 𝒮(ℍA).

Consider the pure state ρBRE = |φBRE⟩⟨φBRE |, where |φBRE⟩ = (V ⊗ IR)|φAR⟩. Since the
channel Φ is perfectly reversible, there exists a channel Ψ such that (5.27) holds, and
hence,

(Ψ ⊗ IRE)(ρBRE) = ρARE .

Since ρAR is a pure state, we have ρARE = ρAR ⊗ ρE . By taking partial traces over the
spaceℍA, we obtain ρRE = ρR ⊗ ρE . Therefore,

H(ρ) − Ic(ρ,Φ) = Im(ρ,Φ) = 0.

(⇐) Consider the vector |φBRE⟩ = (V⊗ IR)|φAR⟩. Then |φBRE⟩ is a purification vector for
the state ρRE . Since ρRE = ρR ⊗ ρE, |φAR⟩ ⊗ |φEE⟩ is a purification vector for the state
ρRE, where E is a reference system for the system E. Without loss of generality, we can
assume that the Hilbert spaces of the both purifications are infinite-dimensional, so
that there exists an isometryW : ℍB → ℍA ⊗ ℍE such that

(IRE ⊗W)|φBRE⟩ = |φAR⟩ ⊗ |φEE⟩,

and, respectively,

(IRE ⊗W)(|φBRE⟩⟨φBRE |)((IRE ⊗W
∗) = (|φAR⟩⟨φAR|) ⊗ |φEE′⟩⟨φEE′|).

By taking partial traces over the spacesℍE andℍE, we obtain the perfect reversibility
condition (5.27), where

Ψ(σ) = trE[WσW∗], ∀σ ∈ 𝒮(ℍB).

This proves the proposition.



12 Holevo χ-capacity

In this chapter,wewill be concernedwith the constrained andunconstrained capacity
for sending classical information over one single use of the noisy quantum channelΦ.
This capacity will be called an Holevo χ-capacity. The unconstrained and constrained
Holevo χ-capacities will be denoted by Cχ(Φ) and Cχ(Φ;𝒜), respectively. Channel ca-
pacities of various types obtained in the next four chapters are expressed in terms of
Holevo χ-capacities.

The concept of χ-quantity and χ-capacity in finite dimensions was first created
by Holevo [67] (see also Holevo [77]). Recently, these quantities have been extended
to the infinite-dimensional setting by Holevo and his collaborators (see, e. g., Holevo
[72, 75, 76, 79, 83, 84] and [85]) and, therefore, applicable to infinite-dimensional quan-
tum information theory. The presentation of topics in this chapter is largely based on
the results from Holevo and Shirokov [79, 83], Holevo–Shirokov–Werner [84, 85] and
Shirokov [142].

12.1 The χ-functions

12.1.1 Input χ-function

In the following, letℍA andℍB be the separable complexHilbert spaces that represent
the input quantum system A and the output quantum system B, respectively. Unless
otherwise stated,ℍA andℍB are assumed to be infinite-dimensional.

Consider an arbitrary probability measure μ on the Borel measurable space
(𝒮(ℍA),ℬ(𝒮(ℍA))) on 𝒮(ℍA). Again, let H(⋅) : 𝒮(ℍA) → [0, +∞] be the von Neu-
mann channel input entropy and H(⋅‖⋅) : 𝒮(ℍA) × 𝒮(ℍA) → [−∞, +∞] be the relative
entropy (see Definition 7.1.1 and Definition 8.1.3, resp.).

We first give a definition of unconstrained input χ-function (or Holevo quantity)
χ(⋅) : 𝒫(𝒮(ℍA)) → [−∞, +∞] as follows.

Definition 12.1.1 (Input χ-function). The unconstrained input χ-function of a proba-
bility measure μ ∈ 𝒫(𝒮(ℍA)), denoted by χ(μ), is defined by

χ(μ) = ∫
𝒮(ℍA)

H(ρ‖ ∫
𝒮(ℍA)

ρμ(dρ))μ(dρ). (12.1)

If H(ρ̄(μ)) = H(∫𝒮(ℍA) ρμ(dρ)) < +∞, then it follows from the fact that H(ρ‖σ) =
H(σ) − H(ρ) for ρ, σ ∈ 𝒮(ℍA) that the input χ-function χ(μ) can be written as

https://doi.org/10.1515/9783110788105-012
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χ(μ) = ∫
𝒮(ℍA)

H(ρ‖ρ̄(μ))μ(dρ) = H( ∫
𝒮(ℍA)

ρμ(dρ)) − ∫
𝒮(ℍA)

H(ρ)μ(dρ)

= H(ρ̄(μ)) − ∫
𝒮(ℍA)

H(ρ)μ(dρ). (12.2)

The unconstrained input χ-function is also referred to as an unconstrained input
Holevo quantity and we often use these different terminologies interchangeably in the
following.

In the case where μ ∈ 𝒫(𝒮(ℍA)) is a discrete ensemble, i. e., μ = {pi, ρi}, then the
unconstrained input χ-function χ({pi, ρi}) takes the following form:

χ({pi, ρi}) = ∑
i
piH(ρi‖ρ̄(μ)) = H(ρ̄(μ)) −∑

i
piH(ρi)

= H(∑
i
piρi) −∑

i
piH(ρi). (12.3)

Note that the unconstrained input χ-function provides an upper bound for the
accessible classical information, which can be obtained by applying a quantummea-
surement (see Subsection 2.6.1 for the concept of quantummeasurement), which will
be explored in detail in the next chapter.

12.1.2 Output χ-function

Consider an arbitrary probability measure μ ∈ 𝒫(𝒮(ℍA)) as an input generalized en-
semble for a quantum channel Φ : 𝒮(ℍA) → 𝒮(ℍB), whereℍA andℍB are the com-
plex Hilbert spaces representing the input system A and the output system B, respec-
tively.

Wedefine theunconstrainedoutput χ-function (or outputHolevoquantity), χΦ(μ),
for the channel Φ : 𝒮(ℍA) → 𝒮(ℍB) as follows.

Definition 12.1.2 (Unconstrained channel output χ-function).

χΦ(μ) = ∫
𝒮(ℍA)

H(Φ(ρ)‖Φ(ρ(μ)))μ(dρ), (12.4)

where ρ(μ) = ∫𝒮(ℍA) ρμ(dρ) is the barycenter or average state of the measure μ ∈
𝒫(𝒮(ℍA)).

Lemma 12.1.3. Let {pi, ρi}mi=1 be an arbitrary ensemble of m states with the average state
ρ̄ = ∑mi=1 piρi and let (ρ̄n)

+∞
n=1 be an arbitrary sequence of states converging to the state ρ̄.

Then there exists the sequence ({pni , ρ
n
i }
m
i=1)
+∞
n=1 of ensembles of m states such that

lim
n→+∞

pni = pi, lim
n→+∞

ρni = ρi, ∀i = 1, 2, . . . ,m,
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and

ρ̄n =
m
∑
i=1

pni ρ
n
i , ∀n = 1, 2, . . . .

Proof. Without loss of generality, we may assume that pi > 0 for i = 1, 2, . . . ,m. Let
𝔻 ⊆ ℍ be the support of ρ̄ = ∑mi=1 piρi and P be the projector onto𝔻. Since ρi ≤

ρ̄
pi
, we

have

0 ≤ Ai := (√ρ̄)
−1ρi(√ρ̄)

−1 ≤
I
p
, i = 1, 2, . . . ,m,

where we denote by (√ρ̄)−1 the generalized Moore–Penrose inverse (see Moore [114]
and Penrose [124]) of the operator √ρ̄ (equal 0 on the orthogonal complement to𝔻).
Consider the sequence (Bni )

+∞
n=1 , where

Bni = √ρ̄nAi√ρ̄n + √ρ̄n(I − P)√ρ̄n, n = 1, 2, . . .

of operators inB(ℍ). Since limn→+∞ ρ̄n = ρ̄ = Pρ̄ in the trace-norm ‖ ⋅ ‖1, we have

lim
n→+∞

Bni = √ρ̄Ai√ρ̄ = ρi

in the weak operator topology. The last equality implies Ai ̸= 0. Note that

tr[Bni ] = tr[Aiρ̄n] + tr[(Iℍ − P)ρ̄n] < +∞,

and hence,

lim
n→+∞

tr[Bni ] = tr[Aiρ̄] + tr[(Iℍ − P)P] = tr[ρi] = 1.

Denote by ρni = (tr[B
n
i ])
−1Bni (a quantumstate) andbypni = pi tr[B

n
i ] (a positive number)

for each i, then limn→+∞ pni = pi and limn→+∞ ρni = ρi in the weak operator topology,
and hence, by the result in the trace norm. Moreover,

m
∑
i=1

pni ρ
n
i =

m
∑
i=1

piB
n
i

= √ρ̄n(√ρ)
−1(

m
∑
i=1

piρi)(√ρ)
−1√ρ̄n + √ρ̄n(I − P)√ρ̄n = ρ̄n.

This proves the lemma.

Proposition 12.1.4. The functional χΦ(⋅) : 𝒫(𝒮(ℍA)) → [0, +∞] is nonnegative, con-
cave and lower semicontinuous such that
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χΦ(ρ̄) −
+∞

∑
i=1

piχΦ(ρi) ≥
+∞

∑
i=1

piH(ρ̄i‖Φ(ρ̄)) (12.5)

for arbitrary ensemble μ = {pi, ρi}+∞i=1 with the average state ρ̄(μ) = ∑+∞i=1 piρi. Further-
more, if H(Φ(ρ(μ))) < +∞, then the following alternate expression for χΦ(μ) holds:

χΦ(μ) = H(Φ(ρ(μ))) − ∫
𝒮(ℍA)

H(Φ(ρ))μ(dρ). (12.6)

Proof. 1. The nonnegativity of the functional χΦ(⋅) : 𝒫(𝒮(ℍA)) → [0, +∞] is trivial and
the lower semicontinuity follows from the lower semicontinuity of the extended von
Neumann entropy H(⋅) : T+(ℍA) → [0, +∞].

Let us first show its concavity. Note that for a convex set of stateswith finite output
entropy this concavity easily follows from (12.4).We nowprove concavity on thewhole
state space 𝒮(ℍA) and the inequality (12.5) holds. Let ϵ > 0 be arbitrary. By definition
of the χ-function for each i = 1, . . . , n, there exists ensemble {qij , σ

i
j}
m(i)
j=1 with the average

̄ρi = ∑
m(i)
j=1 qiσj such that χΦ({qij , σ

i
j}) > χΦ(ρi)−ϵ. Since the average state of the ensemble

∑ni=1 pi{q
i
j , σ

i
j} coincides with ρ̄, we have

χΦ(ρ̄) ≥ χΦ(
n
∑
i=1

pi{q
i
j , σ

i
j})

≥
n
∑
i=1

piχΦ({q
i
j , σ

i
j}) +

n
∑
i=1

piH(Φ(ρ̄i)‖Φ(ρ̄))

≥
n
∑
i=1

piχΦ(ρi) +
n
∑
i=1

piH(Φ(ρ̄i)‖Φ(ρ̄)) − ϵ.

Since ϵ can be arbitrary small, inequality (12.5) is established. It obviously implies
concavity of the χ-function.

To prove lower semicontinuity of the χ-function, we have to show that

lim inf
n→+∞

χΦ(ρn) ≥ χΦ(ρ0), (12.7)

for arbitrary state ρ0 and arbitrary sequence (ρn)+∞n=1 converging to this state ρ0. For
arbitrary ϵ > 0, let {pi, ρi} be an ensemble with the average ρ0 such that

∑
i
piH(Φ(ρi)‖Φ(ρ0)) ≥ χΦ(ρ0) − ϵ.

By Lemma 12.1.3, there exists the sequence of ensembles {pni , ρ
n
i } of fixed size such that

lim
n→+∞

pni = pi, lim
n→+∞

ρni = ρi, and ρn = ∑
i
pni ρ

n
i .
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By definition, we have

lim inf
n→+∞

χΦ(ρn) ≥ lim inf
n→+∞
∑
i
pni H(Φ(ρ

n
i )‖Φ(ρn))

≥ ∑
i
piH(Φ(ρi)‖Φ(ρ0)) ≥ χΦ(ρ0) − ϵ,

where lower semicontinuity of the relative entropy was used. This implies (12.7) (due
to the freedom of the choice of ϵ).

2. If H(Φ(ρ(μ))) < +∞, let (Pn)+∞n=1 be an arbitrary sequence of finite- dimensional
projectors monotonously increasing to the unit operator IB on the output Hilbert
space ℍB. We first note that the mapping ρ 󳨃→ H(Φ(ρ)‖Φ(ρ(μ))) is nonnegative and
measurable. This is because

ρ 󳨃→ H(PnΦ(ρ)Pn‖PnΦ(ρ(μ))Pn)

is nonnegative and measurable for each n. Therefore, the mapping

ρ 󳨃→ H(Φ(ρ)‖Φ(ρ(μ))) = lim
n→+∞

H(PnΦ(ρ)Pn‖PnΦ(ρ(μ))Pn)

is nonnegative and measurable.
We next show that the functionals defined by

χ(n)Φ (μ) = ∫
𝒮(ℍA)

H(PnΦ(ρ)Pn‖PnΦ(ρ(μ))Pn)μ(dρ), n = 1, 2, . . . ,

are continuous.
We first claim that

range(PnΦ(ρ)Pn) ⊂ range(PnΦ(ρ(μ))Pn),

or equivalently

(ker(PnΦ(ρ)Pn))
⊥
⊂ (ker(PnΦ(ρ(μ))Pn))

⊥
,

for μ-almost all ρ. This is because for each n,

ϕ ∈ ker(PnΦ(ρ(μ))Pn) ⇒ (PnΦ(ρ(μ))Pn)(ϕ) = 0
⇒ (PnΦ(ρ)Pn)(ϕ) = 0 for μ-almost all ρ
⇒ ϕ ∈ ker(PnΦ(ρ)Pn) for μ-almost all ρ.

This proves the claim that (ker(PnΦ(ρ)Pn))⊥ ⊂ (ker(PnΦ(ρ(μ))Pn))⊥ for μ-almost all ρ.
It follows from thedefinition of relative entropyH(⋅‖⋅)of quantumstateswithfinite

rank (see Definition 8.1.3) that
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H(PnΦ(ρ)Pn‖PnΦ(ρ(μ))Pn)
= tr[(PnΦ(ρ)Pn) log(PnΦ(ρ)Pn)] − tr[(PnΦ(ρ)Pn) log(PnΦ(ρ(μ))Pn)]
+ tr[PnΦ(ρ(μ))Pn] − tr[PnΦ(ρ)Pn]

for μ-almost all ρ. By using the definition of the von Neumann entropy H : 𝒮(ℍA) →
[0, +∞] (see Definition 7.1.1), we have

χ(n)Φ (ρ) = − ∫
𝒮(ℍA)

H(PnΦ(ρ)Pn)μ(dρ)

+ ∫
𝒮(ℍA)

tr[PnΦ(ρ)] log(tr[PnΦ(ρ)])μ(dρ)

− ∫
𝒮(ℍA)

tr[PnΦ(ρ)Pn] log(PnΦ(ρ(μ))Pn)μ(dρ)

+ ∫
𝒮(ℍA)

tr[PnΦ(ρ(μ))]μ(dρ) − ∫
𝒮(ℍA)

tr[PnΦ(ρ)]μ(dρ).

It is easy to see that the last two terms cancelwhile the central termcanbe transformed
into

− ∫
𝒮(ℍA)

tr[(PnΦ(ρ)Pn) log(PnΦ(ρ(μ))Pn)]μ(dρ)

= tr[− ∫
𝒮(ℍA)

(PnΦ(ρ)Pn) log(PnΦ(ρ(μ))Pn)μ(dρ)]

= H(PnΦ(ρ(μ))Pn) − tr[PnΦ(ρ(μ))] log(tr[PnΦ(ρ(μ))]).

Hence,

χ(n)Φ (μ) = H(PnΦ(ρ(μ))Pn) − tr[PnΦ(ρ(μ))] log(tr[PnΦ(ρ(μ)])

− ∫
𝒮(ℍA)

H(PnΦ(ρ)Pn)μ(dρ) + ∫
𝒮(ℍA)

tr[PnΦ(ρ)] log(tr[PnΦ(ρ)])μ(dρ).

Continuity and boundedness of the von Neumann entropy in the finite-dimensional
case and similar properties of the function ρ 󳨃→ tr[PnΦ(ρ)] log(tr[PnΦ(ρ)]) implies the
continuity of χ(n)Φ (μ).

By themonotone convergence theorem, the sequence of functionals (χ(n)Φ (μ))
+∞
n=1 is

monotonously increasing and pointwise converges to χΦ(μ). Therefore, the functional
χΦ(μ) is lower semicontinuous.

To prove equation (12.6), we use the facts that

lim
n→+∞

H(PnΦ(ρ(μ))Pn) = H(Φ(ρ(μ)))
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and

lim
n→+∞

∫
𝒮(ℍA)

H(PnΦ(ρ)Pn))μ(dρ) = ∫
𝒮(ℍA)

H(Φ(ρ))μ(dρ)

due tomonotone convergence theorem. For every ρ, the sequence (tr[PnΦ(ρ)])+∞n=1 take
values in [0, 1] and converges to tr[Φ(ρ)] = 1. Therefore,

lim
n→+∞

tr[PnΦ(ρ)] log(tr[PnΦ(ρ)]) = 0.

In particular, the second term in (12.8) goes to 0. Since |x log x| < 1 for all x ∈ (0, 1], the
last term in (12.8) also goes to 0 by dominated convergence theorem. This shows that

lim
n→+∞

χ(n)Φ (μ) = χΦ(μ) = H(Φ(ρ(μ))) − ∫
𝒮(ℍA)

H(Φ(ρ))μ(dρ).

This proves the proposition.

While (12.6) is valid under the condition H(Φ(ρ)) < +∞, we note that
H(Φ(ρ)) = +∞ does not imply χΦ(ρ) = +∞, however. Indeed, it is easy to con-

struct a channel Φ from a finite-dimensional systemℍA into infinite- dimensionalℍB
such that H(Φ(ρ)) = +∞ for any ρ ∈ 𝒮(ℍA) as shown in the following example, due
originally to Shirokov [141].

Example 12.1. Let Φ(ρ) = 1
2ρ ⊕

1
2 tr[ρ]τ, where τ is a fixed state with H(τ) = +∞. Then

H(Φ(ρ)) = +∞. On the other hand, by the monotonicity property of the relative en-
tropy (see Theorem 9.1.3)

∑
i
piH(Φ(ρi)‖Φ(ρ)) ≤ ∑

i
piH(ρi‖ρ) ≤ log(dim(ℍA)) < +∞

for arbitrary ensemble {pi, ρi}, and hence, χΦ(ρ) ≤ log(dim(ℍA)) < +∞ for any ρ ∈
𝒮(ℍA).

For arbitrary state ρ such that H(Φ(ρ)) < +∞, the χ-function has the following
representation:

χΦ(ρ) = H(Φ(ρ)) − Ĥ(Φ(ρ)), (12.8)

where

Ĥ(Φ(ρ)) = inf
μ∈𝒫{ρ} ∫

𝒮(ℍA)

H(Φ(ρ))μ(dρ) = inf
∑i piρi=ρ
∑
i
piH(Φ(ρi)) (12.9)

is a convex closure of the output entropy H(Φ(ρ)).
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In the finite-dimensional case, the output entropy function H(Φ(⋅)) and its con-
vex closure (= convex hull) Ĥ(Φ(⋅)) are continuous concave and convex functions on
𝒮(ℍA) correspondingly and the representation (12.8) is valid for all states. It follows
in this case χΦ(⋅) is continuous and concave on 𝒮(ℍA). However, in the infinite-
dimensional case the output entropy H(Φ(⋅)) is only lower semicontinuous, and
hence, the function χΦ(⋅) is not continuous even in the case of the noiseless chan-
nel Φ, for which χΦ(⋅) = H(Φ(⋅)). But it turns out that the function χΦ(⋅) for arbitrary
channel Φ has properties similar to the properties of the output entropy function
H(Φ(⋅)).

The conclusion of the next proposition follows easily from the definition of χΦ(⋅).

Proposition 12.1.5. Let 𝒜 ⊆ 𝒮(ℍA) be a closed subset. If H(Φ(⋅)) : 𝒜 → [0, +∞] is
continuous in ‖ ⋅ ‖1-norm, then χΦ(⋅) : 𝒜→ [0, +∞] is also continuous in ‖ ⋅ ‖1-norm.

In the modern convex analysis (see, e. g., Rockafelar [131]), the notion of strong
convexity (concavity) plays an essential role in this section. By using inequality
H(ρ‖σ) ≥ 1

2 ‖ρ − σ‖1 and Proposition 12.2.4, we obtain the following observation.

Corollary 12.1.6. χΦ(⋅) is a strongly concave function on 𝒮(ℍA) in the following sense:

χΦ(λρ1 + (1 − λ)ρ2)

≥ λχΦ(ρ1) + (1 − λ)χΦ(ρ2) + λ(1 − λ)
󵄩󵄩󵄩󵄩Φ(ρ̄1) −Φ(ρ̄2)

󵄩󵄩󵄩󵄩
2
1

for arbitrary ρ1 and ρ2 in 𝒮(ℍ).

The similarity of the properties of the functions χΦ(ρ) and H(Φ(ρ)) is stressed by
the following analog of Simon’s dominated convergence theorem (due originally to
Simon [164]) for quantum entropy, which will be used later.

Corollary 12.1.7. Let (ρn)+∞n=1 be a sequence of states in 𝒮(ℍA), converging to the state
ρ under the ‖ ⋅ ‖1-norm and such that λnρn ≤ ρ for some sequence (λn)+∞n=1 of positive
numbers, converging to 1. Then

lim
n→+∞

χΦ(ρn) = χΦ(ρ).

Proof. The condition λnρn ≤ ρ implies decomposition ρ = λnρn + (1 − λn)σn, where
σn = (1 − λn)−1(ρ − λnρn) is a state. By concavity of the χ-function, we have

χΦ(ρ) = χΦ(λnρn + (1 − λn)σn)

≥ λnχΦ(ρn) + (1 − λn)χΦ(σn) ≥ λnχΦ(σn),

which implies lim supn→+∞ χΦ(ρn) ≤ χΦ(ρ). This and lower semicontinuity of the
χ-function completes the proof.
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Example 12.2. Let HB be a positive unbounded operator on the space ℍB such that
tr[exp(−βHB)] < +∞ for all β > 0 and h > 0 be a positive number. Proposition 9.2.2
yields continuity of the restriction of the output entropyH(Φ(⋅)) to the subset𝒜 = {σ ∈
𝒮(ℍ) | tr[Φ(ρ)HB] ≤ h}.

12.2 Holevo χ-capacities

Let 𝒜 be a certain closed subset of 𝒮(ℍA), and let Φ be a quantum channel from 𝒜 ⊂
𝒮(ℍA) to system 𝒮(ℍB). In this section, we investigate properties of output Holevo
quantity χΦ(μ), unconstrained channel χ-capacity Cχ(Φ) and 𝒜-constrained channel
χ-capacityCχ(Φ;𝒜) for various types of closed subsets𝒜of𝒮(ℍA). All of these channel
χ-capacities are often referred to as Holevo χ-capacities (see Holevo [70]).

We first define the unconstrained channel χ-capacity Cχ(Φ) and 𝒜-constrained
channel χ-capacity Cχ(Φ;𝒜) of Φ as follows.

Definition 12.2.1 (Unconstrained channel χ-capacity). Let μ ∈ 𝒫(𝒮(ℍA)) and let Φ :
𝒮(ℍA) → 𝒮(ℍB) be a channel. We define the unconstrained Holevo χ-capacity Cχ(Φ)
of Φ as

Cχ(Φ) := Cχ(Φ;𝒮(ℍA)) = sup
μ∈𝒫(𝒮(ℍA))

χΦ(μ). (12.10)

Let 𝒜 be a closed subset of 𝒮(ℍA). Recall from Section 3.3 that 𝒫𝒜(𝒮(ℍA)) is a
subset of 𝒫(𝒮(ℍA)) defined by

𝒫𝒜 := 𝒫𝒜(𝒮(ℍA)) = {μ ∈ 𝒫(𝒮(ℍA)) | ρ̄(μ) ∈ 𝒜}, (12.11)

where ρ(μ) is the barycenter of μ defined by

ρ(μ) := ∫
𝒮(ℍA)

ρμ(dρ) ∈ 𝒜.

Definition 12.2.2 (𝒜-constrained channel). Let 𝒜 be a closed subset of 𝒮(ℍA) such
that (12.11) is satisfied and let Φ : 𝒜 ⊂ 𝒮(ℍA) → 𝒮(ℍB) be a channel constrained
to𝒜. In this case, Φ is said to be an𝒜-constrained channel.

Definition 12.2.3 (𝒜-constrained channel χ-capacity). The χ-capacity of the 𝒜-con-
strained channel Φ is defined as

Cχ(Φ;𝒜) = sup
ρ̄(μ)∈𝒜

χΦ(μ), (12.12)

where
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χΦ(μ) = ∫
𝒮(ℍA)

H(Φ(ρ)‖Φ(ρ(μ)))μ(dρ),

as defined in (12.4).

The capacities Cχ(Φ) and Cχ(Φ;𝒜) defined above are also called unconstrained
and constrained Holevo χ-capacity, respectively. It is obvious that Cχ(Φ;𝒜) = Cχ(Φ)
when𝒜 = 𝒮(ℍA).

We shall only consider the constraint sets 𝒜 ⊂ 𝒮(ℍA) such that Cχ(Φ;𝒜) < +∞
throughout this section.

The following result provides an equivalent definition of Cχ(Φ;𝒜).

Proposition 12.2.4. The χ-capacity of𝒜-constrained channelΦ can be defined by

Cχ(Φ;𝒜) = sup
μ∈𝒫𝒜

χΦ(μ), (12.13)

where 𝒫𝒜 = 𝒫𝒜(𝒮(ℍA)) is as defined (12.11).

Proof. We first note that

sup
μ∈𝒫𝒜

χΦ(μ) ≤ Cχ(Φ;𝒜).

We now want to show that

sup
μ∈𝒫𝒜

χΦ(μ) ≥ Cχ(Φ;𝒜).

Suppose μ ∈ 𝒫(𝒮(ℍA)) is such that ρ̄(μ) = ρ̄ ∈ 𝒜, i. e., μ ∈ 𝒫𝒜. By Lemma 3.3.9, there
exists a sequence of probability measures (μn)+∞n=1 on 𝒮(ℍA) with finite support and
with the given barycenter ρ̄ such that μn converges to μ under the weak convergence
topology. Note that Definition 12.13 is a similar expression in which the supremum is
over allmeasures in𝒫𝒜 with finite support. By Proposition 12.1.4, the lower semiconti-
nuity of χΦ(⋅) implies that limn→+∞ χΦ(μn) ≥ χΦ(μ). It follows that the supremum over
all measures in 𝒫𝒜 coincides with the supremum over all measures in 𝒫𝒜 with finite
support. Therefore,

sup
μ∈𝒫𝒜

χΦ(μ) ≥ Cχ(Φ;𝒜).

This proves the proposition.

Based on the above proposition, the χ-capacity of the 𝒜-constrained channel Φ
can be defined as

Cχ(Φ;𝒜) = sup
μ∈𝒫𝒜

χΦ(μ) = sup
ρ̄(μ)∈𝒜

χΦ(μ), (12.14)

where the short notation 𝒫𝒜 = 𝒫𝒜(𝒮(ℍA)) is used for simplicity.
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Summarized from Definition 12.2.3 and Proposition 12.2.4, we have the following
two observations:
1. When the probability measure μ has a countable (finite or infinite) support, then

μ can be written as an ensemble μ = {pi, ρi}+∞i=1 , where pi = μ({ρi}) > 0 and
∑+∞i=1 pi = 1. If its barycenter (or average input state) ρ({pi, ρi}) = ∑i piρi ∈ 𝒜, then
the χ-capacity of the𝒜-constrained channel Φ is defined as

Cχ(Φ;𝒜) = sup
μ:ρ({pi ,ρi})∈𝒜

χΦ({pi, ρi}), (12.15)

where

χΦ({pi, ρi}) = ∑
i
piH(Φ(ρi)‖Φ(∑

i
piρi)). (12.16)

2. When μ ∈ 𝒫(𝒮(ℍA)) is a point-mass measure at ρ ∈ 𝒮(ℍA). This is, μ({ρ}) = 1, or
equivalently μ = {ρ}. Then ρ̄(μ) = ρ. This gives us the motivation to define

χΦ(ρ) := Cχ(Φ; {ρ}) = sup
μ∈𝒫{ρ} ∫𝒮(ℍA) H(Φ(σ)‖Φ(ρ))μ(dσ), (12.17)

where𝒫{ρ} is the set of all probabilitymeasures on𝒮(ℍ)with the barycenter ρ, and
that under the condition H(Φ(ρ)) < +∞ the supremum in (12.17) is achieved on
somemeasure supported by pure states. The last assertion of this observation fol-
lows from the representation (12.8) and from lower semicontinuity of the function
ĤΦ(ρ).

12.2.1 Optimal ensembles

For a closed subset𝒜 of𝒮(ℍA), one of the questions that need to be answered is: under
what condition(s) on 𝒜, can the supremum in (12.14) be achieved? This subsection is
devoted to answering this question.

To answer this question, we first introduce the concept of an optimal signal en-
semble for the𝒜-constrained quantum channel as follows.

Definition 12.2.5. A probability measure μ∗ ∈ 𝒫𝒜(𝒮(ℍA)) is said to be an optimal
ensemble (or measure) for the 𝒜-constrained channel Φ : 𝒮(ℍA) → 𝒮(ℍB) if the
supremum in (12.14) is achieved by μ∗. That is,

Cχ(Φ;𝒜) = χΦ(μ
∗).

Definition 12.2.6. An optimal ensemble (or measure) μ∗ ∈ 𝒫𝒜(𝒮(ℍA)) is said to be
an optimal discrete ensemble for the 𝒜-constrained channel Φ : 𝒮(ℍA) → 𝒮(ℍB) if
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μ∗ has a finite or countably infinite support {pi, ρi}. In this case, the χ-capacity of the
channel can be written as

Cχ(Φ;𝒜) = χΦ({pi, ρi}) = ∑
i
piH(Φ(ρi)‖Φ(ρ̄(μ

∗)))

= H(Φ(ρ̄(μ∗))) −∑
i
piH(Φ(ρi))

= H(Φ(∑
i
piρi)) −∑

i
piH(Φ(ρi)).

Definition 12.2.7. An optimal ensemble (or measure) μ∗ ∈ 𝒫𝒜(𝒮(ℍA)) is said to be
an optimal generalized ensemble for the𝒜-constrained channel Φ : 𝒮(ℍA) → 𝒮(ℍB)
if μ∗ does not have a finite or countably infinite support {pi, ρi}. In this case, the
χ-capacity of the channel can be expressed as

Cχ(Φ;𝒜) = χΦ(μ
∗) = ∫

𝒮(ℍA)

H(Φ(ρ)‖Φ(ρ̄(μ∗)))μ∗(dρ)

= H(Φ(ρ̄(μ∗))) − ∫
𝒮(ℍ)

H(Φ(ρ))μ∗(dρ).

= H(Φ( ∫
𝒮(ℍA)

ρμ∗(dρ))) − ∫
𝒮(ℍA)

H(Φ(ρ))μ∗(dρ).

WeneedCaratheodory’s theorem (Caratheodory [17]) andUlhman’s result to prove
Schumacher–Westmoreland theorem 12.2.9 below.

In convex geometry, Carathéodory’s theorem roughly states (see Luo and Cao
[110]) that if a point x of ℝd lies in the convex hull of a set A, then x can be written as
the convex combination of at most d + 1 points in A. Namely, there is a subset B of A
consisting of d+ 1 or fewer points such that x lies in the convex hull of B. Equivalently,
x lies in an r-simplex with vertices in A, where r ≤ d. The smallest r that makes the
last statement valid for each x in the convex hull of A is defined as the Carathéodory’s
number of A. Depending on the properties of A, upper bounds lower than the one
provided by Carathéodory’s theorem can be obtained. Note that A need not be itself
convex. A consequence of this is that B can always be extremal in A, as nonextremal
points can be removed from A without changing the membership of x in the convex
hull.

In the following, we formally state the Caratheodory theoremwithout a proof (see
Caratheodory [17] and Steinitz [166] for a proof).

Theorem 12.2.8 (Caratheodory’s theorem). Suppose a point x lies in the convex hull of
a set A ⊂ ℝd. There exists a subset B ⊂ A containing no more than d + 1 points such that
x lies in the convex hull of B.
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The following existence of the optimal signal ensemble for finite-dimensional
Hilbert spaces ℍA and ℍB is originally due to Schumacher and Westmoreland [163]
and Uhlmann [170].

Theorem 12.2.9 (Schumacher and Westmoreland [139], Uhlmann [170]). Assume that
dim(ℍA) < +∞, dim(ℍB) < +∞, and𝒜 is a convex compact subset of 𝒮(ℍA). Then an
optimal signal ensemble exists.

Proof. Assume that dim(ℍA) = d and let ρ ∈ 𝒜. If the set of extremal elements of
𝒜 is compact, then for any ρ ∈ 𝒜, there exists an ensemble of states {ρk} ⊂ 𝒜 with
ρ = {pk , ρk} that maximizes χΦ(μ) over the set of all ensembles whose average state is
ρ̄. In other words, there exist optimal signal ensembles for a given average state ρ̄. By
Caratheodory’s theorem 12.2.8, since the Hilbert space has d dimensions, then there
are optimal ensembles (in this sense) with nomore than d2 states.We see that the con-
ditions for the result from Uhlmann [170] are met. The set of states𝒜 that are possible
outputs of the channel is a convex, compact set with a compact set of extremal points.
For any average state ρ̄ in 𝒜, we can find a ρ̄-fixed optimal ensemble with d2 or fewer
elements. Thus, in order to maximize χΦ(μ) over all possible ensembles, we only need
to consider the set of ensembles with nomore than d2 elements drawn from𝒜. As this
is a finite Cartesian product of a compact set, it is compact. As χΦ(⋅) is a continuous
function, it must achieve its maximum in this set of ensembles. Thus, the existence of
an optimal ensemble of states in𝒜 is assured. This proves the theorem.

We define an approximating sequence of ensembles and its optimal average state
for Cχ(Φ;𝒜) below.

Definition 12.2.10. The sequence of discrete ensembles ({pki , ρ
k
i }
n(k)
i=1 )
+∞
k=1 with the aver-

ages

ρk :=
n(k)
∑
i=1

pki ρ
k
i ∈ 𝒜, k = 1, 2, . . .

is called anapproximating sequence if limk→+∞ χΦ({pki , ρ
k
i }) = Cχ(Φ;𝒜). The state ρ ∈ 𝒜

is called an optimal average state if it is a partial limit of a sequence of average states
(ρk)+∞k=1 for some approximating sequence of ensembles ({pki , ρ

k
i }
n(k)
i=1 )
+∞
k=1 .

Note that if the set 𝒜 ⊂ 𝒮(ℍA) is compact, then the set of optimal average states
is not empty. This is because𝒫𝒜 = 𝒫𝒜(𝒮(ℍA)) is a compact subset of𝒫(𝒮(ℍA)) under
weak convergence if and only if𝒜 is a compact subset of 𝒮(ℍA) under trace-norm ‖ ⋅ ‖1
(see Proposition 3.2.8). Therefore, a sequence of discrete optimal (signal) ensemble
({pki , ρ

k
i }
n(k)
i=1 )
+∞
k=1 exists such that

Cχ(Φ;𝒜) = lim
k→+∞

χΦ({p
k
i , ρ

k
i }

n(k)
i=1 ).
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The following results are due originally to Holevo and Shirokov [79] (see also
Holevo and Shirokov [81, 83]).

Theorem 12.2.11 ([79, 81, 83]). If the restriction of the output entropy

H(Φ(⋅)) : 𝒜 ⊂ 𝒮(ℍA) → [0, +∞]

to the closed set𝒜 is continuous at least at one optimal average state ρ0 ∈ 𝒜, then there
exists an optimal generalized ensemble μ∗ in𝒫𝒜 such that supp(μ∗) ⊆ extr(𝒮(ℍA)) and

Cχ(Φ;𝒜) = χΦ(μ
∗) = ∫

𝒮(ℍA)

H(Φ(ρ)‖Φ(ρ(μ∗)))μ∗(dρ).

Proof. (i) We first show that the mapping

μ 󳨃→ ∫
𝒮(ℍ)

H(Φ(ρ))μ(dρ)

is well-defined and lower semicontinuous on the set 𝒫𝒜 := 𝒫𝒜(𝒮(ℍA)). Let (Pn)+∞n=1 be
a sequence of increasing finite rank projection operators that converges to the identity
operator IB = IℍB on the spaceℍB. Then the output von Neumann entropy H(Φ(ρ)) is
a pointwise limit of themonotonously increasing sequence of functions, fn : 𝒮(ℍA) →
[0, +∞], defined by

fn(ρ) = tr[η(PnΦ(ρ)Pn)] − η(tr[PnΦ(ρ)Pn]),

where

η(x) = { −x log x for x > 0
0 for x = 0.

It is clear that the sequence of functions (fn(⋅))+∞n=1 are continuous and bounded on
𝒮(ℍA). Hence, the function H(Φ(ρ)) is measurable and the monotone convergence
theorem implies that

∫
𝒮(ℍA)

H(Φ(ρ))μ(dρ) = lim
n→+∞

∫
𝒮(ℍA)

fn(ρ)μ(dρ).

Since the sequence of continuous functionals

μ 󳨃→ ∫
𝒮(ℍA)

fn(ρ)μ(dρ)

is nondecreasing, its pointwise limit
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μ 󳨃→ lim
n→+∞

∫
𝒮(ℍA)

fn(ρ)μ(dρ) = ∫
𝒮(ℍA)

H(Φ(ρ))μ(dρ)

is therefore well-defined and lower semicontinuous.
(ii) By the assumption of the theorem, the restriction of the functionH(Φ(⋅)) to the

set𝒜 is continuous at some optimal average state ρ0. Therefore, the continuity of the
mapping μ 󳨃→ ρ(μ) implies that the restriction of the functional μ 󳨃→ H(Φ(ρ(μ))) to the
set𝒫𝒜 is continuous at any point μ0 such that ρ(μ0) = ρ0. Consequently,H(Φ(ρ(μ))) <
+∞ for any point μ in the intersection of 𝒫𝒜 with some neighborhood of μ0. For every
such point μ, the relation (12.6) holds. Therefore, the restriction of the functional χΦ(⋅)
to the set𝒫𝒜 is upper semicontinuous, and byProposition 12.1.4 it is continuous at any
point μ0 in 𝒫𝒜 such that ρ(μ0) = ρ0. Let ({p

n
i , ρ

n
i })
+∞
i=1 be an approximating sequence

of ensembles with the corresponding sequence of average states ρn converging to the
state ρ0. Decomposing each state of the ensembles ({pni , ρ

n
i })
+∞
i=1 into a countable con-

vex combinations of pure states, we obtain the sequence ({p̂nj , ρ̂
n
j })
+∞
j=1 of generalized

ensembles consisting of a countable number of pure states with the same sequence of
the average states ρn. Let μ̂n be the sequence of measures ascribing value p̂nj to the set
{ρ̂nj } for each j. It follows that

χΦ(μ̂
n) = ∑

j
p̂nj H(Φ(ρ̂

n
j )‖Φ(ρ

n))

≥ ∑
i
pni H(Φ(ρ

n
i )‖Φ(ρ

n)) = χΦ({p
n
i , ρ

n
i }), (12.18)

where the inequality follows from convexity of the relative entropy. By construction,
supp(μ̂n) ⊆ extr(𝒮(ℍ)) for each n. By Proposition 3.2.8, there exists a subsequence
converging to some measure μnk in 𝒫𝒜. Since the set extr(𝒮(ℍ)) of all pure states is
closed subset of 𝒮(ℍA), we have supp(μ∗) ⊆ extr(𝒮(ℍ)). It is clear that ρ(μ∗) = ρ0, and
hence, as shown above, the restriction of the functional χΦ(μ) on the set 𝒫𝒜 is contin-
uous at the point μ∗. This and the approximating property of the sequence ({pni , ρ

n
i })

and (12.18) implies

Cχ(Φ;𝒜) = lim
k→∞

χΦ({p
n(k)
i , ρ

n(k)
i }) ≤ lim

k→+∞
χΦ(μ̂n(k)) = χΦ(μ

∗).

Since the converse inequality follows from Proposition 12.2.4, we obtain

Cχ(Φ;𝒜) = χΦ(μ
∗),

which means that the measure μ∗ is an optimal generalized ensemble for the 𝒜-con-
strained channel Φ. This proves the theorem.

By noting that the condition of the theorem holds trivially for 𝒜 = {ρ0}, we have
the following corollary.
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Corollary 12.2.12. For arbitrary state ρ0withH(Φ(ρ0)) < +∞, there exists a generalized
ensemble μ0 such that ρ̄(μ0) = ρ0 and

χΦ({ρ0}) := sup
∑i piρi=ρ0

χΦ({pi, ρi}) = ∫
𝒮(ℍA)

H(Φ(ρ)‖Φ(ρ0))μ0(dρ).

In the finite-dimensional case, we obviously have

Cχ(Φ;𝒜) = χΦ({ρ̄}), (12.19)

where ρ̄ is the average state of any optimal ensemble.
The generalization of this relation to the infinite-dimensional case is closely con-

nected with the question of existence of the optimal generalized ensemble.
The first assertion of the next corollary is obvious while the second one follows

from Corollary 12.2.12.

Corollary 12.2.13. If an optimal generalized ensemble for the 𝒜-constrained chan-
nel Φ exists, then the equality (12.19) holds for some optimal average state ρ̄ for the
A-constrained channel Φ. If the equality (12.19) holds for some optimal average state
ρ̄ for the 𝒜-constrained channel Φ with H(Φ(ρ̄)) < +∞, then there exists an optimal
generalized ensemble for the𝒜-constrained channelΦ.

Remark 12.1. The continuity condition in Theorem 12.2.11 is essential, as is shown in
Example 12.3 below. It is possible to show that this condition holds automatically if
the set 𝒜 is convex with a finite number of extreme points with finite output entropy.
Shirokov [141] conjectured that this condition holds for an arbitrary convex compact
set𝒜 due to the special properties of optimal average states in this case.

In the following, we consider existence and properties of optimal generalized en-
sembles.

The well-known fact concerning the χ-capacity of a finite-dimensional quantum
channel Φ constrained by a closed subset𝒜 ⊂ 𝒮(ℍA) consists in existence of an opti-
mal ensemble at which the supremum in (12.14) is achieved. Since

Cχ(Φ;𝒜) = sup
μ∈𝒫𝒜

∫
𝒮(ℍA)

H(Φ(ρ)‖Φ(ρ̄(μ)))μ(dρ), (12.20)

where the supremum is taken over all probability measures μ with the barycenter
ρ̄(μ) in 𝒜, the notion of an optimal ensemble is naturally generalized to the infinite-
dimensional case leading to the notion of an optimal measure (generalized or contin-
uous optimal ensemble) at which the supremum in (12.20) is achieved.

However, in contrast to the finite-dimensional case, we cannot claim existence of
an optimal measure for an arbitrary quantum channel constrained by closed or even
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compact subset of 𝒮(ℍA) as demonstrated in the following example due originally to
Holevo and Shirokov [79].

Example 12.3. Consider the Abelian von Neumann algebra l∞ and its predual l1. Let
Φ be the noiseless channel on l1. Consider the sequence of states (ρn)+∞n=1 ,

ρn = (1 − qn,
qn
n
,
qn
n
, . . . ,

qn
n⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

n

,0,0, . . .), n ∈ ℕ,

where (qn)+∞n=1 is a sequence of numbers in [0, 1], whichwill be defined below. Note that
in this case χΦ(ρn) = H(ρn) = h2(qn)+qn log n, where h2(x) = −x log x−(1−x) log(1−x).
We will show later that there exists the sequence (qn)+∞n=1 such that limn→+∞ qn = 0,
while the corresponding sequence χΦ(ρn) = H(ρn) monotonously increases to 1. Let
qn be such a sequence and𝒜 be the closure of the sequence ρn, which obviously con-
sists of states ρn and pure state ρ∗ = limn→+∞ ρn = (1,0,0, . . .). By definition and the
above monotonicity Cχ(Φ,𝒜) = limn→+∞ χΦ(ρn) = 1, while ρ∗ is the only optimal av-
erage state for the 𝒜-constrained channel Φ and χΦ(ρ∗) = H(ρ∗) = 0. So, we have
Cχ(Φ;𝒜) > χΦ(ρ∗) and Corollary 12.2.13 implies that there is no optimal ensemble for
the 𝒜-constrained channel Φ. Let us construct the sequence qn with the above prop-
erties. Consider the strongly increasing function f (x) = x(1 − ln x) on [0, 1], where ln x
denotes the natural logarithm function of x. It is easy to see that f ′(x) = − ln x < 0
for all x ∈ [0, 1] and f ([0, 1]) = [0, 1]. Let f −1 be the inverse function of f and let
g(x) = xf −1(ln(2/x)) for all x ≥ 1. Note that the function g(x) is implicitly defined by
the equation

g(1 − ln(g/x)) = ln 2. (12.21)

Using this, it is easy to see that the function g(x) satisfies the following differential
equation:

ln(g/x)g′ = g/x (12.22)

Since g(x)/x = f −1(ln 2/x), we have g(x)/x ∈ [0, 1]. This with (12.21) and (12.22) implies
g(x) ∈ [0, 1], limx→+∞ g(x) = 0 and g′(x) < 0, correspondingly. Consider the function
H(x) = h2(g(x))+g(x) log x. By (12.21) and (12.22) with the above observations, we have

lim
x→+∞

H(x) = (ln 2)−1 lim
x→+∞

g(x) ln x = 1

and

H′(x) = (ln 2)−1(g′(x) ln(1 − g(x)) − g′(x) ln g(x) + g′(x) ln x + g(x)/x)
= (ln 2)−1g′(x) log(1 − g(x)) > 0, x > 1.
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It follows that H(x) is an increasing function on [1, +∞[, tending to its upper bound 1
at infinity. Setting qn = g(n), we obtain the sequence with the desired properties.

In the following subsections, we explore properties of the channel capacity
Cχ(Φ;𝒜) with 𝒜 being (i) a compact constraint subset and (ii) a convex constraint
subset of 𝒮(ℍA).

12.2.2 Compact constraint𝒜

We first investigate properties of Holevo χ-quantity χΦ(μ) and Holevo χ-capacity
Cχ(Φ;𝒜) when the input states belongs to compact constraint set𝒜 ⊂ 𝒮(ℍA).

Recall that an unbounded positive operator H on ℍA with discrete spectrum of
finite multiplicity is called an H- operator. Let Qn be the spectral projector of H corre-
sponding to the lowest n eigenvalues of H. We define

tr[ρH] = lim
n→+∞

tr[ρQnH], ∀ρ ∈ 𝒮(ℍA).

It has been shown in Theorem 3.2.5 that there exists an H-operator H and a positive
constant h such that the following set:

𝒦H(h) = {ρ ∈ 𝒮(ℍA) | tr[ρH] ≤ h}

is a compact subset of 𝒮(ℍA) and 𝒦H(h) = 𝒜.

Proposition 12.2.14. Let H be an H-operator on the spaceℍB such that

tr[exp(−βH)] < +∞, β > 0, (12.23)

and tr[Φ(ρ)H] ≤ h for all ρ ∈ 𝒜. Then there exists an optimal generalized ensemble for
the𝒜-constrained channelΦ.

Proof. To show the existenceof anoptimal generalized ensemble for the𝒜-constrained
channel Φ, we will show that under the condition of the proposition the restriction of
the output entropy H(Φ(⋅)) on the set 𝒜 is continuous. By applying Theorem 12.2.11,
the conclusion of the proposition follows.

Let ρβ = (tr[exp(−βH)])−1 exp(−βH) be a state in 𝒮(ℍB). For arbitrary ρ in 𝒜, we
have

H(Φ(ρ)‖ρβ) = −H(Φ(ρ)) + β tr[Φ(ρ)H] + log(tr[exp(−βH)]). (12.24)

Let ρn be an arbitrary sequence of states in𝒜 converging to the state ρ. By using (12.24)
and lower semicontinuity of the relative entropy, we obtain
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lim sup
n→+∞

H(Φ(ρn)) = H(Φ(ρ)) + H(Φ(ρ)‖ρβ) − lim inf
n→+∞

H(Φ(ρn)‖ρβ)

+ lim sup
n→+∞

β tr[Φ(ρn)H] − β tr[Φ(ρ)H]

≤ H(Φ(ρ)) + βh.

By letting β → 0 in the above inequality, we can establish the upper semicontinuity
of the restriction of the function H(Φ(⋅)) to the set𝒜. The lower semicontinuity of this
function follows from the lower semicontinuity of the entropy. Hence, the restriction
of the function H(Φ(⋅)) on the set𝒜 is continuous. This proves the proposition.

12.2.3 Convex constraint𝒜

Westudy in this subsection properties of χΦ(μ) andCχ(Φ;𝒜)when𝒜 is a convex subset
of 𝒮(ℍA).

The following result is due originally to Donald [40]. The proof will be omitted,
because a generalization of Donald’s identity will be stated and proved following the
lemma.

Lemma 12.2.15 (Donald identity). Assume that dim(ℍA) < ∞ and let μ = {pi, ρi} be a
discrete ensemble. Then the following identity holds for arbitrary σ ∈ 𝒮(ℍA):

∑
i
piH(ρi‖σ) = ∑

i
piH(ρi‖ρ(μ)) + H(ρ(μ)‖σ),

where ρ(μ) = ∑i piρi.

The following lemma is a generalization of Donald’s identity lemma 12.2.15.

Lemma 12.2.16. For arbitrary measure μ ∈ 𝒫(𝒮(ℍA)) and arbitrary state σ ∈ 𝒮(ℍA),
the following identity holds:

∫
𝒮(ℍA)

H(ρ‖σ)μ(dρ) = ∫
𝒮(ℍA)

H(ρ‖ρ(μ))μ(dρ) + H(ρ(μ)‖σ). (12.25)

Proof. We first notice that in the finite-dimensional case Donald’s identity

∑
i
piH(ρi‖σ) = ∑

i
piH(ρi‖ρ(μ)) + H(ρ(μ)‖σ)

holds for not necessarily normalizedpositive operatorswith the generalized definition
of the relative entropy. This can be obviously extended to generalized ensembles in a
finite-dimensional Hilbert space, giving (12.25) for this case. Thus, this relation holds
for the operators PnρPn, PnσPn, where (Pn)+∞n=1 is an arbitrary sequence of finite pro-
jectors increasing to IA = IℍA . Passing to the limit n → +∞ and using the monotone
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convergence theorem, we obtain (12.25) in the infinite-dimensional case. This proves
the lemma.

The following proposition is a generalization of the “maximal distance property”
(see, e. g., Proposition 1 in Holevo and Shirokov [79]).

Proposition 12.2.17. Let 𝒜 be a closed convex subset of 𝒮(ℍA). A measure π ∈
𝒫𝒜(𝒮(ℍA)) is an optimal generalized ensemble for the 𝒜-constrained channel Φ if
and only if

∫
𝒮(ℍA)

H(Φ(ρ)‖Φ(ρ(μ)))μ(dρ) ≤ ∫
𝒮(ℍA)

H(Φ(ρ)‖Φ(ρ(π)))π(dρ) = χΦ(μ) (12.26)

for arbitrary measure μ ∈ 𝒫𝒜(𝒮(ℍA)).

Proof. (⇒)Suppose inequality (12.26) holds for arbitrarymeasureμ ∈ 𝒫𝒜 = 𝒫𝒜(𝒮(ℍ)).
By Lemma 12.2.16, we have

χΦ(μ) = ∫
𝒮(ℍ)

H(Φ(ρ)‖Φ(ρ(μ)))μ(dρ)

≤ ∫
𝒮(ℍ)

H(Φ(ρ)‖Φ(ρ(μ)))μ(dρ) + H(Φ(ρ(μ))‖Φ(ρ(π)))

= ∫
𝒮(ℍ)

H(Φ(ρ)‖Φ(ρ(π)))μ(dρ) ≤ χΦ(π),

which implies optimality of the measure π.
(⇐) Conversely, let π be an optimal generalized ensemble for the 𝒜-constrained

channelΦ and μ be an arbitrarymeasure in𝒫𝒜. By convexity of the set𝒜, themeasure
πλ = λμ + (1 − λ)π is also in 𝒫𝒜 for arbitrary λ ∈ (0, 1). Using Lemma 12.2.16, we have

χΦ(πλ) = ∫
𝒮(ℍ)

H(Φ(ρ)‖Φ(ρ(πλ)))πλ(dρ)

= λ ∫
𝒮(ℍ)

H(Φ(ρ)‖Φ(ρ(πλ)))μ(dρ)

+ (1 − λ)χΦ(π) + (1 − λ)H(ρ(π)‖ρ(πλ)).

The optimality of π and nonnegativity of the relative entropy imply

∫
𝒮(ℍ)

H(Φ(ρ)‖Φ(ρ(πλ)))μ(dρ) − χΦ(π) ≤ λ
−1(χΦ(πλ) − χΦ(π)) ≤ 0. (12.27)

By Lemma 12.2.16 and lower semicontinuity of relative entropy,
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lim inf
λ→0
∫

𝒮(ℍ)

H(Φ(ρ)‖Φ(ρ(πλ)))μ(dρ)

= ∫
𝒮(ℍ)

H(Φ(ρ)‖Φ(ρ(μ)))μ(dρ) + lim inf
λ→0

H(Φ(ρ(μ))‖Φ(ρ(πλ)))

≥ ∫
𝒮(ℍ)

H(Φ(ρ)‖Φ(ρ(μ)))μ(dρ) + H(Φ(ρ(μ))‖ρ(π))

= ∫
𝒮(ℍ)

H(Φ(ρ)‖Φ(ρ(π)))μ(dρ).

Then (12.27) implies

∫
𝒮(ℍ)

H(Φ(ρ)‖Φ(ρ(π)))μ(dρ) − χΦ(π)

≤ lim inf
λ→0
∫

𝒮(ℍ)

H(Φ(ρ)‖Φ(ρ(πλ)))μ(dρ) − χΦ(π)

≤ lim inf
λ→0
(χΦ(πλ) − χΦ(π)) ≤ 0.

This proves the proposition.

Denote by 𝒫p(𝒮(ℍA)) the set of Borel probability measures on 𝒮(ℍA) supported
by the set of pure states in 𝒮(ℍA).

By monotonicity of the relative entropy H(⋅‖⋅) for an arbitrary quantum channel
Φ : T(ℍA) → T(ℍB), we have

χ(μ ∘Φ) ≤ χ(μ). (12.28)

Note that if H(ρ̄) < +∞ and H(Φ(ρ̄)) < +∞, then inequality (12.28) means convexity
of the entropy gain H(Φ(ρ)) − H(ρ) of the channel Φ. A necessary condition for the
equality in (12.28) expressed in terms of the channel Φ is originally due to Petz [126].
However, the von Neumann entropy, despite the fact that it is more often called quan-
tum entropy, is really ameasure of themixing property in a quantummixed state, and
thus measures the classicality of a quantum state. Indeed, the von Neumann entropy
of any pure quantum state is zero.

We will use the following lemmas concerning the limits of von Neumann entropy
H(⋅) and conditional entropy H(⋅‖⋅). In what follows, convergence of quantum states
means convergence of the corresponding density operators to a limit operator in the
trace norm, which is equivalent to a weak operator convergence (cf. Davis [30] and
Holevo and Shrikov [81]). Note that entropy and conditional entropy are lower semi-
continuous functions (see Wehrl [175]).
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Lemma 12.2.18. Let 𝒜 ⊂ 𝒮(ℍA) be a set such that Cχ(Φ;𝒜) < +∞ and ρB be a state in
𝒮(ℍB) such that

∑
j
qjH(Φ(σj)‖ρB) ≤ Cχ(Φ;𝒜)

for arbitrary ensemble ν = {qj, σj} with the average σ̄(ν) ∈ 𝒜. Then for arbitrary approx-
imating sequence ({pki , ρ

k
i })
+∞
k=1 of ensembles for the 𝒜-constrained channel Φ with the

corresponding sequence of average states ρ̄k there exists limk→+∞ H(Φ(ρ̄k)‖ρB) = 0.

Proof. Let ({pki , ρ
k
i })
+∞
k=1 an approximating sequence of ensembles with the correspond-

ing sequence of the average states ρ̄k . By assumption, we have

∑
i
pki H(Φ(ρ

K
i )‖ρb) ≤ Cχ(Φ;𝒜).

Applying Donald’s identity (12.25) to the left-hand side, we obtain

∑
i
pki H(Φ(ρ

k
i )‖ρB) = ∑

i
pki H(Φ(ρ

k
i )‖Φ(ρ̄

k)) + H(Φ(ρ̄k)‖ρB) (12.29)

From the above two expressions, we have

H(Φ(ρ̄k)‖ρB) ≤ Cχ(Φ;𝒜) − ∑
i
piH(Φ(ρ

k
i )‖Φ(ρ̄

k)).

But the right-hand side tends to zero as k tends to infinity due to the approximating
property of the sequence ({pki , ρ

k
i })
+∞
k=1 . This proves the lemma.

Despite possible nonexistence of partial limits of the sequence of the average
states of a particular approximating sequence, the following proposition guarantees
convergence of the sequence of their images.

Proposition 12.2.19. Let 𝒜 be convex subset of 𝒮(ℍ) such that Cχ(Φ;𝒜) < +∞. Then
there exists a unique state Ω(Φ,𝒜) in 𝒮(ℍB) such that

sup
∑j qjσj∈𝒜

∑
j
qjH(Φ(σj)‖Ω(Φ,𝒜)) = Cχ(Φ;𝒜),

where the supremum is taken over all discrete ensembles {(qj, σj)} with barycenter
(or average state) ∑j qjσj ∈ 𝒜. For arbitrary approximating sequence of ensembles
({pki , ρ

k
i }
n(k)
i=1 )
+∞
k=1 for the𝒜-constrained channelΦ, the following limit exists:

lim
k→+∞

Φ(ρ̄k) = lim
k→+∞

Φ(
n(k)
∑
i=1

pki ρ
k
i ) = Ω(Φ,𝒜).
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Proof. Wefirst show that, for arbitrary approximating sequenceof ensembles (μk)+∞k=1 =
({pki , ρ

k
i }
n(k)
i=1 )
+∞
k=1 for the 𝒜-constrained channel Φ, the sequence (Φ(ρ̄k))+∞k=1 converges

to a particular state in 𝒮(ℍB), where ρ̄k = ∑
n(k)
i=1 pki ρ

k
i for k = 1, 2, . . .. By definition of

an approximating sequence, for arbitrary ϵ > 0 there exists a positive integer Nϵ such
that χΦ(μk) > Cχ(Φ;𝒜) − ϵ for all k ≥ Nϵ. By Lemma 12.2.15 with m = 2 and λ = 1/2 for
all k1, k2 ≥ Nϵ, we have

Cχ(Φ;𝒜) − ϵ ≤
1
2
χΦ(μ

k1) +
1
2
χΦ(μ

k2)

≤ χΦ(
1
2
μk1 + 1

2
μk2) − 1

8
󵄩󵄩󵄩󵄩Φ(ρ̄

k1) −Φ(ρ̄k2)󵄩󵄩󵄩󵄩1

≤ Cχ(Φ,𝒜) −
1
8
󵄩󵄩󵄩󵄩Φ(ρ̄

k1) −Φ(ρ̄k1)󵄩󵄩󵄩󵄩1,

and hence, ‖Φ(ρ̄k1 ) − Φ(ρ̄k2 )‖1 < √8ϵ. Thus, the sequence (Φ(ρ̄k))+∞k=1 is a Cauchy se-
quence, and hence, it converges to a particular state ρB in 𝒮(ℍB). Let ν = {qj, σj}mj=1 be
an arbitrary ensemble with the average σ̄(ν) ∈ 𝒜. Consider the family of ensembles

μλk = (1 − λ){p
k
i , ρ

k
i }

n(k)
i=1 + λ{qj, σj}

m
j=1, ∀λ ∈ [0, 1] and ∀k ∈ ℕ (12.30)

with the average states ρ̄λk . By convexity of𝒜, we have

ρ̄λk = (1 − λ)
n(k)
∑
i=1

pki ρ
k
i + λ

m
∑
j=1

qkj σ
k
j ∈ 𝒜, ∀λ ∈ [0, 1] and ∀k ∈ ℕ.

By the above observation,

lim
k→+∞

Φ(ρ̄λk) = lim
k→+∞

Φ((1 − λ)
n(k)
∑
i=1

pki ρ
k
i + λ

m
∑
j=1

qkj σ
k
j )

= (1 − λ) lim
k→+∞

Φ(
n(k)
∑
i=1

pki ρ
k
i ) + λΦ(

m
∑
j=1

qmj σ
k
j )

= (1 − λ)ρB + λΦ(σ̄). (12.31)

By definition,

χΦ(μ
λ
k) = (1 − λ)

n(k)
∑
i=1

pki H(Φ(ρ
k
i )‖Φ(ρ̄

λ
k)) + λ

m
∑
j=1

qjH(Φ(σj)‖Φ(ρ̄
λ
k)). (12.32)

Since Cχ(Φ;𝒜) < +∞, both sums on the right-hand side of the above expression are
finite. Applying Donald’s identity (Lemma 12.2.15) to the first sum, we obtain

n(k)
∑
i=1

pki H(Φ(ρ
k
i )‖Φ(ρ̄

λ
k)) = χΦ(μ

0
k ) + H(Φ(ρ̄k)‖Φ(ρ̄

λ
k)).
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Substitution of the above expression into (12.32) gives

χΦ(μ
λ
k) = χΦ(μ

0
k ) + (1 − λ)H(Φ(ρ̄k)‖Φ(ρ̄

λ
k))

+ λ(
m
∑
j=1

qjH(Φ(σj)‖Φ(ρ̄
λ
k)) − χΦ(μ

0
k )).

Due to nonnegativity of the relative entropy, it follows that for λ ̸= 0,

m
∑
j=1

qjH(Φ(σj)‖Φ(ρ̄
λ
k)) ≤ λ

−1(χΦ(μ
λ
k) − χΦ(μ

0
k )) + χΦ(μ

0
k ). (12.33)

By definition of the approximating sequence, we have

lim
k→+∞

χΦ(μ
0
k ) = Cχ(Φ;𝒜) ≥ χΦ(μ

λ
k), ∀k. (12.34)

It follows that

lim inf
λ↓0

lim inf
k→+∞

λ−1(χΦ(μ
λ
k) − χΦ(μ

0
k )) ≤ 0. (12.35)

By lower semicontinuity of the relative entropy, equations (12.32), (12.33), (12.34) and
(12.35) imply

m
∑
j=1

qjH(Φ(σj)‖ρB) ≤ lim inf
λ↓0

lim inf
k→+∞

H(Φ(σj)‖Φ(ρ̄
λ
k)) ≤ Cχ(Φ;𝒜).

This proves that

sup
∑mj=1 qjσj∈𝒜∑j H(Φ(σj)‖ρB) ≤ Cχ(Φ;𝒜). (12.36)

Toprove the converse inequality,we consider anapproximating sequence ({pki , ρ
k
i })
+∞
k=1 .

Applying Donald’s identity 12.2.15, we obtain

∑
i
pki H(Φ(ρ

k
i )‖ρB) = ∑

i
pki H(Φ(ρ

k
i )‖Φ(ρ̄

k)) + H(Φ(ρ̄k)‖ρB).

By the approximating property of the sequence ({pki , ρ
k
i })
+∞
k=1 , the first term on the right-

hand side tends to Cχ(Φ;𝒜) as k → +∞, while the second is nonnegative. This proves
“≥,” and hence, “=” in (12.36).

By inequality H(ρ‖σ) ≥ 1
2 ‖ρ − σ‖1 and Lemma 12.2.18, inequality (12.36) im-

plies that, for arbitrary approximating sequence of ensembles ({qkj , σ
k
j })
+∞
k=1 for the

𝒜-constrained channel Φ, the corresponding sequence Φ(σ̄k) converges to the state
ρB. Thus, this state ρB does not depend on the choice of an approximating sequence,
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so it is determined only by the channel Φ and by the constraint set 𝒜. Denote this
state by Ω(Φ,𝒜). Lemma 12.2.18 implies also that ρB = Ω(Φ,𝒜) is the unique state for
which equality in (12.36) holds. This proves the proposition.

Proposition 12.2.19 shows in particular that if the set of input average states for
the𝒜-constrained channel Φ is nonempty, then it maps by the channel Φ into a single
state.

Corollary 12.2.20. If there exists input optimal average state ρ̄ for the 𝒜- constrained
channelΦ, thenΦ(ρ̄) = Ω(Φ,𝒜).

Note that compactness of the set 𝒜 guarantees existence of at least one input av-
erage state.

This corollary justifies the following definition.

Definition 12.2.21. The state Ω(Φ,𝒜) is called the output optimal average state for the
𝒜-constrained channel Φ.

There exist examples of constrained channels with finite χ-capacity but with no
input optimal average state, for which the output optimal average state is explicitly
determined and plays an important role in studying of this channels.

Corollary 12.2.22. Let𝒜 ⊆ 𝒮(ℍA) be a convex set. Then

Cχ(Φ;𝒜) ≥ χΦ(ρ) + H(Φ(ρ)‖Ω(Φ;𝒜)), ∀ρ ∈ 𝒜.

Proof. It is sufficient to consider the case Cχ(Φ;𝒜) < +∞. Let {(pi, ρi)} be an arbitrary
ensemble such that∑i piρi = ρ̄ ∈ 𝒜. By Proposition 12.2.19,

∑
i
piH(Φ(ρi)‖Ω(Φ,𝒜)) ≤ Cχ(Φ;𝒜).

This inequality and Donald’s identity (Lemma 12.2.15), we have

∑
i
piH(Φ(ρi)‖Ω(Φ;𝒜)) = χΦ({pi, ρi}) + H(Φ(ρ)‖Ω(Φ,𝒜)).

This completes the proof.

There exists another approach to the definition of the state Ω(Φ,𝒜). It is possible
to show that finiteness of Cχ(Φ;𝒜) implies the compactness of the set Φ(𝒜), where
Φ(𝒜) is the closure of Φ(𝒜) ⊆ 𝒮(ℍB) under the ‖ ⋅ ‖1-norm. For the arbitrary en-
semble ν = {(qj, σj)} with the average/barycenter σ̄(ν) = ∑j qjσj ∈ 𝒜, consider the
lower semicontinuous function F{qj ,σj}(⋅) = ∑j qjH(σj‖⋅) on the set Φ(𝒜). The function
F(⋅) = sup∑j qjσj∈𝒜 F{qj ,σj}(⋅) is also lower semicontinuous function on the set Φ(𝒜), and
hence, the minimum on this set is achieved.
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The following proposition asserts, in particular, the state Ω(Φ,𝒜) can be defined
as the unique minimal point of the function F(⋅) defined in the above paragraph.

Proposition 12.2.23. Let 𝒜 ⊆ 𝒮(ℍB) be a convex set. The χ-capacity of the 𝒜-con-
strained channelΦ can be expressed as

Cχ(Φ;𝒜) = inf
ρB∈Φ(𝒜)
( sup
∑j qjσj∈𝒜

∑
j
qjH(Φ(σj)‖ρB)).

If Cχ(Φ;𝒜) < +∞, thenΩ(Φ,𝒜) is the only state on which the infimum on the right-hand
side is achieved.

Proof. If Cχ(Φ;𝒜) < +∞, then F(Ω(Φ,𝒜)) = Cχ(Φ;𝒜) due to Proposition 12.2.19. Let ρB
be a state such that

sup
∑j qjσj∈𝒜

∑
j
qjH(Φ(σj)‖ρB) = F(ρB) ≤ F(Ω(Φ,𝒜)) = Cχ(Φ;𝒜).

Then by Proposition 12.2.19, ρB = Ω(Φ,𝒜). If Cχ(Φ;𝒜) = +∞, then the right-hand
side of the expression in Proposition 12.2.23 is also equal to +∞. Indeed, if ρB is a state
in 𝒮(ℍB) such that

sup
∑j qjσj∈𝒜

∑
j
qjH(Φ(σj)‖ρB) < +∞,

then equality (12.29) is valid for arbitrarily approximating the sequence of ensembles
({(pki , ρ

k
i )}

n(k)
i=1 )
+∞
k=1 for the 𝒜-constrained channel Φ that implies Cχ(Φ;𝒜) < +∞. This

proves the proposition.

Note that the expression for Cχ(Φ;𝒜) in the above proposition can be considered
as a generalization of the “mini-max formula” for χ∗ in Schumacher and Westmore-
land [139] to the case of an infinite-dimensional constrained channel.

Remark 12.2. Propositions 12.2.19 and 12.2.23 and Corollaries 12.2.20 and 12.2.22 do
not hold without assumption of convexity of the set A. To show this it is sufficient
to consider the noiseless channel Φ = I and the compact set 𝒜, consisting of two
states ρ1 and ρ2 such that H(ρ1) = H(ρ2) < +∞ and H(ρ1‖ρ2) = +∞. In this case,
Cχ(Φ;𝒜) = H(ρ1) = H(ρ2), the states ρ1 and ρ2 are input optimal average states in the
sense of Definition 12.2.10 with the different images Φ(ρ1) = ρ1 and Φ(ρ2) = ρ2.

12.3 Continuity of Holevo χ-capacity

In this section, the question of continuity of the χ-capacity Cχ(⋅;𝒜) : EQC(A,B) →
[0, +∞] as a function of extended quantum channel is considered, where𝒜 is a given
closed subset of 𝒮(ℍA). Dealing with this question, wemust choose a topology on the
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setQC(A,B) of all quantum channels from 𝒮(ℍA) into 𝒮(ℍB). This choice is essential
only in the infinite-dimensional case because all locally convex Hausdorff topologies
on a finite-dimensional space are equivalent.

Let B(T(ℍA),T(ℍB)) be the Banach space of all bounded linear mappings from
T(ℍA) intoT(ℍB), whereT(ℍA) (resp.,T(ℍB)) is the space of trace-class operators on
ℍA (resp.,ℍB) under the ‖ ⋅ ‖1-norm.

Definition 12.3.1. The topology on the vector space B(T(ℍA),T(ℍB)) defined by the
family of seminorms {‖Φ‖ρ}ρ∈T(ℍA), where ‖Φ‖ρ := ‖Φ(ρ)‖1, is called the topology of
strong convergence.

Since an arbitrary operator in T(ℍA) can be represented as a linear combination
of operators in 𝒮(ℍA), it is possible to consider only seminorms ‖Φ‖ρ := ‖Φ(ρ)‖1 cor-
responding to ρ ∈ 𝒮(ℍA) in the above definition. Note that a sequence (Φn)

+∞
n=1 of

channels in QC(A,B) strongly converges to a channel Φ ∈ QC(A,B) if and only if
limn→+∞Φn(ρ) = Φ(ρ) for all ρ ∈ 𝒮(ℍA).

Theorem 12.3.2. Let 𝒜 be an arbitrary compact and convex subset of 𝒮(ℍA). Then
Cχ(⋅;𝒜) : QC(A,B) → [0, +∞] is lower semicontinuous under the strong convergence
topology. Moreover, if the spaces ℍA and ℍB are finite- dimensional, then the Holevo
χ-capacity Cχ(⋅;𝒜) is a continuous function on the setQC(A,B). If (Φn)

+∞
n=1 is an arbitrary

sequence of channels in QC(A,B), converging to some channel Φ in QC(A,B), then the
following limit exists:

lim
n→+∞

Cχ(Φn,𝒜) = Cχ(Φ,𝒜). (12.37)

Proof. Wefirst show lower semicontinuity of the χ-capacity functionCχ(⋅;𝒜) on the set
QC(A,B) under the strong convergence topology. Let ϵ > 0 and {Φλ} be an arbitrary
net of channels, strongly converging to the channelΦ, and let {(pi, ρi)} be an ensemble
with the average ρ̄ such that χΦ({(pi, ρi)}) > Cχ(Φ;𝒜) − ϵ. By lower semicontinuity of
the relative entropy H(⋅‖⋅),

lim inf
λ
∑
i
piH(Φλ(ρi)‖Φλ(ρ̄)) ≥ ∑

i
piH(Φ(ρi)‖Φ(ρ̄))

= χΦ({pi, ρi}) > Cχ(Φ,𝒜) − ϵ.

This implies

lim inf
λ→+∞

Cχ(Φλ;𝒜) ≥ Cχ(Φ;𝒜).

It follows that

lim inf
n→+∞

Cχ(Φn;𝒜) ≥ Cχ(Φ,𝒜), (12.38)
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for arbitrary sequence (Φn)
+∞
n=1 of channels strongly converging to a channel Φ. This

proves that the function Cχ(⋅;𝒜) is lower semicontinuous on the set QC(A,B) under
the strong convergence topology.

Now to prove the continuity of Cχ(⋅;𝒜) in the finite-dimensional case, it is suffi-
cient to show that for the above sequence of channels

lim sup
n→+∞

Cχ(Φn;𝒜) ≤ Cχ(Φ;𝒜). (12.39)

For an arbitrary𝒜-constrained channel fromQC(A,B), there exists optimal ensemble
consisting of m = (dim(ℍ))2 states (probably some states with zero weights). Let P
be the compact space of all probability distributions with m outcomes. Consider the
following compact space with product topology:

PCm = P × 𝒮(ℍA) × ⋅ ⋅ ⋅ × 𝒮(ℍ)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
m

,

consisting of sequences ({pi}mi=1, ρ1, . . . , ρm), corresponding to arbitrary input ensemble
{(pi, ρi)}mi=1 of m states. Suppose (12.39) were not true for contradiction purpose. Then
without loss of generality, we may assume that

lim
n→+∞

Cχ(Φn,𝒜) > Cχ(Φ,𝒜). (12.40)

For each n, let {(pni , ρ
n
i )}

m
i=1 be an optimal ensemble for the𝒜-constrained channel Φn.

By compactness ofPCm, we can choose a subsequence
({pnki }

m
i=1, ρ

nk
1 , . . . , ρ

nk
m )
+∞
k=1 of ({pni }

m
i=1, ρ

n
1 , . . . , ρ

n
m)
+∞
n=1 converging to some element

({p∗i }
m
i=1, ρ
∗
1 , . . . , ρ

∗
m) in the space PCm. By definition of the product topology on PCm,

it means that

lim
k→+∞

pnki = p
∗
i and lim

k→+∞
ρnki = ρ

∗
i , i = 1, 2, . . . ,m.

The average state of the ensemble {(p∗i , ρ
∗
i )}

m
i=1 is a limit of the sequence of average

states of the ensembles ({(pnki , ρ
nk
i )}

m
i=1)
+∞
k=1 , and hence, lies in𝒜 (which is closed by the

assumption). By continuity of the quantum entropy in the finite-dimensional case, we
have

lim
k→+∞

Cχ(Φnk ;𝒜) = lim
k→+∞

χΦnk
({(pnki , ρ

nk
i )}) = χΦ({(p

∗
i , ρ
∗
i )}) ≤ Cχ(Φ;𝒜),

which contradicts to (12.40). Comparing (12.38) and (12.39), we see that

lim
n→+∞

Cχ(Φn;𝒜) = Cχ(Φ;𝒜).

This shows that Cχ(⋅;𝒜) is a continuous on QC(A,B), if ℍA and ℍB are both finite-
dimensional.
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If (Φn)
+∞
n=1 is an arbitrary sequence of channels in QC(A,B), converging to some

channel Φ inQC(A,B), we want to prove that the following limit exists:

lim
n→+∞

Ω(Φn,𝒜) = Ω(Φ,𝒜),

where Ω(Φ,𝒜) is as defined in Proposition 12.2.19. To prove this, we note that the
ensemble {(p∗i , ρ

∗
i )}

m
i=1 constructed above is optimal for the𝒜-constrained channel Φ.

Hence, there exists the input optimal average state ρ̄∗ for the 𝒜-constrained chan-
nel Φ, which is a partial limit of the sequence (ρ̄n)+∞n=1 of the input optimal aver-
age states for the 𝒜-constrained channels Φn. Suppose (12.37) is not true. Without
loss of generality, we may (by the compactness argument) assume that there exists
limn→+∞ Ω(Φn,𝒜) ̸= Ω(Φ,𝒜). By Proposition 12.2.19, this contradicts to the previous
observation. This proves the theorem.

The assumption of finite dimensionality of the Hilbert spaces ℍA and ℍB is es-
sential for the continuity of the χ-capacity Cχ(⋅;𝒜) onQC(A,B) (see the second part of
Theorem 12.3.2). The following example shows that generally the χ-capacity is not a
continuous function of a channel, even in the stronger trace-norm topology ‖ ⋅ ‖1 on
the space of all channels. Although the example is a purely classical channel, it has a
standard extension to a quantum one.

The following example can be found in Holevo and Shirokov [80].

Example 12.4. Consider Abelian von Neumann algebra l∞ and its predual l1, where
l∞ is the space of all bounded real-valued sequence x = (xi)+∞i=1 equipped with the
sup-norm ‖x‖l∞ = supi |xi|, and l1 is the space of all summable real-valued sequences
x = (xi)+∞i=1 equipped with the l1-norm ‖x‖l1 = ∑

+∞
i=1 |xi|.

Let {Φq
n; n = 1, 2, . . . ; q ∈ (0, 1)} be the family of classical unconstrained channels

from l1 to l1 defined by the formula

Φq
n((x1, x2, . . . , xn, . . .)) = ((1 − q)

+∞

∑
i=1

xi, q
+∞

∑
i=n+1

xi, qx1, . . . , qxn,0,0, . . .)

for (x1, x2, . . . , xn, . . .) ∈ l1. Defining

Φ0((x1, x2, . . . , xn, . . .)) = (
+∞

∑
i=1

xi,0,0, . . .),

we have

󵄩󵄩󵄩󵄩(Φ
q
n −Φ

0)((xi)
+∞
i=1
󵄩󵄩󵄩󵄩l1 = q
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
(−
+∞

∑
i=1

xi,
+∞

∑
i=n+1

xi, x1, x2, . . . , xn,0,0, . . .)
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩l1

= q(
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

+∞

∑
i=1

xi
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
+
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

+∞

∑
i=n+1

xi
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
+ |x1| + |x2| + ⋅ ⋅ ⋅ + |xn|) ≤ 3q

󵄩󵄩󵄩󵄩(xi)
+∞
i=1
󵄩󵄩󵄩󵄩l1 .
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Hence, ‖Φq
n −Φ

0‖1 → 0 as q → 0 uniformly in n.
To evaluate the χ-capacity of the channel Φq

n, it is sufficient to note that

H(Φq
n(any pure state)) = h2(q) = −q log q − (1 − q) log(1 − q)

and

H(Φq
n(any state))

≤ H(Φq
n((

1
n + 1
,

1
n + 1
, . . . ,

1
n + 1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

n+1

,0,0, . . .)))

= q log(n + 1) + h2(q).

It follows by definition that

C̄(Φq
n) = q log(n + 1), q ∈ (0, 1), n ∈ ℕ.

Take arbitrary C such that 0 < C ≤ +∞ and choose a sequence q(n) such that
limn→+∞ q(n) = 0 while limn→+∞ q(n) log(n + 1) = C. Then we have limn→+∞ ‖Φq(n)

n −
Φ0‖ = 0 but limn→+∞ Cχ(Φq(n)

n ) = C > 0 = Cχ(Φ
0). Therefore, the χ-capacity Cχ(⋅) is not

continuous.

The above example demonstrates harsh discontinuity of the χ-capacity in the
infinite-dimensional case. One can see that a similar discontinuity underlies Shor’s
construction [160] allowing to prove equivalence of different additivity properties by
using channel extension and a limiting procedure.

12.4 Holevo χ-quantity and coherent information

Let Φ : 𝒮(ℍA) → 𝒮(ℍB) be a quantum channel from A to B, and let Φ̂ : 𝒮(ℍA) →
𝒮(ℍE) be its complementary channel from A to environment system E (see Defini-
tion 5.7.1). In the finite-dimensional case, coherent information Ic(ρ,Φ) of the channel
Φ at the state ρ is defined as

Ic(Φ, ρ) = H(Φ(ρ)) − H(Φ̂(ρ)), (12.41)

where H(⋅) : 𝒮(ℍ) → [0, +∞] is the von Neumann entropy. However, in the infinite-
dimensional case the valuesH(Φ(ρ)) andH(Φ̂(ρ))may be both infinite even for a state
ρwith finite entropy. Therefore, coherent information Ic(ρ,Φ) can be defined via quan-
tummutual information as a function with values in ]−∞, +∞] as follows (see Propo-
sition 12.4.1 below):

Ic(ρ,Φ) = Im(ρ,Φ) − H(ρ).
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Let ρ be a state in 𝒮(ℍA) with finite entropy. Then, by monotonicity of the Holevo
χ-quantity, the values χΦ(μ) and χΦ̂(μ) do not exceed H(ρ) = χ(μ) for any measure
μ ∈ 𝒫(𝒮(ℍ)) supported by pure states with barycenter ρ.

The following proposition underlies a fundamental connection between quantum
capacity and private transmission of classical information through a quantum chan-
nel. Ameasure for the latter is given by the difference χΦ(μ)−χΦ̂(μ) between theHolevo
χ-quantities of the receiver and environment (eavesdropper).

Proposition 12.4.1. Let μ be a probability measure in 𝒫(𝒮(ℍA)) supported by pure
states with barycenter ρ. Then

χΦ(μ) − χΦ̂(μ) = Im(ρ,Φ) − H(ρ) = Ic(ρ,Φ). (12.42)

Proof. (1) We first assume that H(Φ(ρ)) < +∞, then H(Φ̂(ρ)) < +∞. In this case,

χΦ(μ) − χΦ̂(μ) = H(Φ(ρ̄(μ))) − ∫
𝒮(ℍ)

H(Φ(ρ))μ(dρ)

− H(Φ̂(ρ)) + ∫
𝒮(ℍ)

H(Φ̂(ρ))μ(dρ)

= Im(ρ,Φ) − H(ρ) = Ic(ρ,Φ).

(2) We now consider the general case. For a given measure μ ∈ 𝒫(𝒮(ℍA)), the
function Φ 󳨃→ χΦ(μ) is lower semicontinuous on the set of all quantum operations
equipped with the strong convergence topology for which Φn → Φ means Φn(ρ) →
Φ(ρ) in ‖ ⋅ ‖1-norm for all ρ. Since for an arbitrary sequence (Φn)

+∞
n=1 of quantum opera-

tions strongly converging to a quantum operation Φ the sequence (μ ∘Φ−1n )
+∞
n=1 weakly

converges to themeasure μ∘Φ−1 (this can be verified directly by using the definition of
weak convergence and noting that strong convergence for sequences of quantum op-
erations is equivalent to uniform convergence on compact subsets of 𝒮(ℍA)), this fol-
lows from the lower semicontinuity of the functional μ 󳨃→ χ(μ) on the set 𝒫(T≤1(ℍB)),
where

T≤1(ℍB) = {A ∈ T(ℍB) | A ≥ 0, tr[A] ≤ 1}.

Let (Pn)+∞n=1 be an increasing sequence of finite-rank projectors in B(ℍB) strongly
converging to the identity operator IB. Consider the sequence of quantum operations
(Φn)
+∞
n=1 , where Φn = Πn ∘Φ and Πn(σ) = PnσPn. Then

Φ̂n(ρ) = trB[(Pn ⊗ IB)(VρV
∗)], ∀ρ ∈ 𝒮(ℍ), (12.43)

where V : ℍA → ℍB ⊗ ℍE is the isometry from the Stinespring representation Φ(ρ) =
trE[VρV∗] of the channel Φ. The sequences (Φn)

+∞
n=1 and (Φ̂n)

+∞
n=1 converge strongly to

Φ and Φ̂, respectively. Let ρ = ∑k λk |k⟩A⟨k| and φρ = ∑k √λk |k⟩ ⊗ |k⟩. Since H(ρ) <



326 | 12 Holevo χ-capacity

+∞ and S(Φ(ρ)) < +∞, the triangle inequality implies S(Φ̂n(ρ)) < +∞, where S(z) =
− tr[z log z] for z > 0 and S(z) = 0 for z = 0. So, we have

Im(ρ,Φn) = H((Φn ⊗ IR)(
󵄨󵄨󵄨󵄨Φρ⟩AR⟨Φρ

󵄨󵄨󵄨󵄨)‖Φn(ρ) ⊗ ρ)

= −S(Φ̂n(ρ)) + S(Φn(ρ)) + an
= −χΦ̂n
(μ) + χΦn

(μ) + an, (12.44)

where

an = −∑
k
tr[Φn(|k⟩A⟨k|)]λk log λk , (12.45)

and the last equality is obtained by using (12.43) and coincidence of the function ρ 󳨃→
S(Φ(ρ)) and ρ 󳨃→ S(Φ̂(ρ)) on the set of pure states. Since the function Φ 󳨃→ Im(ρ,Φ)
is lower semicontinuous (by the lower semicontinuity of relative entropy H(⋅‖⋅) and
Im(ρ,Φn) ≤ Im(ρ,Φ)) for all n by monotonicity of the relative entropy under the action
of the quantum operation Πn ⊗ IR, we have

lim
n→+∞

Im(ρ,Φn) = Im(ρ,Φ). (12.46)

We will also prove that

lim
n→+∞

χΦn
(μ) = χΦ(μ) and lim

n→+∞
χΦ̂n
(μ) = χΦ̂(μ). (12.47)

The first relation in (12.47) follows from the lower semicontinuity of the function Φ 󳨃→
χΦ(μ) established earlier and from the inequality χΦn

(μ) ≤ χΦ(μ) valid for all n by
monotonicity of the Holevo χ-quantity under the action of the quantum operation Πn.

To prove the second relation in (12.47), we note that (12.43) implies that Φ̂n(ρ) ≤
Φ̂(ρ) for all n and all ρ ∈ 𝒮(ℍA). Hence, Lemma 2 in Holevo and Shirokov [80] shows
that

χΦ̂n
(μ) ≤ χΦ̂(μ) + f (tr[Φ̂n(ρ)]), (12.48)

where f (x) = −2x log x−(1−x) log(1−x), for anymeasure μ ∈ 𝒫(𝒮(ℍA))with finite sup-
port and with barycenter ρ. Let μ be an arbitrary measure in 𝒫(𝒮(ℍA)) with barycen-
ter ρ, and let (μk)+∞k=1 be the sequence of measures with finite support with the same
barycenter constructed in the proof of Lemma 1 in Holevo and Shrikov [80], which
weakly converges to the measure μ. Validity of inequality (12.48) for the measure μ
is derived from its validity for all measures μk by using lower semicontinuity of the
function μ 󳨃→ χΦn

(μ) and the inequality χΦ(μk) ≤ χΦ(μ), which is valid for all k by the
construction of the sequence (μk)+∞k=1 and convexity of the relative entropy.

Inequality (12.48) and lower semicontinuity of the function Φ 󳨃→ χΦ(μ) imply the
second relation in (12.47).
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Since the sequence (an)+∞n=1 defined in (12.45) obviously tends to H(ρ), relations
(12.44), (12.46) and (12.47) imply (12.42). This proves the proposition.

12.5 Additivity of Holevo χ-capacities

Let ℍA, ℍB, 𝕂A and 𝕂B be separable complex Hilbert spaces, and let Φ : 𝒮(ℍA) →
𝒮(ℍB) and Ψ : 𝒮(𝕂A) → 𝒮(𝕂B) be two quantum channels from ℍA to ℍB and from
𝕂A to𝕂B, respectively.

This section is concerned with the additivity question of the Holevo χ-capacity
Cχ(⋅) as a function of quantum channels. That is, whether or not Cχ(Φ ⊗ Ψ) = Cχ(Φ) +
Cχ(Ψ). Roughly speaking, the Holevo χ-capacity Cχ(⋅) defined in (12.10) is said to be
additive if

Cχ(Φ ⊗Ψ) = Cχ(Φ) + Cχ(Ψ), ∀Φ ∈ QC(ℍA,ℍB) and ∀Ψ ∈ QC(𝕂A, 𝕂B).

Althoughwe use the same notation Cχ(⋅) for all Holevo χ-capacities here, the left-hand
side Cχ(Φ ⊗Ψ) is the χ-capacity for the tenor product channel Φ ⊗Ψ defines as

Cχ(Φ ⊗Ψ) = sup
ν∈𝒫(𝒮(ℍAB))

χΦ⊗Ψ(ν), (12.49)

whereas Cχ(Φ) and Cχ(Ψ) on the right-hand side are defined in (12.10), etc.
Other related concepts such as subadditivity and superadditivity of Holevo

χ-capacity are to be defined in Definition 12.5.3.
Proving the additivity of the Holevo χ-capacity was one of the most important

problems in quantum information theory over the past decade, because additivity im-
plies that entangled inputs between the two channels Φ and Ψ cannot enhance the
total rate of information transmitted through Φ and Ψ individually. This is because if
the Holevo χ-capacity is additive, then infinitely repeated use of a memoryless quan-
tum channel Φ yields its asymptotic average classical capacity C(Φ) of the quantum
channel equals (see Proposition 13.3.3 for the relation between classical capacity C(⋅)
and the Holevo χ-capacity Cχ(⋅) for memoryless channels):

C(Φ) = lim
n→+∞

1
n
Cχ(Φ
⊗n) = lim

n→+∞
1
n

n
∑
i=1

Cχ(Φi) = Cχ(Φ),

where Φ = Φi for all = 1, 2, . . .. In this case, the quantum capacity C(Φ) is exactly
Cχ(Φ) and no capacity is gained from entanglement of input and output systems (see
Section 13.4 for entanglement assisted channels that improves the information trans-
mission rate).

If the channel Φ has additive Holevo χ-capacity, then computation of its classi-
cal capacity C(Φ) will be significantly simplified and less taxing by only computing
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Cχ(Φ). For this reason alone, onemightwish that theHolevo χ-capacity is always addi-
tive for all channels. Unfortunately, while additivity of the Holevo χ-capacity Cχ(⋅) has
been shown to be true in depolarizing, unital and entanglement breaking channels
(see, e. g., King [97]), the superadditivity of the Holevo χ-capacity in certain higher-
dimensional quantum channels was first given by Hastings [60] who showed themin-
imum output entropy of the channel Φ and its conjugate channel Φ̄ satisfies the fol-
lowing strict inequality:

min
ρ,σ

H((Φ ⊗ Φ̄)(ρ ⊗ σ)) < min
ρ

H(Φ(ρ)) +min
σ

H(Φ̄(σ)),

where the minimum is over all rank one pure states ρ and σ. This disproves the ad-
ditivity conjecture that Holevo χ-capacity is always additive. One of consequences of
the additivity violation of minimum output entropy is that Holevo capacity is not in
general additive either.

Hastings’ counterexample to the additivity conjecture is given in the following
subsection without a proof.

12.5.1 Hastings’ counterexamples to additivity

The first counterexample to the additivity conjecture was given by Hastings [60].
Other counterexamples are also given by King [97] (see also the references contained
therein).

Let N andM be finite positive integers. For i = 1, . . . ,N, pick li ≥ 0 independently
from a probability distribution

P(li) ∝ l2M−1i exp(−MNl2i ), i = 1, 2, . . . ,N ,

where the proportionality constant is chosen such that ∫+∞0 P(l)dl = 1. This distri-
bution is the same as that of the length of a random vector chosen from a Gaussian
distribution inM complex dimensions. Then define

L = √
N
∑
i=1

l2i .

Then we set

Pi = l
2
i /L

2.

Define a pair of channels Φ and Φ̄,which are complex conjugates of each other. Each
channel acts by randomly choosing a unitary from a small set of unitaries Ui, i =
1, . . . ,N, and applying that to ρ. This models a situation in which the unitary evolu-
tion of the system is determined by an unknown state of the environment. We define
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Φ(ρ) =
N
∑
i=1

PiU
∗
i ρUi =

N
∑
i=1

l2i
L2
U∗i ρUi, (12.50)

and

Φ̄(ρ) =
N
∑
i=1

PiŪ
∗
i ρŪi =

N
∑
i=1

l2i
L2
Ū∗i ρŪi. (12.51)

The proof of the Hastings counterexample below can be found in [60] and is omit-
ted here.

Theorem 12.5.1 (Hastings’ counterexample [60]). For sufficiently large N and for suffi-
ciently largeM that depends onN, there is a nonzero probability that a random choice of
Ui from the Haar measure and of Pi that define channelsΦ and Φ̄ in (12.50) and (12.51),
respectively. Then

min
ρ,σ

H((Φ ⊗ Φ̄)(ρ ⊗ σ)) < min
ρ

H(Φ(ρ)) +min
σ

H(Φ̄(σ))

= 2min
ρ

H(Φ(ρ)), (12.52)

where the minimum is over all pure states of rank one.

12.5.2 Additivity of unconstrained χ-quantity

Let Φ : 𝒮(ℍA) → 𝒮(ℍB) be a quantum channel from system A to system B. This sub-
section explores various conditions underwhich the unconstrainedHolevo χ-capacity
of channel Φ is additive or nonadditive.

Since unconstrained Holevo χ-capacity Cχ(Φ) of channel Φ is defined in terms of
its Holevo χ- quantity χΦ(⋅) (see (12.10)) as

Cχ(Φ) = sup
μ∈𝒫(𝒮(ℍA))

χΦ(μ),

to address the additivity question of Cχ(Φ), we first need to look at the additivity of its
corresponding Holevo χ quantity χΦ(⋅), which depends on the dimensionality of the
channel Φ.

We classify the type of the channel Φ based on the dimensionality of its input
system A and output system B below.

Definition 12.5.2. The channel Φ : 𝒮(ℍA) → 𝒮(ℍB) is said to be an:
1. FF channel if the input space ℍA and the output space ℍB are both finite-

dimensional.
2. FI channel if the input spaceℍA is finite-dimensional and the output spaceℍB is

infinite-dimensional.
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3. IF channel if the input spaceℍA is infinite-dimensional and the output spaceℍB
is finite-dimensional.

4. II channel if its input space ℍA and its output space ℍB are both infinite-
dimensional.

A similar definition also applies to the channelΨ : 𝒮(𝕂A) → 𝒮(𝕂B), where𝕂A and
𝕂B are the Hilbert spaces representing the input and output systems, respectively, of
the channel Ψ.

Recall that theHolevo χ-quantity for a channelΦ : 𝒮(ℍA) → 𝒮(ℍB) is the function
χΦ(⋅) : 𝒫(𝒮(ℍA)) → [0, +∞] (see Definition 12.1.2) defined by

χΦ(μ) = ∫
𝒮(ℍA)

H(Φ(ρ)‖Φ(ρ̄))μ(dρ), ∀μ ∈ 𝒫(𝒮(ℍA)),

where 𝒫(𝒮(ℍA)) is the space of Borel probability measures on 𝒮(ℍA), and ρ̄(μ) :=
∫𝒮(ℍA) ρμ(dρ) is the barycenter (or the average state) of the measure μ ∈ 𝒫(𝒮(ℍA)).

Definition 12.5.3. The Holevo χ-quantity χΦ⊗Ψ(μ ⊗ ν) is said to be additive if, for all
μ ∈ 𝒫(𝒮(ℍA)), ν ∈ 𝒫(𝒮(𝕂A)),

χΦ⊗Ψ(μ ⊗ ν) = χΦ(μ) + χΨ(ν). (12.53)

The Holevo χ-quantity χΦ⊗Ψ(μ ⊗ ν) is said to be subadditive if, for all μ ∈ 𝒫(𝒮(ℍA)),
ν ∈ 𝒫(𝒮(𝕂A)),

χΦ⊗Ψ(μ ⊗ ν) ≤ χΦ(μ) + χΨ(ν). (12.54)

The Holevo χ-quantity χΦ⊗Ψ(μ⊗ν) is said to be superadditivity if, for all μ ∈ 𝒫(𝒮(ℍA)),
ν ∈ 𝒫(𝒮(𝕂A)),

χΦ⊗Ψ(μ ⊗ ν) ≥ χΦ(μ) + χΨ(ν). (12.55)

We shall use the following chain properties of the Holevo χ-quantity.

Proposition 12.5.4. Let Φ : 𝒮(ℍA) → 𝒮(ℍB) and Ψ : 𝒮(ℍB) → 𝒮(ℍC) be channels
fromℍA toℍB and fromℍB toℍC , respectively. Then

χΨ∘Φ(ρ) ≤ χΦ(ρ) and χΨ∘Φ(ρ) ≤ χΨ(Φ(ρ)), ∀ρ ∈ 𝒮(ℍA).

Proof. The first inequality follows from the monotonicity property of the relative en-
tropy H(⋅‖⋅) (see Lemma 9.1.3) and the definition of the Holevo χ-quantity (see (9.2))
and the fact that χΦ(ρ) = Cχ(Φ; {ρ}), while the second one is a direct corollary of the
Definition 12.1.2 of the Holevo χ-quantity χΨ∘Φ({ρ}). This proves the proposition.
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Suppose that Φ : 𝒮(ℍA) → 𝒮(ℍB) is either an arbitrary FI or an arbitrary II chan-
nel. That is, dim(ℍA) < +∞ and dim(ℍB) = +∞ or dim(ℍA) = +∞ and dim(ℍB) =
+∞. In this case, let (PnB)

+∞
n=1 be a sequence of finite rank projectors on ℍB strongly

converging to IℍB := IB (the identity operator onℍB), and letℍ
n
B = P

n
B(ℍB). Consider

the sequence of channels (Φn)
+∞
n=1 from 𝒮(ℍA) into 𝒮(ℍnB) = 𝒮(ℍ′nB ⊕ ℍ

′′n
B ) ⊂ 𝒮(ℍB)

defined by

Φn(ρ) = P
n
BΦ(ρ)P

n
B + tr[(IB − P

n
B)Φ(ρ)]τn, (12.56)

where τn is a pure state in some finite-dimensional subspaceℍ′′nB ofℍB ⊖ ℍ′ nB (note:
ℍB ⊖ ℍ

′ n
B is the subspace of ℍB such that (ℍB ⊖ ℍ′ nB ) ⊕ℍ

′ n
B = ℍB). If dim(ℍB) <

+∞, we will assume that Φn = Φ for all n. Note that for arbitrary FI-channel Φ the
corresponding channel Φn is a FF-channel for all n, since dim(ℍnB) < +∞.

For arbitrary channel Ψ : 𝒮(𝕂A) → 𝒮(𝕂B), we will consider the sequences Φn and
Φn ⊗ Ψ of channels as approximations for the channels Φ and Φ ⊗ Ψ, respectively.
Despite the discontinuity of the Holevo χ-capacity as a function of a channel in the
infinite-dimensional case (see Theorem 12.3.2), the following result (due originally to
Shirokov [142]) is valid. The result states that if the subadditivity holds for an FF chan-
nel Φn tensor product with another channel Ψ, then subadditivity also holds for the
IF Φ tensor product with Φ by using strong convergence of the projection operators
{PnB}
+∞
n=1 to IB.

Lemma 12.5.5. Let Φ and Ψ be arbitrary channels fromℍA toℍB and from 𝕂A to 𝕂B,
respectively. If subadditivity of the Holevo χ-quantity holds for the channel Φn defined
by (12.56) and the channel Ψ for all n, then subadditivity of the χ-function holds for the
channelsΦ andΨ.

Proof. The channel Φn can be represented as the composition Πn ∘ Φ of the channel
Φ with the channel Πn : 𝒮(ℍB) → 𝒮(ℍ′nB ⊕ ℍ

′′n
B ) defined

Πn(ρB) = P
n
BρBP

n
B + (tr[(IB − P

n
B)ρB])τn.

Proposition 12.5.4 implies that

χΦn
(ρ) = χΠn∘Φ(ρ) ≤ χΦ(ρ), ∀ρ ∈ 𝒮(ℍA) and ∀n ∈ ℕ.

Since

lim
n→+∞

Φn(ρ) = Φ(ρ), ∀ρ ∈ 𝒮(ℍA),

it follows from Theorem 12.3.2 that

lim inf
n→+∞

χΦn
(ρ) ≥ χΦ(ρ), ∀ρ ∈ 𝒮(ℍA).



332 | 12 Holevo χ-capacity

The above two inequalities imply that

lim
n→+∞

χΦn
(ρ) = χΦ(ρ), ∀ρ ∈ 𝒮(ℍA). (12.57)

It is easy to see that

(Φn ⊗Ψ)(ω) = (P
n
B ⊗ I𝕂B)(Φ ⊗Ψ)(ω)(P

n
B ⊗ I𝕂B)

+ τn ⊗ trB[((IB − P
n
B) ⊗ I𝕂B)((Φ ⊗Ψ)(ω))], ∀ω ∈ 𝒮(ℍA ⊗ 𝕂A).

Hence,

lim
n→+∞
(Φn ⊗Ψ)(ω) = (Φ ⊗Ψ)(ω), ∀ω ∈ 𝒮(ℍA ⊗ 𝕂A),

and by Theorem 12.3.2 we have

lim inf
n→+∞

χΦn⊗Ψ(ω) ≥ χΦ⊗Ψ(ω), ∀ω ∈ 𝒮(ℍA ⊗ 𝕂A). (12.58)

By the assumption, we have for all n ∈ ℕ,

χΦn⊗Ψ ≤ χΦn
(ωℍA ) + χΨ(ω𝕂A ), ∀ω ∈ 𝒮(ℍA ⊗ 𝕂A).

This, (12.57) and (12.58) imply that

χΦ⊗Ψ(ω) ≤ χΦ(ωℍA ) + χΨ(ω𝕂A ), ∀ω ∈ 𝒮(ℍA ⊗ 𝕂A).

This proves the lemma.

Proposition 12.5.6. Subadditivity of the Holevo χ-quantity for all FF-channels implies
subadditivity of the Holevo χ-quantity for all FI-channels.

Proof. This can be proved by double application of Lemma 12.5.5. First, we prove the
subadditivity of the Holevo χ-quantity for any two channels, when one of them is of
FI-typewhile another is of FF-type. Second, we remove the FF restriction from the last
channel. This proves the proposition.

Nowwewill turn to channelswith the infinite-dimensional input quantumsystem
ℍA. We will use the following notion of the subchannel.

Definition 12.5.7. The restriction of a channel Φ : 𝒮(ℍA) → 𝒮(ℍB) to the set of states
with support contained in a subspaceℍ0 of the spaceℍA is called subchannel Φ0 of
the channel Φ, corresponding to the subspaceℍ0.

It is easy to see that subadditivity of the Holevo χ-quantity for the channels Φ and
Ψ implies subadditivity of the Holevo χ-quantity for arbitrary subchannels Φ0 and
Ψ0 of the channels Φ and Ψ. The properties of the Holevo χ-quantity established in
Section 12.1 make it possible to prove the following important result.
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Proposition 12.5.8. Let Φ : 𝒮(ℍA) → 𝒮(ℍB) and Ψ : 𝒮(𝕂A) → 𝒮(𝕂B) be arbitrary
channels. Subadditivity of theHolevo χ-quantity for any two FI-subchannels of the chan-
nelsΦ andΨ implies subadditivity of the Holevo χ-quantity for the channelsΦ andΨ.

Proof. It is sufficient to consider the case dim(ℍA) = +∞ and dim(𝕂𝔸) ≤ +∞. Let
ω be an arbitrary state in 𝒮(ℍA ⊗ 𝕂A). Let {|ϕk⟩}

+∞
k=1 and {|ψk⟩}

dim(𝕂A)
k=1 be orthonormal

bases (ONB) of eigenvectors of the compact positive operatorsωℍ andω𝕂 such that the
corresponding sequences of eigenvalues are nonincreasing. Let Pn = ∑

n
k=1 |ϕk⟩ℍA⟨ϕk |

and Qn = ∑
n
k=1 |ψk⟩𝕂A⟨ψk |. In the case dim(𝕂A) < +∞, we will assume Qn = I𝕂 for

all n ≥ dim(𝕂A). The nondecreasing sequences (Pn)+∞n=1 and (Qn)
+∞
n=1 of finite-rank pro-

jectors converge to IℍA and to I𝕂A correspondingly in the strong operator topology.
Let ℍn,A = Pn(ℍA) and 𝕂n,A = Qn(𝕂A). Consider the following sequence of states in
𝒮(ℍA ⊗ 𝕂A):

ωn = (tr[(Pn ⊗ Qn)ω])
−1
(Pn ⊗ Qn)ω ⋅ (Pn ⊗ Qn),

which are well-defined for all n by the choice of the projectors Pn and Qn. Since

lim
n→+∞

ωn = ω, (12.59)

Theorem 12.3.2 implies that

lim inf
n→+∞

χΦ⊗Ψ(ωn) ≥ χΦ⊗Ψ(ω). (12.60)

The next part of the proof is based on the following operator inequalities:

λnωn,ℍ ≤ ωℍ and λnωn,𝕂 ≤ ω𝕂, (12.61)

where λn = tr[(Pn ⊗ Qn)ω], ωn,ℍ = tr𝕂[ωn] and ωn,𝕂 = trℍ[ωn]. We prove the first in-
equality of (12.61) as follows. By the choice of Pn and due to the fact that supp(ωn,ℍ) ⊆
ℍn, it is sufficient to show that λnωn ≤ Pnω. Letφ ∈ ℍn,A. By definition of partial trace,

⟨φ|λnωℍn,A |φ⟩ℍA =
dim(𝕂A)
∑
k=1
⟨φ ⊗ ψk |(Pn ⊗ Qn)ω(Pn ⊗ Qn)|φ ⊗ ψk⟩ℍA⊗𝕂A

=
m
∑
k=1
⟨φ ⊗ ψk |ω|φ ⊗ ψk⟩ℍA⊗𝕂A

≤
dim(𝕂A)
∑
k=1
⟨φ ⊗ ψk |ω|φ ⊗ ψk⟩ℍA⊗𝕂A = ⟨φ|ωℍA |φ⟩ℍA ,

where m = min{n,dim(𝕂A)}. The second inequality is proved by the same way. By
using (12.59) and due to (12.61), we obtain

lim
n→+∞

χΦ(ωn,ℍA ) = χΦ(ωℍA ) and lim
n→+∞

χΨ(ωn,𝕂A ) = χΨ(ω𝕂A ). (12.62)
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For each n, the {ωn,ℍA }-constrained channel Φ and the {ωn,𝕂A }-constrained channel Ψ
can be considered as FI-subchannels of the channels Φ and Ψ corresponding to the
subspacesℍn,A and𝕂n,A. Hence, by the assumption,

χΦ⊗Ψ(ωn) ≤ χΦ(ωn,ℍA ) + χΨ(ωn,𝕂A ), ∀n ∈ ℕ.

This, (12.60) and (12.62) imply

χΦ⊗Ψ(ω) ≤ χΦ(ωℍA ) + χΨ(ω𝕂A ), ∀ω ∈ 𝒮(ℍA ⊗ 𝕂A).

This proves the proposition.

12.5.3 Tensor product of constrained channels

LetℍA,ℍB, 𝕂A and 𝕂B be separable complex Hilbert spaces. Letℋ and 𝒦 be closed
subsets of 𝒮(ℍA) and 𝒮(𝕂A), respectively. We define ℋ ⊗ 𝒦, the tensor product of ℋ
and 𝒦, as

ℋ ⊗ 𝒦 = {ω ∈ 𝒮(ℍA ⊗ 𝕂A) | ωℍA := tr𝕂A [ω] ∈ ℋ,ω𝕂A := trℍA [ω] ∈ 𝒦}. (12.63)

Let Φ be an ℋ-constrained channel from ℍA to ℍB and Ψ be a 𝒦-constrained
channel from𝕂A to𝕂B. The channel Φ ⊗Ψ is said to be aℋ ⊗𝒦-constrained channel
from 𝒮(ℍA ⊗ 𝕂A) to 𝒮(ℍB ⊗ 𝕂B) if the following requirements are satisfied for all ω ∈
𝒮(ℍA ⊗𝕂A): (i) ω̄ℍA := tr𝕂A [ω̄] ∈ ℋ and (ii) ω̄𝕂A := trℍA [ω̄] ∈ 𝒦, where ω̄ is the average
state of an ensemble {qi,ωi}.

We have the following result onℋ ⊗ 𝒦 in terms of its componentsℋ and 𝒦.

Lemma 12.5.9. The following topological characterizations ofℋ ⊗ 𝒦 in terms ofℋ and
𝒦 holds:
1. The setℋ ⊗ 𝒦 is a convex subset of 𝒮(ℍA ⊗ 𝕂A) if and only if the setsℋ and 𝒦 are

convex subsets of 𝒮(ℍA) and of 𝒮(𝕂A), respectively.
2. The setℋ ⊗𝒦 is a compact subset of 𝒮(ℍA ⊗𝕂A) if and only if the setsℋ and𝒦 are

compact subsets of 𝒮(ℍA) and of 𝒮(𝕂A), respectively.

Proof. 1. The first statement of this lemma is trivial.
2. Wewant to prove second statement of the lemma thatℋ⊗𝒦 is a compact subset

of 𝒮(ℍA ⊗ 𝕂A) if and only if ℋ is a compact of 𝒮(ℍA) and 𝒦 is a compact subset of
𝒮(𝕂A). First, we assume thatℋ ⊗ 𝒦 is a compact subset of 𝒮(ℍA ⊗ 𝕂A). Note that

ℋ = {tr𝕂A [ω] | ω ∈ ℋ ⊗ 𝒦} := tr𝕂A [ℋ ⊗ 𝒦]

and
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𝒦 = {trℍA [ω] | ω ∈ ℋ ⊗ 𝒦} := trℍA [ℋ ⊗ 𝒦].

From the above relations, it is clear that the partial trace tr𝕂A [⋅ ⋅ ⋅] and trℍA [⋅ ⋅ ⋅] are con-
tinuous functions fromℋ⊗𝒦 ontoℋ and𝒦, respectively. By using awell-known fact in
topology that the image of a continuous map on a compact set is compact (see Rudin
[133]), we can easily conclude that the compactness ofℋ⊗𝒦 implies the compactness
ofℋ in 𝒮(ℍ) and the compactness of𝒦 in 𝒮(𝕂). Conversely, we assume thatℋ and𝒦
are compact subsets of 𝒮(ℍ) and 𝒮(𝕂), respectively, and we want to show thatℋ ⊗𝒦
is a compact subset of 𝒮(ℍ⊗𝕂). To prove this, letℋ and𝒦 be compact subsets of 𝒮(ℍ)
and 𝒮(𝕂), respectively. By Proposition 3.2.2, for arbitrary ϵ > 0 there exist finite rank
projectors Pϵ and Qϵ such that

tr[Pϵρ] > 1 − ϵ, ∀ρ ∈ ℋ and tr[Qϵσ] > 1 − ϵ, ∀σ ∈ 𝒦.

Since ωℍ := tr𝕂[ω] ∈ ℋ and ω𝕂 := trℍ[ω] ∈ 𝒦 for arbitrary ω ∈ ℋ ⊗ 𝒦, we have

tr[(Pϵ ⊗ Qϵ)ω] = tr[(Pϵ ⊗ I𝕂)ω] − tr[(Pϵ ⊗ (I𝕂 − Qϵ))ω]
≥ tr[Pϵωℍ] − tr[(I𝕂 − Qϵ)ω𝕂] > 1 − 2ϵ.

By Proposition 3.2.2, compactness of ℋ and 𝒦 imply compactness of the set ℋ ⊗ 𝒦.
This proves the lemma.

12.5.4 Additivity of constrained Holevo χ-capacity

Letℋ and𝒦 be closed subsets of 𝒮(ℍA) and 𝒮(𝕂A), respectively. The following result,
due originally to Shirokov [141], answers the question of the additivity of the Holevo
χ-capacity of ℋ ⊗ 𝒦-constrained channel Φ ⊗ Ψ. More precisely, investigations are
focused on the conditions under which the following equality holds:

Cχ(Φ ⊗Ψ;ℋ ⊗ 𝒦) = Cχ(Φ;ℋ) + Cχ(Ψ;𝒦). (12.64)

Note that whenℋ = 𝒮(ℍA) and𝒦 = 𝒮(𝕂A), theℋ ⊗𝒦-constrained channel Φ⊗Ψ
becomes a unconstrained one and the results obtained in this subsection automati-
cally reduce to that of the unconstrained case.

The following lemma is needed to answer the additivity question of the con-
strained χ-capacity.

Lemma 12.5.10. Let Ω(Φ;ℋ) and Ω(Ψ;𝒦) be the output optimal average states for the
ℋ-constrained channelΦand the𝒦-constrained channelΨ, respectively. ThenΩ(Φ;ℋ)⊗
Ω(Ψ;𝒦) is the output optimal average state for theℋ ⊗ 𝒦-constrained channelΦ ⊗Ψ.

Proof. Let ({pki , ρ
k
i })
+∞
k=1 and ({q

k
j , σ

k
j })
+∞
k=1 be approximating sequences of ensembles for

theℋ-constrained channel Φ and 𝒦-constrained channel Ψ, respectively. For each k,
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let ρ̄k = ∑i p
k
i ρ

k
i and σ̄k = ∑j q

k
j σ

k
j . By Proposition 12.2.19, the sequences (Φ(ρ̄k))+∞k=1

and (Ψ(σ̄k))+∞k=1 converge to Ω(Φ;ℋ) and to Ω(Ψ;𝒦), respectively. Consequently, the
sequence of ensembles ({pki q

k
j , ρ

k
i ⊗ σ

k
j })
+∞
k=1 is an approximating optimal sequence for

theℋ⊗𝒦-constrained channelΦ⊗Ψ.ByProposition 12.2.19, the limitΩ(Φ,ℋ)⊗Ω(Ψ,𝒦)
of the sequence (Φ(ρ̄k) ⊗ Ψ(σ̄k))+∞k=1 is the output optimal average states of the ℋ ⊗
𝒦-constrained channel Φ ⊗Ψ. This proves the lemma.

The results above enable us to establish the following infinite-dimensional result
due original to Shirokov [142].

Theorem 12.5.11 (Shirokov [142]). Let Φ : 𝒮(ℍA) → 𝒮(ℍB) and Ψ : 𝒮(𝕂A) → 𝒮(𝕂B)
be arbitrary channels. The following properties are equivalent:
1. Equality (12.64) holds for arbitrary closed subsetsℋ ⊆ 𝒮(ℍA) and 𝒦 ⊆ 𝒮(𝕂A) such

that H(Φ(ρ)) < +∞ for all ρ ∈ ℋ and H(Ψ(σ)) < +∞ for all σ ∈ 𝒦;
2. Inequality

χΦ⊗Ψ(ω) ≤ χΦ(ωℍA ) + χΨ(ω𝕂A ) (12.65)

holds for arbitrary state ω such that H(Φ(ωℍA )) < +∞ and H(Ψ(ω𝕂A )) < +∞;
3. Inequality

ĤΦ⊗Ψ(ω) ≥ ĤΦ(ωℍA ) + ĤΨ(ω𝕂A ) (12.66)

holds for arbitrary state ω such that H(Φ(ωℍA )) < +∞ and H(Ψ(ω𝕂A )) < +∞,

where

ĤΦ(ρ) = inf
μ∈𝒫{ρ} ∫

𝒮(ℍA)

H(Φ(ρ))μ(dρ) = inf
∑i piρi=ρ
∑
i
piH(Φ(ρi)).

Proof. (1) ⇒ (3). Letω be an arbitrary state with finiteH(Φ(ωℍA )) andH(Ψ(ω𝕂A )). The
validity of (1) implies

Cχ(Φ ⊗Ψ; {ωℍA } ⊗ {ω𝕂A }) = Cχ(Φ; {ωℍA }) + Cχ(Ψ; {ω𝕂A }).

By Lemma 12.5.10, the state Φ(ωℍA ) ⊗ Ψ(ω𝕂A ) is the output optimal average state for
the {ωℍA } ⊗ {ω𝕂A }-constrained channel Φ ⊗ Ψ. Noting that ω ∈ {ωℍA } ⊗ {ω𝕂A } and
applying Corollary 12.2.20, we obtain

χΦ(ωℍA ) + χΨ(ω𝕂A ) = Cχ(Φ; {ωℍA }) + Cχ(Ψ; {ω𝕂A })
= Cχ(Φ ⊗Ψ; {ωℍA } ⊗ {ω𝕂A })
≥ χΦ⊗Ψ(ω) + H((Φ ⊗Ψ)(ω)‖Φ(ωℍA ) ⊗Ψ(ω𝕂A )). (12.67)

Due to the fact that
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H((Φ ⊗Ψ)(ω)‖Φ(ωℍ) ⊗Ψ(ω𝕂))

= H(Φ(ωℍ)) + H(Ψ(ω𝕂)) − H((Φ ⊗Ψ)(ω)),

the inequality (12.67) together with the representation that

χΦ(ρ) = H(Φ(ρ)) − inf
π∈𝒫{ρ} ∫

𝒮(ℍA)

H(Φ(ρ))π(dρ) (12.68)

imply (12.66).
(3) ⇒ (2). It can be derived from expression (12.68) for the Holevo χ-quantity and

subadditivity of the (output) entropy.
(2) ⇒ (1). It follows from the definition of the Holevo χ-capacity (see Defini-

tion 12.1.2) and inequality (12.65) that

Cχ(Φ ⊗Ψ;ℋ ⊗ 𝒦) ≤ Cχ(Φ;ℋ) + Cχ(Ψ;𝒦).

Since the converse inequality is obvious, there is equality here. This proves the theo-
rem.

The validity of inequality (12.65) for arbitrary ω ∈ 𝒮(ℍA ⊗ 𝕂A) seems to be sub-
stantially stronger than the equivalent properties in Theorem 12.5.11. This property is
called subadditivity of theHolevo χ-quantity for the constrained channelsΦ andΨ. By
using arguments from the proof of Theorem 12.5.11, it is easy to see that subadditivity
of the Holevo χ-quantity or the channels Φ and Ψ is equivalent to validity of equality
(12.64) for arbitrary subsetsℋ ⊂ 𝒮(ℍA) and 𝒦 ⊂ 𝒮(𝕂A).

By using Proposition 12.5.8 below, it is possible to show that properties (1)–(3)
in the above theorem are equivalent to subadditivity of the Holevo χ-quantity for the
channels Φ and Ψ having the following property: H(Φ(ρ)) < +∞ and H(Ψ(σ)) < +∞
for arbitrary finite rank states ρ ∈ 𝒮(ℍA) and σ ∈ 𝒮(𝕂A).

Remark 12.3. By Theorem 1 in Holevo and Shirokov [79], the subadditivity of the
Holevo χ-quantity for arbitrary finite-dimensional channels Φ and Ψ is equivalent
to validity of inequality (12.66) for arbitrary state ω ∈ 𝒮(ℍA ⊗ 𝕂A), which implies
additivity of the minimal output entropy

inf
ω∈𝒮(ℍA⊗𝕂A)

H((Φ ⊗Ψ)(ω)) = inf
ρ∈𝒮(ℍA)

H(Φ(ρ)) + inf
σ∈𝒮(𝕂A)

H(Ψ(σ)) (12.69)

for these channels. This follows from the inequality

H((Φ ⊗Ψ)(ω)) ≥ ĤΦ⊗Ψ(ω) ≥ ĤΦ(ωℍA ) + ĤΨ(ω𝕂A )

≥ inf
ρ∈𝒮(ℍA)

H(Φ(ρ)) + inf
σ∈𝒮(𝕂A)

H(Ψ(σ)) (12.70)
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valid for arbitrary stateω ∈ 𝒮(ℍA ⊗𝕂A) for which inequality (12.66) holds. In contrast
to this in the infinite-dimensional case, we cannot prove the above implication (with-
out some additional assumptions). The problem consists in existence of pure states in
𝒮(ℍA ⊗ 𝕂A) with infinite entropies of partial traces, which can be called superentan-
gled. To show this, note first that the monotonicity property of the relative entropy
Linblad [108] provides the following inequality:

H(ωℍA ) + H(ω𝕂A ) − H(ω) = H(ω‖ωℍA ⊗ ω𝕂A )
≥ H((Φ ⊗Ψ)(ω)‖Φ(ωℍA ) ⊗Ψ(ω𝕂A ))
= H(Φ(ωℍA )) + H(Ψ(ω𝕂A )) − H((Φ ⊗Ψ)(ω)),

which shows thatH(ωℍA ) = H(ω𝕂A ) < +∞ impliesH(Φ(ωℍA )) < +∞ andH(Ψ(ω𝕂A )) <
+∞ for arbitrary pure state ω ∈ 𝒮(ℍA ⊗𝕂A)with finite output entropy H((Φ ⊗Ψ)(ω)).
By this and Theorem 12.5.11, the subadditivity of the Holevo χ-quantity for arbitrary
infinite-dimensional channels Φ and Ψ implies validity of inequality (12.66), and
hence, validity of inequality (12.70) for all pure statesω such thatH(ωℍA ) = H(ω𝕂A ) <
+∞ andH((Φ⊗Ψ)(ω)) < +∞. So, if we considered only such statesω in the calculation
of the minimal output entropy for the channel we would obtain that it is equal to the
sumof infρ∈𝒮(ℍA) H(Φ(ρ)) and infσ∈𝒮(𝕂A) H(Ψ(σ)), but this additivity can be (probably)
broken by taking into account superentangled states.
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In a typical communication scenario, two parties (the sender Alice and the receiver
Bob) aim to exchange (classical or quantum) information through a communication
channel. However, the biggest hurdle in the path of efficient information transmission
is the presence of noise in the communication channel. Noise distorts the information
sent through the channel and the receiver often does not receive the original informa-
tion that is intended. To overcome this hurdle, quantum error correcting codes (QECC)
can be used to combat the effects of noise.

One of the most important problems of quantum information theory is to deter-
mine the capacity of noisy quantum channels. The channel capacity is defined as the
optimal rate at which information may be transferred with the vanishing error in the
limit of a large number of channel uses.

A classical channel has a unique capacity. However, quantum channels have sev-
eral distinct capacities, depending on (1) the nature of transmitted information (clas-
sical or quantum); (2) the nature of the input states (entangled state or product states);
(3) the nature of measurement done on the output (collective or individual); and (4)
the presence or absence of any additional resources such as prior shared entangle-
ment between Alice and Bob and (5) whether Alice and Bob are allowed to communi-
cate classically with each other.

In most works on the transmission of information via a noisy quantum channel
such as those treated in Hayashi [61], Ohya and Petz [121], Watrous [173], Wilde [179],
Holevo [77] and references contained therein, it has usually been assumed that (i) the
noisy channel acts independently and identically for each channel use and behaves
as if it does not have any memory on any previous transmissions, and is therefore
termed as quantum memoryless channels; and (ii) the Hilbert spaces are all finite- di-
mensional (and hence all results obtained therein are essential finite-dimensional).
Quite contrary to the finite-dimensional case, the techniques required in treating infi-
nite dimensionality of these issues are sophisticated and themathematical challenges
posed by these problems are enormous.

The purpose of this chapter is to systematically present an infinite-dimensional
version of classical capacities for various types of memoryless quantum channels, in-
cluding unconstrained and constrained hybrid and entanglement-assisted channels.
While there are results available on this subject, the exposition presented here have
never appeared in a book form before and, therefore, will be very beneficial to the
novice and seasoned researcher alike.

The capacities of various types for thememory channelwill be the subject of study
in next three chapters.

What is a memoryless quantum channel? To describe a memoryless quantum
channel mathematically, letℍ(n)Λ,A := ⊗

Nn
j=1(ℍ
⊗n
j,A) be the Hillbert space representing the

quantum system of the Nn encoded quantum states (or carriers) corresponding to the
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classical signals λ1, λ2, . . . , λn of the system and let ρ(n)Λ,A = (ρ
(n)
1 , ρ
(n)
2 , . . . , ρ

(n)
Nn
) ∈ 𝒮(ℍ(n)Λ,A)

be the codeword of length n and size Nn be the input state on ℍ(n)Λ,A encoded by
the sender that represents the encoded signal of the first n signals (or carriers) for
n = 1, 2, . . .. The quantum channel Φ is said to be memoryless, if the first n uses the
channel Φ(n) : 𝒮(ℍ(n)Λ,A) → 𝒮(ℍ(n)Λ,B) to transmit the classical signals {λ1, λ2, . . . , λn} with
the encoded quantum state ρ(n)Λ,A ∈ 𝒮(ℍ

(n)
Λ,A) and can be written as

Φ(n)(ρ(n)Λ,A) = Φ
⊗n(ρ(n)Λ,A), (13.1)

where Φ⊗n is the n-folds tensor product of Φ, i. e., Φ⊗n = Φ⊗ ⋅ ⋅ ⋅ ⊗Φ andΦ : 𝒮(ℍλ,A) →
𝒮(ℍλ,B). Here,ℍλ,A denotes the Hilbert space representing the quantum for the code-
word ρλ of the classical signal λ prepared and sent by Alice and ℍλ,B denotes the
Hilbert space for the codeword ρλ sent through the channel and received by Bob. It
can be verified that Φ(n) is a quantum channel as defined in Definition 5.2.1. That is,
Φ(n) is a completely positive and trace preserving map from 𝒮(ℍ⊗nΛ,A) to 𝒮(ℍ⊗nΛ,B).

We give the justification of (13.1) for the memoryless channel Φ as follows.
In the scenario where Alice uses a memoryless channel, Φ : 𝒮(ℍA) → 𝒮(ℍB), to

send the joint quantum states q(n) = (q1, q2, . . . , qn) ∈ 𝒮(ℍ⊗nA ) to Bob. The channel Φ is
invoked n times independently. The kth invocation is given by the tensor product

Φk = I ⊗ ⋅ ⋅ ⋅ ⊗ I⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
k−1
⊗Φ ⊗ I ⊗ ⋅ ⋅ ⋅ ⊗ I⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

n−k
(13.2)

such that the overall operation becomes the concatenation

Φ(n) = Φn ∘Φn−1 ∘ ⋅ ⋅ ⋅ ∘Φ2 ∘Φ1 = Φ
⊗n, (13.3)

where I is the identity map from 𝒮(ℍA) to 𝒮(ℍB). Hence, Bob receives the output
Φ(n)(ρ(n)) = Φ⊗n(ρ(n)) of the joint quantum state. This is the appropriate model for
the situation where the effect of memory is not present or ignored.

For notational simplicity, we often suppress one or both of the subscripts Λ and A
fromℍΛ,A,ℍ

(n)
Λ,A, ρ
(n)
Λ,A, etc., when there is no danger of ambiguity.

Both classical and quantum information can be transmitted through a quantum
channel. A communication system is called a classical-quantum system or hybrid sys-
tem if classical information/data is to be sent through the quantum channel. A ques-
tion of interest in investigating a classical-quantumsystem is classical capacity, where
classical capacity is roughly defined as the averagenumber of classical bits of informa-
tion that can be transmitted, with a high degree of accuracy, through each use of that
channel. As is typical for information-theoretic notions, channel capacities are more
formally defined in terms of asymptotic behaviors, where the limit of an increasing
number of channel uses is considered.
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13.1 Transmissions of classical information

This section explores various topics behind transmissions of classical information via
repeated uses of a memoryless quantum channel.

13.1.1 Preparation of classical information

We briefly review the preparation (or quantization) of classical information before
transmission below.

Before we can understand relevant elements of quantum information theory, it is
helpful to briefly review the process involved in transmitting information via quantum
channels. Similar to classical communication systems, a general quantum communi-
cation system consists of the following five major components:
– A source (the sender), which generates the (classical) message that are to be re-

ceived at the destination (the receiver).
– An encoder, which turns the (classical) message generated at the source into an

encoded signal before transmission.
– A channel that is themediumused to transmit the encoded signal from the source

to the receiver.
– A decoder, which reconstructs/infers the original message from the signal sent

through the channel; and
– A destination (the receiver), which receives the inferred message.

Prior to transmission of the classical information through the quantum channel, the
sender will have to prepare and encode the classical information into quantum states.
To describe preparation of the classical data Λ = {λ1, λ2, . . . , λ|Λ|} (where |Λ| denotes
the cardinality or the number of elements of the set Λ) to be sent through the quantum
channelΦ, let 𝒞(Λ) be the (observable) algebra of complex-valued functions f : Λ→ ℂ
and let 𝒞∗(Λ) be the topological dual of C(Λ) (i. e., 𝒞∗(Λ) is the space of bounded linear
functionals ρ : 𝒞(Λ) → ℂ). In this case, the encoding channel ΞE is defined to be a
CPTP map from 𝒞∗(Λ) to 𝒮(ℍA).

Here, we first interpret 𝒞(Λ) as an operator algebra acting on a certain finite-
dimensional Hilbert spaceℍC, by choosing a fixed orthonormal basis {|λi⟩}

|Λ|
i=1 inℍC :=

ℂ|Λ|, and we identify the function f ∈ 𝒞(Λ) with the operator ̂f := ∑|Λ|i=1 f (λi)|λi⟩⟨λi| ∈
B(ℍC). Hence, 𝒞(Λ) can be thought of as diagonal |Λ| × |Λ|-matrices.

The function f ∈ 𝒞(Λ) is said to be an effect if 0 ≤ f (λi) ≤ 1 for all 1 ≤ i ≤ |Λ|. The
collection of all effects in 𝒞(Λ) is denoted by ℰ(𝒞(Λ)). If f ∈ ℰ(𝒞(Λ)), we can physically
interpret f (λi) as the probability that the effect f registers the elementary event λi ∈ Λ.
Besides, p ∈ ℰ(𝒞(Λ)) is a proposition if and only if p(λi) ∈ {0, 1} for all λi ∈ Λ. Since
𝒞(Λ) is finite-dimensional, it is naturally isomorphic to its dual 𝒞∗(Λ) in the following
sense: each linear functional ρ ∈ 𝒞∗(Λ) is in one-to-one corresponding to the function
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λi 󳨃→ ρλi := ρ(|λi⟩⟨λi|), and writing shorthand fλi := f (λi), we have ρ(f ) = ∑
|Λ|
i=1 fλiρλi . As

in the quantum setting, wewill identify the function λ 󳨃→ ρλ with the functional ρ, and
use the same symbol for both. Positivity of ρ ∈ 𝒞∗(Λ) is equivalent to the requirement
that ρλi ≥ 0, ∀λi ∈ Λ, and the normalization becomes 1 = ρ(I𝒞(Λ)) = ρ(∑

|Λ|
i=1 |λi⟩⟨λi|).

Hence, the state ρ ∈ 𝒞∗(Λ) corresponds to a discrete probability distribution {ρλi }
|Λ|
i=1,

and ρλi is the probability that the elementary event that λi occurswhen the system is in
the state ρ. More generally,∑|Λ|i=1 fλiρλi is the probability tomeasure the effect f when the
system is prepared in the state ρ. The pure states of the system are the Dirac measures
{δλi }
|Λ|
i=1, with δλ(|η⟩⟨η|) := δλη being the Dirac delta function.
The prepared state ρ ∈ 𝒞∗(ℍ) will be encoded by the encoding channel ΞE into a

state in 𝒮(ℍA) and sent through the quantum channel Φ : 𝒮(ℍA) → 𝒮(ℍB). The oper-
ation of encoding channel ΞE is to be described in detail in the following subsection.

13.1.2 Encoding and decoding of classical information

In the following, we explore and mathematically formulate the encoding and decod-
ing channels when information to be transmitted is classical data. In this case, the
channel Φ is referred to as a hybrid or a classical-quantum channel.

When the information to be transmitted is a very long data stream, Alice will first
break the stream up into pieces of some fixed length using a so-called block code.
Each of these such pieces is called message. A message w = {λ1, λ2, . . . , λn} is said
to have length n if it consists of n symbols λi, i = 1, 2, . . . , n; each is chosen at ran-
dom from the alphabet Λ that consists of countably infinite symbols. The procedure
given by the block code encodes each message individually into a codeword, and is
also i called a block in the context of block codes. Prior to transmitting the message,
Alice will first code the message in a block into an N-component vector of quantum
states (ρ(n)1 , ρ

(n)
2 , . . . , ρ

(n)
N ) referred as the codeword of size N, where ρ(n)k ∈ 𝒮(ℍ

⊗n
A ) for

k = 1, 2, . . . ,N . Shewill then send the codeword through n-usesΦ(n) = Φ⊗n of themem-
oryless channel Φ one component at a time, where N is referred to as the size of the
codeword. Upon receiving the output Φ⊗n(ρ(n)k ), k = 1, 2, . . . ,N . Bob, the receiver, will
then decode by making measurements on Φ⊗n(ρ(n)k ) and try to infer the original mes-
sage sent by Alice, the sender. In the context of the classical-quantum channel, the
process of preparing the classical information to be sent through the channel is called
encoding and the process of making a measurement on the quantum state received
is called decoding. The performance and success of the overall transmission depends
on the parameters of the channel and the block code. The discussions of the encod-
ing channel ΞE and decoding channel ΞD are described in the paragraphs that follow.
These models are general enough for transmission of quantum information as well.

To identity the encoder ΞE and decoder ΞE in the context of the classical-quantum
channel, we let Λ be an alphabet that consists of countably infinite symbols λ, and let
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Λ×n = Λ × ⋅ ⋅ ⋅ × Λ be the nth Cartesian product of the set Λ. Let (𝒮(ℍ⊗n))×N be the Nth
Cartesian product of the space 𝒮(ℍ⊗nA ) below.

The details of the encoding channel ΞE and decoding channel ΞD are to be ex-
plored in the following for the memoryless hybrid/cq channel Φ : 𝒮(ℍA) → 𝒮(ℍB)
throughwhichAlicewants to communicate classical data to Bob using the block code.

To transmit information through n uses of the channel, the sender and the re-
ceiver have to agree on a code, i. e., an assignment of a sequence of input signals and
ameasurement operator on the output system to each possiblemessage, such that the
measurement operators form a valid quantum measurement, normally described by
a positive operator valued measure (POVM).

The process of encoding and decoding of classical data communicated through
quantum channels can be found in Hayashi [61] (see also Watrous [173]) and are de-
scribed below.

We identity encoding channel ΞE and decoding channel below.

A. Encoder ΞE : Λ → 𝒮(ℍA)
First, we define a composite map of Λ with Φ, W := Φ ∘ ΞE : Λ → 𝒮(ℍB), where Λ
is an arbitrary set (called the input alphabet), and ℍB is the complex Hilbert space
that represents the output system B. That is,W maps classical input signals in Λ into
output quantum states onℍB. The mapW is often referred to as a classical-quantum
channel that transmits classical data from Λ down through the quantum channel Φ
to the output system B. We denote the set of classical-quantum channels with input
space Λ and output Hilbert spaceℍB by QC(Λ,ℍB). We also often refer to the quan-
tum channel Φ instead of W = Φ ∘ ΞE as the classical-quantum channel when it is
used to transmit classical data in the literature. Technically, according to Holevo and
Shirokov [83], a channel Φ : 𝒮(ℍA) → 𝒮(ℍB) is said to be classical-quantum if the
image of the dual channel Φ∗ : B(ℍB) → B(ℍA) consists of commuting operators.
If all of these operators are diagonal in a fixed orthonormal basis {|k⟩} inℍA, we say
that the classical-quantum channel is of discrete type. In this case, it has the following
representation:

Φ(ρ) =
dim(ℍA)
∑
k=1
⟨k|ρ|k⟩ℍAσk ,

where {σk} is a collection of states in𝒮(ℍB). Anyfinite-dimensional classical-quantum
channel is of discrete type. An example of a classical-quantum channel, which is not
of discrete type is provided by a Bosonic Gaussian classical-quantum channel (see
Chapter 12 of Holevo [77] and the Appendix of Holevo–Shirokov [83]). For every chan-
nel W ∈ QC(Λ,ℍB), we define the lifted channel W : Λ → 𝒮(ℍΛ ⊗ ℍB), W(λ) :=
(|λ⟩Λ⟨λ|) ⊗W(λ). Here,ℍΛ is an auxiliary Hilbert space representing the quantization
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of the classical data Λ and {|λ⟩Λ | λ ∈ Λ} is an orthonormal basis in it. As a canoni-
cal choice, one can use ℍΛ = L2(Λ), the L2-space on Λ with respect to the counting
measure, and choose |λ⟩Λ to be the characteristic function (indicator function) of the
singleton {λ}. Let 𝒫f (Λ) denote the set of finitely supported probability measures on
Λ. We identify every P ∈ 𝒫f (Λ)with the corresponding probability mass function, and
hence write P(λ) instead of P({λ}) for every λ ∈ Λ. We can redefine every channel W
with input alphabet Λ as a channel on the set of Dirac measures {δλ | λ ∈ Λ} ⊂ 𝒫f (Λ)
by definingW(δλ) := W(λ).W then admits a natural affine extension to 𝒫f (Λ), given
by

W(P) := P(λ)W(λ), λ ∈ Λ.

In particular, the extension of the lifted channelW outputs classical-quantum states
of the form

W(P) = ∑
λ∈Λ

P(λ)(|λ⟩Λ⟨λ|) ⊗W(λ).

Note that the marginals ofW(P) are

trB[W(P)] := trℍB[W(P)] = ∑
λ∈Λ

P(λ)(|λ⟩Λ⟨λ|) (13.4)

and

trΛ[W(P)] := trℍΛ[W(P)] = ∑
λ∈Λ

P(λ)W(λ) = W(P). (13.5)

With a slight abuse of notation, we will also denote∑λ∈Λ P(λ)(|λ⟩Λ⟨λ|) by P.
The n-fold i. i. d. extension of a channelW : Λ→ 𝒮(ℍA) is defined asW⊗n : Λ×n →

𝒮(ℍ⊗nA ),

W⊗n(λ) := W(λ1) ⊗ ⋅ ⋅ ⋅ ⊗W(λn), λ = (λ1, . . . , λn) ∈ Λ
×n.

Given Λ, we will always choose the auxiliary Hilbert spaceℍΛ×n to beℍ⊗nΛ and

|λ⟩ℍ⊗nΛ := |λ1⟩ℍΛ ⊗ ⋅ ⋅ ⋅ ⊗ |λn⟩ℍΛ ,

for λ = (λ1, λ2, . . . , λn) ∈ Λ×N . With this convention, the lifted channel ofW⊗n is equal
toW⊗n. Moreover, for every probability distribution P ∈ 𝒫f (Λ),

W⊗n(P⊗n) = (W(P))⊗n and W⊗n(P⊗n) = (W(P))⊗n,

where P⊗n ∈ 𝒫(λ), P(λ) := P(λ1) ⋅ ⋅ ⋅P(λn), λ = (λ1, . . . , λn) ∈ Λ×n, denotes the nth i. i. d.
extension of P.
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Let W : Λ → 𝒮(ℍB) be a classical-quantum channel, as described in part (A)
above. The encoding and decoding process of message transmission over the n-fold
extension of the channel is described as follows. Eachmessage k ∈ {1, 2, . . . ,N} (where
N = Nn is a positive integer depending on n) is encoded to a codeword by an encoder
φn(⋅) : {1, 2, . . . ,Nn} → Λ×n defined by

φn(k) = (λk,1, λk,2, . . . , λk,n) ∈ Λ
×n,

and is mapped to

W⊗n(φn(k)) = W(λk,1) ⊗W(λk,2) ⊗ ⋅ ⋅ ⋅ ⊗W(λk,n) ∈ 𝒮(ℍ
⊗n
B ).

The set {φn(k)}
Nn
k=1 ⊂ Λ

×n is called a codebook, which is agreed upon by the sender and
the receiver in advance. The quantum states ρ(n)k ∈ 𝒮(ℍ

⊗n
k,A) then can be identified with

φn(k) through the map

Φ⊗n(ρ(n)k ) = (Φ
⊗n ∘ Ξ⊗nE )(φn(k)) = W

⊗n(φn(k)).

B. Decoder ΞD : {ρ
(n)
k }

N
k=1 → {1, 2, . . . , N}

The decoding process, called the decoder, is described by a POVM D(n) = {D(n)k }
Nn
k=1 on

ℍ⊗nB , where the outcomes k = 1, 2, . . . ,Nn indicate decoded messages. The pair 𝒞n =
(φn,Dn) is called a code and its cardinality |𝒞(n)| = Nn is called the size of the code 𝒞(n).

When amessage k was sent, the probability of obtaining the outcome l is given by

P(l|k) = tr[W⊗n(φn(k))D
(n)
l ], k, l = 1, 2, . . . ,N .

The average error probability of the code 𝒞(n) is then given by

ℙ̄err(W
⊗n, 𝒞(n)) = 1 − 1

N

N
∑
k=1

tr[W⊗n(φn(k))D
(n)
k ],

which is required to vanish asymptotically for reliable communication. At the same
time, the aim of classical-quantum channel coding is to make the transmission rate
lim infn→+∞

1
n log |𝒞n| as large as possible. The channel capacity Ccq(W) is defined as

the supremum of achievable rates with asymptotically vanishing error probabilities,
i. e.,

Ccq(W) = sup{R | ∃(𝒞n)
+∞
n=1 ∋ lim inf

n→+∞
1
n
log |𝒞n| ≥ R, limn→+∞

Perr(W
⊗n,Cn) = 0}. (13.6)

Themaximum rate (the logarithm of the number of messages divided by the num-
ber of channel uses) that can be reached by such coding schemes in the asymptotics
of large n, with an asymptotically vanishing probability of erroneous decoding, is the
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capacity of the channel. By suppressing the encoding step in the process, Ccq(W), we
often refer Ccq(W) to C(Φ) as the classical capacity of the memoryless quantum chan-
nel Φ : 𝒮(ℍA) → 𝒮(ℍB).

13.2 Unconstrained classical capacity

Recall from Definition 12.2.1 that the Holevo χ-capacity Cχ(Φ) of the quantum channel
Φ : 𝒮(ℍA) → 𝒮(ℍB) is defined as

Cχ(Φ) = max
{(pi ,ρi)}
{H(∑

j
pjΦ(ρj)) −∑

j
pjH(Φ(ρj))}, (13.7)

where the maximum is taken over all ensembles μ = {(pj, ρj)} of all possible input
states ρj with distribution pj.

When dim(ℍA) = d < +∞, it has been shown that the maximum in (13.7) can be
achieved by using an ensemble of pure states and that in the maximization it suffices
to consider ensembles of at most d2 pure states (see Theorem 12.2.9).

The classical capacity C(Φ) of a memoryless quantum channel Φ is the maximum
rate at which classical data can be sent over it error-free in the limit of many uses of
the channel. Precisely, we have the following.

Definition 13.2.1. Let Φ⊗n : 𝒮(ℍ⊗nA ) → 𝒮(ℍ⊗nB ) be the n-use of the memoryless chan-
nel Φ.
1. The triplet C(n) = (p(n), ρ(n),D(n)) is said to be a code of length n and of size Nn,

where (i) p(n) = {p(n)j | j = 1, 2, . . . ,Nn} is a probability distribution, i. e., p
(n)
j > 0 for

all j = 1, 2, . . . ,Nn with ∑
Nn
j=1 p
(n)
j = 1; (ii) ρ

(n) = {ρ(n)j | j = 1, 2, . . . ,Nn} is a collection
of Nn states satisfying (16.58) and (iii) D(n) = {D

(n)
j | j = 1, 2, . . . ,Nn} is a POVM on

ℍ⊗nA that represents the decoding operators used by the receiver, Bob.
2. The average error probability ℙ̄err(C(n)) for the code C(n) is defined by

ℙ̄err(C
(n)) =

1
Nn

Nn

∑
j=1

p(n)j {1 − tr[Φ
⊗n(ρ(n)j )D

(n)
j ]},

andwith an abuse of using the same notation ℙ̄err(⋅), the average error probability
over all codes C(n) of length n and size Nn will be denoted by ℙ̄err(n,Nn).

3. The classical capacity C(Φ) of the channel Φ is defined as the least upper bound
of the rates R for which lim infn→+∞ ℙerr(n, 2nR) = 0, i. e.,

C(Φ) = inf{R > 0 | lim inf
n→+∞
ℙ̄err(n, 2

nR) = 0}. (13.8)

Note in the above definition that the classical information/symbol λn is en-
coded into the codeword ρ(n) = (ρ(n)1 , ρ

(n)
2 , . . . , ρ

(n)
Nn
) of size Nn and the expression
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tr[Φ⊗n(ρ(n)j )D
(n)
j ] denotes the probability that the decoder D

(n)
j infers that the j-code-

word was the state sent through the n-use of the memoryless channel by a correct
measurement of the output state Φ⊗n(ρ(n)j ) received at its destination. Therefore,
1
Nn
∑Nn
j=1 p
(n)
j {1− tr[Φ

⊗n(ρ(n)j )D
(n)
j ]} denotes the averaged error probability over the code-

word size and is denoted by ℙ̄err(C(n)). Occasionally, we also usemaximumprobability
of error ℙerr(C(n)) defined by

{1 − tr[Φ⊗n(ρ(n)j )D
(n)
j ]}, ∀j = 1, 2, . . . ,Nn,

to replace the average probability of error ℙ̄err(C(n)) defined above.

13.2.1 Holevo–Schumacher–Westmoreland theorem

A channel coding theorem for a stationary and memoryless classical-quantum chan-
nel has been established by combining the direct part shown by Holevo [69] and
Schumacher–Westmoreland [139] (now referred to as the Holevo–Schumacher–West-
moreland theorem or just the HSW theorem) with the (weak) converse part, which
goes back to 1970’s works by Holevo [67, 68]. This HSW theorem is undoubtedly a
landmark in the history of quantum information theory. We state and give a proof
using a quantum version of the Feinstein lemma for the HSW theorem for the finite-
dimensional channel in this chapter. While the HSW theorem illustrated here is finite-
dimensional, the quantum version of the Feinstein lemma used can and will be ex-
tended to treat infinite-dimensionalmemory channels in Chapters 15 and 16. TheHSW
theorem tells us that the asymptotic rate at which classical information can be trans-
mitted over a quantum channel Φ per channel use is given by the maximum output
Holevo quantity χ across all possible signaling ensembles. Unlike the proof presented
in this section, HSW employed the random coding technique. Alternative proofs have
been given by Winter [180], Ogawa and Nagaoka [118] and Hayashi and Nagaoka [62].
The proof in [118] was based on the standpoint of quantum hypothesis testing and the
quantum information spectrum, though it also employed an argument similar to the
classical Feinstein’ lemma. In Hayashi and Nagaoka [62], the technique of quantum
information spectrum was used and there were no structural assumptions imposed
on the quantum channels.

In this subsection, we confine ourself to finite-dimensional input system A rep-
resented by Hilbert spaceℍA and finite-dimensional output system B represented by
Hilbert spaceℍB.

We state and provide a proof of the Holevo–Schumacher–Westmoreland (HSW)
theorem below. The HSW theorem tells us the asymptotic rate at which classical infor-
mation can be transmitted over a quantum channel Φ per channel use and is given by
the maximum output Holevo quantity χ across all possible signaling ensembles.
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Theorem 13.2.2 (Holevo–Schumacher–Westmoreland (HSW) theorem). Let ℍA and
ℍB be two finite-dimensional complex Hilbert spaces. The classical capacity of a mem-
oryless channelΦ : 𝒮(ℍA) → 𝒮(ℍB) is given by the expression

C(Φ) = lim
n→+∞

1
n
Cχ(Φ
⊗n), (13.9)

where C(Φ) is defined in Definition 13.2.1.

The (HSW) theoremwill be proved by the quantumversion of the Feinstein lemma
below. The Feinstein lemma played an important role in the coding theorem in the
classical information theory. Shannon [140] in his noisy channel coding theorem
showed that information can be reliably sent over a classical channel at all rates up
to the channel capacity. The first rigorous proof of this fundamental theorem was
provided by Feinstein [50]. He used a packing argument to find an upper bound to
the maximal number of codewords that can be sent through the channel with a low
probability of error. His argument is often referred to as the Feinstein’ lemma.

13.2.2 Quantum version of Feinstein’s lemma

To state and prove the quantum version of Feinstein’s lemma, we repeatedly use the
concept of quantum typicality. The idea of a typical subspace plays an important role
in the proofs of many coding theorems. Its role is analogous to that of the typical set
in classical information theory (see Carver and Thomas [29]). We define quantum typ-
icality based on Nielson and Chuang [116] and Schumacher [138] below.

Let (Xn)+∞n=1 be a sequence of independent identically distributed (i. i. d.) random
variables, each is distributed as the random variable X with distribution pX(x) for x ∈
ΩX , where ΩX is the sample space of the random variable X. For each n ∈ ℕ, let X×n

be a finite sequence of random variables defined by the n-fold Cartesian product of X,
X×n = X×X×⋅ ⋅ ⋅×X, with a corresponding finite sequence of outcomes x×n = x1x2 . . . xn
(xi ∈ ΩX , i = 1, 2, . . . , n). Similarly, we define Y×n and y×n as a finite sequence of random
variables and its corresponding outcomes.

Definition 13.2.3 (Quantum typicality). Let ρ ∈ 𝒮(ℍA) be a quantum state on complex
Hilbert spaceℍA with the spectral decomposition,

ρ = ∑
x∈ΩX

pX(x)(|x⟩A⟨x|), where |x⟩A⟨x| := |x⟩ℍA⟨x|.

The weakly typical subspace of the state ρ is defined as the span of all vectors such
that the samplemean (Shannon) entropy S̄(x×n) is close to the true (Shannon) entropy
S(X) of the distribution pX(x):

TX
×n

δ := span{|x
×n⟩ ∈ ℍ⊗nA | |S̄(x

×n) − S(X)| ≤ δ}, (13.10)
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where S̄(x×n) := − 1n log(pX×n (x
×n)) and S(X) = −∑x pX(x) log(pX(x)). The projector P

(n)
ρ,δ

onto the typical subspace of ρ, TX
×n

δ , is defined as

P(n)ρ,δ := ∑
x×n∈TX×n

δ

|x×n⟩ℍ⊗nA ⟨x
×n|, (13.11)

where TX
×n

δ is also referred to as the set of δ-typical sequences (TX
×n

δ )
+∞
n=1 defined by

(13.10).

The following lemma follows immediately from Definition 13.2.3.

Lemma 13.2.4. The typical operator P(n)ρ,δ satisfies the following three properties:
1. tr[P(n)ρ,δρ

⊗n] ≥ 1 − ϵ;

2. tr[P(n)ρ,δ] ≤ 2
n(S(X)+δ) and

3. 2−n(S(X)+δ)P(n)ρ,δ ≤ P
(n)
ρ,δρ
⊗nP(n)ρ,δ ≤ 2

−n(S(X)−δ)P(n)ρ,δ.

In the following, a quantum version of Feinstein’s lemma is developed and used
to find an alternative proof of the direct channel coding theorem for transmission of
classical information through a quantum memoryless channel. The first proof of this
theorem, which states that all rates up to the Holevo χ-capacity are achievable, was
provided independently by Holevo [69] and Schumacher andWestmoreland [163] and
referred to as the Holevo–Schmacher–Westmoreland theorem (see Theorem 13.2.2).

The following quantum version of Feinstein’s lemma, due originally to Datta and
Dorlas [31], is proved using a series of lemmas in which the concept of quantum typi-
cality is used repeatedly.

Theorem 13.2.5 (Feinstein’s theorem for memoryless quantum channels). Assume
that dim(ℍA) < +∞ and dim(ℍB) < +∞. Let Φ : 𝒮(ℍA) → 𝒮(ℍB) be a memo-
ryless quantum channel. Given ϵ > 0, there exists n0 ∈ ℕ such that for all n ≥ n0
there exist at least N(n) ≥ 2(χ(Φ)−ϵ) product states ρ̄(n)1 , . . . , ρ̄

(n)
N(n) ∈ B(ℍ

⊗n
A ) and positive

operators D(n)1 , . . . ,D
(n)
N(n) ∈ B(ℍ

⊗n
B ) such that ∑

N(n)
k=1 D(n)k ≤ In and

tr[Φ⊗n(ρ̄(n)k )D
(n)
k ] > 1 − ϵ, for each k, (13.12)

where χ(Φ) is the Holevo χ-quantity and In is the identity operator onℍ⊗nB .

Proof. Let the maximum in (13.7) be attained at an ensemble {(pj, ρj)}
J
j=1, where J ≤ d

2,
where d = dim(ℍA). That is,

Cχ(Φ) = max
μ∈𝒫(𝒮(ℍA))

χΦ(μ) = χΦ({(pj, ρj)}
J
j=1)

= H(
J
∑
j=1

pjΦ(ρj)) −
J
∑
j=1

pjH(Φ(ρj)).
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Denote σj = Φ(ρj), σ̄ = ∑
J
j=1 pjσj = ∑

J
j=1 pjΦ(ρj) and σ̄n = σ̄⊗n. Choose δ > 0. We will

relate δ to ϵ at a later stage. The typical subspace theorem (see Lemma 13.2.4) (where
we let P(n)ρ,δ = Pn) ensures that there exists n1 ∈ ℕ, such that for n ≥ n1, there is a typical
subspace Tδ,ϵ with projection Pn, such that if σ̄n has a spectral decomposition

σ̄n = ∑
k⃗∈𝕁n

λ̄(n)
k⃗
(󵄨󵄨󵄨󵄨ψ
(n)
k⃗
⟩ℍ⊗nB ⟨ψ

(n)
k⃗
󵄨󵄨󵄨󵄨),

then

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1
n
log λ(n)

k⃗
+ H̄(σ̄n)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
<
ϵ
3
,

for all k⃗ ∈ 𝕁n such that |ψ(n)
k⃗
⟩ℍ⊗nB ∈ Tδ,ϵ and

tr[Pnσ̄n] > 1 − δ.

LetP(n)⃗j be the projection operator on the subspace ofℍ⊗nB spannedby the eigenvectors

of the operator σ(n)⃗j = σj1 ⊗ σj2 ⊗ ⋅ ⋅ ⋅ ⊗ σjn with eigenvalues λ
(n)
⃗j,k⃗
= Πn

i=1λjiki such that

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1
n
log λ(n)⃗j,k⃗ + H̄

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
<
ϵ
3
, (13.13)

where H̄ is the average von Neumann entropy defined by H̄ = ∑Jj=1 pjH(σj)with pj ≥ 0,
∑Jj=1 pj = 1 and H(σj) = −σj log σj being the von Neumann entropy of the output state
σj ∈ 𝒮(ℍB).

For any δ > 0, there exists an n2 ∈ ℕ such that for all n ≥ n2,

𝔼(tr[σ(n)⃗j P(n)⃗j ]) > 1 − δ
2, (13.14)

where𝔼[⋅ ⋅ ⋅]denotes the expected value of [⋅ ⋅ ⋅]with respect to the probabilitymeasure
ℙ defined by ℙ(Xi = λjk) = ℙ(X = λjk) = pjλjk for all i = 1, 2, . . . , n.

Let J ∈ ℕ, and let

𝕁n = {(j1, j2, . . . , jn) | ji = 1, . . . , J, for i = 1, 2, . . . , n}.

Let σj ∈ 𝒮(ℍB) for each j = 1, . . . , J with eigenvalue λjk, where k = 1, 2, . . . , d, in which
d = dim(ℍB) is the dimension of the Hillbert spaceℍB.

We need the following series of lemmas for the completion of the proof of Theo-
rem 13.2.5.

Lemma 13.2.6. Given a finite sequence of length n ∈ ℕ and an n-component vector
⃗j = (j1, j2, . . . , jn) ∈ 𝕁n, let P

(n)
⃗j
be the projection operator on the subspace ofℍ⊗nB spanned
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by the eigenvectors of the operator σ(n)⃗j = σj1⊗σj2⊗⋅ ⋅ ⋅⊗σjn with eigenvalues λ
(n)
⃗j,k⃗
= Πn

i=1λjiki
such that

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1
n
log λ(n)⃗j,k⃗ + H̄

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
<
ϵ
3
, (13.15)

where H̄ is the average von Neumann entropy defined by H̄ = ∑Jj=1 pjH(σj) with pj ≥ 0,
∑Jj=1 pj = 1, and H(σj) = −σj log σj being the von Neumann entropy of the output state
σj ∈ 𝒮(ℍB). For any δ > 0, there exists an n2 ∈ ℕ such that for all n ≥ n2,

𝔼(tr[σ(n)⃗j P(n)⃗j ]) > 1 − δ
2, (13.16)

where 𝔼[⋅ ⋅ ⋅] denotes the expected value of [⋅ ⋅ ⋅] with respect to the probability measure
ℙ defined by ℙ(Xi = λjk) = pjλj,k for all i = 1, 2, . . . , n.

Proof of Lemma 13.2.6. Define independent and identically distributed (i. i. d.) ran-
dom variables X1,X2, . . . ,Xn with distribution given by

ℙ(X = λjk) = pjλj,k , ∀j = 1, 2, . . . n, (13.17)

where λj,k, k = 1, 2, . . . , d′, are eigenvalue of the quantum state σj. By the weak law of
large numbers,

lim
n→+∞

1
n

n
∑
i=1

logXi = 𝔼(logX) =
J
∑
j=1

d′

∑
k=1

pjλj,k log λj,k

= −
J
∑
j=1

pjH(σj) = −H̄ . (13.18)

It follows that there exists n2 such that for n ≥ n2, the typical set T
(n)
δ,ϵ of sequences of

pairs ((j1, k1), . . . , (jn, kn)) such that

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1
n

n
∑
i=1

log λji ,ki + H̄
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
<
ϵ
3
, (13.19)

satisfies

ℙ(T(n)δ,ϵ ) = ∑
((j1 ,k1),...,(jn ,kn))∈T

(n)
δ,ϵ

n
∏
i=1

pjiλji ,ki > 1 − δ
2. (13.20)

Obviously,

P(n)⃗j ≥ ∑
k⃗:( ⃗j,k⃗)∈T(n)δ,ϵ

󵄨󵄨󵄨󵄨ψ
(n)
⃗j,k⃗
⟩ℍ⊗nB ⟨ψ

(n)
⃗j,k⃗
󵄨󵄨󵄨󵄨, (13.21)
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and

𝔼(tr[σ(n)⃗j P(n)⃗j ]) ≥ ℙ(T
(n)
δ,ϵ ) > 1 − δ

2. (13.22)

This proves the lemma.

For each n ∈ ℕ, let N = N(n) be the maximal number for which there exists states
ρ̃(n)1 , ρ̃

(n)
2 , . . . , ρ̃

(n)
N onℍ⊗nA of the tensor product form

ρ̃(n)k = ρ1 ⊗ ρ2 ⊗ ⋅ ⋅ ⋅ ⊗ ρn,

and there exists positive operatorsD(n)1 ,D
(n)
2 , . . . ,D

(n)
N onℍ⊗nB such that, defining σ̃(n)k =

Φ⊗n(ρ̃(n)k ), we have:
1. ∑Nk=1 D

(n)
k ≤ Pn and

2. tr[σ̃(n)k D(n)k ] > 1 − ϵ for each k, and

3. tr[σ̄nD
(n)
k ] ≤ 2

−n(H(σ̄)−H̄− 23 ϵ) for each k = 1, 2, . . . , n.

For any given ⃗j, define

V(n)⃗j = (Pn −
N
∑
k=1

D(n)k )
1/2

PnP
(n)
⃗j
Pn(Pn −

N
∑
k=1

D(n)k )
1/2

. (13.23)

Clearly, V(n)⃗j ≤ Pn − ∑
N
k=1 D
(n)
k . We also have the following result.

Lemma 13.2.7. Let

Wn = { ⃗j ∈ 𝕁
n | tr[σ(n)⃗j P(n)⃗j ] > 1 − δ}. (13.24)

Then, for all ⃗j ∈ Wn,

tr[σ̄nV
(n)
⃗j
] ≤ 2−n(H(σ̄)−H̄−

2
3 ϵ). (13.25)

Proof of Lemma 13.2.7. Put Qn = ∑
N(n)
k=1 D(n)k . In this case, Qn and Pn commute, i. e.,

QnPn = PnQn for each n. Using the fact that Pnσ̄nPn ≤ 2−n(H(σ̄)−
1
3 ϵ) by (13.15), we have

tr[σ̄nV
(n)
⃗j
] = tr[σ̄n(Pn − Qn)

1/2PnP
(n)
⃗j
Pn(Pn − Qn)

1/2]

= tr[Pnσ̄nPn(Pn − Qn)
1/2P(n)⃗j (Pn − Qn)

1/2]

≤ 2−n(H(σ̄n)−
1
3 ϵ) tr[(Pn − Qn)

1/2P(n)⃗j (Pn − Qn)
1/2]

≤ 2−n(H(σ̄n)−
1
3 ϵ) tr[P(n)⃗j ] ≤ 2

−n(H(σ̄n)−H̄−
2
3 ϵ),



13.2 Unconstrained classical capacity | 353

where, in the last inequality, we used the standard upper bound on the dimension of
the typical subspace: tr[P(n)⃗j ] ≤ 2

n(H̄+ 13 ϵ), which follows from (13.15). This proves the
lemma.

Since N(n) is maximal, it follows that for ⃗j ∈ Wn,

tr[σ(n)j V(n)⃗j ] ≤ 1 − 2ϵ. (13.26)

We now show that the setWn has high probability.

Lemma 13.2.8. μ(Wn) > 1 − δ, where μ(Wn) := ∑ ⃗j∈Wn
p(n)⃗j .

Proof. If ⃗j ∉ Wn, then tr[σ
(n)
⃗j
P(n)⃗j ] ≤ 1 − δ. Hence,

∑
⃗j∉Wn

p(n)⃗j tr[σ(n)⃗j (I
(n)
A − P

(n)
⃗j
)] ≥ δμ(Wc

n), (13.27)

where I(n)A is the identity operator on the tensor product Hilbert space ℍ⊗nA . On the
other hand, by (13.16),

∑
⃗j∉Wn

p(n)⃗j tr[σ(n)⃗j (I
(n)
A − P

(n)
⃗j
)] ≤ 𝔼(tr[(I(n)A − P

(n)
⃗j
)]) < δ2. (13.28)

Hence, μ(Wc
n ) <

δ2
δ = δ. This proves the lemma.

Lemma 13.2.9. Assume η < 1
3ϵ and δ < ϵ. Then for n ≥ n3,

tr[σ̄n
N
∑
k=1

D(n)k ] = 𝔼(tr[σ
(n)
⃗j

N
∑
k=1

D(n)k ]) ≥ η
2. (13.29)

Proof of Lemma 13.2.9. Define

Q′n = Pn − (Pn − Qn)
1/2, (13.30)

where Qn = ∑
N
k=1 D
(n)
k . It follows that

1 − ϵ ≥ 𝔼{tr[σ(n)⃗j (Pn − Q
′
n)P
(n)
⃗j
(Pn − Q

′
n)]} (13.31)

= 𝔼{tr[σ(n)⃗j PnP
(n)
⃗j
]} − 𝔼{tr[σ(n)⃗j Q′nP

(n)
⃗j
Pn]}

− 𝔼{tr[σ(n)⃗j PnP
(n)
⃗j
Q′n]} + 𝔼{tr[σ

(n)
⃗j
Q′nP
(n)
⃗j
Q′n]}

Since the last term is positive, by Lemma 13.2.9 we have

𝔼{tr[σ(n)⃗j Q′nP
(n)
⃗j
Pn] + tr[σ

(n)
⃗j
PnP
(n)
⃗j
Q′n]} > ϵ − η > 2η. (13.32)



354 | 13 Classical capacities of memoryless channels

On the other hand, using the Cauchy–Schwarz inequality (1.2) for each term, we have

𝔼{tr[σ(n)⃗j Q′nP
(n)
⃗j
Pn] + tr[σ

(n)
⃗j
PnP
(n)
⃗j
Q′n]}

≤ 2{𝔼(tr[Q′nσ
(n)
⃗j
Q′n])}

1/2
{𝔼(tr[σ(n)⃗j PnP

(n)
⃗j
Pn])}

1/2

≤ 2{𝔼(tr[σ(n)⃗j Q′ 2n ])}
1/2
. (13.33)

Thus,

𝔼{tr[σ(n)⃗j Q′ 2n ]} ≥ η
2 (13.34)

To complete the proof of this lemma, we now claim that

Qn ≥ Q
′ 2
n . (13.35)

Indeed, this follows on the domain ofPn from the inequality 1−(1−x)2 ≥ x2 for 0 ≤ x ≤ 1
This proves the lemma.

To complete the proof of Theorem 13.2.5, we now have by assumption

tr[σ̄nD
(n)
k ] ≤ 2

−n(H(σ̄)−H̄− 23 ϵ) (13.36)

for all k = 1, . . . ,N(n). On the other hand, choosing η < 1
3ϵ and δ < 1

3η, we have by
Lemma 13.2.9,

tr[σ̄n
N
∑
k=1

D(n)k ] ≥ η
2,

provided that n ≥ n3. It follows from the definition of N(n) that

N(n) ≥ η22n(H(σ̄)−H̄−
2
3 ϵ) ≥ 2n(H(σ̄)−H̄−ϵ)

for n ≥ n3 and n ≥ −
6
ϵ log η. This proves the theorem.

Note that the quantum in Feinstein’s lemma presented in this subsection, based
on the results obtained in Datta and Dorlas [32], can be extended explicitly to a class
of quantum channels with memory (see Chapter 14). This allows us to obtain a rig-
orous lower bound to the maximum achievable rate of transmission for this class of
channels, for the case of product state inputs. The generalized quantum in Feinstein’s
lemma and the direct coding theorem for these channels with memory are given in
Chapter 14.

The coding theorems for classical-quantum channel have also been extended by
Winter [180, 181] andalso byMosonyi andOgawa [115],whodetermine the exact strong
converse exponent for classical-quantum channels.
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13.3 Classical capacity of constrained channels

In this subsection, we consider the linearly constrained infinite-dimensional memo-
ryless channel Φ : 𝒮(ℍA) → 𝒮(ℍB) and explore the formula of classical capacity of
such a channel.

Let H be an H-operator on the input system ℍA and consider the linearly con-
strained set𝒜 = 𝒦H(E) ⊂ 𝒮(ℍA) described by

𝒦H(E) := {ρ ∈ 𝒮(ℍA) | tr[ρH] ≤ E}, E ≥ 0. (13.37)

For arbitrary state ρ ∈ 𝒮(ℍA) with spectral decomposition ρ = ∑i λi|ϕi⟩ℍA⟨ϕi|, we
define

tr[ρH] := ∑
i
λi‖√H|ϕi⟩‖

2
ℍA
≤ +∞.

The following constraint on the memoryless channel Φ is imposed:

sup
ρ∈𝒦H(E)

H(Φ(ρ)) < +∞, (13.38)

where E is a positive constant.
As noted earlier, the n-use of a memoryless quantum channel can be written as

Φ(n) = Φ⊗n, where Φ⊗n is the tensor product channel on the Hilbert spaceℍ⊗nA . In this
case, the observable H(n) onℍ⊗nA corresponding to H onℍA can be defined as

H(n) = H ⊗ IA ⊗ ⋅ ⋅ ⋅ ⊗ IA + ⋅ ⋅ ⋅ + IA ⊗ ⋅ ⋅ ⋅ ⊗ IA ⊗H, (13.39)

where IA is the identity operator on the input systemℍA. We want the input state ρ(n)

on the tensor product spaceℍ⊗nA to satisfy the additive constraint

tr[ρ(n)H(n)] ≤ nE. (13.40)

Lemma 13.3.1. Let Φ : 𝒮(ℍA) → 𝒮(ℍB) be a memoryless channel and let H be an
H-operator onℍA. IfΦ satisfies (13.38), thenΦ⊗n satisfies the following relation:

sup
ρ(n)∈𝒦(n)

H(n)
(nE)

H(Φ⊗n(ρ(n))) < +∞, (13.41)

where

𝒦(n)H(n) (nE) = {ρ
(n) ∈ 𝒮(ℍ⊗nA ) | tr[ρ

(n)H(n)] ≤ nE}. (13.42)

Proof. The subadditivity of von Neumann entropy with respect to the tensor product
of channels yields
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H(Φ⊗n(ρ(n))) ≤
n
∑
k=1

H(Φ(ρ(n)k )),

where ρ(n)k is the kth partial state of ρ(n), i. e., ρ(n)k (k = 1, 2, . . . , n) is the partial trace of
ρ(n) taken over the tensor product space of

ℍA ⊗ ⋅ ⋅ ⋅ ⊗ ℍA⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
k−1 factors

⊗ℍA ⊗ ⋅ ⋅ ⋅ ⊗ ℍA⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
n−k factors

.

By concavity of the entropy,

n
∑
k=1

H(Φ(ρ(n)k )) ≤ nH(Φ(ρ̄
(n))),

where ρ̄(n) = 1
n ∑

n
k=1 ρ
(n)
k . The inequality (13.40) can be rewritten as

1
n

n
∑
k=1

tr[ρ(n)k H(n)] = tr[ρ̄(n)H(n)] ≤ E,

which implies that

sup
ρ(n)∈𝒦(n)

H(n)
(nE)

H(Φ⊗n(ρ(n))) ≤ n sup
ρ∈𝒦H(E)

H(Φ(ρ)).

This proves the lemma.

For the infinite-dimensional memoryless channel Φ satisfying the constraint
(13.41), the code, error probability and classical capacity for the channel is defied
below.

Definition 13.3.2. For each n ∈ ℕ, and the n-use Φ⊗n of memoryless channel Φ :
𝒮(ℍA) → 𝒮(ℍB) satisfying (13.41), we define the following terminologies:
1. The triplet C(n) = (p(n), ρ(n),D(n)) is said to be a code of length n and of size Nn,

where (i) p(n) = {p(n)j | j = 1, 2, . . . ,Nn} is a probability distribution, i. e., p
(n)
j > 0 for

each j = 1, 2, . . . ,Nn with∑
Nn
j=1 p
(n)
j = 1; (ii) ρ

(n) = {ρ(n)j | j = 1, 2, . . . ,Nn} is a collection
of Nn states satisfying (13.40) and (iii) D(n) = {D

(n)
j | j = 1, 2, . . . ,Nn} is a collection

of POMV onℍ⊗nA .
2. The maximum error probability for the code C(n) is defined as

ℙerr(C
(n)) = max

j=1,2,...,Nn
{1 − tr[Φ⊗n(ρ(n)j )D

(n)
j ]}.

With an abuse of the notation, the maximum error probability over all codes C(n)

of length n and size Nn is denoted by ℙerr(n,Nn).
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3. The energy constrained classical capacity C(Φ;H,E) is defined as the least upper
bound of the rates R for which lim infn→+∞ ℙerr(n, 2nR) = 0. That is,

C(Φ;H,E) = inf{R > 0 | lim inf
n→+∞
ℙerr(n, 2

nR) = 0}. (13.43)

If a probability distribution p(n) = {p(n)j | j = 1, 2, . . . ,Nn} on the input codewords
ρ(n) = {ρ(n)j | j = 1, 2, . . . ,Nn} is given, then using the transition probability

p(j|k) = tr[Φ⊗n(ρ(n)k )D
(n)
j ]

we can find the joint distribution of input and output, compute the quantum informa-
tion Im(p(n), ρ(n),D(n)) and define the quantity

C(n)χ (Φ) = sup
(p(n) ,ρ(n) ,D(n))∈C(n)

Im(p
(n), ρ(n),D(n)), (13.44)

where

Im(p
(n), ρ(n),D(n)) = H(

Nn

∑
k=1

p(n)k Φ⊗n(ρ(n)k )) −
Nn

∑
k=1

p(n)k H(Φ⊗n(ρ(n)k )). (13.45)

By the quantum entropy bound (13.44), we have

Im(p
(n), ρ(n),D(n)) ≤ C(n)χ (Φ), ∀(p

(n), ρ(n),D(n)) ∈ C(n). (13.46)

We have the result due originally to Holevo [72, 73] and [78] that provides a
computational formula for the classical capacity C(Φ;H,E) in constrained infinite-
dimensional quantum systems.

Proposition 13.3.3. Assume that the channel Φ satisfies (13.38). Then the classical ca-
pacity of this channel under the constraint (16.58) is finite and equals to

C(Φ;H,E) = lim
n→+∞

1
n

sup
(p(n) ,ρ(n) ,D(n))∈C(n)

Im(p
(n), ρ(n),D(n))

= lim
n→+∞

1
n
C(n)χ (Φ). (13.47)

Proof. The first equality of (13.47) follows from Definition 13.3.2.
We now prove the second equality of (13.47), i. e.,

C(Φ;H,E) = lim
n→+∞

1
n
C(n)χ (Φ).

We first note that the inequality C(Φ;H,E) ≤ limn→+∞
1
nC
(n)
χ (Φ) follows from (13.46).

Therefore, we only need to prove the inequality
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C(Φ;H,E) ≥ lim
n→+∞

1
n
C(n)χ (Φ).

Assume that the transmission rate R < C(Φ;H,E), then we can choose n0, probability
distribution p(n0) = {p(n0)k | k = 1, 2, . . . ,Nn0 } and collection of states ρ

(n0) = {ρ(n0)k | k =
1, 2, . . . ,Nn0 } onℍ

⊗n0
A such that (p(n0), ρ(n0),D(n0)) ∈ C(n0) and

n0R < H(
Nn0

∑
k=1

p(n0)k Φ⊗n0(ρ(n0)k )) −
Nn0

∑
k=1

p(n0)k H(Φ⊗n0(ρ(n0)k )). (13.48)

Consider the channel Φ̃ on 𝒮(H⊗n0A ) given by the formula

Φ̃(ρ(n0)) = ∑
k
Φ⊗n0(ρ(n0)k )⟨ek |ρ

(n0)|ek⟩, (13.49)

and define the constraint function for this channel as f (k) = tr[ρ(n0)k H(n0)]. The condi-
tion (13.41) implies

sup
π

H(∑
λ∈Λ

pλΦ
⊗n0 (ρλ)) < ∞, (13.50)

where the supremum is over the probability distributions p = {pλ, λ ∈ Λ}, satisfying

∑
λ∈Λ

pλf (λ) ≤ n0E. (13.51)

13.4 Entanglement-assisted classical capacity

The purpose of this section is to explore finite-dimensional and constrained infinite-
dimensional entanglement-assisted classical capacities of thememoryless channelΦ.

Roughly speaking, the entanglement-assisted classical capacity Cea(Φ) is defined
as themaximumamount of classical information that can be reliably transmitted over
the quantum channel with the help of unlimited prior pure entanglement shared be-
tween sender and receiver.

What are the advantages of sharing pure entanglement between the sender and
the receiver in transmitting classical information via a quantum channel? Entangle-
ment is a useful resource in information transmission via a quantum channel. It can
be used to enhance the performance of quantum error correcting codes, and enhance
quantum channel capacities if shared between the sender and receiver prior to com-
munication, by encoding information into entangled states when making successive
uses of the channel. Precisely, one of the advantages for sharing prior entanglement
between sender and receiver is that it can exactly double the classical capacity of a
noiseless quantum channel and it can increase the classical capacity of some noisy
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quantum channels by an arbitrarily large constant factor depending on the channel,
relative to the best known classical capacity achievable without entanglement. In par-
ticular, the enhancement factor is greatest for very noisy channels, with positive clas-
sical capacity but zero quantum capacity.

This section explores concepts of entanglement-assisted classical capacity for
finite-dimensional and constrained infinite-dimensional memoryless channels. The
formula for the entanglement-assisted capacity of a noisy quantum channel can
be expressed as the maximum of mutual information over input states. The finite-
dimensional case was first obtained by Bennett–Shor–Smolin–Thapliya [8] and [9].
This section presents an alternative and simpler proof for the BSST theorem given
originally by Holevo [71] and [72]. A formula due originally to Holevo and Shirokov
[83] for computing the entanglement-assisted classical capacity for the linearly con-
strained infinite-dimensional channel is also presented. The main tools for obtaining
this formula are the coding theorem for classical-quantum constrained channels and
a finite-dimensional approximation of the input density operators for entanglement-
assisted capacity. We also give sufficient conditions under which supremum in the
capacity formulas can be achieved.

To facilitate a mathematical discussion of entanglement-assisted classical capac-
ity for a memoryless channel, we consider the following protocol of classical infor-
mation transmission through quantum channel Φ : 𝒮(ℍA) → 𝒮(ℍA′ ), (whereℍA′ is
another quantum system, which may be different fromℍA orℍB but is accessible by
both the sender and receiver for sharing entangled information). Here, the systems A
(possessed by Alice) and B (possessed by Bob) are represented by Hilbert spacesℍA
and ℍB, respectively, where ℍAB := ℍA ⊗ ℍB. Suppose Alice has a set of messages,
labeled by the elements of the set Λn = {λ1, λ2, . . . , λMn

}, which she would like to com-
municate via the quantum channel Φ : 𝒮(ℍA) → 𝒮(ℍA′ ) to Bob, exploiting this
shared entanglement. In the entanglement-assisted communication, Alice (quantum
systemA) andBob (quantum systemB) share indefinitelymany copies of an entangled
(pure) state ωAB. Alice first chooses the classical message λ at random from Λn with
probability pλ and then sends part of this shared state ωλ

AB = (E
λ
A ⊗ IB)(ωAB), through

the channelΦ toB. Here,Eλ
A are encoding channels depending on the signal λ. Thus,B

receives states (Φ⊗IB)(ωλ
AB)with probabilities pλ and aims to extract maximum infor-

mation about λ bydoingmeasurements on these states. To enable block encoding, this
procedure should be applied to the channel Φ(n). Then signal states ωλ(n)

AB := (ω
λ
AB)
(n)

transmitted through the channel Φ(n) ⊗ I⊗nB have a special form

ωλ(n)
AB := (ω

1
λ,ω

2
λ, . . . ,ω

n
λ) = (E

λ(n)
A ⊗ I

(n)
B )(ω

(n)
AB), (13.52)

where the encoded codewords ω(n)AB is the pure entangled state for n copies of the sys-
tem AB and λ 󳨃→ Eλ(n)

A are encodings of n copies of system A.
Note that the codewordsωλ(n)

AB are states shared between Alice and Bob. Alice then
sends her part of these shared states to Bob through n subsequent uses of the quantum
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channel Φ. Hence, Bob’s final state corresponding to Alice’s classical message λ is

σλ(n)AB := (Φ
(n) ⊗ I⊗nB )(ω

λ(n)
AB ).

In order to infer the message that Alice communicated to him, Bob makes a measure-
ment on the received state σλ(n)AB , themeasurement being described by POVM elements
D(n)AB = D

λ(n)
AB , λ ∈ Λn, with D

λ(n)
AB being a positive operator acting onℍ⊗nAB, such that

∑
λ∈Λn

Dλ(n)
AB ≤ I

⊗n
AB,

and IAB denoting the identity operator acting inℍAB. Defining

D0(n)
AB := I

⊗n
AB − ∑

λ∈Λn

Dλ(n)
AB

yields a resolution of identity inH⊗nAB. Hence, {D
λ(n)
AB }λ∈Λn∪{0} defines a POVM. An output

β ∈ Λn of ameasurement described by this POVM,would lead Bob to conclude that the
codeword was ωβ(n)

AB , whereas the output 0 is interpreted as a failure of any inference.
The encoding and decoding operations, employed to achieve reliable transmission of
information by means of this protocol, together define a quantum code C(n) (of length
n and size Nn), which is given by the triplet C(n) := (p(n),ω

λ(n)
AB ,D

(n)
AB).

13.4.1 Finite-dimensional channels

The presentation of this subsection is based on results obtained in Holevo and Shi-
rokov [83], Holevo [71, 72] and Bennett–Shor–Smolin–Thapliya [9].

Consider the Hilbert spaces ℍA and ℍB, where dim(ℍA) < +∞ and dim(ℍB) <
+∞. In this case, the maximum over measurements of system B can be evaluated us-
ing the coding theorem for the classical capacity (see HSW theorem (13.2.2)). First, we
consider the one-shot entanglement-assisted classical capacity

C(1)ea (Φ) = max
(pλ ,ωλ

AB ,D
λ
AB)
{H(∑

λ∈Λ
pλ(Φ ⊗ IB)(ω

λ
AB)) − ∑

λ∈Λ
pλH((Φ ⊗ IB)(ω

λ
AB))}, (13.53)

where the maximum is taken among all pλ > 0 with ∑λ∈Λ pλ = 1, all shared entan-
gled state ωλ

AB corresponding to of classical message λ ∈ Λn, and H(⋅) is the von Neu-
mann entropy function. This quantity is obtained by the maximization of the quan-
tum mutual information for single channel use, which yields one-use (or one-shot)
entanglement-assisted classical capacity C(1)ea (Φ) that can easily be written as

C(1)ea (Φ) = max
ρ∈𝒮(ℍA)
{H(ρ) − H(Φ(ρ)) − H((Φ ⊗ IB)(|ω⟩AB⟨ω|))}, (13.54)
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where |ω⟩AB⟨ω| ∈ 𝒮(ℍAB) (ℍAB = ℍA ⊗ ℍB) is the maximally entangled pure state
shared between the sender and the receiver, which is also a purification of the input
state ρ ∈ 𝒮(ℍA). In this case, part of the purification, namely trB[|ω⟩AB⟨ω|], is trans-
mitted through the channel Φ while the other part trA[|ω⟩AB⟨ω] is sent through the
identity channel IB (this corresponds to the portion of the entangled state that the
receiver holds at the start of the protocol).

Using the memoryless channel Φ n times and allowing entangled measurement
on system B, one gets

C(n)ea (Φ) = C
(1)
ea (Φ
⊗n). (13.55)

The full entanglement-assisted classical capacity Cea(Φ) for the memoryless channel
Φ can then be written as

Cea(Φ) = lim
n→+∞

1
n
C(n)ea (Φ) = lim

n→+∞
1
n
C(1)ea (Φ

⊗n). (13.56)

The following theorem for finite-dimensional spacesℍA andℍB is due originally
to Bennett–Shor–Smolin–Thapliya [8] and [9]. However, a simplified version of the
proof by Holevo [71] is provided below.

Theorem 13.4.1 (The BSST theorem, [8, 9]). Assume that dim(ℍA) = dim(ℍB) < +∞.
Then

Cea(Φ) = max
ωA

Im(ωA;Φ), (13.57)

where ωA = trB[ωAB] and

Im(ωA;Φ) = H(ωA) + H(Φ(ωA)) − H(ωA;Φ) (13.58)

is the quantum mutual information with H(ωA;Φ) being the entropy exchange defined
by H((Φ ⊗ IB)(|ω⟩AB⟨ω|)).

The proof of Theorem 13.4.1 follows from the following two lemmas.

Lemma 13.4.2. Assume that all conditions of Theorem 13.4.1 hold. Then

Cea(Φ) ≥ max
ωA

Im(ωA;Φ). (13.59)

Proof. To prove the lemma, we first claim that

C(1)ea (Φ
⊗n) ≥ Im(

P
dim(P)
;Φ(n)) (13.60)

for arbitrary projection P inℍ⊗nA .
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To prove this claim, we let P = ∑mk=1 |ek⟩A⟨ek | onℍA, where {ek}
m
k=1 is an orthonor-

mal system, wherem = dim(P). Define unitary operators U, V andWαβ onℍA by

V|ek⟩A = exp(
2πik
m
)|ek⟩A; U|ek⟩A = |ek+1(modm)⟩A, k = 1, 2, . . . ,m;

Wαβ = U
αVβ; α, β = 1, 2, . . . ,m

on the subspace ofℍA generated by {ek}mk=1, and as the identity operator on its orthog-
onal complement inℍA. Let

ψAB =
1
√m

m
∑
k=1
|ek⟩A ⊗ |ek⟩B.

Then it is easy to show that:
(i) {(Wαβ ⊗ IB)|ψAB⟩; α, β = 1, . . . ,m} is an orthonormal system inℍAB := ℍA ⊗ ℍB; in

particular, ifm = dim(ℍA), it is a basis;
(ii) ∑mα,β=1(Wαβ ⊗ IB)|ψAB⟩⟨ψAB|(Wαβ ⊗ IB)∗ = P

m ⊗
P
m .

Without loss of generality, we can label the classical signal λ ∈ Λ to be transmitted as
λ = (α, β)with equal probabilities 1/m2. For the entangled state |ψAB⟩⟨ψAB|, we assume
the unitary encodings Eλ

A(ωAB) =Wαβ(ωAB)W∗αβ. Then we have

C(1)ea (Φ
⊗n) ≥ H( 1

m2 ∑
αβ
(Φ ⊗ IB)(ω

αβ
AB)) −

1
m2 ∑

αβ
H((Φ ⊗ IB)(ω

αβ
AB)),

whereωαβ
AB = (Wαβ ⊗ IB)|ψAB⟩⟨ψAB|(Wαβ ⊗ IB)∗. Then, by the property (ii), the first term

on the right-hand side of the above inequality equals

H((Φ ⊗ IB)(
P
m
⊗
P
m
)) = H( P

m
) + H(Φ( P

m
))

Sinceωαβ
AB is a purification of

P
m inℍB, the entropies in theH(

P
m ;Φ) in second term are

all equal to H( Pm ;Φ). By the expression for quantum mutual information (13.60), this
proves

C(1)ea (Φ
⊗n) ≥ Im(

P
dim(P)
;Φ⊗n) (13.61)

for arbitrary projection P inℍ⊗nA . This proves the claim.
For future use, we comment without providing a proof that the last term in the

quantum mutual information (13.60), the entropy exchange H(ωA;Φ), is equal to the
final environment entropy H(ΦE(ωA)), where ΦE is a channel from the system space
ℍA to the environment space ℍE . Now let ρA = ρ be an arbitrary state in ℍA, and
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let Pn.δ, be the typical projection of the state ρ⊗n inℍ⊗nA . It was suggested that for the
arbitrary channel Ψ fromℍA to possibly other Hilbert space ℍ̃,

lim
δ→0

lim
n→+∞

1
n
H(Ψ⊗n( Pn,δ

dim(Pn,δ)
)) = H(Ψ(ρ)),

which would imply by the expressions for the mutual information and the entropy
exchange that

lim
δ→0

lim
n→+∞

1
n
Im(

Pn,δ

dim(Pn,δ)
;Φ⊗n) = Im(ρ;Φ), (13.62)

and hence, by (13.60), the required inequality (13.59).
We shall prove (13.62)withPn,δ being the strongly typical projectionof the state ρ⊗n.
Let us fix small positive δ, and let γj be the eigenvalues, |ej⟩A the eigenvectors of

the density operator ρ. Then the eigenvalues and eigenvectors of ρ⊗n are γ ⃗j = γj1 ⋅ ⋅ ⋅ γjn
and |e ⃗j⟩ℍ⊗nA = |ej1⟩A ⊗ ⋅ ⋅ ⋅ ⊗ |ejn⟩A, respectively, where

⃗j = (j1, . . . , jn). The sequence ⃗j is
called strongly typical if the numbers N(j| ⃗j) of appearance of the symbol j in ⃗j satisfy
the condition

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

N(j| ⃗j)
n
− γj
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
< δ, j = 1, 2, . . . , d,

and N(j| ⃗j) = 0 if γj = 0. Let us denote the collection of all strongly typical sequences
as Bn,δ, and let Pn be the probability distribution given by the eigenvalues γ ⃗j. Then by
the law of large numbers, Pn(Bn,δ) → 1 as n → +∞. It can be shown that the size of
Bn,δ satisfies

2n(H(ρ)−Δn(δ)) < 󵄨󵄨󵄨󵄨B
n,δ󵄨󵄨󵄨󵄨 < 2

n(H(ρ)+Δn(δ)), (13.63)

whereH(ρ) = −∑di=1 γi log γi, and limδ→0 limn→+∞ Δn(δ) = 0. For the arbitrary function
f (j), j = 1, . . . , d, and ⃗j = (j1, . . . , jn) ∈ Bn,δ, we have

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

f (j1) + ⋅ ⋅ ⋅ + f (jn)
n

−
d
∑
j=1

γjf (j)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
< δmax

j
f (j). (13.64)

In particular, any strongly typical sequence is (entropy) typical: taking f (j) = − log γj
gives

n(H(ρ) − δ1) < − log γ ⃗j < n(H(ρ) + δ1), (13.65)

where δ1 = δmaxj:γj>0(− log γj). The converse is not true; -– not every typical sequence
is strongly typical. The strongly typical projector is defined as the following spectral
projector of ρ⊗n:
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Pn,δ = ∑
⃗j∈Bn,δ
|e ⃗j⟩⟨e ⃗j|.

We denote dn,δ = dim(Pn,δ) = |Bn,δ| and ρ̄n,δ = Pn,δ and we are going to prove that

lim
δ→0

lim
n→+∞

1
n
H(Ψ⊗n(ρ̄n,δ)) = H(Ψ(ρ)) (13.66)

for the arbitrary channel Ψ. We have

nH(Ψ(ρ)) − H(Ψ⊗n(ρ̄n,δ)) = H((Ψ(ρ))⊗n) − H(Ψ⊗n(ρ̄n,δ))
= H(Ψ⊗n(ρ̄n,δ)‖Ψ⊗n(ρ⊗n))
+ tr[log((Ψ(ρ))⊗n(Ψ⊗n(ρ̄n,δ) − (Ψ(ρ))⊗n)], (13.67)

where H(⋅‖⋅) denotes a relative entropy. Strictly speaking, this formula is correct if the
density operator (Ψ(ρ))⊗n is nondegenerate, which we assume for amoment. Later we
shall showhow the argument canbemodified to the general case. For the first term,we
have the estimate by the fundamental property of monotonicity of the relative entropy

H(Ψ⊗n(ρn,δ)‖Ψ⊗n(ρ⊗n)) ≤ H(ρn,δ‖ρ⊗n),

with the right-hand side computed explicitly as

H(ρn,δ‖ρ⊗n) = ∑
⃗j∈Bn,δ

1
dn,δ

log( 1
dn,δ

γ ⃗j) = − log dn,δ − ∑
⃗j∈Bn,δ

1
dn,δ

log γ ⃗j,

which is less thanor equal ton(δ1+Δn(δ))by (13.65), (13.63), givinga sufficient estimate.
By using the identity,

log((Ψ(ρ))⊗n) = logΨ(ρ) ⊗ I ⊗ ⋅ ⋅ ⋅ ⊗ I + ⋅ ⋅ ⋅ + I ⊗ ⋅ ⋅ ⋅ ⊗ I ⊗ logΨ(ρ),

and introducing the operator F = Ψ∗(logΨ(ρ)) where Ψ∗ : B(ℍB) → B(ℍA) is the
dual channel of Ψ, we can rewrite the second term of the right-hand side of (13.67) as

n tr[(F ⊗ I ⊗ ⋅ ⋅ ⋅ ⊗ I + ⋅ ⋅ ⋅ + I ⊗ ⋅ ⋅ ⋅ ⊗ I ⊗ F)
n

(ρ̄n,δ − ρ⊗n)]

=
n
dn,δ
∑
⃗j∈Bn,δ
(
f (j1) + ⋅ ⋅ ⋅ + f (jn)

n
−

d
∑
j=1

γjf (j)),

where f (j) = ⟨ej|F|ej⟩, which is evaluated by nδmax f via (13.64). This establishes
(13.66) in the case of a nondegenerate Ψ(ρ).

Coming back to the general case, let us denote PΨ, the supporting projector of
Ψ(ρ). Then the supporting projector of (Ψ(ρ))⊗n is P⊗nΨ , and the support of Ψ⊗n(ρ̄n,δ) is
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contained in the support of (Ψ(ρ))⊗n = Ψ⊗n(ρ⊗n), because the support of ρ̄n,δ is con-
tained in the support of ρ⊗n. Thus, the second term in (13.67) should be understood
as

tr[P⊗nΨ log(P⊗nΨ (Ψ(ρ))
⊗nP⊗nΨ )P

⊗n
Ψ (Ψ
⊗n(ρ̄n,δ) − (Ψ(ρ))⊗n)],

where now we have log of a nondegenerate operator in P⊗nΨ (ℍ
⊗n
A ). We can then repeat

the argument with F defined as Ψ∗(PΨ(logPΨΨ(ρ)PΨ)PΨ). This fulfills the proof of
(13.62), from which (13.59) follows. This proves the lemma.

Lemma 13.4.3. Assume that all conditions of Theorem 13.4.1 hold. Then

Cea(Φ) ≤ max
ωA

Im(ωA;Φ). (13.68)

Proof. We now prove the inequality

Cea(Φ) ≤ max
ωA

Im(ωA;Φ).

We first prove C(1)ea (Φ) ≤ maxωA
Im(ωA;Φ) as follows. Let us denote Eλ

A the encodings
used by A. Let ωAB be the pure state initially shared by A and B, then the state after
the encoding of the system AB and A are

ωλ
AB = (E

λ
A ⊗ IB)(ωAB) and ωλ

A = E
λ
A(ωA), respectively, (13.69)

where ωA = trB[ωAB]. Note that the partial state of B does not change after the encod-
ing, ωλ

B = ωB. We are going to prove that

H(∑
λ
pλ(Φ ⊗ IB)(ω

λ
AB)) −∑

λ
pλH((Φ ⊗ IB)(ω

λ
AB)) ≤ Im(∑

λ
pλω

λ
A;Φ) (13.70)

By the quantum coding theorem, the maximum of the left-hand side with respect to
all possible pλ,Eλ

A and ω
λ
AB is just C

(1)
ea (Φ). Therefore, C

(1)
ea (Φ) ≤ maxωA

Im(ωA,Φ).
By using subadditivity of quantum entropy, we can evaluate the first term on the

left-hand side of (13.70) as

H(∑
λ
pλΦ(ω

λ
A)) + H(ωB) = H(Φ(∑

λ
pλω

λ
A)) +∑

λ
pλH(ωB).

Here, the first term already gives the output entropy from Im(∑λ pλω
λ
A;Φ). Let us pro-

ceed with evaluation of the remainder

∑
λ
pλ(H(ωB) − H((Φ ⊗ IB)(ω

λ
AB)).
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We first show that the term in the above-squared brackets does not exceed H(ωλ
A) −

H((Φ ⊗ IRλ )(ω
λ
ARλ )), where R

λ is the purifying (reference) system for ωλ
A, and ωλ

ARλ is
the purified state. To this end, consider the unitary extension of encoding Eλ

A with the
environment Eλ, which is initially in a pure state. From (13.69), we see that we can take
Rλ = BEλ (after the unitary interactionwhich involves onlyAEλ). Then, again denoting
with primes, the states after the application of the channel Φ, we have

H(ωB) − H(Φ ⊗ IB)(ωAB)) = H(ωB) − H(ω
λ
A′B) = −H(A|B)ωλ

A′B
. (13.71)

Similarly,

H(ωA) − H((Φ ⊗ IRλ )(ω
λ
ARλ)

= H(ωλ
Rλ) − H(ω

λ
A′Rλ) = −H(A

′|Rλ)ωλ
A′B
= −H(A′|BEλ)ωλ

A′B
,

which is greater or equal than (13.71) by monotonicity of the conditional entropy.
We claim that the function ωA 󳨃→ H(ωA) − H(Φ ⊗ IR)(ωAR)) is concave.
To prove this claim, we introduce an environment E for channel Φ and we have

H(ωA) − H((Φ ⊗ IR)(ωAR) = H(ωR) − H(ωA′R)

= H(ωA′E′ ) − H(ωE′ ) = H(A
′|E′).

The conditional entropy H(A′|E′) is a concave function of ωA′E′ . The map ωA 󳨃→ ωA′E′

is affine and, therefore, H(A′|E′) is a concave function of ωA. This proves the claim
that the function ωA 󳨃→ H(ωA) − H(Φ ⊗ IR)(ωAR)) is concave.

Consequently,

∑
λ
pλH(ω

λ
A) − H((Φ ⊗ IRλ )(ω

λ
ARλ))

≤ H(∑
λ
pλω

λ
A) − H((Φ ⊗ IR)(ω̂AR))

where ω̂AR is the state purifying∑λ ω
λ
A with a reference system R.

Applying the same argument to the channel Φ⊗n gives

C(n)ea (Φ) ≤ max
ω(n)A

Im(ω
(n)
A ,Φ
⊗n). (13.72)

Then from subadditivity of quantum mutual information (see Proposition 11.1.4), we
have the remarkable additivity property

max
ω(n)A

Im(ω
(n)
A ;Φ
(n)) = nmax

ωA
Im(ωA;Φ).

Therefore, we obtain Cea(Φ) ≤ maxωA
Im(ωA;Φ).



13.4 Entanglement-assisted classical capacity | 367

Lemmas (13.4.2) and (13.4.3) show thatCea(Φ) = maxωA
Im(ωA;Φ). This proves The-

orem 13.4.1.

13.4.2 Constrained infinite-dimensional channels

In this subsection, the BSST theorem for finite-dimensional input and output Hilbert
spaces presented in the previous subsection is extended to the infinite case with some
linear constraints described below.

When applying the protocol of entanglement-assisted communication to infinite-
dimensional channels, one has to impose certain constraints on the input states. Oth-
erwise, it can be shown that there exists the unconstrained memoryless channel Φ
with Cea(Φ) = +∞.

A typical physically motivated constraint is the bounded energy of states used for
encoding. This constraint is determined by the linear inequality

tr[ρH] ≤ E, E > 0, (13.73)

where H is a positive self-adjoint operator—a Hamiltonian of the input quantum sys-
temℍA, which can be assumed to be a H-operator. In this case, we again denote the
compact subset 𝒦H(E) of 𝒮(ℍA) (see (3.3) for compactness of 𝒦H(E) inℍA) as

𝒦H(E) = {ρ ∈ 𝒮(ℍA) | tr[ρH] ≤ E}.

For the H-operator H on the infinite-dimensional space ℍA and any state ρ ∈
𝒮(ℍA), the energy tr[ρH] (finite or infinite) is defined as supn tr[ρPnHPn], where Pn
is the finite-dimensional spectral projector of H corresponding to the interval [0, n].

We impose the following linear constraint onto the input states ρ(n) of the channel
Φ⊗n

tr[ρ(n)H(n)] ≤ nE, (13.74)

where

H(n) = H ⊗ IA ⊗ ⋅ ⋅ ⋅ ⊗ IA + ⋅ ⋅ ⋅ + IA ⊗ ⋅ ⋅ ⋅ ⊗ IA ⊗H. (13.75)

In this case, the constrained Holevo χ-capacity Cχ(Φ;H,E) is defined by

Cχ(Φ;H,E) = sup
ρ∈𝒦H(E)

Cχ(ρ,Φ), (13.76)

where

Cχ(ρ,Φ) = sup
∑i piρi=ρ

χΦ({pi, ρi}), (13.77)
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is the constrained χ-capacity of the channel Φ at the state ρ (the supremum is over all
ensembles with the average state∑i piρi = ρ). If H(Φ(ρ)) < +∞, then

Cχ(ρ,Φ) = H(Φ(ρ)) − ĤΦ(ρ), (13.78)

where ĤΦ(ρ) = inf∑i piρi=ρ H(Φ(ρ)) is the σ-convex hull of the function ρ 󳨃→ H(Φ(ρ)).
Due to the concavity of the von Neumann entropyH(⋅), the infimum can be taken over
ensembles of pure states because anymixed quantum state can be expressed as a con-
vex combination of pure states. By the Holevo–Schumacher–Westmoreland (HSW)
theorem adapted to constrained channels (see (13.47)), the classical capacity of the
channel Φ with constraint (16.92) is given by the following regularized expression:

C(Φ;H,E) = lim
n→+∞

1
n
Cχ(Φ
⊗n;H(n), nE),

where H(n) is defined by (13.75).
Constraint (13.74) is equivalent to a similar constraint on input states of the chan-

nel Φ⊗n ⊗ I⊗nB with the constraint operator H(n)AB = H
(n) ⊗ I(n)B on the composite Hilbert

spaceℍ⊗nAB, where I
(n)
B is the identity operator onℍ⊗nB . Denote by 𝒫(n)AB the collection of

ensembles π(n) = {p(n)λ ,ω
(n)
λ }, where ω

(n)
λ are states of the form (13.73) satisfying

∑
λ∈Λ

p(n)λ tr[ω(n)λ H(n)AB] ≤ nE.

The classical capacity of the above protocol is called the entanglement-assisted classi-
cal capacity of the channel Φ under constraint (13.73) and is denoted by Cea(Φ;H,E).
In the following, we obtain

Cea(Φ;H,E) = lim
n→+∞

1
n
C(n)ea (Φ;H,E), (13.79)

where

C(n)ea (Φ;H,E) = sup
π(n)∈𝒫 (n)AB

χΦ⊗n⊗I⊗nB ({p
(n)
λ , ρ
(n)
λ }). (13.80)

To establish the main result for the entanglement-assisted classical capacity for
the memoryless channel, we recall the definition and property of mutual information
Im(ρ,Φ) below.

For finite dimensions, it is defined for arbitrary state ρ ∈ 𝒮(ℍA),

Im(ρ,Φ) = H(ρ) + H(Φ(ρ)) − H((Φ ⊗ IR)(ρ̂)), (13.81)

whereℍR is a Hilbert space isomorphic toℍA and ρ̂ is the purification of ρ in the space
ℍA ⊗ ℍR so that trR[ρ̂] = ρ. By the complementary channel Φ̂ : 𝒮(ℍA) → 𝒮(ℍE), the
quantummutual information Im(ρ,Φ) can also be written as
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Im(ρ,Φ) = H(ρ) + H(Φ(ρ)) − H(Φ̂(ρ)). (13.82)

In the infinite dimension expressions (13.81), (13.82)may containuncertainty “∞−∞,”
and to avoid this problem they should be modified as

Im(ρ,Φ) = H((Φ ⊗ IR)(ρ̂)‖(Φ ⊗ IR)(ρ ⊗ ρ)), (13.83)

where ρ = trA[ρ̂] is the state in 𝒮(ℍR) with the same nonzero spectrum as ρ. Analyti-
cal properties of the function (ρ,Φ) 󳨃→ Im(ρ,Φ) were studied in Theorem 11.1.9 in the
infinite-dimensional case.

We also review property of conditional entropy H(⋅|⋅) below.
In finite dimensions, the conditional entropy of a state ρ of a composite systemAB

is defined as

H(A|B)ρ := H(ρ) − H(ρB), (13.84)

where ρB = trA[ρ]. The conditional entropy is finite, but in contrast to the classical
case it may be negative.

The conditional entropy of a state ρ of an infinite-dimensional composite system
AB is defined as follows (see Definition 8.3.2):

H(A|B)ρ := H(ρA) − H(ρ‖ρA ⊗ ρB), (13.85)

provided H(ρA) < +∞. It is easy to see that the right-hand sides of (13.84) and (13.85)
coincide ifH(ρ) < +∞ (finiteness of any two values from the triple (H(ρA),H(ρB),H(ρ))
implies finiteness of the third one). It is proved in Proposition 8.3.6 that the above-
defined conditional entropy is a concave function on the convex set of all states ρ of
the system AB such that H(ρA) < +∞, possessing the following properties:

H(A|B)ρAB ≥ H(A|BC)ρ (13.86)

for any state ρ of ABC (monotonicity), and

H(A|B)ρAB = −H(A|C)ρAC (13.87)

for any pure state ρ of ABC, where it is assumed that H(ρA) < +∞.
With the above facts in mind, we have the following result.

Lemma 13.4.4. Let Φ : 𝒮(ℍA) → 𝒮(ℍA′ ) be a quantum channel and σ an arbitrary
state in 𝒮(ℍB). Then for an arbitrary ensemble {pi,ωi} of states in 𝒮(ℍAB), whereℍAB =
ℍA ⊗ ℍB, such that (ωi)B := trA[ωi] = σ ∈ 𝒮(ℍB) for all i, the inequality

χΦ⊗IB
({pi,ωi}) ≤ Im(ωA,Φ), (13.88)

holds, where ω = ∑i piωi is the average state of the ensemble {pi,ωi} and ωA = trB[ω].
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Proof. Let {pi,ωi} be an ensemble of states in𝒮(ℍAB)with an average stateω such that
(ωi)B = σ ∈ 𝒮(ℍB) for all i. We have to show that

∑
i
piH((Φ ⊗ IB)(ωi)‖(Φ ⊗ IB)(ω)) ≤ Im(ωA,Φ). (13.89)

First, let us prove inequality (13.88) assuming thatΦ is an FF channel, i. e., dim(ℍA) <
+∞ and dim(ℍA′ ) < +∞. In this case, the left-hand side of this inequality can be
rewritten as

χΦ⊗IB
({pi,ωi}) = ∑

i
piH((Φ ⊗ IB)(ωi)‖(Φ ⊗ IB)(ω))

= H((Φ ⊗ IB)(ω)) −∑
i
piH((Φ ⊗ IB)(ωi))

≤ H(Φ(trB[ω])) + H(IB)(trA[ω]) −∑
i
piH((Φ ⊗ IB)(ωi))

= H(Φ(ωA)) +∑
i
pi(H(σ) − H((Φ ⊗ IB)(ωi))),

where the inequality in the above is due to subadditivity of the von Neumann entropy.
Note that H((Φ ⊗ IB)(ωi)) − H(σ) is the conditional entropy H(A′|B) at the state (Φ ⊗
IB)(ωi). Let ω̂i be a pure state in ABRi such that trRi [ω̂i] = ωi. By monotonicity of the
conditional entropy (property (13.86)), we have

H((Φ ⊗ IB)(ωi)) − H(σ) = H(A
′|B)(Φ⊗IB)(ωi)

≥ H(A′|BRi)(Φ⊗IBRi )(ω̂i)
, (13.90)

where H(A′|BRi) is defined by (13.85) (the system Ri is infinite-dimensional, but the
system A′ is finite-dimensional by the assumption). Since ω̂i is a purification of the
state ρi := (ω1)A, i. e., (ω̂1)A = ρi, property (13.87) of the conditional entropy im-
plies

H(A′|BRi)Φ⊗IBRi (ω̂i)
= H(A′|BRi)trE[(V⊗IBRi )ω̂i(V∗⊗IBRi )

]

= −H(A′|E)trBRi [(V⊗IBRi )ω̂i(V∗⊗IBRi )]
= −H(A′|E)VρiV∗ , (13.91)

where E is an environment system for the channel Φ andV is the Stinespring isometry
(i. e., Φ(ρ) = trE[VρV∗]). By using concavity of the conditional entropy (defined by
(13.85)) and property (13.87), we obtain

∑
i
piH(A

′|E)VρiV∗ ≤ H(A
′|E)VρV∗ = −H(A

′|R)trE[(V⊗IR)ρ̂(V∗IR]),

where R is a reference system for the state ρ and ρ̂ is a pure state in AR such that ρ̂A,
and (13.90) and (13.91) imply
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∑
i
piH((Φ ⊗ IB)(ωi)‖(Φ ⊗ IB)(ω)) ≤ H(Φ(ρ)) − H(A

′|R)(Φ⊗IR)(ρ̂)

= H((Φ ⊗ IR)(ρ̂)‖Φ(ρ) ⊗ ρ̂R) = Im(ρ,Φ),

where Definitions 13.83 and 13.85 were used. Thus, inequality (13.88) is proved under
the assumption that dim(ℍA′ ) < +∞, dim(ℍB) < +∞.

Its proof in the general case can be obtained using approximation techniques as
follows. Let {pi,ωi} be an ensemble such that (ωi)B := trA[ωi] = σ ∈ 𝒮(ℍB), and let Qn
be the spectral projector of the state σ corresponding to its n maximal eigenvalues.
Let λn = tr[Qnσ] and Cn = IA ⊗ Qn. For n ∈ ℕ, consider the ensemble {pi,ωn

i } with the
average state ωn, where

ωn
i = λ
−1
n CnωiCn, ωn = λ−1n CnωCn.

Let (Pn)+∞n=1 be a sequence of finite-rank projectors in the spaceℍA′ strongly converging
to the identity operator IA′ , and let τ be a pure state in 𝒮(ℍA′ ). Consider the sequence
of channels Φn = Πn ∘Φ, where

Πn(Φ)(ρ) = PnρPn + τ
′ tr[(IA′ − Pn)ρ], ρ ∈ 𝒮(ℍA′ ).

Since (ωn
i )B := trA[ω

n] = λ−1n Qnσ for all i, the first part of the proof implies

∑
i
piH((Φn − IB)(ω

n
i )‖(Φn − IB)(ω

n)) ≤ Im(ω
n
A,Φn).

Since λnωn
A ≤ ωA, we therefore have limn→+∞ Im(ωn

A,Φn) = Im(ωA,Φ). Hence, the
above inequality implies inequality (13.88) by lower semicontinuity of the relative
entropy. This proves the lemma.

The following result is due originally to Holevo and Shirokov [83].

Theorem 13.4.5. Let Φ : 𝒮(ℍA) → 𝒮(ℍA′ ) be a quantum channel, and let H be an
H-operator on ℍA. The entanglement-assisted classical capacity (finite or infinite) of
the channelΦ with constraint (13.73) is given by the expression

Cea(Φ;H,E) = sup
ρ∈𝒦H(E)

Im(ρ;Φ). (13.92)

We prove the above theorem via the following three lemmas.

Lemma 13.4.6. Assume that dim(ℍA′ ) < +∞. Let Φ : 𝒮(ℍA) → 𝒮(ℍA′ ) be a quantum
channel, and letH be a positive self-adjoint linear operatorℍA. Then the entanglement-
assisted classical capacity (finite or infinite) of the channel Φ with constraint (13.73)
satisfies the following inequality:

Cea(Φ;H,E) ≥ sup
ρ∈𝒦H(E)

Im(ρ;Φ). (13.93)
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Proof. Assuming that dim(ℍA′ ) < +∞, we observe the following:
1. Finite dimensionality of the systemℍA′ implies finiteness of the output entropy

of the channel Φ on the whole space of input states 𝒮(ℍA). That is,H(Φ(ρ)) < +∞
for all ρ ∈ 𝒮(ℍA);

2. Finiteness of tr[ρH] implies that all the eigenvectors of the state ρ belong to the
domain of the operator√H.

3. Finite dimensionality of the system ℍA′ shows that for any finite-rank state ρ
the restriction of the channel Φ⊗n to the support of the state ρ⊗n acts as a finite-
dimensional channel for each n;

4. If there are no states ρ satisfying the inequality tr[ρH] < E but there exists an
infinite-rank state ρ0 such that tr[ρ0H] = E, then there is a sequence (ρn)+∞n=1 of
finite-rank states converging to ρ0 such that tr[ρnH] = E for which

lim inf
n→+∞

Im(ρn,Φ) ≥ Im(ρ0,Φ)

by lower semicontinuity of the quantummutual information.

With the observations above, the rest of the proof of this lemma follows similar to that
of Lemma 13.4.2. This proves the lemma.

Lemma 13.4.7. Let Φ : 𝒮(ℍA) → 𝒮(ℍA′ ) be a quantum channel, and let H be an
H-operator on ℍA. The entanglement-assisted classical capacity (finite or infinite) of
the channelΦ with constraint (13.73) is given by the expression

Cea(Φ;H,E) ≥ sup
ρ∈𝒦H(E)

Im(ρ;Φ). (13.94)

Proof. Let Φ : 𝒮(ℍA) → 𝒮(ℍA′ ) be an arbitrary channel. We prove that Cea(Φ;H,E) ≥
supρ∈𝒦H(E) Im(ρ;Φ) as follows.

Let (Pn)+∞n=1 be sequence of finite-dimensional projectors onℍA′ strongly converg-
ing to the unit operator IA′ onℍA′ . The channel Φ is approximated in the strong con-
vergence topology by the sequence (Πn ∘Φ)+∞n=1 with finite-dimensional output, where
Πn(σ) = PnσPn + (tr[σ(IA′ −Pn)])τ for all σ ∈ 𝒮(ℍA′ ) and τ is a given state inℍA′ . Since
the inequality “≥” in (13.93) is proved for a channel with finite-dimensional output
(see Lemma 13.4.6), the chain rule for the entanglement-assisted capacity implies

Cea(Φ;H,E) ≥ Cea(Πn ∘Φ;H,E) ≥ Im(ρ;Πn ∘Φ).

Lower semicontinuity of the functionΦ 󳨃→ Im(ρ;Φ) in the strong convergence topology
and the chain rule for quantummutual information (see Proposition 11.2.3) imply

lim
n→+∞

Im(ρ;Πn ∘Φ) = Im(ρ;Φ) ≤ +∞, ∀ρ.
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Hence, the inequality “≥” in (13.93) for the channel Φ follows from the above inequal-
ity. This proves the lemma.

Lemma 13.4.8. Let Φ : 𝒮(ℍA) → 𝒮(ℍA′ ) be a quantum channel, and let H be an
H-operator on ℍA. The entanglement-assisted classical capacity (finite or infinite) of
the channelΦ with constraint (13.73) is given by the expression

Cea(Φ;H,E) ≤ sup
ρ∈𝒦H(E)

Im(ρ;Φ). (13.95)

Proof. We prove the inequality (13.95). For the ensemble {pλ,ωλ} of encoded states in
𝒮(ℍAA′ ). Let (ωλ)A := trA′ [ωλ] = σ ∈ 𝒮(ℍA), where trA′ [⋅ ⋅ ⋅] denotes the partial trace of
[⋅ ⋅ ⋅] taken overℍA′ . By Lemma 13.4.4, we have the following inequality:

χΦ⊗n⊗I⊗nB ({p
(n)
λ ,ω
(n)
λ }) ≤ Im(∑

λ
p(n)λ (ω

(n)
λ )A,Φ

⊗n).

From (13.79), we have

Cea(Φ,H,E) ≤ lim
n→+∞

1
n

sup
π(n)∈𝒫 (n)AB

Im(∑
λ
p(n)λ (ω

(n)
λ )A,Φ

⊗n).

Now

sup
π(n)∈𝒫 (n)AB

Im(∑
λ
p(n)λ (ω

(n)
λ )A,Φ

⊗n)

≤ sup
ρ(n) :tr[ρ(n)H(n)]≤nE

Im(ρ
(n),Φ⊗n) ≡ ̄I(n)m (Φ).

We claim that the sequence ( ̄I(n)m (Φ))
+∞
n=1 is additive. To show that, it suffices to prove

that

̄I(n)m (Φ) ≤ n ̄I
(1)
m (Φ). (13.96)

By the subadditivity of quantummutual information,

Im(ρ
(n),Φ⊗n) ≤ ∑

j
Im(ρ
(n)
j ,Φ),

where ρ(n)j are partial states, and by concavity,

∑
j
Im(ρ
(n)
j ,Φ) ≤ nIm(∑

j
ρ(n)j ,Φ).

The inequality tr[ρ(n)H(n)] ≤ nE is equivalent to tr[( 1n ∑
n
j=1 ρ
(n)
j )H] ≤ E; hence, (13.96)

holds. Thus,
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Cea(Φ,H,E) ≤ sup
ρ∈𝒦H(E)

Im(ρ;Φ).

This proves the lemma.

Lemmas 13.4.6, 13.4.7 and 13.4.8 together prove that

Cea(Φ,H,E) = sup
ρ∈𝒦H(E)

Im(ρ;Φ).

Therefore, Theorem 13.4.5 follows.
The following corollary for unconstrained channels follows immediately from the

above theorem.

Corollary 13.4.9. LetΦ : 𝒮(ℍA) → 𝒮(ℍB) be amemoryless quantum channel. Then the
entanglement-assisted classical capacity (finite or infinite) of the unconstrained channel
Φ is given by the expression

Cea(Φ) = sup
ρ∈𝒮(ℍA)

Im(ρ;Φ). (13.97)

13.4.3 Continuity of Cea(⋅) : QC(A, B) → [0, +∞]

Since a physical channel is always determined with some finite accuracy, it is neces-
sary to explore the question of continuity of its information capacity with respect to
small perturbations of a channel. Mathematically, this means that we have to study
continuity of the capacity as a function of a channel assuming that the set of all chan-
nels is equippedwith some appropriate topology. In this subsection, we consider con-
tinuity properties of the entanglement-assisted classical capacity with respect to the
strong convergence topology on the set of all channels. Recall that strong convergence
of a sequence of channels (Φn)

+∞
n=1 , Φn : 𝒮(ℍA) → 𝒮(ℍA′ ) is said to converge strongly

to a channel Φ0 : 𝒮(ℍA) → 𝒮(ℍA′ ) if limn→+∞Φn(ρ) = Φ0(ρ) for all states ρ ∈ 𝒮(ℍA).
Proposition 11.1.7 and lower semicontinuity of quantummutual information Im(⋅) :

QC(A,B) → [0, +∞] as a function of a channel in the strong convergence topology
imply that Φ 󳨃→ Cea(Φ;H,E) is a lower semicontinuous function in this topology on
the set of all quantum channels; i. e.,

lim inf
n→+∞

Cea(Φn;H,E) ≥ Cea(Φ0;H,E)

for any sequence (Φn)
+∞
n=1 of channels strongly converging to the channel Φ0, i. e.,

limn→+∞Φn(ρ) = Φ0(ρ) for all ρ ∈ 𝒮(ℍA).
The following proposition, due originally to Holevo and Shirokov [83], gives suffi-

cient conditions for the continuity.
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Proposition 13.4.10. Let H be an H-operator on ℍA such that tr[exp(−λH)] < +∞ for
all λ > 0, and let (Φn)

+∞
n=1 be a sequence of quantum channels fromA to A′ that converges

strongly to a quantum channelΦ0. Then the following relation:

lim
n→+∞

Cea(Φn;H,E) = Cea(Φ0;H,E) < +∞ (13.98)

holds if one of the following conditions is met:
1. limn→+∞ H(Φn(ρn)) = H(Φ0(ρ0)) for any sequence of states (ρn)+∞n=1 in 𝒮(ℍA) that

converges to ρ0 under ‖ ⋅ ‖1-norm such that tr[ρnH] < E for n = 0, 1, 2, . . ..
2. There exists a sequence of channels (Φ̂n)

+∞
n=1 from A to E that converges strongly to

a channel Φ̂0 such that (Φn, Φ̂n) forms a complementary pair of channels for each
n = 0, 1, 2, . . . .

Proof. We first note that the set

𝒦H(E) = {ρ ∈ 𝒮(ℍA) | tr[ρH] < E}

is a compact subset of 𝒮(ℍA) by Theorem 3.2.5 and the function ρ 󳨃→ H(ρ) is con-
tinuous on this set, since tr[exp(−λH)] < +∞ for all λ > 0 by Proposition 7.3.7. By
Proposition 11.1.7, the function ρ 󳨃→ Im(ρ;Φn) is continuous on the compact set 𝒦H(E)
for each n ∈ ℕ, and hence,

Cea(Φn;H,E) = sup
ρ∈𝒦H(E)

Im(ρ;Φn) = lim
n→+∞

Im(ρn;Φn) < +∞

for a particular sequence of states (ρn)+∞n=1 in 𝒦H(E). Assume that there exists Φ0 ∈
QC(A,A′) such that the sequence (Φn)

+∞
n=1 converges strongly to Φ0 and yet

lim
n→+∞

Cea(Φn;H,E) > Cea(Φ0;H,E) (13.99)

for contradiction purpose. Since Cea(⋅;H,E) : QC(A,B) → [0, +∞] is lower semicon-
tinuous under the strong convergence topology, we have

lim inf
n→+∞

Cea(Φn;H,E) ≥ Cea(Φ0;H,E).

Therefore, to show that

lim
n→+∞

Cea(Φn;H,E) = Cea(Φ0;H,E),

it suffices to show that (13.99) leads to a contradiction.
Since𝒦H(E) is a compact set, we may assume (by passing to a subsequence) that

the sequence (ρn)+∞n=1 converges to a particular state ρ0 ∈ 𝒦H(E). Hence, to obtain a
contradiction to (13.99), it suffices to prove that
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lim
n→+∞

Im(ρn;Φn) = Im(ρ0;Φ0). (13.100)

Conditions 1 and 2 of Proposition 13.4.10 provide two different ways to prove (13.99). If
condition 1 holds, then

Im(ρn;Φn) = H(ρn) + H(Φn(ρn)) − H((Φn ⊗ IR)(|ϕn⟩AR⟨ϕn|)),

where |ϕn⟩AR is any purification for the state ρn, n = 0, 1, 2, . . . with a reference system
R. By lower semicontinuity of the function (Φ, ρ) 󳨃→ Im(ρ;Φ), continuity of the entropy
on the set 𝒦H(E), and condition 1, to prove (13.99) it suffices to show that

lim inf
n→+∞

H((Φn ⊗ IR)(|ϕn⟩AR⟨ϕn|)) ≥ H((Φ0 ⊗ IR)(|ϕ0⟩AR⟨ϕ0|)).

This relation follows from lower semicontinuity of the relative entropy, since strong
convergence of the sequence (Φn)

+∞
n=1 to the channel Φ0 implies strong convergence of

the sequence (Φn ⊗ IR)
+∞
n=1 to the channel Φ0 ⊗ IR, and we can choose a sequence of

purifications of |ϕn⟩A, (|ϕn⟩AR)
+∞
n=1 , that converges to the purification of |ϕ0⟩A, |ϕ0⟩AR.

If condition 2 holds, then (13.99) directly follows from the continuity of mutual and
coherent information (see Proposition 11.1.7). This proves the proposition.

Remark 13.1.
1. While Gaussian quantum channels is not a subject of discussion in this book,

we mention here that Condition 1 of Proposition 13.4.10 holds for any converg-
ing sequence of Gaussian channels provided that H is an oscillator Hamiltonian
of a Bosonic system. Gaussian quantum channels are real examples of infinite-
dimensional channels and is a currently a big research area that will have a huge
impact onmodern quantum communication. The reader can consult theworks by
Shirokov [148], De Palma et al. [36] and references contained therein for detailed
discussion of Gaussian quantum channels.

2. Condition 2 of Proposition 13.4.10 holds for the sequence of the channels

Φn(ρ) =
+∞

∑
i=1

Vn
i ρV

n∗
i ,

where (Vn
i )
+∞
n=1 is a sequence of operators fromℍA toℍA′ strongly converges to the

operator V0
i for each i such that∑

+∞
i=1 (V

n
i )
∗Vn

i = IA for all n. Indeed,

Φ̂n(ρ) =
+∞

∑
i,j=1

tr[(Vn
i ρV

n∗
i )(|i⟩E⟨j|)],

where (|i⟩E)+∞i=1 is an orthonormal basis inℍE, and it is easy to see the sequences
(Φn)
+∞
n=1 and (Φ̂)

+∞
n=1 strongly converges, respectively, to Φ0 and Φ̂0 (Φ0 and Φ̂0 are

defined by the same formula for n = 0).
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13.5 Comparison of classical capacities

Let Φ : 𝒮(ℍA) → 𝒮(ℍB) be a quantum channel from A to B, and let Φ̂ : 𝒮(ℍA) →
𝒮(ℍE) be its complementary channel (see Definition 5.7.1 for the definition of a com-
plementary channel), where ℍE is the Hilbert space representing environment sys-
tem E.

We have so far explored an unconstrained Holevo χ-capacity Cχ(Φ), classical ca-
pacity C(Φ) and entanglement-assisted classical capacity Cea(Φ) for a memoryless
channel Φ. The first of them, Cχ(Φ), is defined as the maximum rate of information
transmission between transmitter and receiver (generally called Alice and Bob) when
nonentangled block coding is used by Alice and arbitrary measurement is used by
Bob; the second one, C(Φ), differs from the first by the possibility of using arbitrary
block coding by Alice; while the entanglement-assisted capacity, Cea(Φ) is defined as
the maximum rate of information transmission between Alice and Bob under the as-
sumption that they share a common entangled state, which can be used in block cod-
ing by Alice to increase the rate of information transmission.

By their operations definitions (see (13.7), (13.9) and (13.57)), we have Cχ(Φ) ≤
C(Φ) ≤ Cea(Φ) in general. The main goal of this section is to make detailed com-
parisons among these three channel capacities and those of constrained versions
Cχ(Φ;𝒜), C(Φ;𝒜) and Cea(Φ;𝒜), correspondingly, where 𝒜 is a certain closed subset
of 𝒮(ℍA).

13.5.1 Finite-dimensional unconstrained capacities

We make comparisons among the three unconstrained capacities Cχ(Φ), C(Φ) and
Cea(Φ) in finite-dimensional and infinite-dimensional cases below.

To draw some concrete conclusions, we first assume that ℍA, ℍB and ℍE are
finite-dimensional Hilbert spaces. Let Φ : 𝒮(ℍA) → 𝒮(ℍB) be a quantum channel,
and Φ̂ : 𝒮(ℍA) → 𝒮(ℍE) be its complementary channel, which can be uniquely de-
fined up to unitary equivalence (see Definition 5.7.1). For the entanglement-assisted
channel Φ : 𝒮(ℍA) → 𝒮(ℍA′ ), we assume that A′ = B for simplicity. Let H(ρ) be the
von Neumann entropy of ρ ∈ 𝒮(ℍA) and H(ρ‖σ) be quantum relative entropy of ρ,
relative to σ ∈ 𝒮(ℍA) (see, e. g., Lemma 8.2.5 for definition of relative entropy and
approximation).

Recall that the Holevo χ-capacity Cχ(Φ) is defined as (see Definition 12.2.1)

Cχ(Φ) = max
ρ∈𝒮(ℍA)

χΦ(ρ), (13.101)

where

χΦ(ρ) = max
∑i piρi=ρ
∑
i
piH(Φ(ρi)‖Φ(ρ)) (13.102)
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is the χ-function of Φ. Note that

χΦ(ρ) = H(Φ(ρ)) − ĤΦ(ρ), (13.103)

where ĤΦ(ρ) = min∑i piρi=ρ∑i piH(ρi) is the convex hull of the function ρ 󳨃→ H(Φ(ρ)).
By concavity of this function, the aboveminimumcanbe taken over ensembles of pure
states. An ensemble {(pi, ρi)} is called optimal of the channel Φ (see Definition 12.2.5)
if

Cχ(Φ) = χΦ(ρ̄) = ∑
i
piH(Φ(ρi)‖Φ(ρ̄)), ρ̄ = ∑

i
piρi.

By the Holevo–Schumacher–Westmoreland theorem (see Theorem 13.2.2), the classi-
cal capacity of the channel Φ can be expressed by the following regularization for-
mula:

C(Φ) = lim
n→+∞

1
n
Cχ(Φ
⊗n).

By the Bennett–Shor–Smolin–Thapliyal theorem (see Theorem 13.4.1), the entan-
glement-assisted classical capacity of the channel Φ is determined as follows:

Cea(Φ) = max
ρ∈𝒮(ℍA)

Im(ρ;Φ), (13.104)

where Im(ρ;Φ) is the mutual information of Φ at ρ defined by

Im(ρ;Φ) = H(ρ) + H(Φ(ρ)) − H(Φ̂(ρ))
= H(ρ) + χΦ(ρ) − χΦ̂(ρ)
= χΦ(ρ) + ΔΦ(ρ), (13.105)

where ΔΦ(ρ) = H(ρ) − χΦ̂(ρ). The above expression is obtained by using (13.103) and
the fact that ĤΦ(ρ) = ĤΦ̂(ρ) because of the coincidence of the functions ρ 󳨃→ H(Φ(ρ))
and ρ 󳨃→ H(Φ̂(ρ)) on the set of pure states.

Since H(ρ) = ∑i piH(ρi‖ρ) for any ensemble {(pi, ρi)} of pure states with average
state ρ, we have

ΔΦ(ρ) = min
∑i piρi=ρ
∑
i
pi(H(ρi‖ρ) − H(Φ̂(ρi)‖Φ̂(ρ))) ≥ 0, (13.106)

where ρi are rank one pure states and the last inequality follows frommonotonicity of
relative entropy, i. e., H(ρi‖ρ) ≥ H(Φ̂(ρi)‖Φ̂(ρ)) (see Lemma 9.1.3).

The minimum in (13.106) is attained at an ensemble {(pi, ρi)} of pure states if
and only if the maximum in (13.102) is attained at this ensemble. In addition, since
∑i piH(Φ(ρi)) = ∑i piH(Φ̂(ρi)), this can easily shown by using expression (13.103) for
χ-functions of the channels Φ and Φ̂.
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Proposition 13.5.1. Assume that dim(ℍA) < +∞ and dim(ℍB) < +∞. Then

Cea(Φ) ≤ Cχ(Φ) + log(dim(ℍA)) = Cχ(Φ) + nH(ρ). (13.107)

Proof. This follows from the definition of Cea(Φ) for finite-dimensional ℍA. This
proves the proposition.

Corollary 13.5.2. Assume that dim(ℍA) < +∞ and dim(ℍB) < +∞. The following in-
equalities hold:

H(ρ1) − Cχ(Φ̂) ≤ Cea(Φ) − Cχ(Φ) ≤ H(ρ2) − χΦ̂(ρ2)

≤ H(Φ(ρ2)) − χΦ̂(ρ2) = Ic(Φ) + ĤΦ(ρ2),

where ρ1 and ρ2 are states in 𝒮(ℍA) such that χΦ(ρ1) = Cχ(Φ) and Im(ρ2;Φ) = Cea(Φ).

13.5.2 Infinite-dimensional constrained capacities

When dealing with infinite-dimensional quantum systems and channels, it is neces-
sary to consider generalized ensembles defined as Borel probability measures μ on
Borel subsets of 𝒮(ℍA). From this point of view, ordinary ensembles are described by
finitely supported measures μ = {(pi, ρi)}Ni=1, where N is a certain positive integer. We
denote by 𝒫(𝒮(ℍA)) the set of all generalized ensembles of states in 𝒮(ℍA) (i. e., the
space of all probability measures on the Borel measurable space (𝒮(ℍA),ℬ(𝒮(ℍA)))).
The Holevo χ-quantity of a generalized ensemble μ is defined as

χ(μ) = ∫
𝒮(ℍA)

H(ρ‖ρ̄(μ))μ(dρ) = H(ρ̄(μ)) − ∫
𝒮(ℍA)

H(ρ)μ(dρ), (13.108)

where the Bochner integral ρ̄(μ) = ∫𝒮(ℍA) ρμ(dρ) is the barycenter or average state of
μ and the second formula is valid under the condition H(ρ̄(μ)) < +∞ (see Proposi-
tion 12.1.4). Recall that the Holevo χ-quantity of the channel Φ : 𝒮(ℍA) → 𝒮(ℍB) is
defined by

χΦ(μ) = ∫
𝒮(ℍA)

H(Φ(ρ)‖Φ(ρ̄(μ)))μ(dρ)

= H(Φ(ρ̄(μ))) − ∫
𝒮(ℍA)

H(Φ(ρ))μ(dρ) (13.109)

for all μ ∈ 𝒫(𝒮(ℍA)), where the second equality is valid under the condition
H(Φ(ρ̄(μ))) < +∞. It is shown in Proposition 12.1.4 that the constrained Holevo
χ-capacity defined by Definition 12.2.1 can be expressed as
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Cχ(Φ;𝒜) = sup
μ∈𝒫(𝒮(𝒜))

χΦ(μ) (13.110)

for all closed subset𝒜 of 𝒮(ℍA) (the supremum is over μ ∈ 𝒫(𝒮(ℍA))with the average
state ρ̄(μ) ∈ 𝒜). By letting 𝒜 = 𝒦H(E) for H-operator H onℍA, we write Cχ(Φ,H,E) =
supμ:ρ̄(μ)∈𝒦H(E) χΦ(μ).

In the following, we study general relations between the capacities Cχ(Φ,H,E),
C(Φ,H,E) and Cea(Φ,H,E) and give conditions for their coincidence under the as-
sumption

H(ρ) < +∞, ∀ρ ∈ 𝒦H(E), (13.111)

which implies, in particular, finiteness of all these values. A basic role in this analysis
is played by the following expression for the quantummutual information:

Im(ρ;Φ) = H(ρ) + Cχ(Φ, {ρ}) − Cχ(Φ̂, {ρ}), (13.112)

which is valid under the condition H(ρ) < +∞ (since Cχ(Φ, {ρ}) ≤ H(ρ) for any chan-
nel Φ). This condition implies finiteness of all terms on the right-hand side of (13.112).

If H(Φ(ρ)) = H(Φ̂(ρ)) (this follows from the coincidence of H(Φ(ρ)) and H(Φ̂(ρ))
for pure states ρ); in the general case one can show that this assumption holds if and
only if tr[exp(−λH)] < +∞ for some λ > 0, which implies, in particular, finiteness for
all these values.

By subadditivity of the quantum mutual information, expression (13.112) implies
a formal proof of the inequality

C(Φ;H,E) = lim
n→+∞

1
n
Cχ(Φ;H,E) ≤ Cea(Φ;H,E), (13.113)

which looks obvious from the operational definitions of the capacities. It also implies
the following inequalities.

Proposition 13.5.3. Let Φ : 𝒮(ℍA) → 𝒮(ℍB) be a quantum channel, and let H be an
H-operator such that condition (13.111) is valid. The inequalities

Cea(Φ;H,E) ≥ 2Cχ(Φ;H,E) − Cχ(Φ̂;H,E), (13.114)

and

Cea(Φ;H,E) ≥ 2C(Φ;H,E) − C(Φ̂,H,E) (13.115)

hold, where Φ̂ : 𝒮(ℍA) → 𝒮(ℍE) is the complementary channel toΦ.

Note that, in contrast to (13.113), both inequalities (13.114) and (13.115) hold with
equality if Φ is a noiseless channel. These inequalities show that coincidence of
Cea(Φ;H,E) = Cχ(Φ;H,E).
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Proof. For arbitrary ϵ > 0, let ρϵ be a state in 𝒮(ℍA) such that

Cχ(Φ;H,E) < Cχ(Φ, {ρϵ}) + ϵ, tr[ρϵH] ≤ E.

Since Cχ(Φ, {ρϵ}) ≤ H(ρϵ) < +∞, Theorem 13.4.5 and formula (13.112) show that

Cea(Φ;H,E) ≥ Im(ρϵ;Φ) ≥ 2Cχ(Φ, {ρϵ}) − Cχ(Φ̂, {ρϵ})

≥ 2Cχ(Φ;H,E) − Cχ(Φ̂;H,E) − 2ϵ,

which implies (13.114). Inequality (13.115) is obtained from (13.114) by regularization.
This proves the proposition.





14 Structure of quantum memory channels
In Chapter 13, we investigated n uses of memoryless quantum channels and studied
their various properties and classical capacities associated with them. This chapter is
devoted to the study of structures of memory quantum channels. As a special case,
a class of memory channels, namely forgetful channels will also be explored. This
chapter, however, does not address topics on the coding theorem and classical capac-
ity. Special cases of quantummemory channels such as channels withMarkovian and
long-term memory and their classical capacities are the topics of interest in the next
two chapters.

For each n ∈ ℕ, we use the block coding of length n and size Nn as considered in
the previous chapter. Let the n-use of the channel Φ : 𝒮(ℍA) → 𝒮(ℍB) in transmitting
time-ordered sequence of possibly entangled codewords ρ(n)Λn ,A ∈ 𝒮(ℍ⊗nA ) for classi-
cal information Λn = {λ1, λ2, . . . , λNn

} be denoted by Φ⊗n(ρ(n)Λn ,A). Roughly speaking, the
channelΦ is said to be a channelwithmemory or amemory channel or a channelwith
correlatednoise, ifΦ(n)(ρ(n)Λn ,A) cannot be expressed asn-fold tensor productΦ⊗n(ρ(n)Λn ,A),
i. e.,

Φ⊗n(ρ(n)Λn ,A) ̸= Φ(n)(ρ(n)Λn ,A)
for some ρ(n)Λn ,A.

For memoryless channels, the transmitted information and noise sources are
treated as independent random variables, whereas for real-world noisy quantum
channels, this independence assumption should be removed since the correlations
between the errors are real and common. Examples of quantum channels, which nat-
urally acquire a memory are common in quantum information processing. Recently,
an unmodulated spin chain has been proposed as amodel for short distance quantum
communication. In such a scheme, the state to be communicated over the channel is
placed in one end of the chain, propagates for a specific amount of time, and is then
received at the other end. It is generally assumed that a reset of the spin chain occurs
after each signal (resulting in a memoryless channel). However, a continuous oper-
ation without reset leads to higher transmission rates and corresponds to quantum
memory channel.

The first model of a quantum memory channel was studied by Macchiavello and
Palma [111]. They showed that the transmission of classical information through two
successive uses of a quantum depolarizing channel, with Markovian correlated noise,
is enhanced by using inputs entangled over the two uses. In order to describememory
channels, Kretschmann andWerner [100] proposed, in addition to Alice’s input regis-
ter systemℍA and Bob’s output register systemℍB, that the transmission process also
involves an additional memory inputℍM and an additional finite-dimensional mem-
ory outputℍM′ be also taken into consideration in the formulation of such channels.
Readers are also referred to the review paper on the quantum channel with memory

https://doi.org/10.1515/9783110788105-014

https://doi.org/\global \c@doi \c@chapter \relax \global \advance \c@doi \c@parttext \relax 10.1515/9783110788105-000
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effects by Caruso et al. [18] for a thorough survey on various aspects of memory quan-
tum channels.

14.1 Representations of memoryless channels
In this section, Kraus and unitary representations of n-use of memoryless channel
Φ(n)(ρ(n)Λn ,A) = Φ⊗n(ρ(n)Λn ,A) in both Schrodinger and Heisenberg pictures are represented
as a motivation for describing these two pictures in terms of their memory counter-
parts, which are to be studied in detail in Subsections 14.2.2, 14.2.1 and 14.2.3.

The presentation of this section is largely based on results obtained in Giovannetti
[53] (see also Caruso et al. [18]).

14.1.1 Kraus representation in the Schrodinger picture

Consider a quantum channel Φ with a Kraus representation (see Theorem 4.4.4)

Φ(ρ) =
+∞
∑
i=1 KiρK

∗
i , ∀ρ ∈ 𝒮(ℍA),

where Ki is a ∗-weakly continuous linear map fromℍA toℍB such that+∞
∑
n=1KiK

∗
i

converges strongly to the identity operator IB (the identity operator inℍB) in ‖⋅‖1-norm.
As described in Kretschmann andWerner [100], the action of a quantum channel

Φ on the input state density operator ρ(n)Λn ,A ∈ 𝒮(ℍ⊗nΛn ,A), consisting of n qubits (includ-
ing entangled ones) is given by

Φ(n)(ρ(n)Λn ,A) = ∑
k1 ,k2 ,...,kn pk1 ⋅⋅⋅kn (Kkn ⊗ ⋅ ⋅ ⋅ ⊗ Kk1 )ρ

(n)
Λn ,A(K∗k1 ⊗ ⋅ ⋅ ⋅ ⊗ K∗kn) (14.1)

where the Kraus operatorsKkn ⊗⋅ ⋅ ⋅⊗Kk1 are appliedwith probability pk1 ,...,kn , which sat-
isfies∑k1 ,...,kn pk1 ,...,kn = 1. The quantity pk1 ,...,kn can be interpreted as the probability that
a random sequence of operations is applied to the sequence of n qubits transmitted
through the channel. For a memoryless channel, these operations are independent,
therefore, pk1 ,k2 ,...,kn = pk1pk2 ⋅ ⋅ ⋅ pkn . That is,

Φ(n)(ρ(n)Λn ,A) = Φ⊗n(ρ(n)Λn ,A)
= ∑

i1 ,i2 ,...,in pi1pi2 ⋅ ⋅ ⋅ pin (Kin ⊗ ⋅ ⋅ ⋅ ⊗ Ki1 )ρ
(n)
Λn ,A(K∗i1 ⊗ ⋅ ⋅ ⋅ ⊗ K∗in),

for all ρ(n)Λn ,A ∈ 𝒮(ℍ⊗nA ).
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From the above, one can say that the Kraus operators of the memoryless channel
Φ(n) can be expressed as a tensor product Ki1 ⊗ ⋅ ⋅ ⋅ ⊗ Kin formed by independent and
identically distributed sequences extracted from the Kraus set {Ki}

+∞
i=1 associated with

the single carrier channelΦ. In the presence ofmemory, they exhibit some correlation.
A simple example is given by the Markov chain, i. e.,

pk1 ,...,kn = pk1pk2|k1 ⋅ ⋅ ⋅ pkn|kn−1 . (14.2)

In the above expression, pkn|kn−1 is the conditional probability that an operation,
say Kkn , is applied to the nth qubit provided that it was applied on the (n− 1)-th qubit.

14.1.2 Kraus representation in the Heisenberg picture

Kraus’ representation of the dual memoryless channel Φ∗ : B(ℍB) → B(ℍA) in the
Heisenberg picture can be expressed as

Φ∗(A) = +∞∑
i=1 K∗i AKi, ∀A ∈ B(ℍB). (14.3)

The above expression is obtained via the following duality relation:

tr[AΦ(ρ)] = tr[A
+∞
∑
i=1 KiρK

∗
i ] =
+∞
∑
i=1 tr[AKiρK

∗
i ]

=
+∞
∑
i=1 tr[K∗i AKiρ] = tr[

+∞
∑
i=1 K∗i AKiρ] = tr[Φ

∗(A)ρ]. (14.4)

Note that the dual of a channel needs not be a channel, that is, itmight not be trace
preserving. Instead, the completeness property of the Kraus operators {Ki}

+∞
i=1 implies

that Φ∗(IB) = IA. By the same token, the Kraus representation of Φ(n) : B(ℍ⊗nB ) →
B(ℍ⊗nA ), the dual of memory channel Φ(n), can be written as

Φ∗(n)(A(n)) (14.5)
= ∑

k1 ,k2 ,...,kn pk1 ,k2 ,...,kn(K∗in ⊗ ⋅ ⋅ ⋅ ⊗ K∗i1)A(n)(Ki1 ⊗ ⋅ ⋅ ⋅ ⊗ Kin ),

for all A(n) : B(ℍ⊗nB ) → B(ℍ⊗nA ).
14.1.3 Unitary representation in the Schrodinger picture

Let Φ : 𝒮(ℍA) → 𝒮(ℍB) be a quantum channel from the sender Alice to the receiver
Bob. By the Stinespring dilation theorem (see Theorem 4.3.4), any such map may be
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represented as a unitary operation between the input state ρA and a known environ-
ment state ωE . In this case, the output state of a single use of the channel is given
by

ρB = Φ(ρA) = trE[UAE(ρA ⊗ ωE)U
∗
AE] (14.6)

with ρA ∈ 𝒮(ℍA) being the state sent by Alice, and ρB ∈ 𝒮(ℍB) being the output
state received by Bob, where UAE is an unitary operator on 𝒮(ℍAE). For a sequence of
transmissions of codewords for Λn = {λ1, λ2, . . . , λNn

} through the channel, we assume
that transmission of λ ∈ Λn interacts with independent and identical environment
stateωn for n = 1, 2, . . .. We writeω(n)E = ω1 ⊗ω2 ⊗ ⋅ ⋅ ⋅ ⊗ωn. In this case, the memoryless
output of n transmissions can be written as

ρ(n)Λn ,B = Φ(n)(ρ(n)Λn ,A) = Φ⊗n(ρ(n)Λn ,A), (14.7)

where

Φ⊗n(ρ(n)Λn ,A) = trE[Uλn ,En ⋅ ⋅ ⋅Uλ1 ,E1(ρ(n)Λn ,A ⊗ ω(n)E )U∗λ1 ,E1 ⋅ ⋅ ⋅U∗λn ,En]. (14.8)

In the above, the state ρ(n)Λn ,A now represents a (possibly entangled) input state across
then channel uses. Theunitary operationsUλk ,Ek are all identical, and the environment
state is a product stateω(n)E = |0⟩E1⟨0| ⊗ ⋅ ⋅ ⋅ ⊗ |0⟩En⟨0|. Thus, we may write Φ(n)(ρ(n)Λn ,A) =
Φ⊗n(ρ(n)Λn ,A).

The presentationwemade above of quantum channels and n-uses of thesememo-
ryless quantum channels is typical of the Schrodinger picture of quantummechanics.
The Schrodinger picture can be seen as being the resulting transformation of a quan-
tum state of ℍA after a contact and an evolution with some environment. As usual,
for all quantum evolutions there is a dual picture, an Heisenberg picture, where the
evolution is seen from the point of view of observables instead of states. It so happens
that in the case of quantum channels this dual picture opens the door to a vast and
interesting field: the notion of completely positive maps that we shall explore in the
next section.

14.2 Constructive approach to memory channels

Bowen and Werner [14] (see also Caruso et al. [18]) proposed a constructive approach
to memory channels described below.

For each n ∈ ℕ, let Λn = {λ1, λ2, . . . , λNn
} be a collection of classical information to

be encoded and sent sequently by Alice through the noisy quantummemory channel
Φ to Bob. In the following, we describe a model for transmitting a codeword down
through a memory channel Φ. Here, one uses transmission of the code word through
thememory channel and can bewritten as a completely positive trace preservingmap
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Φ : 𝒮(ℍAM) → 𝒮(ℍBM),

where ℍM is a Hilbert space that represents memory introduced by Bowen and
Mancini [14] and Kretschmann and Werner [100] and ℍAM := ℍA ⊗ ℍM , ℍBM :=
ℍB ⊗ ℍM .

If Alice transmits an encoded input state ρ ∈ 𝒮(ℍA) with the initial memory state
|0⟩M⟨0| ∈ 𝒮(ℍM), then Bob will receive the output state Φ(ρ ⊗ (|0⟩M⟨0|)). If Bob is not
interested in the information on its memory component (or cannot access it), he can
ignore thememory output by tracing awayℍM such that the real output state received
by Bob is trM[Φ(ρ ⊗ |0⟩M⟨0|)]. To send an n-fold system in the state ρ(n) ∈ 𝒮(ℍ⊗nA ), we
have to invoke the memory channel Φ n times in succession. The kth invocation is
again a tensor product, but now the memory has to be taken into account such that
we get

Φk = I ⊗ ⋅ ⋅ ⋅ ⊗ I⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
k−1 ⊗Φ ⊗ I ⊗ ⋅ ⋅ ⋅ ⊗ I⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

n−k , (14.9)

which is a map of the form

Φk : B(ℍ
⊗(k−1)
A ⊗ ℍM ⊗ ℍ

⊗(n−k)
A ) → B(ℍ⊗kA ⊗ ℍM ⊗ ℍ⊗(n−k−1)B ). (14.10)

Note that the factorℍM is shifted here from kth to (k + 1)-th position. This allows us
to write the overall operation as in (13.2) as a concatenation

Φ(n) : B(ℍM ⊗ ℍ⊗nA ) → B(ℍ⊗nB ⊗ ℍM) (14.11)

Φ(n) = Φn ∘Φn−1 ∘ ⋅ ⋅ ⋅ ∘Φ1. (14.12)

If the memory is ignored at the end, Bob received the n-fold system as above in the
final state trM[Φ(n)(ρ ⊗ |0⟩M⟨0|)]. Note that in the contrast to the memoryless Φ(n) we
cannot write Φ(n) as a tensor product Φ⊗n and even if the state ρ is a product state the
output state is not in general.

The scheme just constructed above describes a channel that can act on an arbi-
trary number n of systems (via the concatenations Φ(n)). Furthermore, it satisfies the
natural causality condition that the kth invocation depends on the k− 1 previous ones
but not the n−k that will take place in the future. It can be shown that is causal in this
way can be written as a concatenation of a memory channel Φ.

The dimension of the memory is determined by the number of Kraus operators in
the single channel expansion and the correlation length of the channel, which may
be defined as the maximum number of channel uses for which the noise is not condi-
tionally independent. Any channel with a finite correlation length may be generated
by a channel with a finite memory, according to this model.

Bowen and Mancini [14] proposed a constructive approach to modeling quantum
memory channels described below.
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Definition 14.2.1 (Consistency condition). A family of CPTP maps {Φ(n)}+∞n=1 , Φ(n) :
𝒮(ℍ(n)A ) → 𝒮(ℍ(n)B ), is said to be consistent if for all 1 ≤ m < n and for all ρ(n)Λn ,A ∈
𝒮(ℍ(n)A ),

Φ(m)(tr(m)[ρ(n)Λn ,A]) = tr(m)[Φ(n)(ρ(n)Λn ,A)], (14.13)

where tr(m)[ρ(n)Λn ,A] denotes the partial trace over all carriers but the first m and
tr(m)[Φ(n)(ρ(n)Λn ,A)] denotes the partial trace over all received carriers but the firstm.

In memory quantum channels to be discussed below, we shall treat those models
in which the noise respects the time-ordering of the carriers for the classical infor-
mation Λ so that at a given channel use, the output cannot be influenced by succes-
sive inputs. This property generalizes the notion of semicausality discussed in Sub-
section 14.3.2 to the case of multiple (ordered) subsystems. Inspired by the classical
theory of communication (Gallager [55]), one can name the quantum communication
lines, which fulfills such condition, nonanticipatory quantum channels. Notice, how-
ever, that in the approach of Kretschmann and Werner [100] these maps are called
just causal. Under the nonanticipatory condition, there must exist a family of CPTP
maps {Φ(n)}+∞n=1 with Φ(n) : 𝒮(ℍ(n)A ) → 𝒮(ℍ(n)B ), which allows one to express the output
states of the first n carriers in terms of the density operators of their associated inputs.
Precisely, the definition of nonanticipatory condition is given below.

Definition 14.2.2 (Nonanticipatory condition). A consistent family of CPTP maps
{Φ(n)}+∞n=1 , Φ(n) : 𝒮(ℍ(n)A ) → 𝒮(ℍ(n)B ) is said to be nonanticipatory if the output states of
the first n carriers in terms of the quantum states of their associated inputs, i. e.,

ρ(n)Λn ,A 󳨃→ Φ(n)(ρ(n)Λn ,A),
does not depend on ρ(m)Λm ,A form > n.

A formal definition of quantummemory channels is given below.

Definition 14.2.3 (Definition of memory quantum channels). Let (Φ(n))+∞n=1 be a se-
quence of CPTP maps, where Φ(n) : 𝒮(ℍ(n)A ) → 𝒮(ℍ(n)B ) represents the n-use of the
quantum channel Φ : 𝒮(ℍA) → 𝒮(ℍB). Then the quantum channel Φ is said to be
a quantum memory channel if the sequence (Φ(n))+∞n=1 satisfies the following three
conditions:
1. The family satisfies the consistency condition defined by Definition 14.2.1;
2. The family satisfies the nonanticipatory condition defined by Definition 14.2.2;
3. Φ(n)(ρ(n)Λn ,A) cannot be written as Φ⊗n(ρ(n)Λn ,A). That is,

Φ(n)(ρ(n)Λn ,A) ̸= Φ⊗n(ρ(n)Λn ,A) for some ρ(n)Λn ,A ∈ 𝒮(ℍ⊗nA )
where Φ⊗n(ρ(n)Λn ,A) = (Φ ⊗ ⋅ ⋅ ⋅ ⊗Φ)(ρ(n)Λn ,A) for all n.
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Some special cases of quantum memory channels such as channels with Markov
memory will be treated in the following chapters.

14.2.1 Unitary representation in the Schrodinger picture

In order tomathematically describememory channels, KretschmannandWerner [100]
and Bowen andMancini [14] proposed that memory channels bemodeled as a unitary
interactionbetween the states transmitted through the channel, independent environ-
ment and the channel memory state that remains unchanged during the interaction.
That is, in addition to Alice’s input register systemℍA and Bob’s output register sys-
temℍB, the transmission process also involves an additional memory inputℍM and
an additional finite-dimensionalmemory outputℍM′ be also taken into consideration
in the formulation of such channels, since the smaller of the two Hilbert spaces ℍM
andℍM′ can always be thought of as being embedded in the larger one. In the follow-
ing, we will assume without loss of generality thatℍM = ℍM′ and dim(ℍM) < +∞.

In this model of a quantum memory channel, the input state ρλ,A ∈ 𝒮(ℍA) going
through the channel interacts unitarily with an identical channel memory state ωM ,
as well as an independent environment Ei for i = 1, 2, . . .. Therefore, after one use of
the channel the output state ρλ,B after sending the codeword for classical data λ can
be written as

ρλ,B = Uλ,M,Ei (ρλ,A ⊗ ωM ⊗ ωEi )U
∗
λ,M,Ei ,

where Uλ,M,Ei is an unitary operator on the space 𝒮(ℍA ⊗ ℍM ⊗ ℍEi ) and U∗λ,M,Ei is
the adjoint operator Uλ,M,Ei . The backaction of the channel state on the message state
therefore gives a memory to the channel. The general model thus includes a channel
memoryM, and the independent environments for each qubit Ei. Memory of a quan-
tum channel can be described as subspace of the environment, which does not evolve
over the time scale of its successive uses. The dimension of memory subspace deter-
mines the number of channel uses for which the noise is not conditionally indepen-
dent.

Hence, the resulting map in a unitary representation (in the Schrodinger picture)
of n-uses of a memory channel can be written as

ρ(n)Λn ,B = Φ(n)(ρ(n)Λn ,A)
= trME[Un,M,En ⋅ ⋅ ⋅U1,M,E1(ρ(n)Λn ,A ⊗ ωM ⊗ ω

(n)
E )U
∗
1,M,E1 ⋅ ⋅ ⋅U∗n,M,En], (14.14)

where trME[⋅ ⋅ ⋅] is the partial trace taken with respect toℍME := ℍM ⊗ ℍE .
If the unitaries factor into independent unitaries acting on the memory and the

combined state and environment, that is, Un,M,En = Un,EnUM , then the memory traces
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out and we have a memoryless channel. If the unitaries reduce to Un,M , we can call it
a perfect memory channel, as no information is lost to the environment.

Example 14.1. Consider the Kraus representation of a Pauli channel defined by

ρ 󳨃→ Φ(ρ) =
3
∑
i=0KiρK

∗
i (14.15)

where Ki = √piσi, where σi, i = 0, 1, 2, 3 are defined by the Pauli matrices

I = σ0 = [
1 0
0 1
] , σ1 = [

0 1
1 0
] , σ2 = [

0 −ι
ι 0
] , σ3 = [

1 0
0 −1
] .

Here, we consider two consecutive uses of a Pauli channel with partial memory (see
Marchiavello and Palma [111]), i. e., pkn|kn−1 = (1−μ)pkn +μδkn|kn−1 . This means that with
probability μ the same rotation is applied to both qubits, while with probability 1 − μ,
the two rotations are uncorrelated. Then

Φ(2)(ρ(2)) = 3
∑
i,j=0Ki,jρ(2)K∗i,j

where the Kraus operators can be expressed as

Ki,j = √pi[(1 − μ)pj + μδi,j]σi ⊗ σj, 0 ≤ μ ≤ 1, (14.16)

where μ is the memory coefficient of the channel and σi, i, j = 0, 1, 2, 3 are the Pauli
operators with σ0 = I.

14.2.2 Unitary representation in the Heisenberg picture

To illustrate an unitary representation for a quantum memory channel, we assume
longmessages with n ∈ ℕ signal states are to be processed by subsequent application
of memory channels Φ, resulting in the concatenated channel Φ∗(n) : (B(ℍB))⊗n ⊗
B(ℍM) → B(ℍM) ⊗ (B(ℍA))

⊗n given as follows:
Φ∗(n) = (Φ∗ ⊗ I⊗(n−1)𝒜 ) ∘ ⋅ ⋅ ⋅ ∘ (I⊗(n−2)ℬ ⊗Φ∗ ⊗ I𝒜) ∘ (I⊗(n−1)ℬ ⊗Φ∗), (14.17)

where I𝒜 and Iℬ denote the identity operator on𝒜 = B(ℍA) and ℬ = B(ℍB), respec-
tively.

The above two different representations in the Schrodinger picture (14.14) and in
the Heisenberg picture (14.17) of the n-use of the memory channel Φ(n) and its dual
channel Φ∗(n) are actually equivalent in the sense that

tr[Φ(n)(ρ(n)Λn ,A)(⋅ ⋅ ⋅)] = tr[ρ(n)Λn ,AΦ∗(n)(⋅ ⋅ ⋅)]. (14.18)
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14.2.3 Kraus representation of the memory channel

If the state input to the memory channel Φ is ρλ,A ∈ 𝒮(ℍA), then the action of the
channel is described as

Φ(ρλ,A) = +∞∑
k=1Kkρλ,AK∗k

where {Kk}
+∞
k=1 are the Kraus operators with∑+∞k=1 K∗kKk = I.

The action of thememory channelΦon the input state ρ(n)Λn ,A, consisting of n qubits
(including entangled ones) is given by

Φ(n)(ρ(n)Λn ,A) = ∑
k1 ,k2 ,...,kn pk1 ⋅ ⋅ ⋅ pkn(Kkn ⊗ ⋅ ⋅ ⋅ ⊗ Kk1ρ

(n)
Λn ,AK∗kn ⊗ ⋅ ⋅ ⋅ ⊗ K∗kn), (14.19)

where the Kraus operatorsKkn ⋅ ⋅ ⋅Kk1 are applied with probability pk1 ,k2 ,...,kn > 0, which
satisfies ∑k1 ,k2 ,...,kn pk1 ,k2 ,...,kn = 1. The quantity pk1 ,...,kn > 0 can be interpreted as the
probability that a randomsequenceof operations is applied to the sequenceofnqubits
transmitted through the channel.

We have the following special cases:
(i) If pk1 ,k2 ,...,kn = pk1pk2 ⋅ ⋅ ⋅ , pkn , then Φ is a memoryless channel, which was treated in

Chapter 13; and
(ii) Ifpk1 ,k2 ,...,kn = pk1pk1 ,k2 ⋅ ⋅ ⋅ pkn−1 ,kn , then (14.19) indicates thatpkn−1 ,kn is the conditional

probability that an operation, say Kkn , is applied to the nth qubit provided that it
was applied on the (n − 1)th qubit. In this case, Φ is a channel with Markovian
memory, which will be treated in the next chapter.

14.3 Quasilocal algebras approach
Until now,wehave followeda constructive approach inwhichmemoryquantumchan-
nels were always thought of as concatenations of smaller units which, starting from
an official “first carrier” element, process one quantum signal each. An alternative
view, where the communication lines are treated as mappings applied on infinitely
longmessage strings, is proposed in Bjelakovic and Boche, [12] and Kretschmann and
Werner [100] (see also the Appendix in Caruso et al. [18]).

This approach requires some advanced mathematical tools that are briefly re-
viewed in the following subsection.

14.3.1 Construction of quasilocal algebras

Quasilocal algebras are the proper mathematical tools to describe infinitely extended
quantum lattice systems (Brattelli and Robinson [15]). For the sake of simplicity, let
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us consider a chain of infinitely many qubits (spins) placed in a one-dimensional lat-
ticeℤ. Then, to each lattice site j ∈ ℤ = {. . . −3, −2, −1,0, 1, 2, . . .}, attach a Hilbert space
ℍj and consider the associated von Neumann algebra of bounded linear operators
𝒜j = B(ℍj) on the quantum subsystemℍj located at the site j.

When𝔸 ⊂ ℤ, we consider the following two cases:

(A) If𝔸 ⊂ ℤ is a finite subset, we denoteℍ𝔸, the chain of quantum subsystems located
at sites𝔸 and𝒜𝔸, the algebra of observables belonging to the sites𝔸 by

ℍ𝔸 =⨂
j∈𝔸 ℍj and 𝒜𝔸 =⨂

j∈𝔸 𝒜j. (14.20)

Operators a ∈ 𝒜𝔸 are called local operators as they are operators “localized” in𝔸.
Whenever 𝔸1 ⊂ 𝔸2 ⊂ ℤ, a localized operator a ∈ 𝒜𝔸1 can be extended to 𝒜𝔸2 by

tensoring with the identity operator on𝔸2\𝔸1. That is,

a ∈ 𝒜𝔸1 and a ⊗ I𝔸2\𝔸1 ∈ 𝒜𝔸2 . (14.21)

The above two operators describe the same physical object. Therefore, we can identify
𝒜𝔸1 with the subalgebra𝒜𝔸1 ⊗ I𝔸2\𝔸1 of𝒜𝔸2 through the map

𝒜𝔸1 ∋ a 󳨃→ a ⊗ I𝔸2\𝔸1 ∈ 𝒜𝔸2 . (14.22)

To construct ∗-algebra of observables on the local quantum chain of the lattice
system𝒜loc := ⋃𝔸⊂ℤ𝒜𝔸 (where the union above is taken for all finite subsets𝔸 ofℤ),
we define the addition “+,” operator multiplication “∘,” adjointness “∗” and the norm
“‖ ⋅ ‖” of observables on𝒜loc as follows.
(i) For ai ∈ 𝒜𝔸i and ci ∈ ℂ for i = 1, 2, we define c1a1 + c2a2 by the above extension as

c1a1 + c2a2 󳨃→ c1(a1 ⊗ I(𝔸1∪𝔸2)\𝔸1 ) + c2(a2 ⊗ I(𝔸1∪𝔸2)\𝔸2 ).
(ii) In the same way, the product a1a2 := a1 ∘ a2 of operators ai ∈ 𝔸i, i = 1, 2 can be

extended to𝔸1 ∪ 𝔸2 by

a1a2 󳨃→ (a1 ⊗ I(𝔸1∪𝔸2)\𝔸1 )(a2 ⊗ I(Λ1∪Λ2)\Λ2
).

(iii) The adjoints a∗1 and a∗2 of a1 and a2, respectively, are extended to the common set
of sites Λ1 ∪ Λ2.

(iv) Since tensoring with the identity operator I𝒜 does not change the norm, for ai ∈
𝒜Λi
, i = 1, 2, we have

‖ai‖ = ‖ai ⊗ I(Λ1∪Λ2)\Λi
‖.

We define
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𝒜loc = ⋃
finite𝔸⊂ℤ𝒜𝔸. (14.23)

Note that 𝒜loc is not complete under the norm ‖ ⋅ ‖ defined in (iv) above, and we
consider theC∗-algebra𝒜ℤ definedby (14.23) under thenorm that yields anormed
algebra of local observables, and will be denoted by

𝒜ℤ = 𝒜loc
‖⋅‖
, (14.24)

where𝒜loc
‖⋅‖
denotes the closure of𝒜loc under the norm ‖ ⋅ ‖.

(B) For infinite subset 𝔸 ⊂ ℤ, we define 𝒜𝔸 as the closure of the union of all 𝒜𝔸′ for
finite𝔸′ ⊂ 𝔸. That is,

𝒜𝔸 = ⋃
𝔸′⊂𝔸 finite𝒜𝔸′ ‖⋅‖. (14.25)

In particular, we will consider the left-half and right-half chains 𝒜]−∞,0] and 𝒜[1,∞[,
respectively.

The algebra𝒜𝔸 is interpreted as the algebra of physical observables for a subsys-
tem localized in the region𝔸 ⊂ ℤ. The quasilocal algebra𝒜ℤ then corresponds to the
extended algebra of observables on the infinite chain ℤ.

Here, quasilocal stands for the fact that 𝒜ℤ besides all local observables, it also
contains nonlocal observables, which can be approximated in norm by local ones.𝒜ℤ
results a C∗-algebra and its elements can be regarded in many respects as bounded
operators.

It is also useful to consider methods to transform abstract elements a ∈ 𝒜ℤ into
operators π(a) acting on a Hilbert space ℍ, i. e., representations of quasilocal alge-
bra. A representation π on the Hilbert spaceℍ is a homomorphism π : 𝒜ℤ → B(ℍ),
i. e., a linear map satisfying π(ab) = π(a)π(b) and π(a∗) = π(a)∗. Unfortunately, for
spin chains there is not a unique representation that can be used for all purposes, but
one has to choose the representation, which is most appropriate to the given physi-
cal context. This ambiguity also reflects on the definition of states. In fact, one might
be tempted to use density operators ρ on the Hilbert spaceℍ, which carry the repre-
sentation π. However, since different representations correspond to different physical
contexts one should use all possible representations (in fact, each density operator in
any representation can describe a state). Clearly, it would be much better to describe
states in a way independent from the representation. Thus, a state of𝒜ℤ is defined as
a linear functionalψ : 𝒜ℤ → ℂ,which is positive (ψ(a∗a) ≥ 0, for all a ∈ 𝒜ℤ) and nor-
malized (ψ(I) = 1). This means that given a representation ϕ and a density operator
ρ onℍ, the corresponding state is the functional ψρ(a) = tr[π(a)ρ]. The possibility to
find for each state ψ a Hilbert spaceℍ carrying a representation π and a density op-
erator ρ such that ψ = ψρ is guaranteed by the Gelfand–Naimark– Segal theorem (see
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Proposition 2.5.2). It states that each state ψ can be represented by a state vector |vψ⟩
on a suitable Hilbert space. In other words, it is like to say that it is always possible to
provide a ‘purification’ of the state ψ.

On the quasilocal algebra 𝒜ℤ, we introduce a shift operator σ : 𝒜ℤ → 𝒜ℤ by
setting

σ(a) = I𝒜 ⊗ a ∈ 𝒜𝔸+1, ∀a ∈ 𝒜𝔸, (14.26)

where we have used the notation 𝔸 + 1 := {z + 1 | z ∈ 𝔸} and A ⊗ I𝒜 (resp., I𝒜 ⊗ A)
stands for the tensor product between A belonging to𝒜𝔸 and identity of𝒜 on the site
to the right of𝔸 (resp., between identity of𝒜 on the site to the left of𝔸 and a belonging
to 𝒜𝔸). Moving from the action of the shift σ, it is possible to introduce the notion of
the stationary stateψ on𝒜ℤ whenψ ∘ σ = ψ holds true. The set of stationary states on
𝒜ℤ turns out to be convex. Then a state ψ on𝒜ℤ is called ergodic (with respect to the
shift) if it is extremal on this set.

The canonical extension of σ onto the quasilocal algebra𝒜ℤ is a ∗-automorphism
on𝒜ℤ, and the integer powers {σz , z ∈ ℤ} represent an action of the translation group
ℤ by automorphisms on𝒜ℤ.

A quantum state ω on the infinite chain is a positive and normalized linear func-
tional on 𝒜ℤ. Equivalently, a quantum state ω is given by a family {ω𝔸, 𝔸 ⊂ ℤ} of
density operators on𝒜𝔸 for finite 𝔸 ⊂ ℤ such that ω(a) = tr[ω𝔸a] for a ∈ 𝒜𝔸. The lo-
cal density operators have to satisfy the consistency condition that tr𝔸2\𝔸1 [ω𝔸2 ] = ω𝔸1
whenever 𝔸1 ⊂ 𝔸2. This equivalence reflects the fact that the quantum state of the
entire infinite chain is assumed to be determined by the expectation values of all ob-
servables on finite subsystems𝔸 ⊂ ℤ.

14.3.2 Structure of causal channels

To set the stage for treating memory effects of quantum communication, we assume
that Alice, the sender, has at her disposal a quantum channel to transmit at every dis-
crete time step n a sequence of time-ordered classical messages Λn = {λ1, λ2, . . . , λNn

},
using block coding of length n and size Nn, to the receiver Bob. Recall that in the
Schrodinger picture, a quantum channel is a completely positive, trace preserving lin-
earmap that transforms input states in𝒮(ℍA) to output states in𝒮(ℍB). In the quasilo-
cal algebra approach for memory effects of quantum communication, we consider its
corresponding dual channel inHeisenberg’s picture. The dual channel is a completely
positive and unital map that transforms quantum observables from observable alge-
bra at receiver’s endB to quantumobservables fromobservable algebra at the sender’s
send A (see Definition 5.2.1).

In the following, we explore the quasilocal approach constructed in Subsec-
tion 14.3.1 to the quantum communication with memory. In this content, the dual
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channel is represented (in the Heisenberg picture) by a completely positive and unital
map ϒ : ℬℤ → 𝒜ℤ between the quasilocal algebras ℬℤ and 𝒜ℤ on Bob’s and Alice’s
side of the channel, respectively. In the following, we will restrict ourselves to transla-
tional invariant channels, i. e., we assume that ϒ commutes with the shift on the spin
chain: σA ∘ ϒ = ϒ ∘ σB. In addition, we impose the physically reasonable constraint
that outputs up to some time t do not depend on inputs at times t′ > t, leading to the
following definition.

Definition 14.3.1 (Causal channels). A causal channel ϒ : ℬℤ → 𝒜ℤ is a completely
positive and unital translational invariant map such that for every z ∈ ℤ,

ϒ(B]−∞,z] ⊗ 1[z+1,+∞[) = ϒ(B]−∞,z]) ⊗ 1[z+1,+∞[ (14.27)

for all B]−∞,z] ∈ B]−∞,z], whereB]−∞,z] denotes the set of bounded operators defined
on lattice elements up to that associated with the label z.

Note that memoryless configurations are obtained if in addition to (14.27) the fol-
lowing condition:

ϒ(1]−∞,z] ⊗ B[z+1,∞[) = 1]−∞,z] ⊗ ϒ(B[z+1,∞[) (14.28)

also holds for all B[z+1,∞[ ∈ B[1+z,∞[.
Since ϒ is translational invariant, we can henceforth set z = 0, and we will use

the shorthand𝒜− := 𝒜]−∞,0] and𝒜+ := 𝒜[1,+∞[ to denote the left- and right-half chain,
respectively.B− andB+ are defined analogously as the set of bounded operators on
]−∞,0] and [1,∞[, respectively.

It can be shown that a concatenated memory channel is a causal channel.
The following structure theorem due originally to Kretschmann andWerner [100]

states that every causal channel can be represented as a concatenated memory chan-
nel.

Theorem 14.3.2 (Structure theorem). Let ϒ : ℬℤ → 𝒜ℤ be a causal channel. Then, by
ignoring its outputs on the left-hand chain ℬ−, there exist a memory observable algebra
ℳ and an initializing channelR :ℳ→ 𝒜− such that for all n ∈ ℕ,

ϒ(1− ⊗ Bn) = (R ⊗ J⊗n𝒜 )Φ∗(n)(Bn ⊗ 1ℳ) (14.29)

for all Bn ∈ B[1,n] ≅ B⊗n, where Φ∗(n) is the n-fold concatenation of a memory channel
Φ∗ : ℬ ⊗ℳ→ℳ ⊗𝒜 as defined in (14.17).

Proof. Letℍ be the Hilbert space associated with the universal representation of the
left-half chain𝒜−. Note that in generalℍwill not be separable. However, separability
is not required in Stinespring’s theorem. Suppose that (𝕂,π,V) is a minimal Stine-
spring dilation for ϒ|ℬ− , i. e.,
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ϒ(b) = V∗π(b)V, ∀b ∈ ℬ− (14.30)

for some Stinespring isometry V : ℍ → 𝕂, where 𝕂 is a certain Hilbert space, π :
ℬ− → 𝕂 is a ∗-homomorphism and V∗ : 𝕂 → ℍ is the adjoint operator of V. From
Stinespring’s representation (14.30) and the causality property (14.27), we conclude
that

V∗π(b ⊗ 1⊗nℬ )V = ϒ(b ⊗ 1⊗nℬ ) = ϒ(b) ⊗ 1⊗n𝒜
= (V∗π(b)V) ⊗ 1⊗n𝒜 = (V∗ ⊗ 1⊗n𝒜 )(π(b) ⊗ 1⊗n𝒜 )(V ⊗ 1⊗n𝒜 ), (14.31)

for all b ∈ ℬ−. SinceV is a minimal dilation for ϒ so isV⊗ 1⊗n𝒜 for ϒ⊗ 1⊗n𝒜 . As explained
earlier, we conclude that there exists an isometryWn : 𝕂 ⊗ ℂ

⊗n
d → 𝕂 defined by

Wn(π(b) ⊗ 1
⊗n
𝒜 )(V ⊗ 1

⊗n
𝒜 )(ψ ⊗ ψn) = π(b ⊗ 1

⊗n
𝒜 )V(ψ ⊗ ψn) (14.32)

for all b ∈ ℬ−, ψ ∈ ℍ, and ψn ∈ 𝒜
⊗n such that

π(b ⊗ 1⊗nℬ )Wn =Wn(π(b) ⊗ 1
⊗n
𝒜 ) (14.33)

for all b ∈ ℬ−, and
Wn(V ⊗ 1

⊗n
𝒜 ) = V. (14.34)

We now reconstruct the memory algebra as follows. Letℳ := π′(ℬ−), the commu-
tant of the observable algebra ℬ−, and letSn : ℬ

⊗n ⊗ℳ→ B(𝕂) ⊗B(ℂ⊗nd ) be defined
by

Φ∗(n)(b ⊗m) :=W∗nπ(b)mWn (14.35)

for all b ∈ ℬ− andm ∈ℳ. The memory initializing channelR :ℳ→ 𝒜− is given by
R(m) := V∗mV, ∀m ∈ℳ. (14.36)

In order to justify these choices, we will first show that

Φ∗(n)(ℬ⊗n ⊗ℳ) ⊂ℳ ⊗𝒜⊗n. (14.37)

Noting that π(1ℬ− ⊗ ℬ⊗n)ℳ ⊂ π′(ℬ− ⊗ 1⊗nℬ ), we see from (14.33) that

W∗nπ(1ℬ− ⊗ bn)mWn(π(b̃ℬ− ) ⊗ 1⊗n𝒜 )
=W∗nπ(1ℬ− ⊗ bn)mπ(b̃ℬ− ⊗ 1⊗nℬ )Wn

=W∗nπ(b̃ℬ− ⊗ 1⊗nℬ )π(1ℬ− ⊗ bn)mWn

= (π(b̃ℬ− ) ⊗ 1⊗n𝒜 )W∗nπ(1ℬ− ⊗ bn)mWn (14.38)
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for all bn ∈ ℬ⊗n and b̃ℬ− ∈ ℬ−, implying that

[Φ∗(n)(b ⊗m) | π(b̃ℬ− ) ⊗ 1⊗n𝒜 ] = 0, (14.39)

from which (14.37) follows. To complete the proof, it suffices to show that Φ(n) has the
right concatenation properties, i. e.,

R(m) = (R ⊗ I⊗n𝒜 )Φ∗(n)(1⊗nℬ ⊗m) (14.40)

and

ϒ(b) = (R ⊗ I⊗n𝒜 )Φ∗(n)(b ⊗ 1ℳ) (14.41)

for all m ∈ ℳ and b ∈ ℬ⊗n. However, this is immediately from the definitions of
Φ(n) andR and (14.35). The result then follows by setting Φ∗(1) := Φ∗. This proves the
theorem.

14.4 Forgetful channels

In this section,we explore a special but important class of quantummemory channels,
namely, the class of forgetful channels. Forgetful channels havebeen studiedbyBowen
and Mancini [14] and more recently by Kretschmann and Werner [100].

Thepresentationof the concept andproperties of forgetful channels in this section
can be found in Kretschmann and Werner [100] (see also Caruso et al. [18]).

14.4.1 Definition of forgetful channels

Forgetful channels have been studied by Bowen and Mancini [14] and more recently
by Kretschmann and Werner [100].

Consider a quantum memory channel in the Heisenberg picture Φ∗ : ℬ ⊗ℳ →
ℳ ⊗ 𝒜, where 𝒜 = B(ℍA), ℬ = B(ℍB) andℳ = B(ℍM), respectively, represent C∗-
algebras of operators on systemsA,B and thememory systemM. The n-concatenation
of the channel Φ∗ is the channel Φ∗(n) : ℬ⊗n ⊗ℳ→ℳ ⊗𝒜⊗n given as

Φ∗(n) = (Φ∗ ⊗ I⊗(n−1)𝒜 ) ∘ ⋅ ⋅ ⋅ ∘ (I⊗(n−2)ℬ ⊗Φ∗ ⊗ I𝒜) ∘ (I⊗(n−1)ℬ ⊗Φ∗),
where I𝒜 and Iℬ denote the identity operator on𝒜 = B(ℍA) and ℬ = B(ℍB), respec-
tively.

Forgetful channels in the Heisenberg picture are quantummemory channels Φ∗ :
B(ℍB)⊗ℳ→ℳ⊗B(ℍA) inwhich the effect of the initializingmemory state dies away
with time.More formally, Kretschmann andWerner [100] give the following definition.
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Definition 14.4.1. Let Φ∗ : ℬ ⊗ℳ → ℳ ⊗ 𝒜 be a (dual) quantum memory channel,
where 𝒜 = B(ℍA) and ℬ = B(ℍB), and let Φ∗(n) : ℬ⊗n ⊗ℳ →ℳ ⊗ 𝒜⊗n be its n-fold
concatenation. Let Φ̂∗(n) :ℳ→ℳ⊗𝒜⊗n be the concatenated channel in which Bob’s
output is ignored: Φ̂∗(n)(m) := Φ∗(n)(Iℬ ⊗ m) for all m ∈ ℳ, where Iℬ is the identity
operator on ℬ. The quantum memory channel Φ∗ is said to be forgetful if there exists
a sequence of channels Φ̃∗n :ℳ→ 𝒜⊗n such that

lim
n→+∞󵄩󵄩󵄩󵄩Φ̂∗(n) − Iℳ ⊗ Φ̃∗n󵄩󵄩󵄩󵄩cb = 0, (14.42)

where ‖ ⋅ ‖cb denotes the complete bounded norm defined in Definition 6.3.1 and Iℳ
is the identity operator onℳ.

In other words, a quantum channel Φ∗ (or equivalently Φ) is called forgetful if the
memory behavior does not depend on the initial memory configuration. That is, if for
any input state ρ(n) and ϵ > 0 there exists an N(ϵ) such that for all n ≥ N(ϵ),

󵄩󵄩󵄩󵄩Φ
∗(n)(ρ(n) ⊗ ω) −Φ∗(n)(ρ(n) ⊗ σ)󵄩󵄩󵄩󵄩1 < ϵ (14.43)

for any pair of initial memory ω and σ, in which Φ∗(n) : ℬ⊗n ⊗ℳ→ℳ ⊗𝒜⊗n denotes
concatenated channel given as

Φ∗(n) = (Φ∗ ⊗ I⊗(n−1)𝒜 ) ∘ ⋅ ⋅ ⋅ ∘ (I⊗(n−2)ℬ ⊗Φ∗ ⊗ I𝒜) ∘ (I⊗(n−1)ℬ ⊗Φ∗),
where I𝒜 and Iℬ denote the identity operator on𝒜 = B(ℍA) and ℬ = B(ℍB), respec-
tively.

The following example can be found in Kretschmann and Werner [100].

Example 14.2. Consider the classically mixed channel Φ = pI + (1 − p)σ, where p ∈
[0, 1[ and σ is the shift operator introduced in (14.26). When this channel is concate-
nated, in every step either the ideal channel I or the shift channel σ is chosen with
probabilities p and 1 − p, respectively. The only possible way for an n-fold concatena-
tion Φ̂∗(n) not to be forgetful is to choose the ideal channel I in every step. However,
the probability for this event is pn, and thus vanishes in the limit n → ∞, implying
that (14.42) holds.

Example 14.3. A forgetful channel is a special case of the quantum channel with
Markovian memory. Specifically, if the Markov transition matrix {qij}i,j∈𝕀 is stationary,
the quantum channel with Markovian memory Φ∞ defined in (15.4) is a forgetful
channel.

Remark 14.1. Note that Definition 14.4.1 for the forgetful channel can be relaxed by
requiring that (Φ̃n)

∞
n=1 being a sequence of linear maps only. To see that this leads to

the equivalence of the definition of forgetfulness, assume that ‖Φ̂∗(n)−Iℳ⊗Φ̃∗n‖cb < ϵ
for some ϵ > 0 and n ≥ 0 and some linear operator Φ̃n. Replacing Iℳ ⊗ Φ̃∗n with the
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quantum channel (P⊗I⊗n𝒜 )∘Φ̂∗(n), whereP :ℳ→ ℂIℳ is the completely dephasing
channel (seeWilde [178] andWatrous [173] for a definition and examples of dephasing
channels), we see that

󵄩󵄩󵄩󵄩Φ̂
∗(n) − (P ⊗ I⊗n𝒜 ) ∘ Φ̂∗(n)󵄩󵄩󵄩󵄩cb
≤ 󵄩󵄩󵄩󵄩Φ̂
∗(n) − Iℳ ⊗ Φ̃∗n󵄩󵄩󵄩󵄩cb + 󵄩󵄩󵄩󵄩(P ⊗ I⊗n𝒜 ) ∘ (Iℳ ⊗ Φ̃∗n − Φ̂∗(n))󵄩󵄩󵄩󵄩cb

≤ 2󵄩󵄩󵄩󵄩Φ̂
∗(n) − Iℳ ⊗ Φ̃∗n󵄩󵄩󵄩󵄩cb ≤ 2ϵ, (14.44)

where thus limn→+∞ ‖Φ̂∗(n)−(P⊗I⊗n𝒜 )∘Φ̂∗(n)‖cb = 0, implying the channel Φ is indeed
forgetful by Definition 14.4.1.

The following lemmas are needed for proving Proposition 14.4.4, which charac-
terizes a forgetful channel.

Lemma 14.4.2. Let (dn)∞n=1 be a positive and nonincreasing sequence satisfying the sub-
additivity inequality

dn+m ≤ dndm, ∀n,m ∈ ℕ. (14.45)

Assume further that dN < 1 for some N ∈ ℕ. Then

dn ≤ c
n, ∀n ≥ N (14.46)

for some constant c < 1.

Proof. Assume that dN < 1 for some N ∈ ℕ. From the subadditivity inequality (14.45),
we then see that dN+N ≤ d2N , and by induction, dνN ≤ dνN for all ν ∈ ℕ. By the mono-
tonicity of (dn)∞n=1, we may then conclude that for n ∈ [νN , (ν + 1)N[ we have

dn ≤ dνN ≤ d
ν
N ≤ (d

1
2N
N )

n
= cn (14.47)

with c := d
1
2N
N < 1. This proves the lemma.

Lemma 14.4.3. Let R : B(ℍM) → 𝒜 be a linear operator, and assume that dM :=
dim(ℍM) < ∞. We then have

‖R‖cb ≤ d
2
M‖R‖∞. (14.48)

Proof. By definition of the cb-norm ‖ ⋅ ‖cb (see Definition 6.3.1), we have ‖R‖cb =
supk{‖R ⊗ Ik‖∞}, where Ik is the identity operator of k × k matrices B(ℂk). Every
x ∈ B(ℍM) ⊗B(ℂk) can have the expansion of the form

x = ∑
α
mα ⊗ kα = ∑

α

dM
∑
i,j=1 μα,ij|i⟩M⟨j| ⊗ kα = dM

∑
i,j=1 |i⟩M⟨j|xij, (14.49)
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where {|i⟩M}
dM
i=1 is an orthonormal basis forℍM , and xij := ∑α μα,ijkα. Note that ‖xij‖∞ ≤

‖x‖∞ for all i, j = 1, 2, . . . , dM , implying that

‖(R ⊗ Ik)(x)‖∞ = 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
dM
∑
i,j=1R(|i⟩M⟨j|) ⊗ xij

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩∞
≤

dM
∑
i,j=1 ‖R‖∞‖|i⟩M⟨j|‖∞‖xij‖∞ ≤ d2M‖R‖∞‖x‖∞ (14.50)

holds independent of k. Consequently, we have

‖R‖cb = sup
k
{‖R ⊗ Ik‖∞} ≤ d2M‖R‖∞.

This proves the lemma.

There exist several equivalent criteria for a quantum memory channel to be for-
getful. In particular, to show the channel Φ is forgetful, it is sufficient to show that the
norm distance ‖Φ̂∗(n) −Iℳ ⊗ Φ̃n‖cb < 1 for some n ∈ ℕ. What is more important is that
the memory effects can always be assumed to vanish exponentially fast. In addition,
if the memory algebra ℳ has finite dimension, the cb-norm criterion (14.42) can be
replaced by the usual operator norm ‖ ⋅ ‖∞. In fact, we have the following result.
Proposition 14.4.4. LetΦ∗ : ℬ ⊗ℳ→ℳ ⊗𝒜 be a quantum memory channel, and for
n ∈ ℕ, let Φ̂∗(n) be as defined in Definition 14.4.1. Then the quantum memory channel
Φ∗ is forgetful if and only if there exists an integer N ∈ ℕ and some linear operator
Φ̃n :ℳ→ 𝒜⊗N (not necessary a channel) such that

󵄩󵄩󵄩󵄩Φ̂
∗(N) − Iℳ ⊗ Φ̃N

󵄩󵄩󵄩󵄩cb < 1. (14.51)

Assume in addition that the memory algebraℳ has finite dimension. ThenΦ∗ is forget-
ful if and only if for every m ∈ ℳ and ϵ > 0 there exist a positive integer N ∈ ℕ and
aN ∈ 𝒜

⊗N such that

󵄩󵄩󵄩󵄩Φ̂
∗(N) − Iℳ ⊗ aN󵄩󵄩󵄩󵄩∞ ≤ ϵ‖m‖∞. (14.52)

Proof. 1. We first prove part one of the proposition, where no assumption on the di-
mensionality ofℳ is made. If Φ is forgetful, (14.51) is immediate from the definition.
In order to prove the converse, let

dn := inf{
󵄩󵄩󵄩󵄩Φ̂
∗(n) − IℳΦ̃n

󵄩󵄩󵄩󵄩cb | Φ̃n :ℳ→ 𝒜⊗n is a linear map}, (14.53)

for n ∈ ℕ. Our strategy is to show that the sequence (dn)+∞n=1 satisfies the conditions
of Lemma 14.4.2. From (14.51), we can then conclude that dn ≤ cn for all n ≥ N for
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some constant c < 1, and thus Φ is forgetful with exponentially vanishing errors by
Remark 15.1.

We start by showing that the sequence (dn)+∞n=1 is nonincreasing, i. e., dn+1 ≤ dn for
all n ∈ ℕ. From the definition of Φ̂∗(n), we have

Φ̂∗(n+1) = (Φ̂∗ ⊗ I⊗n𝒜 ) ∘ Φ̂∗(n)
= (Φ̂∗ ⊗ I⊗n𝒜 ) ∘ (Φ̂∗(n) − IℳΦ̃n) + (Φ̂

∗ ⊗ I⊗n𝒜 ) ∘ (IℳΦ̃n)

= (Φ̂∗ ⊗ I⊗n𝒜 )(Φ̂∗(n) − IℳΦ̃n) + Iℳ ⊗ I𝒜 ⊗ Φ̃n, (14.54)

where in the last step we have applied the unitarity of the channel Φ̂. From (14.53) and
unitality of the cb-norm, we may conclude that

dn+1 ≤ 󵄩󵄩󵄩󵄩Φ̂∗(n+1) − Iℳ ⊗ I𝒜 ⊗ Φ̃n
󵄩󵄩󵄩󵄩cb

≤ 󵄩󵄩󵄩󵄩Φ̂
∗ ⊗ I⊗n𝒜 󵄩󵄩󵄩󵄩cb󵄩󵄩󵄩󵄩Φ̂∗(n) − IℳΦ̃n

󵄩󵄩󵄩󵄩cb ≤ dn.

This proves dn+1 ≤ dn. We now want to prove dn+m ≤ dmdn for all n,m ∈ ℕ. Similar to
the above estimate, we have

Φ̂∗(n+m) = (Φ̂∗(n) ⊗ I⊗m𝒜 ) ∘ Φ̂∗(m)
= (Φ̂∗(n) ⊗ I⊗m𝒜 )(Φ̂∗(m) − IℳΦ̃m) + (Φ̂

∗(n) ⊗ I⊗m𝒜 ) ∘ (IℳΦ̃m)

= [(Φ̂∗(n) − IℳΦ̃n) ⊗ I
⊗m
𝒜 ](Φ̂

∗(m) − IℳΦ̃m) + Iℳ ⊗ Φ̃n+m, (14.55)

where we have introduced the shorthand

Φ̃n+m := I⊗n𝒜 ⊗ Φ̃m + (Φ̃n ⊗ I
⊗m
𝒜 )(Φ̂

∗(m) − I⊗mℳΦ̃m). (14.56)

Invoking again the unitality and multiplicativity of the cb-norm ‖ ⋅ ‖cb, we conclude
from (14.55) that

󵄩󵄩󵄩󵄩Φ̂
∗(n+m) − Iℳ ⊗ Φ̃n+m󵄩󵄩󵄩󵄩cb
≤ 󵄩󵄩󵄩󵄩Φ̂
∗(n) − Iℳ ⊗ Φ̃n

󵄩󵄩󵄩󵄩cb
󵄩󵄩󵄩󵄩Φ̂
∗(m) − Iℳ ⊗ Φ̃m

󵄩󵄩󵄩󵄩cb ≤ dndm. (14.57)

This proves the estimate. Note that Φ̃n+m is clearly a linear and unital but not neces-
sarily positive. This is why we did not require the maps Φ∗(n) to be channels in the
definition of the sequence (dn)∞n=1. This completes the first part of the proof.

2. For the second part, assume that ℳ = B(ℍM) with dM := dim(ℍM) < ∞. If
(14.52) holds, by the same reasoning as in Remark 15.1, wemay conclude that Iℳ ⊗aN
can be replaced by (P ⊗ I⊗N𝒜 ) ∘ Φ̂∗(N)(m), implying that for every ϵ > 0 and every
m ∈ℳ, we can find a positive integer N ∈ ℕ such that

󵄩󵄩󵄩󵄩Φ̂
∗(N)(m) − (P ⊗ I⊗N𝒜 )(m)󵄩󵄩󵄩󵄩∞ ≤ 2ϵ‖m‖∞. (14.58)
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In order to arrive at the uniform bound, we introduce an orthonormal basis {|i⟩}dMi=1
forℍM . SinceℍM is finite-dimensional, (14.58) holds uniformly for the basis operators
{|i⟩M⟨j|}

dM
i,j=1 for somepossibly largerN . Thus, by settingm = ∑dMi,j=1mij|i⟩M⟨j|,we see that

󵄩󵄩󵄩󵄩Φ̂
∗(N)(m) − (P ⊗ I⊗N𝒜 ) ∘ Φ̂∗(N)(m)󵄩󵄩󵄩󵄩∞
≤

dM
∑
i,j=1 |mij|

󵄩󵄩󵄩󵄩Φ̂
∗(N)(|i⟩M⟨j|) − (P ⊗ I⊗N𝒜 ) ∘ Φ̂∗(N)(|i⟩M⟨j|)󵄩󵄩󵄩󵄩∞

≤ 2ϵ
dM
∑
i,j=1 |mij ≤ 2ϵd

2
M‖m‖∞, (14.59)

where in the last step we have used that |mij| ≤ ‖m‖∞ for all i, j = 1, . . . , dM . Making
use of Lemma 14.4.3, we may conclude from (14.59) that

󵄩󵄩󵄩󵄩Φ̂
∗(N) − (P ⊗ I⊗N𝒜 ) ∘ Φ̂∗(N)󵄩󵄩󵄩󵄩cb ≤ 2ϵd4M . (14.60)

Thus, choosing ϵ < 1
2d4M

, we may choose N ∈ ℕ such that (14.51) holds. Therefore, Φ is
forgetful by the first part of the proof. The converse is immediate from the definition
of forgetfulness. This proves the proposition.

From the proof of the above proposition, we may immediately deduce the follow-
ing.

Corollary 14.4.5. Let Φ∗ : ℬ ⊗ℳ →ℳ ⊗ 𝒜 be a forgetful quantum channel. Then the
effect of the initialmemory vanishes exponentially fast, i. e., wemay find a constant c < 1
such that

󵄩󵄩󵄩󵄩Φ̂
∗(n) − (P ⊗ I⊗n𝒜 ) ∘ Φ̂∗(n)󵄩󵄩󵄩󵄩cb < cn (14.61)

for all sufficiently large n.

Proposition 14.4.6. Let Φ∗ : ℬ ⊗ℳ → ℳ ⊗ 𝒜 be a quantum memory channel. Let
ϵ > 0, and for n ∈ ℕ, let Φ̂∗(n) be defined as in Definition 14.4.1. Assume that

󵄩󵄩󵄩󵄩Φ̂
∗(n) − (P ⊗ I⊗n𝒜 ) ∘ Φ̂∗(n)󵄩󵄩󵄩󵄩∞ ≤ ϵ, (14.62)

whereP :ℳ→ ℂIℳ is completely depolarizing channel. We then have

󵄩󵄩󵄩󵄩trℬ⊗n[Φ(n)(ρ1 − ρ2)]󵄩󵄩󵄩󵄩1 ≤ 2ϵ (14.63)

for all ρ1, ρ2 ∈ ℳ∗ ⊗ 𝒜∗ ⊗ n such that trℳ[ρ1] = trℳ[ρ2]. Conversely, suppose (14.63)
holds. Then (14.62) holds with the substitution ϵ 󳨃→ 2ϵ.

In particular, if the quantum channel Φ is forgetful, then from Remark 16.1 we
know that the condition in (14.62) is satisfied, and thus (14.63) holds. If in addition



14.4 Forgetful channels | 403

the memory algebraℳ is finite-dimensional, (14.62) is a necessary and sufficient cri-
terion for forgetfulness by Proposition 14.4.4. By the above proposition, (14.63) then
gives a necessary and sufficient criterion for forgetfulness in the Schrodinger picture
language.

Proof. Note that for any linear operator T : ℬ → 𝒜, the operator norm ‖T‖∞ equals
the norm of the adjoint operator on the dual space, i. e.,

‖T‖∞ = sup‖ρ‖1≤1󵄩󵄩󵄩󵄩T∗(ρ)󵄩󵄩󵄩󵄩1. (14.64)

Suppose that (14.62) holds. Since I∗⊗n𝒜 ⊗P
∗(⋅) = trℳ[⋅], the partial trace on thememory

algebraℳ, we may conclude from (14.62) and the norm duality (14.64) that

Φ̂(n)(ρ) − Φ̂(n)(trℳ[ρ])‖1 ≤ ϵ, ∀ρ ∈ℳ∗ ⊗𝒜∗⊗n, (14.65)

which implies that for arbitrary ρ1, ρ2 ∈ 𝒜∗ ⊗ 𝒜∗⊗n such that trℳ[ρ1] = trℳ[ρ2], we
have

󵄩󵄩󵄩󵄩Φ̂
(n)(ρ1) − Φ̂(n)(ρ2)󵄩󵄩󵄩󵄩1 ≤ 2ϵ (14.66)

by application of triangle inequality. Equation (14.63) then follows by noting Φ̂(n) =
trℬ⊗n ∘Φ̂(n).

Conversely, from (14.63), we conclude that

󵄩󵄩󵄩󵄩Φ̂
(n)(ρ − trℳ[ρ])󵄩󵄩󵄩󵄩1 ≤ 2ϵ, (14.67)

which implies (14.62) (with the substitution ϵ → 2ϵ) by means of the norm duality
(14.64). This proves the proposition.

Proposition 14.4.4 and its Schrodinger dual proposition 14.4.6 can be employed to
test whether a given quantummemory channel is forgetful as shown in the following
example.

Example 14.4. Consider the unitary partial flip operation

Uη := (cos η)F + i(sin η)I, i = √−1, (14.68)

for η ∈ [0, 2π[, where F : ℬ ⊗ℳ → ℳ ⊗ 𝒜 denotes a flip operation defined by F :=
∑i,j |ij⟩⟨ji|. Since F(m ⊗ b)F = b ⊗m for all b ∈ ℬ andm ∈ ℳ, Uη = F when η = 0 is
simply a shift operator, which has been proven to be a forgetful channel.
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14.4.2 Topological properties

LetQCfor(A,B) be the collection of forgetful channels and letQCmem(A,B) be the set of
all quantummemory channels from systemA to systemB. In the following,we demon-
strate thatQCfor(A,B) is a topologically important class of quantummemory channels
by showing thatQCfor(A,B) is dense and open inQCmem(A,B) under ‖ ⋅ ‖cb-norm. That
is, for every nonforgetful quantum memory channel we may find a forgetful memory
channel, which differs arbitrarily small from it under ‖ ⋅ ‖cb-norm.

Theorem 14.4.7. The set of forgetful quantum channels QCfor(A,B) is open and dense
in the set of quantum memory channelsQCmem(A,B) in ‖ ⋅ ‖cb-norm topology.

Proof. 1. We first prove thatQCfor(A,B) is dense inQCmem(A,B) under the ‖ ⋅ ‖cb-norm
topology. Let Φ∗ : ℬ ⊗ℳ → ℳ ⊗ 𝒜 be (in the Heisenberg picture) of any quantum
memory channel. We can easily construct a forgetful channel by mixing it with the
completely depolarizing channel

D(b ⊗m) := tr[(b ⊗m)δ]IM ⊗𝒜, (14.69)

where δ ∈ ℬ∗ ⊗ℳ∗ is an arbitrary quantum state.
Just as in the classically mixed shift channel discussed above, all of the terms in

an n-fold concatenation of the mixed channel Φϵ := (1 − ϵ)Φ + ϵD yield the identity
operator ℳ in the memory input, possibly apart from the Φ(n)-contribution, which
scales as (1 − ϵ)n, and thus vanishes as n → +∞. Since this holds for all ϵ > 0, and
‖Φ−Φϵ‖cb ≤ 2ϵ,wehave founda forgetful channelΦϵ arbitrarily close toΦ, completing
the proof of the first part of the theorem.

2.Wewill nowshow that the set of forgetful quantumchannelsQCfor(A,B) is open.
So, assume that we are given a forgetful memory channel Φ : ℬ ⊗ℳ → ℳ ⊗ 𝒜. We
will show that Φ has a finite-size neighborhood in which all memory channels are
forgetful. Clearly, by the definition of forgetfulness we can find N ∈ ℕ and a quantum
channel Φ̃N : ℳ → 𝒜⊗N such that ‖Φ̂∗(N) − Iℳ ⊗ Φ̃N‖cb <

1
2 . Thus, for all quantum

memory channels Ψ such that ‖Ψ∗ −Φ∗‖cb ≤ 1
2N , we have

󵄩󵄩󵄩󵄩Ψ̂
∗(N) − Iℳ ⊗ Φ̃N

󵄩󵄩󵄩󵄩cb ≤
󵄩󵄩󵄩󵄩Φ̂
∗(N) − Iℳ ⊗ Φ̃N

󵄩󵄩󵄩󵄩cb + N
󵄩󵄩󵄩󵄩Ψ
∗ −Φ∗󵄩󵄩󵄩󵄩cb < 1 (14.70)

and the forgetfulness of Φ∗ immediately follows from Proposition 14.4.4. This proves
the theorem.



15 Channels with Markovian memory

This chapter constructs and explores classical capacities for channels with ergodic
and general Markov memories.

15.1 A brief review on Markov chains

We first review some concepts of a homogeneous discrete time Markov chain with a
finite state space fromprobability theory. The reviewmaterial presented in this section
can be found in the research monograph by Norris [117].

Adiscrete-timeMarkov chain is a sequenceof randomvariables {Xn}+∞n=0 definedon
a probability space (Ω, Σ,Pr) and taking its values in a state space 𝕀 (which is assumed
to be a finite set) with the following Markov property:

Pr(Xn+1 = xn+1 | Xn = xn, . . . ,X1 = x1,X0 = x0)
= Pr(Xn+1 = xn+1 | Xn = xn),

for all n ≥ 0 and for all xi ∈ 𝕀, i = 0, 1, 2, . . . , n, if both conditional probabilities are well
defined, i. e., if

Pr(Xn = xn, . . . ,X0 = x0) > 0.

The Markov chain {Xn}+∞n=0 is said to be time homogeneous if P(Xn+1 = xn+1|Xn = xn) =
⋅ ⋅ ⋅ = P(X1 = x1|X0 = x0).

A. Probability transition matrix
The stochastic behavior such as the joint probability distribution Pr(X0 = x0,X1 =
x1, . . . ,Xn = xn) of theMarkov chain {Xn}+∞n=0 is completely determined by the transition
probability matrix P = [qij]i,j∈𝕀 and its initial value X0, where qij is the probability that
the Markov chain jumps from state i to state j in one time step, i. e.,

qij := Pr[Xn+1 = j | Xn = i], ∀n = 0, 1, . . . .

In particular,

Pr(X0 = x0,X1 = x1, . . . ,Xn = xn) = qx0
n
∏
i=1

qxi−1 ,xi ,

where qx0 = Pr(X0 = x0) is the initial distribution of the Markov chain. The n-step
probability transition matrix P(n) = [q(n)ij ]i,j∈𝕀 is determined by transition matrix P by
the following relation:

https://doi.org/10.1515/9783110788105-015
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P(n) = P ∘ P ∘ ⋅ ⋅ ⋅ ∘ P⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
n-fold matrix multiplication

,

where q(n)ij is the probability that the Markov chain jumps from state i to j in n time
steps, i. e., q(n)ij = Pr(Xn = j | X0 = i), ∀i = 0, 1, 2, . . . .

The following is the celebrated formula for computing probability transition ma-
trices.

Proposition 15.1.1 (Chapman–Kolmogorov). For any n ≥ 0, m ≥ 0,

P(n+m) = P(n)P(m) = P(m)P(n),

where P(n)P(m) = P(n) ∘ P(m) and P(m)P(n) = P(m) ∘ P(n). That is, for all i, j ∈ 𝕀,

q(n+m)ij = ∑
k∈𝕀

q(n)ik q
(m)
kj ,

where q(n)ij is the (i, j)-entry of the n-step probability transition matrix P(n) = [q(n)ij ]i,j∈𝕀 for
all n ∈ ℕ.

B. Stationary distribution
A time-homogeneous Markov chain {Xn}+∞n=0 at time n is characterized by its distribu-
tion γ(n) = (γ(n)i , i ∈ 𝕀) (which is treated as a row vector), where γ(n)i = Pr(Xn = i) and
γ(n+1) = γ(n)P, i. e., γ(n+1)j = ∑i∈𝕀 γ

(n)
i qij, for all j ∈ 𝕀.

We have the following definition of stationary distribution:
– A distribution γ∗ = (γ∗i , i ∈ 𝕀) is said to be a stationary distribution for the Markov

chain {Xn}+∞n=0 if γ
∗ = γ∗P, i. e., γ∗j = ∑i∈𝕀 γ

∗
i qij, for all j ∈ 𝕀.

C. Classification of states
We list here a set of basic definitions (see Norris [117]).
– State j is said to be accessible from state i, denoted by the notation i → j, if q(n)ij > 0

for some n ≥ 1.
– State i and j communicate, denoted by i ↔ j, if both j is accessible from i and i is

accessible from j. Note that the binary communication relation “↔” is an equiva-
lence relation: reflexivity: i always communicateswith i (bydefinition); symmetry:
if i communicates with j, then j communicates with i (also by definition); transi-
tivity: if i communicates with j and j communicates with k, then i communicates
with k.

– Two states that communicate are said to belong to the same equivalence class,
and the state space 𝕀 is divided into a certain number of such classes.

– The Markov chain {Xn}+∞n=0 is said to be irreducible if there is only one equivalence
class (i. e., all states in 𝕀 communicate with each other).
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– A state i is absorbing if qii = 1.
– A state i is periodicwith period L if L is the smallest integer n ≥ 1 such that q(n)ii > 0.

In case L = 1, the state is said to be aperiodic.
– It can be shown that if a state i is periodic with period L, then all states in the same

class are periodicwith the same period L, inwhich case thewhole class is periodic
with period L.

D. Ergodic Markov chains
A Markov chain {Xn}+∞n=0 is said to be ergodic if there exists a positive integer T such
that q(n)ij > 0 for all pairs i, j ∈ 𝕀 and for all n > T.

For a Markov chain {Xn}+∞n=0 to be ergodic, two technical conditions are required
of its states and the nonzero transition probabilities; these conditions are known as
irreducibility and aperiodicity. Informally, the first ensures that there is a sequence
of transitions of nonzero probability from any state to any other, while the latter en-
sures that the states are not partitioned into sets such that all state transitions occur
cyclically from one set to another.

A proof of the following theorem can be found in Norris [117].

Theorem 15.1.2. For any ergodic Markov chain, there is a unique stationary probability
vector γ∗ = (γ∗i , i ∈ 𝕀) that is the principal left eigenvector of P, such that if η(i, n) is the
number of visits to state i in n steps, then

lim
n→+∞

η(i, n)
n
= π(i), (15.1)

where π(i) > 0 is the steady-state probability for state i.

15.2 Constructions of Markov memory models

The presentation of the remainder of this chapter is largely based on results obtained
by Datta and Dorlas [31–34], Dorlas and Morgan [42], and Rybar and Ziman [136].

In this section, we consider quantum channels with Markovian memory as first
introduced by Macchiavello and Palma [111].

Let there be given a homogeneous Markov chain {Xn}+∞n=0 defined on a probabil-
ity space (Ω, Σ,Pr) with a finite state space 𝕀, (one-step) transition probabilities P =
[qij]i,j∈𝕀, i. e., qij = Pr(Xn+1 = j | Xn = i) and the initial distribution qi0 = Pr(X0 = i0). Let
{γi}i∈𝕀 be a stationary (or invariant) distribution for this chain, i. e.,

γj = ∑
i∈𝕀

γiqij, j ∈ 𝕀. (15.2)

To construct a quantum channel with Markovian memory, let Φi : B(ℍA) → B(ℍB)
be given completely positive trace-preserving (CPTP) maps for each i ∈ 𝕀, where ℍA
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andℍB are assumed to be finite-dimensional Hilbert spaces for illustration simplicity.
However, many of the results presented in this chapter hold or can be easily extended
to infinite-dimensional Hilbert spaces. The family of channels {Φi}i∈𝕀 will be referred
to as component channels corresponding to the Markov chain.

In the following, we adapt the notation and terminologies introduced in Sec-
tion 14.3 and consider the tensor product algebras A(n) = B(ℍ⊗nA ) and the infinite
tensor product C∗-algebra obtained as the strong closure

A(∞) =
∞

⋃
n=1

A(n)
‖⋅‖∞

, (15.3)

where we embed A(n) into A(n+1) in the obvious way and the closure is with respect to
the operator norm ‖ ⋅ ‖∞. Similarly, we defineB(n) = B(ℍ⊗nB ) andB(∞). A state on an
algebra A(∞) is a positive linear functional ω on A(∞) with ω(I) = 1, where I denotes
the identity operator onA(∞). IfA(∞) is finite-dimensional, then there exists a density
matrix ρω ∈ A∞ such that ω(A) = tr[ρωA], for any A ∈ A(∞). We denote the quantum
states onA(∞) by 𝒮(A(∞)) and those onA(n) by 𝒮(A(n)), etc. We now define a quantum
channelwithMarkovian-correlated noise by the CPTPmapΦ(∞) : 𝒮(A(∞)) → 𝒮(B(∞))
on the states of A(∞) by

Φ(∞)(ω)(A) = ∑
i1 ,i2 ,...,in∈𝕀

γi1qi1i2 ⋅ ⋅ ⋅ qin−1in tr[(Φi1 ⊗ ⋅ ⋅ ⋅ ⊗Φin )(ρωn
)A] (15.4)

forA ∈ B(n). Here,ωn is the restriction ofω toA(n) and ρωn
, its density matrix. It is eas-

ily seen, using the property 15.2, that this definition is consistent and defines a CPTP
map on the states of A(∞), and moreover, that it is translation-invariant (stationary).
Wedenote the transpose action of the restriction ofΦ(∞) to𝒮(A(n))byΦ(n) : B(ℍ⊗nA ) →
B(ℍ⊗nB ), i. e.,

tr[Φ(n)(ρω)A] = Φ
(∞)(ω)(A),

for a density matrix ρω ∈ B(ℍ⊗nA ), ω ∈ 𝒮(A
(n)). Thus, Φ(n), the n-use of the channel

with Markovian memory can be expressed as

Φ(n)(ρ(n)Λn ,A
) = ∑

i1 ,i2 ,...,in∈𝕀
qi1qi1i2 ⋅ ⋅ ⋅ qin−1in (Φi1 ⊗ ⋅ ⋅ ⋅ ⊗Φin )(ρ

(n)
Λn ,A
), (15.5)

for the codeword ρ(n)Λn ,A
∈ 𝒮(A(n)) of the classical data Λn = {λ1, λ2, . . . , λMn

} of length n
and sizeMn.

We can also write Φ(n)(ρ(n)Λn ,A
) defined in (15.5) in terms of the Markov chain {Xn}+∞n=1

and the family of component channels {Φi}i∈𝕀 as follows:

Φ(n)(ρ(n)Λn ,A
) = 𝔼[(ΦX1 ⊗ ⋅ ⋅ ⋅ ⊗ΦXn )(ρ

(n)
Λn ,A
)], (15.6)
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where 𝔼[⋅ ⋅ ⋅] is the expectation of [⋅ ⋅ ⋅] associated with the probability space (Ω, Σ,Pr)
of the Markov chain {Xn}+∞n=0.

The CPTP map Φ(∞) : 𝒮(A(∞)) → 𝒮(B(∞)) defined in (15.5) will be referred to as a
quantum channel with Markovian correlated noise or simply quantum channel with
Markov memory.

Writing (15.5) in the form of Kraus representation, we have

Φ(n)(ρ(n)Λn ,A
) = ∑

i1 ,i2 ,...,in∈𝕀
qi1qi1 ,i2 ⋅ ⋅ ⋅ qin−1 ,in (Ain ⋅ ⋅ ⋅Ai1 )ρ

(n)
Λn ,A
(A∗i0 ⋅ ⋅ ⋅A

∗
in). (15.7)

15.3 Channels with ergodic Markovian memory

In this section, we assume that the underlying Markov chain {Xn}+∞n=0 is aperiodic and
irreducible so that, in particular, the invariant distribution, {γi}i∈𝕀, is unique. It is well
known in Norris [117] that the corresponding Markov chain is ergodic, and conse-
quently, the output states of the channel are also ergodic. In this case, the Markov
chain satisfies the property of convergence to equilibrium, i. e.,

lim
n→+∞

q(n)ij = γj, ∀i ∈ 𝕀,

where q(n)ij denotes the n-step transition probability from the state i to the state j,
(i, j ∈ 𝕀). This implies that the correlation in the noise, acting on successive inputs to
the channel, dies out after a sufficiently large number of uses of the channel. Hence,
in this case the family of n-uses of the channel {Φ(n)}+∞n=1 defined in (15.6) belongs to
the class of channels introduced and studied by Kretschmann and Werner [100], and
referred to as forgetful channels treated in Section 14.4.

15.3.1 Classical capacity

Toexplore the classical capacity of the channelwith ergodicMarkovmemory,we recall
(see Definition 12.1.2), the channel output Holevo χ-quantity as follows.

For each n ∈ ℕ, suppose that {p(n)j , ρ
(n)
j }

J(n)
j=1 is an ensemble of states given by den-

sity operators ρ(n)j on ℍ⊗nA with probabilities p(n)j > 0, ∑
J(n)
j=1 p
(n)
j = 1, where J(n) is a

positive integer that depends on n. In this case, the Holevo quantity for the channel
restricted to A(n) = B(ℍ⊗nA ) is given by

χ({p(n)j ,Φ
(n)(ρ(n)j )}

J(n)
j=1 )

= H(
J(n)
∑
j=1

p(n)j Φ(n)(ρ(n)j )) −
J(n)
∑
j=1

p(n)j H(Φ(n)(ρ(n)j )). (15.8)
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Lemma 15.3.1. LetΦ(n) be the n-use of the quantum channel with ergodic Markov mem-
ory described in (15.5). Then the following limit exists:

χ∗(Φ) = lim
n→+∞

1
n

sup
{p(n)j ,ρ

(n)
j }

χ({p(n)j ,Φ
(n)(ρ(n)j )}) (15.9)

We first note that the limit (15.10) in the following result exists by Corollary 15.4.9,
where the classical capacity of channels with ergodic Markov memory is stated.

Theorem 15.3.2. The classical capacity of a quantum channel with memory, Φ(∞), de-
fined by (15.4), where the underlying Markov chain is aperiodic and irreducible, is given
by

χ∗(Φ(∞)) = lim
n→+∞

1
n

sup
{p(n)j ,ρ

(n)
j }

χ({p(n)j ,Φ
(n)(ρ(n)j )}). (15.10)

First, we note that the limit defining χ∗(Φ(∞)) in (15.10) exists by Lemma 15.3.1.
The proof of Theorem 15.3.2 consists of the following two parts:

(i) Proposition 15.3.3, the direct part of Theorem 15.3.2, proves that for any rate R <
χ∗(Φ) is achievable.

(ii) The weak converse part of Theorem 15.3.2 is a special case of Proposition, which
proves that it is impossible for the sender to transmit classical messages reliably
to the receiver through the channel Φ(∞) at a rate R > χ∗(Φ(∞)).

The following quantum version of the Feinstein lemma is due originally to Datta and
Dorlas [33].

Proposition 15.3.3 (Quantum version of the Feinstein lemma). LetΦ(∞) be a quantum
channel with Markov memory defined by (15.4), where the underlined Markov chain is
ergodic. Let χ∗ = χ∗(Φ(∞)) be given in (15.10). Then, given ϵ > 0, there exists n0 ∈ ℕ such
that for all n ≥ n0 there exist at least N ≥ 2n(χ

∗−ϵ) stateswith states ρ̃(n)1 , . . . ρ̃
(n)
N ∈ 𝒮(ℍ

⊗n
A ),

and positive operatorsD(n)1 , . . . ,D
(n)
N ∈ 𝒮(ℍ

⊗n
B ) such that∑

N
k=1 D
(n)
k ≤ I

(n) (where I(n) is the
identity operator onℍ⊗nB ) and

tr[Φ(n)(ρ̃(n)k )D
(n)
k ] > 1 − ϵ. (15.11)

Proof. By the definition of χ∗ given in (15.10), for the given ϵ > 0, we can choose l0 ∈ ℕ
so large that

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1
l0

sup
{p(l0)j ,ρ

(l0)
j }

χ(p(l0)j ,Φ
(l0)(ρ(l0)j )) − χ

∗
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
<
ϵ
6
. (15.12)

Assume that the supremum in (15.12) is attained at an ensemble {p(l0)j , ρ
(l0)
j }

J
j=1 for a

finite J. Denote form ∈ ℕ,
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σ̄ml0 = Φ
(ml0)((ρ̄(l0))⊗m), (15.13)

where ρ̄(l0) = ∑Jj=1 p
(l0)
j ρ(l0)j . These states {σ̄ml0 }

+∞
m=1 form a compatible system of states

on {B(ml0)}+∞m=1 (whereB
(ml0) = B(ℍ⊗ml0B )), and hence exists a state ϕ̄

(∞) onB(∞) such
that

ϕ̄(∞)(A) = tr[σ̄ml0A], ∀A ∈ B
(ml0). (15.14)

This state is clearly l0-periodic, i. e., invariant under translations over multiples of l0.
Therefore, the following mean entropy HM(ϕ̄(∞)) exists:

HM(ϕ̄
(∞)) := lim

m→+∞
1
m
H(σ̄ml0 ) = inf

m∈ℕ

1
m
H(σ̄ml0 ). (15.15)

The following lemma shows that for l0 sufficiently large, the mean entropy,
HM(ϕ̄(∞)), is close to the von Neumann entropy of the average output of l0 uses of
the channel, H(σ̄l0 ) = H(Φ

(l0)(ρ̄(l0))).
Precisely, we have the following.

Lemma 15.3.4. Given ϵ > 0, there exists L > 0 such that for l0 ≥ L,

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1
l0
HM(ϕ̄

(∞)) −
1
l0
H(Φ(l0)(ρ̄(l0)))

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
<
ϵ
8
, (15.16)

where ϕ̄(∞) is given by (15.14) and ρ̄(l0) = 1
J ∑

J
j=1 ρ
(l0)
j .

The proof is similar to (15.12) and is therefore omitted here.
Henceforth, the natural number l0 is assumed to be fixed to a value such that

Lemma 15.3.4 and (15.12) hold. For notational simplicity, explicit dependence on l0 is
often suppressed.

The proof of Proposition 15.3.3 requires the sequence of lemmas given below.

Lemma 15.3.5. The state ϕ̄(∞) is strongly clustering, and hence completely ergodic for
l0-shifts, i. e., for any A,B ∈ B(ml0),

lim
k→+∞

ϕ̄∞(Aτ
kl0 (B)) = tr[σ̄ml0A] tr[σ̄ml0B], (15.17)

where τml0 is the shift operator defined in Subsection 14.3.1.

Proof. The proof is standard and relies on the fact that the expectations of A and B in
the state ϕ̄(∞) decouple as their supports are separated by a sufficiently large distance.
This is because

lim
k→+∞

qi1i2 ⋅ ⋅ ⋅ qik−1ikg(ik) = γig(i)
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for any function g(i), since the Markov chain is irreducible and aperiodic. This proves
the lemma.

We also use the following lemma.

Lemma 15.3.6. For any δ > 0, there exists m1 ∈ ℕ such that for all m ≥ m1 there exists
a subspace 𝕋(m)ϵ ⊂ ℍ

⊗l0m
B with projection P̄ml0 such that

P̄ml0 σ̄ml0 P̄ml0 ≤ 2
−m[HM (ϕ̄(∞))−

ϵ
4 ]1(ml0) (15.18)

and

tr[σ̄(ml0)P̄(ml0)] > 1 − δ2, (15.19)

where 1(ml0) is the identity operator on the spaceℍ⊗ml0B .

Proof. Let l1 be so large that

HM(ϕ̄
(∞)) ≤

1
l1
H(σ̄(l1)) < HM(ϕ̄

(∞)) +
ϵ
8
.

Let Ω = {λk} denote the spectrum of σ̄(l1) = Φ(l1)(ρ̄(l1)), and let πk be the projection onto
the eigenvector with eigenvalue λk . For any r > 0 and C ⊂ Ω×r, put

πC = ∑
(λk1 ,λk2 ,...,λkr )⊂C

πk1 ⊗ πk2 ⊗ ⋅ ⋅ ⋅ ⊗ πkr ,

and define the probability measures νr on Ω×r and ν∞ on Ωℕ by

νr(C) = tr[Φ
(rl0l1)(ρ̄⊗(rl1)l0

)πC] and ν∞(C) = ϕ̄
(∞)(πC).

We state McMillan’s theorem [112] below: For each source symbol from the alphabet,

S = { s1, s2, . . . , sr }

that is encoded into a uniquely decodable code over an alphabet of size n with code-
word lengths,

θ1, θ2, . . . , θn,

then

n
∑
i=1

r−θi ≤ 1.

Conversely, for a given set of natural numbers,



15.3 Channels with ergodic Markovian memory | 413

ℓ1, ℓ2, . . . , ℓn

satisfying the above inequality, there exists a uniquely decodable code over an alpha-
bet of size r with those codeword lengths. By Lemma 15.3.5, ν∞ is ergodic, and there
exists a typical set

T(r)ϵ = {(λk1 , . . . , λkr ) ∈ Ω
r | 2−r(hKS(ν∞)+

ϵ
8 )

≤ νr({(λk1 , . . . , λkr )}) ≤ 2
−r(hKS(ν∞)−

ϵ
8 )} (15.20)

satisfying νr(𝕋(r)ϵ ) > 1−δ
2 for r large enough, where hKS(ν∞) denotes the Kolmogorov–

Sinai entropy (see Billingsley [10] for a definition). Now,

hKS(ν∞) = infr
1
r
S(νr) ≤ S(ν1) = H(σ̄

(l1)) < l1(HM(ϕ̄∞) +
ϵ
8
), (15.21)

where S(ν)denotes the Shannon entropy corresponding to themeasure ν. On the other
hand,

hKS(ν∞) ≥ HM(ϕ̄∞) (15.22)

because, by positivity of the relative entropy,

H(σ̄(rl1)) = − tr[σ̄(rl1) log σ(rl1)]

≤ − tr[σ̄(rl1) log(⨁
k1 ,...,kr

tr[σ̄(rl1)(πk1 ⊗ ⋅ ⋅ ⋅ ⊗ πkr )](πk1 ⊗ ⋅ ⋅ ⋅ ⊗ πkr ))]

= − ∑
k1 ,...,kr

tr[σ̄(rl1)(πk1 ⊗ ⋅ ⋅ ⋅ ⊗ πkr )] log(tr[σ̄
(rl1)(πk1 ⊗ ⋅ ⋅ ⋅ ⊗ πkr )]) = S(νr).

For arbitrarym, let r = [m/l1] and define

π(m)k = πk1 ⊗ ⋅ ⋅ ⋅ ⊗ πkr ⊗ 1 ∈ B(ℍ
⊗ml0
B ), k = (k1, k2, . . . , kr).

Let

T̄(m)ϵ = {k | (λk1 , . . . , λkr ) ∈ T
(r)
ϵ },

and define

𝕋(m)ϵ = ⨁
k∈T̄(m)ϵ

π(m)k (ℍ
⊗ml0
B ).

Clearly,
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ϕ̄∞( ⨁
k∈T̄(m)k

π(m)k ) = tr[σ̄
(rl1)πT̄(r)k ] = νr(T

(r)
ϵ ) > 1 − δ

2.

Moreover, if k⃗ ∈ T̄(m)ϵ , it follows from (15.21) and (15.22) that

1
m
log ν({(λk1 , . . . , λkr )}) ≤ −

rl1
m
(HM(ϕ̄∞) −

1
l1
ϵ
8
),

and

1
m
log ν({(λk1 , . . . , λkr )}) ≥ −

rl1
m
(HM(ϕ̄∞) + (1 +

1
l1
)
ϵ
8
).

Taking l1 > 3 andm large enough, we obtain

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1
m
log ν({(λk1 , . . . , λkr )}) +

rl1
m
(HM(ϕ̄∞))

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
<
ϵ
6
.

Now let

P̄ml0 = ⨁
k⃗∈T̄(m)ϵ

π(m)
k⃗

and assume that l1 is so large that ϵl1/12 > − log γmin, where γmin = ∧i∈Iγi.
Note that γmin > 0. Define

σ̄(l, l′) =
J
∑

j1 ,...,jl=1
p(l)⃗j ∑

i2 ,...,il−1

γiqii2qi2i3 ⋅ ⋅ ⋅ qil−1i′Φi(ρj1 ) ⊗ ⋅ ⋅ ⋅ ⊗Φi′ (ρjl ),

where ⃗j = (j1, j2, . . . , jl). Then we can write as in the proof of Lemma 15.3.4,

σ̄ml0 = ∑
i1 ,i2 ,...,i2r+1

qi2i3
γi3

qi4i5
γi5
⋅ ⋅ ⋅

qi2r i2r+1
γi2r+1

× σ̄l1 (i1, i2) ⊗ ⋅ ⋅ ⋅ ⊗ σ̄l1 (i2r−1, 2r) ⊗ σ̄
(m−rl1)(i2r−1, 2r).

Using the positivity of the transition probabilities, we have

P̄ml0 σ̄ml0 P̄ml0 ≤ 2
−m[HM (ϕ̄∞)−

ϵ
4 ]1(ml0).

By the fact that πk is an eigenprojection of σ̄(l1), we then have

P̄ml0σml0 P̄ml0 ≤ γ
−r2−m[HM (ϕ̄∞)−

ϵ
6 ]1(ml0).

But γ−r < 2−mϵ/12 by the above assumption. This proves the lemma.
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Let J ∈ ℕ, and let

𝕁n = {(j1, j2, . . . , jn) | ji = 1, . . . , J, for i = 1, 2, . . . , n}.

Let σj ∈ 𝒮(ℍB) for each j = 1, . . . , J with eigenvalue λjk, where k = 1, 2, . . . , d, in which
d = dim(ℍB) is the dimension of the Hillbert spaceℍB.

For any given ⃗j, define

V(n)⃗j = (Π̄n −
N
∑
k=1

D(n)k )
1/2

Π̄nΠ
(n)
⃗j
Π̄n(Π̄n −

N
∑
k=1

D(n)k )
1/2

. (15.23)

Clearly, V(n)j ≤ Pn − ∑
N
k=1 D
(n)
k . We also have the following result.

Lemma 15.3.7. Given δ > 0, there exists m2 ∈ ℕ such that for all m ≥ m2 there exist, for
all ⃗j = (j1, . . . , jm) ∈ {1, . . . , J}×m, one-dimensional subspaces 𝕋

(m)
⃗j,k⃗

ofℍ⊗ml0B (indexed by

k⃗ in some set T(m)⃗j,ϵ ) with projections π(ml0)⃗j,K⃗ in the ⃗jth component of Λml0 , such that for all

k⃗ ∈ T(m)⃗j,ϵ ,

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1
m
log(ω(ml0)⃗j,k⃗ ) + HM({p

(l0)
j , ρ
(l0)
j })
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
<
ϵ
4
,

where ω(ml0)⃗j,k⃗ = tr[Φ
(ml0)(ρ(ml0)⃗j,k⃗ )] and

ψ∞(⨁
⃗j

⨁
k⃗∈T(m)⃗j,ϵ

π(ml0)⃗j,k⃗ ) > 1 − δ
2.

Proof. In the following, we suppress the dependence on l0. We follow the argument
in the proof of Lemma 15.3.6. Fix l ≥ 12 large enough so that

1
l
H(Σll0 ) < HM(ψ∞) −

ϵ
12
. (15.24)

Let 𝒴(l) be the spectrum of σ(ll0) = Φ(ll0)(ρ(l0)j1
⊗ ρ(l0)j2
⊗ ⋅ ⋅ ⋅ ⊗ ρ(l0)jl

). Note that Σll0 can be
represented as a block-diagonal matrix in⨁J

j1 ,...,jl=1
ℍ⊗ll0B with spectrum consisting of

eigenvalues ν ⃗j,k = p
(l)
⃗j
α ⃗j,k with ⃗j ∈ {1, 2, . . . , J}

l, k = 1, 2, . . . , (dim(ℍ⊗l0B ))
l, and α ⃗j,k being

the eigenvalues of σ(ll0)⃗j . Let

𝒴l = ⋃
⃗j∈{1,2,...,J}l

𝒴(l)⃗j .

For each s ∈ ℕ, we now define measures μs on (𝒴l)
s by
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μs(C) = ∑
⃗j∈{1,2,...,J}sl

p(sl)⃗j tr[σ(sl)⃗j q(s)C ], C ⊂ (𝒴l)
s,

and

q(s)C = ∑
(λ ⃗j1 ,k1 ,...,λ ⃗js ,ks )∈C

π ⃗j1 ,k1 ⊗ ⋅ ⋅ ⋅ ⊗ π ⃗js ,ks ,
⃗j = ( ⃗j1, . . . , ⃗js),

where π ⃗j,k denotes the projection onto the kth eigenvector of σ(l)⃗j . We also define the

projective limit μ∞ on 𝒴ℕl by

μ∞(C) = μs(C) = ψ∞(q
(s)
C ),

for a cylinder set C ∈ (𝒴l)
s. It follows that μ∞ is ergodic. Define typical sets

T̃(s)⃗j,ϵ = {(λ ⃗j1 ,k1 , . . . , λ ⃗js ,ks ) ∈ 𝒴
s
l | 2
−s(hKS(μ∞)+

ϵ
12 ) ≤ μs({(λ ⃗j1 ,k1 , . . . , λ ⃗js ,ks )}), ≤ 2

−s(hKS(μ∞)−
ϵ
12 )}

wherehKS(ν∞)denotes theKolmogorov–Sinai entropyofμ∞ By theMcMillan theorem,

μs((⋃) ⃗jT̃
(s)
⃗j,s
) > 1 − 1

2
δ2

for s large enough. Now,

hKS(μ∞) = infs
1
s
S(μs) ≤ S(μ1) = H(Σl) = H(σ̄

(l1)) < l(HM(ψ̄∞) +
ϵ
12
),

by (15.24), and on the other hand,

hKS(μ∞) ≥ lHM(ψ∞)

by positivity of the relative entropy.
For arbitrarym, we argue as in Lemma 15.3.4, and let s = [m/l]. Writing,m = sl + r

and ⃗j = (j1, . . . , jm) = (j1, . . . , js, j0), we have

π(ml0 ) ⃗j,k⃗ = π ⃗j1 ,k1 ⊗ ⋅ ⋅ ⋅ ⊗ π ⃗js ,ks ⊗ π
(r)
⃗j0
,

where π(r)⃗j0
is the projection of⨁J

j1 ,...,jr=1
ℍ⊗rB onto the j0th summand. Let T̃[m]⃗j,ϵ = T̃

(s)
⃗j.ϵ
.

Then

ψ∞( ⨁
⃗j∈{1,2,...,J}m

⨁
k⃗∈T̃(m)⃗k,ϵ

π(ml0)⃗j,k⃗ ) = tr[∑
sl
( ⨁
⃗j∈{1,2,...,J}sl

qT̃(s)⃗j,ϵ
)]

= μs(⋃
⃗j

T̃(s)⃗j,ϵ ) > 1 −
1
2
δ2.



15.3 Channels with ergodic Markovian memory | 417

Moreover, if (λ ⃗j1 ,k1 , . . . , λ ⃗js ,ks ) ∈ T̃
[m]
⃗j,ϵ
,

1
m
log μ({(λ ⃗j1 ,k1 , . . . , λ ⃗jsks )}) ≤ −

sl
m
(HM(ψ∞) −

1
l
ϵ
12
),

and

1
m
log μ({(λ ⃗j1 ,k1 , . . . , λ ⃗jsks )}) ≥ −

sl
m
(HM(ψ∞) + (1 +

1
l
)
ϵ
12
).

Finally, define the typical set of indices ⃗j:

T[m]ϵ = { ⃗j ∈ {1, 2, . . . , J}
m | 2−m(S({pj})+

ϵ
12 ) ≤ p(m)⃗j ≤ 2

−m(S({pj})−
ϵ
12 )}

Then form large enough, we obtain

ℙ⊗m[T(m)ϵ ] = 1 −
1
2
δ2,

if ℙ denotes the probability with respect to the ensemble probabilities {pj}
J
j=1. Defin-

ing

T(m)⃗j,ϵ =
{
{
{

T[m]⃗j,ϵ if ⃗j ∈ T[m]ϵ

0 if ⃗j ∉ T[m]ϵ ,

we have for (λ ⃗j1 ,k1 , . . . , λ ⃗jsks ) ∈ T
(m)
⃗j,ϵ
,

1
m
log(λ(m)⃗j,k⃗ ) = −

1
m
log({(p(l)⃗j1

, . . . , p(l)⃗js
)}) +

1
m
log μs({(λ ⃗j1 ,k1 , . . . , λ ⃗jsks )})

≤ −
sl
m
(HM(ψ∞) −

1
l
ϵ
12
) + S({pj}) +

ϵ
12

≤ −H̄M +
ϵ
4

and

1
m
log(λ(m)⃗jk⃗ ) = −

1
m
log({(p(l)⃗j1

, . . . , p(l)⃗js
)}) +

1
m
log μs({(λ ⃗j1 ,k1 , . . . , λ ⃗jsks )})

≥ −(H̄M +
ϵ
4
)

form large enough. Moreover,
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ψ∞(⨁
⃗j∈T[m]ϵ

⨁
k⃗∈T(m)⃗j,ϵ

π(ml0)⃗j,k⃗ ) = tr[Σm(⨁
⃗j∈T[m]ϵ

qT̃(s)⃗j,ϵ
)]

= ∑
⃗j∈T[m]⃗j p(m)⃗j

tr[Φ(m)(ρ(m)⃗j )qT̃(s)⃗j,ϵ
] = μs(⋃

⃗j

T̃(s)⃗j,ϵ ) − ℙ
⊗m[(T[m]ϵ )

c
]

> 1 − δ2.

This proves the lemma.

We now continue the proof of Proposition 15.3.3. Consider the averaged von Neu-
mann entropy H̄ = ∑Jj=1 piH(σj), where pj ≥ 0 with ∑

J
j=1 pj = 1 and H(σj) = −σj log σj is

the von Neumann entropy of the output state σj ∈ 𝒮(ℍB).
For each n ∈ ℕ, let N = N(n) be the maximal number for which there exists states

ρ̃(n)1 , ρ̃
(n)
2 , . . . , ρ̃

(n)
N onℍ⊗nA of the tensor product form

ρ̃(n)k = ρ1 ⊗ ρ2 ⊗ ⋅ ⋅ ⋅ ⊗ ρn,

and there exists positive operatorsD(n)1 ,D
(n)
2 , . . . ,D

(n)
N onℍ⊗nB such that, defining σ̃(n)k =

Φ⊗n(ρ̃(n)k ), we have:
1. ∑Nk=1 D

(n)
k ≤ Pn and

2. tr[σ̃(n)k D(n)k ] > 1 − ϵ for each k, and

3. tr[σ̄nD
(n)
k ] ≤ 2

−n(H(σ̄)−H̄− 23 ϵ) for each k = 1, 2, . . . , n.

For any given ⃗j, define

V(n)⃗j = (Π̄n −
N
∑
k=1

D(n)k )
1/2

Π̄nΠ
(n)
⃗j
Π̄n(Π̄n −

N
∑
k=1

D(n)k )
1/2

. (15.25)

Clearly, V(n)j ≤ Pn − ∑
N
k=1 D
(n)
k . We also have the following result.

Lemma 15.3.8. There exists an n1 ∈ ℕ such that if n ≥ n1 then

tr[σ̄(n)V(n)⃗j ] ≤ 2
−n(χ∗(Φ)− 23 ϵ), (15.26)

and

𝔼(tr[σ(n)⃗j V(n)⃗j ]) < 1 − ϵ (15.27)

Proof of Lemma 15.3.8. PutQn = ∑
N(n)
k=1 D(n)k . Note thatQn is of the formQn = Q̃ml01n−ml0 ,

since D(n)j = 𝒟ml0
j 1n−ml0 . Note that Qn commutes with Π̄n by condition (i). Now by

Lemma 15.3.6, we have
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P̄ml0 σ̄ml0 P̄ml0 ≤ 2
−m(HM (ϕ̄∞)−

1
4 ϵ)1(ml0)

and assuming l0 ≥ L, we have by Lemma 15.3.4,

P̄ml0 σ̄ml0 P̄ml0 ≤ 2
−m(H(Φ(l0)(ρ̄))− 14 (1+

1
2 l0)ϵ)1(ml0)

≤ 2−m(
1
l0
H(Φ(l0)(ρ̄))− 14 ϵ)1(ml0)

provided that

n −ml0
l0

H(Φ(l0)(ρ̄)) ≤ 1
4
(n −m − 1

2
(ml0)ϵ),

which holds if l0 > 6 andm ≥
12
ϵ log(dim(ℍB)), since

1
l0
H(Φ(l0)(ρ̄)) ≤ log(dim(ℍB)).

Using this, we have

tr[σ̄nV
(n)
⃗j
] = tr[σ̄n(Π̄n − Qn)

1/2Π̄nΠ
(n)
⃗j
Π̄n(Π̄n − Qn)

1/2]

= tr[Π̄nσ̄nΠ̄n(Π̄n − Qn)
1/2Π(n)⃗j (Π̄n − Qn)

1/2]

= tr[P̄ml0 σ̄ml0 P̄ml0 (P̄ml0 − Q̃ml0 )
1/2P(ml0)⃗j (P̄ml0 − Q̃ml0 )

1/2]

≤ 2−n(
1
l0
H(Φ(l0)(ρ̄n))−

1
4 ϵ) tr[(P̄ml0 − Q̃ml0 )

1/2P(ml0)⃗j (P̄ml0 − Q̃ml0 )
1/2]

≤ 2−n(
1
l0
H(Φ(l0)(ρ̄n)−

1
4 ϵ) tr[P(ml0)⃗j ].

However,

tr[P(ml0)⃗j ] ≤ 2
m(H̄M ({p

(l0)
j ,ρ
(l0)
j })+

1
4 ϵ)

≤ 2n(
1
l0
H̄M ({p

(l0)
j ,ρ
(l0)
j })+

1
4 ϵ)

≤ 2n(
1
l0
∑j p
(l0)
j H(ρ(l0)j )+

1
4 ϵ)

where the last inequality follows from the subadditivity of the von Neumann entropy.
Inequality (15.26) now follows from (15.12). Since N(n) is maximal, it follows that
tr[σ(n)⃗j V(n)⃗j ] < 1 − ϵ. Consequently, (15.27) holds. This proves the lemma.

Since N(n) is maximal, it follows that for j ∈Wn,

tr[σ(n)j V(n)j ] ≤ 1 − 2ϵ. (15.28)

We now show that the setWn has high probability.

Lemma 15.3.9. Assume that η > 3δ. Then for all n ≥ n2 = m1l0 ∨m2l0,

𝔼(tr[σ(n)⃗j Π̄nΠ
(n)
⃗j
Π̄n]) > 1 − η. (15.29)
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Proof of Lemma 15.3.9. We write

𝔼(tr[σ(n)⃗j Π̄nΠ
(n)
⃗j
Π̄n])

= 𝔼(tr[σ(n)⃗j Π(n)⃗j ]) − 𝔼(tr[σ
(n)
⃗j
(1 − Π̄n)Π

(n)
⃗j
])

− 𝔼(tr[σ(n)⃗j Π̄nΠ
(n)
⃗j
(I − Π̄n)]) (15.30)

The first term equals 𝔼(tr[σ(ml0)⃗j P̄ ⃗j]) > 1 − δ
2, provided n ≥ n2.

Note that

𝔼(tr[σ(n)⃗j (1 − Π̄n)Π
(n)
⃗j
]) = 𝔼(tr[σ(ml0)⃗j (1 − P̄ml0 )P

(ml0)
⃗j
]), (15.31)

and similarly,

𝔼(tr[σ(n)⃗j Π(n)⃗j (1 − Π̄n)])

= 𝔼(tr[σ(ml0)⃗j P(ml0)⃗j (1 − P̄ml0 )]). (15.32)

Using (15.31) and (15.32), the last two terms of the right-hand side of (15.30) can be
bounded using the Cauchy–Schwarz inequality and Lemma 15.3.6 as follows:

𝔼(tr[σ(n)⃗j (1 − Π̄n)Π
(n)
⃗j
]) ≤ δ

and

𝔼(tr[σ(n)⃗j Π(n)⃗j (1 − Π̄n)]) ≤ δ

provided n ≥ n1. Choosing n3 = n1 ∨ n2 and δ2 + 2δ < η the result follows. This proves
the lemma.

Lemma 15.3.10. Assume η < 1
3ϵ and η > 3δ. Then for n ≥ n3 = n1 ∨ n2,

tr[σ̄n
N
∑
k=1

D(n)k ] = 𝔼(tr[σ
(n)
⃗j

N
∑
k=1

D(n)k ]) ≥ η
2. (15.33)

Proof of Lemma 15.3.10. Define

Q′n = Π̄n − (Π̄n − Qn)
1/2, (15.34)

where Qn = ∑
N
k=1 D
(n)
k . It follows that

1 − ϵ ≥ 𝔼{tr[σ(n)⃗j (Π̄n − Q
′
n)Π
(n)
⃗j
(Π̄n − Q

′
n)]}

= 𝔼{tr[σ(n)⃗j Π̄nΠ
(n)
⃗j
Π̄n]} − 𝔼{tr[σ

(n)
⃗j
Q′nΠ
(n)
⃗j
Π̄n]}

− 𝔼{tr[σ(n)⃗j ΠnΠ
(n)
⃗j
Q′n]} + 𝔼{tr[σ

(n)
⃗j
Q′nΠ
(n)
⃗j
Q′n]} (15.35)
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Since the last term is positive, by Lemma 15.3.9 we have

𝔼{tr[σ(n)⃗j Q′nΠ
(n)
⃗j
Π̄n] + tr[σ

(n)
⃗j
Π̄nΠ
(n)
⃗j
Q′n]} > ϵ − η > 2η. (15.36)

On the other hand, using the Cauchy–Schwarz inequality (1.2) for each term, we have

𝔼{tr[σ(n)⃗j Q′nΠ
(n)
⃗j
Π̄n] + tr[σ

(n)
⃗j
Π̄nΠ
(n)
⃗j
Q′n]}

≤ 2{𝔼(tr[Q′nσ
(n)
⃗j
Q′n])}

1/2
{𝔼(tr[σ(n)⃗j Π̄nΠ

(n)
⃗j
Π̄n])}

1/2

≤ 2{𝔼(tr[σ(n)⃗j Q′2n ])}
1/2
. (15.37)

Thus,

𝔼{tr[σ(n)⃗j Q′2n ]} ≥ η
2 (15.38)

To complete the proof of this lemma, we now claim that

Qn ≥ Q
′2
n . (15.39)

Indeed, this follows on thedomain of Π̄n from the inequality 1−(1−x)2 ≥ x2 for 0 ≤ x ≤ 1
This proves the lemma.

To complete the proof of Theorem 13.2.5, we now have by assumption

tr[σ̄nD
(n)
k ] ≤ 2

−n(H(σ̄)−H̄− 23 ϵ) (15.40)

for all k = 1, . . . ,N(n). On the other hand, choosing η < 1
3ϵ and δ < 1

3η, we have by
Lemma 13.2.9,

tr[σ̄n
N
∑
k=1

D(n)k ] ≥ η
2,

provided that n ≥ n3. It follows from the definition of N(n) that

N(n) ≥ η22n(H(σ̄)−H̄−
2
3 ϵ) ≥ 2n(H(σ̄)−H̄−ϵ)

for n ≥ n3 and n ≥ −
6
ϵ log η. This proves the theorem.

To complete the proof of Proposition 15.3.3, we now have by assumption,

tr[σ̄(n)D(n)k ] ≤ 2
−n(χ∗(Φ)− 2ϵ3 ), ∀k = 1, 2, . . . ,N(n).

On the other hand, choosing η < 1
3ϵ and δ <

1
3η, we have by Lemma 15.3.10,
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tr[σ̄
N
∑
k=1

Dk] ≥ η
2,

provided n ≥ n3. It follows that

N(n) ≥ η22n(χ
∗(Φ)− 23 ϵ) ≥ 2n(χ

∗(Φ)−ϵ)

for all n ≥ n3 and n ≥ −
6
ϵ log η. This proves the proposition.

15.4 Channels with general Markov memory

We consider the quantum channel with Markovian memory Φ(∞) = {Φ(n)}+∞n=1 defined
in (15.4), where {Xn}+∞n=1 is a general Markov chain defined on a probability space
(Ω, Σ,Pr) with finite states 𝕀.

In this section, we first construct a preamble for channels with general Markovian
memory and then explore the formula for computing its classical capacity (see Datta
and Dorlas [33]).

15.4.1 Preamble for Markovian memory

Let 𝒞 be the set of communicating classes of the Markov chain {Xn}+∞n=0 and let C ∈ 𝒞 be
a certain communicating class for which

γC = ∑
i∈C

γi > 0,

where {γi}i∈𝕀 denotes the invariant/stationary distribution of the Markov chain. We
disregard all communicating classes C, where γC = 0. For C ∈ 𝒞 with γC > 0, define

Φ(n)C (ρ
(n)
Λn ,A
) :=

1
γC
∑

i1 ,...,in∈C
γi1qi1i2 ⋅ ⋅ ⋅ qin−1in (Φi1 ⊗ ⋅ ⋅ ⋅ ⊗Φin )(ρ

(n)
Λn ,A
), (15.41)

which represents the restriction of the Markovian memory of the channel to the
class C. Notice that the Markov chain restricted to C ∈ 𝒞 is necessarily irreducible, and
is either aperiodic or periodic with a single period. In fact,

𝒞 = 𝒞aper ∪ 𝒞per,

where 𝒞aper denotes the set of communicating classes in 𝒞,which are aperiodic, while
𝒞per denotes the set of communicating classes in 𝒞, which are periodic.

In the following,we try todistinguish theΦ(n)C of the channelΦ for different classes
of communication class C. To do so, we add a preamble of quantum states to the input
state encoding each message in the set Λn = {λ1, λ2, . . . , λMn

}.
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Let us first sketch the idea behind adding such a preamble. Helstrom [65] showed
that two quantum states σ1 and σ2, occurring with a priori probabilities p1 and p2,
respectively, can be distinguished with an asymptotically vanishing probability of
error, if a suitable collective measurement is performed on its m-fold tensor prod-
ucts σ⊗m1 and σ⊗m2 , for a large enough m ∈ ℕ. The relevant projection operators,
which we denote by Π+ and Π−, are the orthogonal projections onto the positive and
negative eigenspaces of the difference operator Am = p1σ⊗m1 − p2σ

⊗m
2 in Helstrom’s

scheme.
We generalize the Helstrom result to distinguish between the different classes

Φ(n)C , where the preamble is given by an m-fold tensor product of suitable states de-
scribed as follows. If the preamble is given by a state ω⊗m, then by using Helstrom’s
result,we can construct a POVM,whichdistinguishes between the output statesσ(n)C :=
Φ(n)C (ω

⊗m) corresponding to the different classes Φ(n)C . The outcome of this POVMmea-
surement would in turn serve to determine which class of the channel is being used
for transmission.
1. Following the idea sketched above (see Datta and Dorlas [33]), we first show that

there exists a preamble that can distinguish between the channels for different
communicating classes. In fact, we can domore than just distinguish the channel
for different communication classes. In the case of periodic classes, we also want
to distinguish between initial states of the class.
We, therefore, subdivide the problem into the following four possibilities:
(A) to distinguish between two aperiodic classes;
(B) to distinguish between an aperiodic class C1 and an initial state σ2 of a peri-

odic class C2;
(C) to distinguish between two periodic classes C1 and C2 and
(D) to distinguish between the states of a single periodic class.

The existence of preamble for each of the above four cases will be provided in part (A)
to part (D) below.

(A) The following shows how we can distinguish between two aperiodic classes
C1 and C2. We can obviously assume that the Φ(n)C1 ̸= Φ

(n)
C2

for some n: otherwise the
classes are identical and we can combine their probabilities into one aperiodic class.
This means that for any pair of aperiodic classes C1, C2 there exists n = n(C1,C2) and a
state ω(n) = ω(n)C1 ,C2 such that Φ

(n)
C1
(ω(n)) ̸= Φ(n)C2 (ω

(n)). In fact, in most cases we can take
n = 1, and we shall assume this for simplicity in the following, even though this is not
necessary.

Recall from (6.1) that the fidelity of two states σ and ρ is defined by

F(σ, ρ) = tr[√σ1/2ρσ1/2],
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which can be used to measure the distinguishability of σ and ρ. Since Φ(1)C1 (ω) ̸=
Φ(1)C2 (ω), we then have

F(Φ(1)C1 (ω),Φ
(1)
C2
(ω)) ≤ f < 1, (15.42)

for all distinct pairsC1,C2withC1 < C2 in somearbitrary ordering of the set of aperiodic
classes, 𝒞aper.

The following lemma shows that the distinguishability of any two aperiodic
classes C1 and C2 asymptotically vanishes via the use of quantum fidelity.

Lemma 15.4.1. For any two aperiodic classes C1 and C2, (15.42) implies that

lim
m→+∞

F(Φ(m)C1
(ω⊗mC1 ,C2),Φ

(m)
C2
(ω⊗mC1 ,C2)) = 0. (15.43)

Proof. Since f < 1, we can choose α > 0 so small that 1+ α < f −1. First, let k be so large
that

(1 − α)γj < ∑
i2 ,...,ik−1

qii2 ⋅ ⋅ ⋅ qik−1j < (1 + α)γj (15.44)

for all i, j ∈ 𝕀. By Theorem 6.1.10, we can choose a POVM {Er}r such that

F(σ1, σ2) = ∑
r
√tr[σ1Er] tr[σ2Er], (15.45)

where we denote

σ1 = Φ
(1)
C1
(ωC1 ,C2 ) and σ2 = Φ

(1)
C2
(ωC1 ,C2 ). (15.46)

Then we have

F(Φ(mk+m)C1
(ω⊗(mk+m)C1 ,C2

),Φ(mk+m)C2
(ω⊗(mk+m)C1 ,C2

))

≤ ∑
r1 ,r2 ,...,rm
(tr[Φ(mk+m)C1

(ω⊗(mk+m)C1 ,C2
) ⊗mi=1 (Eri ⊗ 1k)]

× tr[Φ(mk+m)C2
(ω⊗(mk+m)C1 ,C2

) ⊗mi=1 (Eri ⊗ 1k)])
1/2

≤ (1 + α)m−1
m
∏
i=1
(∑

ri
√tr[σ1Eri ] tr[σ2Eri ])

= (1 + α)m−1F(σ1, σ2)
m → 0 asm→ +∞. (15.47)

This proves the lemma.

(B) Next, consider the second case, i. e., to distinguish an aperiodic class C1 and
an initial state j of a periodic class C2.
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In this case, there exists a state ω = ωC1 ,j onℍA such that

f := F(Φ(1)C1 (ωC1 ,j),Φ
(1)
j (ωC1 ,j)) < 1. (15.48)

The following lemma shows that the channels ΦC1 and Φj are asymptotically
nondistinguishable.

Lemma 15.4.2. Let C1 be an aperiodic and C2 be a periodic class with period L = L(C2).
Let j ∈ C2 and choose ωC1 ,j as above. Then

lim
m→+∞

F(Φ(m)C1
(ω(m)C1 ,j
),Φ(m)j (ω

(m)
C1 ,j
)) = 0. (15.49)

Proof. We proceed as in Lemma 15.4.1 and choose α > 0 so small that 1 + α < f −1 and
let k be so large that (15.44) holds and in addition such that k is a multiple of L. Again,
we let {Er}r be a POVM such that

F(σ1, σ2) = ∑
r
√tr[σ1Er] tr[σ2Er], (15.50)

where now

σ1 = Φ
(1)
C1
(ωC1 ,j) and σ2 = Φ

(1)
j (ωC1 ,j). (15.51)

Then we have

F(Φ(mk+m)C1
(ω⊗(mk+m)C1 ,j

),Φ(mk+m)C2 ,j
(ω⊗(mk+m)C1 ,j

))

≤ ∑
r1 ,r2 ,...,rm
(tr[Φ(mk+m)C1

(ω⊗(mk+m)C1 ,j
) ⊗mi=1 (Eri ⊗ 1k)]

×
m
∏
l=1

tr[Φ(mk+m)C2 ,j
(ω⊗(mk+m)C1 ,j

)Erl])
1/2

≤ ∑
r1 ,r2 ,...,rm
(1 + α)

m−1
2

m
∏
i=1
√tr[σ1Eri ] tr[σ2Eri ]

= (1 + α)
m−1
2 F(σ1, σ2)

m → 0 asm→ +∞. (15.52)

This proves the lemma.

(C) Distinguishability of two periodic classes vanishes asymptotically as illus-
trated below.

Lemma 15.4.3. If C1 and C2 are two different periodic classes with periods L(C1) and
L(C2), respectively, then there exists a state ω(L)C1 ,C2 on ℍ

⊗L
A , where L = L(C1)L(C2) such

that



426 | 15 Channels with Markovian memory

lim
m→+∞

F(Φ(mL)C1
((ω(L)C1 ,C2)

⊗m
),Φ(mL)C2
((ω(L)C1 ,C2)

⊗m
)) = 0. (15.53)

Proof. Since the two periodic classes are distinct, there exists a state ω(L)C1 ,C2 such that

Φ(L)C1 (ω
(L)
C1 ,C2
) ̸= Φ(L)C2 (ω

(L)
C1 ,C2
). (15.54)

(In fact,we can takeL to be the least commonmultiple ofL(C1) andL(C2).) Thenwriting
ω = ωC1 ,C2 ⊗φ

⊗k, whereφ is an arbitrary state onℍA and k is so large that (15.44) holds,
and we have

lim
m→+∞

F(Φ(mL+mk)C1
(ω⊗m),Φ(mL+mk)C2

(ω⊗m))

≤ lim
m→+∞
(1 + α)mF((Φ(L)C1 (ω))

⊗m
, (Φ(L)C2 (ω))

⊗m
) = 0. (15.55)

This proves the lemma.

(D) Finally, to distinguish the initial states of a given periodic class C, notice first
of all that the corresponding CPTPmaps Φi need not all be distinct. However, we may
assume that there is no internal periodicity of these maps within a periodic class; oth-
erwise the class can be contracted to a single such period. This means, that for any
two states i, j ∈ C there exists l ≤ L(C) − 1 such that Φi+l ̸= Φj+l. Then choose ω = ωi,j
such that

f := F(Φi+l(ω),Φj+l(ω)) < 1. (15.56)

Lemma 15.4.4. If C is a periodic class with period L(C), i, j ∈ C andω is a state as above,
then

lim
m→+∞

F(Φ(m)i (ω
⊗m),Φ(m)j (ω

⊗m)) = 0. (15.57)

Proof. We have the following inequality:

F(Φ(m)i (ω
⊗m),Φ(m)j (ω

⊗m))

= (F(Φ(L)i (ω
⊗L),Φ(L)j (ω

⊗L)))
m

≤ (F(Φi+l(ω),Φj+l(ω)))
m
= fm → 0 asm→ +∞. (15.58)

This proves the lemma.

2. We now introduce, in each of the four cases, difference operators A(m)C1 ,C2
, A(m)C1 ,j

and A(m)i,j with i, j in a periodic class, and corresponding projections Π±C1 ,C2 , Π
±
C1 ,j and

Π±i,j onto their positive and negative eigenspaces, which serve to distinguish the dif-
ferent possibilities, as in Datta and Dorlas [33]. The difference operators are defined
by
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A(m)C1 ,C2
:= γC1(Φ

(m)
C1
(ωC1 ,C2 ))

⊗m
− γC2(Φ

(m)
j (ωC1 ,C2 ))

⊗m
; (15.59)

A(m)C1 ,j
:= γC1(Φ

(m)
C1
(ωC1 ,j))

⊗m
− γj(Φ

(m)
C2
(ωC1 ,j))

⊗m
; (15.60)

and

A(m)i,j := γi(Φ
(m)
i (ωi,j))

⊗m
− γj(Φ

(m)
j (ωi,j))

⊗m
. (15.61)

The following lemma is due originally to Datta and Dorlas [33].

Lemma 15.4.5. Suppose that for a given δ > 0,

󵄨󵄨󵄨󵄨tr[|A
(m)
C1 ,C2
|] − (γC1 + γC2 )

󵄨󵄨󵄨󵄨 ≤ δ. (15.62)

Then

󵄨󵄨󵄨󵄨tr[Π
+
c,c′(Φ
(m)
c (ω
⊗m
c,c′))] − 1

󵄨󵄨󵄨󵄨 ≤
δ
2γc

(15.63)

and

󵄨󵄨󵄨󵄨tr[Π
−
c,c′(Φ
(m)
c (ω
⊗m
c,c′))] − 1

󵄨󵄨󵄨󵄨 ≤
δ
2γc′
. (15.64)

Here, c, c′ denote either two different classes C1, C2 or one aperiodic class C and
an initial state j in a periodic class, or two different initial states in the same periodic
class. To compare the outputs of all the different branches of the channel, we define
projections Π̃ on the tensor product spaceℍ⊗mMB , where

M = M1 +M2 +M3 +M4, (15.65)

with:
(i) M1 is the total number of pairs of aperiodic classes;
(ii) M2 is the total number of pairs of periodic classes;
(iii) M3 is the total number of pairs of aperiodic classes and initial states of periodic

classes; and
(iv) M4 is the total number of pairs of states in the same periodic class.

We introduce an arbitrary order on the classes C ∈ 𝒞 assuming C1 < C2 if C1 ∈ 𝒞aper and
C2 ∈ 𝒞per. Then we put

Π̃c = ⨂
{c′ ,c′′}:c′<c′′

Γ(c)c′ ,c′′ , (15.66)

where
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Γ(c)c′ ,c′′ =
{{
{{
{

Im if c′ ̸= c and c′′ ̸= c
Π−c′ ,c if c′′ = c
Π+c,c′′ if c′ = c.

If follows from the fact that Π+c′ ,c′′Π
−
c′ ,c′′ = 0 the projections Π̃c are also disjoint:

Π̃c1Π̃c2 = 0 for c1 ̸= c2. (15.67)

We use the following lemma.

Lemma 15.4.6. For all aperiodic classes C,

lim
m→+∞

tr[Π̃CΦ
(mM)
C (ω

(mM))] = 1, (15.68)

and for all periodic classes C and all states i ∈ C,

lim
m→+∞

tr[Π̃C,iΦ
(mM)
C,i (ω

(mM))] = 1. (15.69)

Proof. Notice that for all (c, c′),

lim
m→+∞

F(γcΦ
(mM)
c (ω

⊗m
c,c′), γc′Φ

(mM)
c′ (ω

⊗m
c,c′))

= lim
m→+∞
√γcγc′F(Φ

(mM)
c (ω

⊗m
c,c′),Φ

(mM)
c′ (ω

⊗m
c,c′))

= 0 (15.70)

Using the inequalities,

tr[A1] + tr[A2] − 2F(A1,A2) ≤ ‖A1 − A2‖1 ≤ tr[A1] + tr[A2] (15.71)

for any two positive operators A1 and A2, we have

lim
m→+∞
󵄨󵄨󵄨󵄨tr[
󵄨󵄨󵄨󵄨A
(m)
c,c′
󵄨󵄨󵄨󵄨] − (γi + γj)

󵄨󵄨󵄨󵄨 ≤ lim
m→+∞

δm = 0, (15.72)

since

tr[|A(m)c,c′ |] =
󵄨󵄨󵄨󵄨F(γcΦ

(mM)
c (ω

⊗m
c,c′), γc′Φ

(mM)
c′ (ω

⊗m
c,c′))
󵄨󵄨󵄨󵄨. (15.73)

We now replace m by m′ = m + k, where k ∈ ℕ is large enough so that (15.44) holds,
and define

ω(m
′M) :=⨂

c1 ,c2
ω⊗m+kc1 ,c2 . (15.74)
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Using (15.44) to separate the different classes, we then have for any C ∈ 𝒞aper,

1 ≥ tr[Π̃CΦ
(m′M)
C (⨂

c1<c2
ω⊗(m+k)c1 ,c2 )]

≥ (1 − α)M ∏
C′∈𝒞aper :C′<C

tr[Π−C′ ,CΦ
(m)
C (ω
⊗m
C′ ,C)]

× ∏
C′′∈𝒞aper :C′′>C

tr[Π+C,C′′Φ
(m)
C (ω
⊗m
C,C′′)]

× ∏
C′∈𝒞aper :C′<C

∏
i′∈C′

tr[Π+C′ ,i′Φ
(m)
C (ω
⊗m
C′ ,i′)]

≥ (1 + α)M(1 − δm
2γC
)
|𝒞aper|−1+∑C′∈𝒞apper |C

′|

→ 1 (15.75)

since δm → 0 as m → +∞. The last inequality follows from Lemma 15.4.5. The anal-
ogous result, (15.69), for periodic classes, is proved in a similar manner. This proves
the lemma.

15.4.2 Classical capacity

This section investigates classical capacity of channels with general Markovian mem-
ory.

Due to the results in Section 15.4.1, we only need to consider the classical capac-
ity of the channel restricted to a single communication class C ∈ 𝒞, since distinction
of channel between different classes and between different states in a periodic class
vanishes asymptotically as the number of use increases to infinity.

Let 𝒞 be the collection of communicating classes of the Markov chain {Xn}+∞n=0 as
discussed earlier.

We consider the following two cases: (I) C ∈ 𝒞aper; and (II) C ∈ 𝒞per as follows.
(I) If C ∈ 𝒞aper, we define, for any ensemble {p(n)j , ρ

(n)
j } of states on ℍ

⊗n
A , the mean

Holevo quantity for the class C as

̄χ(n)C ({p
(n), ρ(n)}) = 1

n
H(∑

j
p(n)j Φ(n)C (ρ

(n)
j )) −

1
n
∑
j
p(n)j H(Φ(n)C (ρ

(n)
j )), (15.76)

where H(⋅) : 𝒮(ℍA) → [0, +∞] is the Shannon entropy function.
(II) If C ∈ 𝒞per is periodic, with period L, then C = {i0, i1, . . . , iL−1} for certain i0, . . . ,

iL−1 ∈ 𝕀, and qik ik+1 = 1 for k = 0, . . . , L − 2 and qiL−1 ,i0 = 1. In this case,

γi =
1
L
γC (i ∈ C) (15.77)
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and we set

̄χ(n)C ({p
(n), ρ(n)}) = 1

nL
∑
i∈C

χ(n)C,i ({p
(n)
j , ρ
(n)
j }), (15.78)

where, for k ∈ {1, 2, . . . , L − 1},

χ(n)C,ik ({p
(n)
j , ρ
(n)
j }) = H((Φik ⊗Φik+1 ⊗ ⋅ ⋅ ⋅ ⊗Φik+n−1 )(∑

j
p(n)j ρ(n)j ))

−∑
j
p(n)j H((Φik ⊗Φik+1 ⊗ ⋅ ⋅ ⋅ ⊗Φik+n−1 )(ρ

(n)
j )), (15.79)

and the indices in the subscripts being taken modulo L.

In either of cases (I) and (II), the average probability of error for the code C(n) is given
by

ℙ̄err(C
(n)) :=

1
Mn

Mn

∑
i=1
(1 − tr[Φ(n)(ρ(n)i )D

(n)
i ]). (15.80)

If there exists an n0 ∈ ℕ such that for all n ≥ n0, there exists a sequence of codes
{C(n)}+∞n=1 , of sizesMn ≥ 2nR, for which ℙ̄err(C(n)) → 0 as n→∞, then R is said to be an
achievable rate.

The following result is due to Datta and Dorlas [33].

Theorem 15.4.7 (Datta and Dorla [33]). The classical capacity of a quantum channel
with general Markovian memory,Φ(∞) = {Φ(n)}+∞n=1 , defined by (15.4) is given by

Cmar(Φ) = lim
n→+∞

sup
{p(n)j ,ρ

(n)
j }
[min
C∈𝒞
̄χ(n)C ({p
(n)
j , ρ
(n)
j })], (15.81)

where ̄χ(n)C ({p
(n), ρ(n)}) is given by (15.76) for C ∈ 𝒞aper and given by (15.78) for C ∈ 𝒞per.

We postpone the proof of the above theorem until the following results are estab-
lished.

First, we prove that the following lemma shows that the limit in (15.81) exists.

Lemma 15.4.8. LetΦ(∞) = {Φ(n)}+∞n=1 be a quantum channel with general Markov mem-
ory defined by (15.4). Then the following limit exist:

lim
n→+∞

sup
{p(n)j ,ρ

(n)
j }
[min
C∈𝒞
̄χ(n)C ({p
(n)
j , ρ
(n)
j })], (15.82)

where ̄χ(n)C ({p
(n), ρ(n)}) is given by (15.76) for C ∈ 𝒞aper and given by (15.78) for C ∈ 𝒞per.
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Proof. For each n ∈ ℕ, write

̄χn = sup
{p(n)j ,ρ

(n)
j }
[min
C∈𝒞
̄χ(n)C ({p
(n)
j , ρ
(n)
j })]. (15.83)

We first assume that for any δ > 0 there exist n0 and m0 such that for all n′ ≥ n0 and
n ≥ m0n′, ̄χn ≥ ̄χn′ − δ. Under this assumption, the lemma follows because obviously,
0 ≤ ̄χn ≤ log(dim(ℍB)), and it follows that

lim inf
n→+∞
̄χn ≥ ̄χn′ − δ

and hence, lim infn→+∞ ̄χn ≥ lim supn′→+∞ ̄χn′ − δ, where δ > 0 is arbitrary. Therefore,
limn→+∞ ̄χn exists.

We now prove that for any δ > 0 there exist n0 and m0 such that for all n′ ≥ n0
and n ≥ m0n′, ̄χn ≥ ̄χn′ − δ as follows. Let n′ be large, and suppose that {p(n

′), ρ(n
′)} is a

maximizing ensemble for (15.83), with n replaced by n′, i. e.,

̄χn′ = min
C∈𝒞
̄χ(n
′)

C ({p
(n′)
j , ρ
(n′)
j }).

Given n ≥ n′, putm = [n/n′] (the integral part of n/n′) and l = n−mn′. Define the states
ρ(n)⃗j = ⨂

m
r=1 ρ
(n)
jr
⊗ ρ(l)jm+1 ,

⃗j = (j1, j2, . . . , jm+1), where ρ(l) is the reduced state onℍ⊗nA . Then

ρ̄(n) = ⨂m
r=1 ρ̄
(n) ⊗ ρ̄(l), with ρ̄(n

′) := ∑j p
(n′)
j ρ(n

′)
j . We now write for any class C ∈ 𝒞,

Φ(n)C (ρ̄
(n)) = ∑

i1 ,...,im+1∈C
∑

i′1 ,...,i′m+1∈C

qi′1i2
γi2
⋅ ⋅ ⋅

qi′mim+1
γim+1

× σ(n
′)

C (i1, i
′
1) ⊗ ⋅ ⋅ ⋅ ⊗ σ

(n′)
C (im, i

′
m) ⊗ σ

(l)
C (im+1, i

′
m+1), (15.84)

where

σ(n
′)

C (i, i
′) = ∑

i2 ,...,in′−1

γiqii2qi2i3 ⋅ ⋅ ⋅ qin′−1i′ (Φi ⊗Φi2 ⊗ ⋅ ⋅ ⋅ ⊗Φi′ )(ρ̄
(n′)) (15.85)

and similarly for σ(l)C (i, i
′). Let γ = ⋀i∈𝕀 γi := mini∈𝕀 γi. Using the positivity of the density

operators and the fact that qij ≤ 1 ≤ γi/γ, we obtain a simple operator inequality

Φ(n)C (ρ̄
(n)) ≤

1
γm

Φ(n
′)

C (ρ̄
(n′)) ⊗Φ(n

′)
C (ρ̄
(n′)) ⊗ ⋅ ⋅ ⋅ ⊗Φ(n

′)
C (ρ̄
(n′))⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

m factors

⊗Φ(l)C (ρ̄
(l)). (15.86)

Inserting this into the definition of H(Φ(ρ̄)) and using the operator monotonicity of
the logarithm and the fact that (γi) is the equilibrium distribution, i. e. ∑i∈𝕀 γiqij = qj,
we obtain
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H(Φ(n)C (ρ
(n))) ≥ mH(Φ(n

′)
C (ρ̄
(n′))) + H(Φ(i)C (ρ̄

(l))) +m log γ. (15.87)

On the other hand, by subadditivity,

H(Φ(n)C (ρ
(n)
⃗j
)) ≤

m
∑
r=1

H(Φ(n
′)

C (ρ
(n′)
jr
)) + H(Φ(l)C (ρ

(l)
m+1)) (15.88)

so that

̄χ(n)C ({p
(n)
⃗j
,Φ(n)(ρ(n))}) ≥ mn

′

n
̄χn′ +

m
n
log γ, ∀C ∈ 𝒞. (15.89)

This proves the lemma.

The existence of the following limit follows from Lemma 15.4.8.

Corollary 15.4.9. Let Φ(∞) = {Φ(n)}+∞n=1 be the quantum channel with ergodic Markov
memory described in (15.5). Then the following limit exists:

χ∗(Φ) = lim
n→+∞

1
n

sup
{p(n)j ,ρ

(n)
j }

χ({p(n)j ,Φ
(n)(ρ(n)j )}) (15.90)

We follow the approach presented in Datta and Dorla [34] and [33] to prove The-
orem 15.4.7 by establishing the following two propositions (Proposition 15.4.10 and
Proposition 15.4.17), where its direct part is proved in Proposition 15.4.10 and Proposi-
tion 15.4.17 provides its weak converse part.

Proposition 15.4.10. Let Φ(∞) = {Φ(n)}+∞n=1 be a quantum channel with general Markov
memory defined by (15.4), whereΦ : 𝒮(ℍA) → 𝒮(ℍB). For all ϵ > 0, there exists n0 ∈ ℕ
such that there exist at least N = Mn ≥ 2n(C

mar(Φ)−ϵ) product states ρ̃(n)1 , ρ̃
(n)
2 , . . . , ρ̃

(n)
N on

ℍ⊗nA and positive operators D(n)1 ,D
(n)
2 , . . . ,D

(n)
N onℍ⊗nB such that∑Ni=1 D

(n)
i ≤ 1,

tr[Φ(n)(ρ̃(n)k )D
(n)
k ] > 1 − ϵ (15.91)

for all k = 1, . . . ,N.

Remark 15.1. Note that the aboveproposition implies that a rateR < Cmar(Φ) is achiev-
able. This can be seen as follows: Given an R < Cmar(Φ), choose ϵ > 0 such that
R < Cmar(Φ) − ϵ. Then Theorem 15.4.7 guarantees the existence of codes C(n) of length
n and size,

Nn ≥ 2
n(Cmar(Φ)−ϵ) ≥ 2nR,

with codewords given by product states ρ(n)j , and POVM elements {D(n)j }, for which the
probability of error, ℙ̄(n)err, can be made arbitrarily small, for each j ∈ {1, 2, . . . ,Nn} and n
large enough. Hence, the rate R is achievable.
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Proof of Proposition 15.4.10. Given δ > 0, we can choosem0 large enough such that

tr[Π̃CΦ
(m0M)
C (ω(m0M))] > 1 − δ (15.92)

for all C ∈ 𝒞aper and

tr[Π̃C′ ,i′Φ
(m0M)
C′ ,i′ (ω

(m0M))] > 1 − δ (15.93)

for all C′ ∈ 𝒞per and i′ ∈ 𝒞′. Here, M is given by (15.65). The product state ω(m0M), de-
fined through (15.75), is used as a preamble to the input state encoding each message,
and serves to distinguish between the different branches of the channel, i. e., between
ΦC ,C ∈ 𝒞aper and ΦC′ ,i,C′ ∈ 𝒞per and i ∈ C′.

If ρ(n)k ∈ 𝒮(ℍ
⊗n
A ) is a state encoding the kth classical message in the set Λn, then

the kth codeword is given by the product state

ω(m0M) ⊗ ρ(n)k .

First, we fix l0 large enough, and an ensemble {p(l0)j , ρ
(l0)
j } such that

󵄨󵄨󵄨󵄨󵄨󵄨C
mar(Φ) −min

C∈𝒞
̄χC({p
(l0)
j , ρ
(l0)
j })
󵄨󵄨󵄨󵄨󵄨󵄨 <

ϵ
6
. (15.94)

Let N = Ñ(n) be the maximal number of product states ρ̃(n)1 , . . . , ρ̃
(n)
N onℍ⊗nA for which

there exist positive operators D(n)1 , . . . ,D
(n)
N onℍ⊗m0M

B ⊗ ℍ⊗nB such that:
1. D(n)k = ∑C∈𝒞aper

Π̃i⊗D
(n)
k,C+∑C′∈𝒞′per ∑i′∈C′ Π̃C′ ,i′⊗D

(n)
k,i′ and∑

N
k=1 D
(n)
k,C ≤ P̄

(n)
C,n;∑

N
k=1 D
(n)
k,i′ ≤

P̄i′ ,n, and
2. ∑C∈𝒞aper

γC tr[(Π̃C ⊗ D
(n)
k,C)Φ
(m0M+n)
C (ω(m0M) ⊗ ρ̃(n)k )] + ∑C′∈𝒞per

∑i′∈C′ γi′ tr[(Π̃C′ ,i′ ⊗

D(n)k,C)Φ
(m0M+n)
C′ ,i′ (ω

(m0M) ⊗ ρ̃(n)k )] > 1 − ϵ, and
3. ∑C∈𝒞aper

γC tr[(Π̃C ⊗ D
(n)
k,C)Φ
(m0M+n)
C (ω(m0M) ⊗ ρ̃(n)k )] + ∑C′∈𝒞per

∑i′∈C′ γi′ tr[(Π̃C′ ,i′ ⊗

D(n)k,C)Φ
(m0M+n)
C′ ,i′ (ω

(m0M) ⊗ ρ̃(n)k )] ≤ 2
−n(Cmar(Φ)− 12 ϵ).

Note that, as in the ergodic case, we can append 1(n−m0) to all POVM elements, to re-
duce the proof to the case n = ml0. In the following, we therefore assume n = ml0
for simplicity. The typical projection P̄C,n for an aperiodic class is defined as before by
Lemma 15.3.6. For a periodic class C′, we define the typical spaces by interlacing those
for the product channels Φ⊗ni (i ∈ C

′), as stated in the following lemma.

Lemma 15.4.11. Let C′ be a periodic class with period L. Given ϵ, δ > 0, there exists
m′ ∈ ℕ such that for m ≥ m′ there are subspaces 𝕂̄(n) ⊂ (ℍ(l0)B )

⊗m (i ∈ C′, n = ml0),
with projections P̄i,n such that

P̄i,nΦC′ ,i(ρ
⊗m
l0 )P̄i,n ≤ 2

−m[HC′−
ϵ
4 ], (15.95)
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where

HC′ =
1
L

L−1
∑
i=0

H(Φ(l0)C′ ,i(ρ̄
(l0)))

and

tr[Φ(n)C′ ,i((ρ̄
(l0))
⊗m)P̄i,n] > 1 − δ

2. (15.96)

Proof. We simply let K̄(n)i,ϵ be the subspace spanned by the vectors |ψi,k1⟩ ⊗ ⋅ ⋅ ⋅ ⊗

|ψi+l0(n−1),kn⟩, where |ψi,k⟩ is an eigenvector of Φ(l0)C′ ,i and |ψi,k1⟩ ⊗ |ψi,kL+1⟩ ⊗ ⋅ ⋅ ⋅ ⊗

|ψi,k|(n−1)/L|L+1⟩ belongs to the typical space for Φ
(l0)
C,i (ρ̄
(l0)), |ψi+1,k2⟩ ⊗ |ψi+1,kL+1⟩ ⊗ ⋅ ⋅ ⋅ ⊗

|ψi+1,k|(n−1)/L|L+2⟩ to that of Φ
(l0)
C,i+1(ρ̄

(l0)), etc. This proves the lemma.

Similarly, we have the following lemma.

Lemma 15.4.12. Let C′ be a periodic class with period L. Given i ∈ C′, and a sequence
⃗j ∈ {1, . . . , j}×m, let P(n)i,j = P

(n)
(C′ ,i),j by the projection onto the subspace ofℍ

⊗n
B spanned by

the vectors

Φ(n)C′ ,i(ρ
(l0)
⃗j
) =

m
⨂
r=1

Φ(l0)C′ ,i+(r−1)l0
(ρ(l0)jr
),

with eigenvalues λ ⃗j,k⃗ = ∏
m
r=1 λi+(r−1)l0 ,ir ,kr such that

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1
m
log λ ⃗j,k⃗ + H̄C′

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
<
ϵ
4
, (15.97)

where

H̄C′ = lim
m→+∞

1
mL
∑
i′∈C′
∑
⃗j

p(n)⃗j H((Φi′ ⊗ ⋅ ⋅ ⋅ ⊗Φi′+ml0+1)(ρ
(l0)
j1
⊗ ⋅ ⋅ ⋅ ⊗ ρ(l0)jm

))

For any δ > 0, there exists m′2 such that for m ≥ m
′
2,

𝔼(tr[Φ(ml0)C′ ,i (
m
⨂
r=1

ρ(l0)jr
)P(n)

i, ⃗j
]) > 1 − δ2.

The proof of Proposition 15.4.10 is continued as follows.
For each c = C or c = (C′, i′) with i′ ∈ C′ ∈ 𝒞per, and ⃗j = (j1, . . . , jm), we define

V(n)
c, ⃗j
= (P̄(n)c −

N
∑
k=1

D(n)k,c)
1/2

P̄(n)c P(n)
c, ⃗j
P̄(n)c (P̄

(n)
c −

N
∑
k=1

D(n)k,c)
1/2

(15.98)
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Clearly, V(n)
c, ⃗j
≤ P̄(n)c − ∑

N
k=1 D
(n)
k,c. Put

V(n)⃗j = ∑
C∈𝒞aper

Π̃i ⊗ V
(n)
C, ⃗j
+ ∑
C′∈𝒞per

∑
i′∈C′

Π̃C′ ,i′ ⊗ V
(n)
(C′ ,i′), ⃗j
. (15.99)

This is a candidate for an additional measurement operator, D(n)N+1, for Bob with cor-
responding input state ρ̃(n)N+1 = ρ

(n)
⃗j
= ρj1 ⊗ ρj2 ⊗ ⋅ ⋅ ⋅ ρjn . Clearly, the condition (1) given

under (15.94) is satisfied and we also have the following lemma.

Lemma 15.4.13. The following inequality holds:

∑
C∈𝒞aper

γC tr[(Π̃C ⊗ V
(n)
C, ⃗j
)Φ⊗m

′M+n
C (ω(m

′M) ⊗ (ρ̄(l0))⊗[n/l0])]

+ ∑
C′∈𝒞per

∑
i′∈C′

γi′ tr[(Π̃C′ ,i′ ⊗ V(C′ ,i′), ⃗j)Φ
⊗m′M+n
C (ω(m

′M) ⊗ (ρ̄(l0))⊗[n/l0])]

≤ 2−n(C
mar(Φ)− 23 ϵ), (15.100)

with γi′ = 1/L(C′) for i′ ∈ C′ ∈ 𝒞per.

Proof. Writing σ̄(n)C = Φ
(n)
C (ρ̄
(n)), by the proof of Lemma 15.3.8, the following inequality

holds for an aperiodic class C, for n large enough:

tr[σ̄(n)C V(n)
C ⃗j
] ≤ 2−n[ ̄χC−

ϵ
2 ], (15.101)

where ̄χC = ̄χ
(l0)
C is given by (15.76), for the maximizing ensemble, with n = l0. Then

∑
C∈𝒞aper

γC tr[(Π̃C ⊗ V
(n)
C, ⃗J
)Φ(m0M+n)

C (ω(m0M) ⊗ ρ̄(n))]

≤ ∑
C∈𝒞aper

γC tr[σ̄
(n)
C V(n)

C, ⃗j
]

≤ ∑
C∈𝒞aper

γC2
−n[ ̄χC−

1
2 ϵ] (15.102)

where we used the fact that Π̃C ≤ 1 and (15.100).
Similarly, for i′ ∈ C′ ∈ 𝒞per, denoting Qn,i′ = ∑

N
k=1 D
(n)
k,i′ , we have using Lem-

ma 15.4.11,

P̄i′ ,nΦ
(n)
C′ ,i′(ρ
⊗m
l0 )P̄i′ ,n ≤ 2

−m[HC′−
ϵ
4 ],

and hence,
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tr[σ̄(n)C′ ,i′V
(n)
i′ , ⃗j
] = tr[σ̄(n)C′ ,i′(P̄

(n)
C′ ,i′ − Qn,i′)

1/2P̄(n)C′ ,i′P
(n)
i′ , ⃗j
P̄(n)C′ ,i′(P̄

(n)
C′ ,i′ − Qn,i′)

1/2
]

≤ 2−m[HC′−
ϵ
4 ] tr[(P̄(n)C′ ,i′ − Qn,i′)

1/2P(n)
i′ , ⃗j
(P̄(n)C′ ,i′ − Qn,i′)

1/2
]

≤ 2−m[HC′−
ϵ
4 ] tr[P(n)

i′ , ⃗j
] ≤ 2−n[

1
l0
(HC′−H̄C′ )−

ϵ
4 ] ≤ 2−n[ ̄χ

(l0)
C′
− 12 ], (15.103)

where

̄χ(l0)C′ =
1
l0L
∑
i∈C′
(H(Φ(l0)C′ ,i ∗ ρ̄

(l0)) − H̄i).

In the above, we have used the fact that tr[P(n)
i′ , ⃗j
] ≤ 2mH̄C′+

ϵ
4 , which is a standard conse-

quence of Lemma 15.4.12. We obtain the last line of (15.103) by using the subadditivity
of the vonNeumannentropy. Summing (15.103) over i′ andC′, andadding to thebound
for C ∈ 𝒞aper, yields the following bound:

∑
C∈𝒞aper

γC tr[(Π̃C ⊗ V
(n)
C, ⃗j
)Φ⊗m

′M+n
C (ω(m

′M) ⊗ (ρ̄(l0))⊗[n/l0])]

+ ∑
C′∈𝒞per

∑
i′∈C′

γi′ tr[(Π̃C′ ,i′ ⊗ V(C′ ,i′), ⃗j)Φ
⊗m′M+n
C (ω(m

′M) ⊗ (ρ̄(l0))⊗[n/l0])]

≤ ∑
C∈𝒞aper

γC2
−n[ ̄χ(l0)C −

ϵ
2 ] + ∑

C′∈𝒞per

∑
i∈C′

γi2
−n[ ̄χ(l0)

C′
− ϵ2 ]

Now by (15.94),

Cmar(Φ) ≤ min
C∈𝒞
̄χ(l0)C +

ϵ
6
,

and hence,

2−n[ ̄χ
(l0)
C′
− ϵ2 ] ≤ 2−n[C

max(Φ)− 2ϵ3 ], ∀C ∈ 𝒞,

and, therefore, (15.100). This proves the lemma.

By maximality of N, it now follows that the condition (2) above cannot hold, that
is, we have the following.

Corollary 15.4.14.

∑
C∈𝒞aper

γC𝔼(tr[(Π̃C ⊗ V
(n)
C, ⃗j
)Φ⊗m

′M+n
C (ω(m

′M) ⊗ (ρ̄(l0))⊗[n/l0])])

+ ∑
C′∈𝒞per

∑
i′∈C′

γi′𝔼(tr[(Π̃C′ ,i′ ⊗ V(C′ ,i′), ⃗j)Φ
⊗m′M+n
C (ω(m

′M) ⊗ (ρ̄(l0))⊗[n/l0])])

≤ 1 − 2ϵ. (15.104)
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We also need the following lemma.

Lemma 15.4.15. Assume η′ ≥ 3δ. Then for n large enough,

∑
C∈𝒞aper

γC tr[(Π̃C ⊗ V
(n)
C, ⃗j
)Φ⊗m

′M+n
C (ω(m

′M) ⊗ (ρ̄(l0))⊗[n/l0])]

+ ∑
C′∈𝒞per

∑
i′∈C′

γi′ tr[(Π̃C′ ,i′ ⊗ V(C′ ,i′), ⃗j)Φ
⊗m′M+n
C (ω(m

′M) ⊗ (ρ̄(l0))⊗[n/l0])]

> 1 − η′. (15.105)

Proof. This is a simple consequence of Lemma 15.3.9 and its analogue of periodic
classes, together with (15.93) and (15.94). This proves the lemma.

The next lemma is analogous to Lemma 15.4.11 and is omitted here.

Lemma 15.4.16. Assume η′ < 1
3ϵ and write

Q(n)n,C =
N
∑
k=1

D(n)k,C (C ∈ 𝒞aper) and Q(n)n,i′ =
N
∑
k=1

D(n)k,i′ (i
′ ∈ C′ ∈ 𝒟per). (15.106)

Then for n large enough,

∑
C∈𝒞aper

γC tr[(Π̃C ⊗ Qn,C)Φ
⊗(m′M+n)
C (ω(m

′M) ⊗ ρ(n)⃗j )]

+ ∑
C′∈𝒞per

∑
i′∈C′

γi′ tr[(Π̃C′ ,i′ ⊗ Qn,i′ )Φ
⊗(m′M+n)
C (ω(m

′M) ⊗ ρ(n)⃗j )]

> (η′)2 (15.107)

Back to the proof of Proposition 15.4.10, it now follows, as before, that for n large
enough, Ñ(n) ≥ (η′)22n[C

max(Φ)− 2ϵ3 ]. We take the following states as codewords:

ρ(m0M+n)
k = ω(m0+M) ⊗ ρ̃(n)k

For n sufficiently large, we then have

N = Nn+m0M = Ñ(n) ≥ (η
′)
22n[C

max(Φ)− 23 ϵ] ≥ 2(m0M+n)[Cmax(Φ)−ϵ].

To complete the proof of Proposition 15.4.10, we note as before for large enough n that
Ñ(n) ≥ (η′)22n[C

mar(Φ)− 34 ϵ]. We take the following states as codewords:

ρ(mL+n)k = ω(mL) ⊗ ρ̃(n)k , (15.108)

where ω(mL) is the preamble defined by (16.13). Consequently, for sufficiently large n,
we have
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NmL+n = Ñ(n) ≥ (η
′)
22n[C

lm
prod(Φ)−

3
4 ϵ] ≥ 2(mL+n)(C

lm
prod(Φ)−ϵ).

To complete the proof, we need to show that the set {D(n)k } satisfies (15.96). But this
follows immediately from condition (2) stated earlier:

tr[Φ(m0M+n)(ρ(m0M+n)
k )D(n)k ]

= ∑
C∈𝒞aper

γC tr[Φ
(m0M+n)
C (ω(m0M) ⊗ ρ̃(n)k )D

(n)
k ]

+ ∑
C′∈𝒞per

∑
i∈C′

γi tr[Φ
(m0M+n)
C′ ,i (ω(m0M) ⊗ ρ̃(n)k )D

(n)
k ]

= ∑ i tr[(Π̃C ⊗ D
(n)
k,C)Φ
⊗mL(ω(mL))] tr[Φ⊗nC′ ,i(ω

(m0M) ⊗ ρ̃(n)k )]

+ ∑
C′∈𝒞per

∑
i∈C′

γi tr[(Π̃i ⊗ D
(n)
k,i )Φ
(m0M+n)
C′ ,i (ω(m0M) ⊗ ρ̃(n)k )]

≥ 1 − ϵ.

This proves Proposition 15.4.10.

The following proposition proves that it is impossible for Alice to transmit clas-
sical messages reliably to Bob through the channel Φ with general Markov memory
defined by (15.41) at a rate R > Cmar(Φ).

Proposition 15.4.17 (Weak converse of Theorem 15.4.7). In the sense that the probabil-
ity of error does not tend to zero asymptotically as the length of the code increases, for
any code with rate R > Cmar(Φ).

Proof. To prove the weak converse, suppose that Alice encodes messages labeled by
λ ∈ Λn = {λ1, λ2, . . . , λMn

} by the state ρ(n)λ ∈ 𝒮(ℍ
⊗n
A ). Let the corresponding outputs for

the class C ∈ 𝒞 of the channel be denoted by σ(n)λ,C, i. e.,

σ(n)λ,C = Φ
(n)
C (ρ
(n)
λ ). (15.109)

Further define

σ̄(n)C =
1
|Λn|
∑
λ∈Λn

σ(n)λ,C .

Let Bob’s POVM elements corresponding to the codewords ρ(n)λ be denoted by D(n)λ ,
λ ∈ Λn. Wemay assume that Alice’s messages are produced uniformly at random from
the set Λn. Then Bob’s average probability of error is given by

ℙ̄(n)err,C := 1 −
1
|Λn|
∑
λ∈Λn

tr[Φ(n)C (ρ
(n)
λ )D
(n)
λ ]. (15.110)

So that
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ℙ̄(n)err = ∑
C∈𝒞

γCℙ̄
(n)
err,C . (15.111)

Let X(n) be a random variable with a uniform distribution over the set Λn, characteriz-
ing the classical message sent by Alice to Bob. Let Y (n)C be the random variable corre-
sponding to Bob’s inference of Alice’s message, when the codeword ρ(n)i is transmitted
through class C. It is defined by the conditional probabilities

Pr[Y (n)C = γ|X
(n) = λ] = tr[Φ⊗nC (ρ

(n)
λ )D
(n)
γ ]. (15.112)

By the following Fano’s inequality (see also (16.36)),

h(ℙ̄(n)err,C) + ℙ̄
(n)
err,C log(|Λn| − 1)

≥ H(X(n)|Y (n)C )

= H(X(n)) − H(X(n)‖Y (n)C ) (15.113)

Here, h2(⋅) denotes the binary entropy and H(⋅) denotes the Shannon entropy. Using
the Holevo bound and the subadditivity of the von Neumann entropy (see Proposi-
tion 7.2.8), we have

H(X(n)‖Y (n)C )

≤ H( 1
|Λn|
∑
λ∈Λn

Φ⊗nC (ρ
(n)
λ )) −

1
|Λn|
∑
λ∈Λn

H(Φ⊗nC (ρ
(n)
λ ))

= n ̄χC({
1
|Λn|
, ρ(n)λ }

λ∈Λn

), (15.114)

where ̄χC({
1
|Λn|
, ρ(n)λ }λ∈Λn

) is given in (15.78).
For C ∈ 𝒞per with period L,

H(X(n)‖Y (n)C )

≤ H( 1
|Λn|
∑
λ∈Λn

1
L
∑
i∈C

Φ(n)C,i (ρ
(n)
λ )) −

1
|Λn|
∑
λ∈Λn

H( 1
L
∑
i∈C

Φ(n)C,i (ρ
(n)
λ ))

=
1
|Λn|
∑
λ∈Λn

H( 1
L
∑
i∈C

Φ(n)C,i (ρ
(n)
λ )‖

1
|Λn|
∑
γ∈Λn

1
L
∑
i∈C

Φ(n)C,i (ρ
(n)
γ ))

≤
1
|Λn|L
∑
λ∈Λn

∑
i∈C

H(Φ(n)C,i(ρ
(n)
λ ‖

1
|Λn|
∑
γ∈Λn

Φ(n)C,i (ρ
(n)
γ ))

=
1
L
∑
i∈C

χ(n)C,i ({
1
|Λn|
, ρ(n)λ }

λ∈Λn

)

= n ̄χ(n)C ({
1
|Λn|
, ρ(n)λ }

λ∈Λn

). (15.115)
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In the above, we use the convexity of the relative entropyH(σ‖ω) := tr[σ(log σ− logω),
for quantum σ and ω.

Therefore, for any class C, we have the upper bound

H(X(n)‖Y (n)C ) ≤ n ̄χ
(n)
C ({

1
|Λn|
, ρ(n)λ }

λ∈Λn

).

Inserting this into Fano’s inequality, (15.113), now yield

h(ℙ̄(n)err,C) + ℙ̄
(n)
err,C log(|Λn|) ≥ log(|Λn|) − n ̄χ

(n)
C ({

1
|Λn|
, ρ(n)λ }

λ∈Λn

).

However, since

Cmar(Φ) ≥ min
C∈𝒞
̄χ(n)C ({

1
|Λn|
, ρ(n)λ }

λ∈Λn

), (15.116)

and R = 1
n log |Λn| > Cmar(Φ), there must be at least one class C such that

ℙ̄(n)err,C ≥ 1 −
Cmar(Φ) + 1/n

R
> 0. (15.117)

We conclude from (15.111) and (15.117)) that

ℙ̄(n)err ≥ (1 −
Cmar(Φ) + 1/n

R
)min

C∈𝒞
γC . (15.118)

This proves the theorem.



16 Channels with long-term memory

Datta and Dolas [31] (see also Dorlas and Morgan [42] and Datta–Suhov–Dorlas [35])
investigated the product state classical capacity aswell as entanglement assisted clas-
sical capacity of a convex combination of memoryless channels that are the subjects
of exposition in this chapter.

16.1 The model

The model obtained in [31, 42] and [35] for quantum channel with long term memory
is described below.

Given a collection of M memoryless channels {Φi}
M
i=1 with common input Hilbert

spaceℍA and the common output Hilbert spaceℍB, a convex combination (or aver-
age) of these channels is defined by the map

Φ(ρA) =
M
∑
i=1

piΦi(ρA), ∀ρA ∈ 𝒮(ℍA), (16.1)

where {pi}Mi=1 is probability distribution over choices of memoryless channels {Φi}
M
i=1.

The n-use of Φ defined in (16.1) yields a channel Φ(n) : 𝒮(ℍ⊗nA ) → 𝒮(ℍ⊗nB ) defined
by

Φ(n)(ρ(n)A ) =
M
∑
i=1

piΦ
⊗n
i (ρ
(n)
A ), ∀ρ

(n)
A ∈ 𝒮(ℍ

⊗n
A ) (16.2)

for n = 1, 2, . . .. Note that the probability pi in the above expression remains unchanged
even after n uses of the channel. This is because this model implicitly assumes that
once the channel Φi is chosen then it will be used for the n-consecutive times. There-
fore, the “long term memory” is named. This implicit assumption will be mathemat-
ical expressed later.

The convex combination channel Φ defined in (16.1) will have a long-term mem-
ory in the sense that it is the simplest of nonforgetful channels. The channel with
long-term memory is a channel with Markovian memory, which is aperiodic but not
irreducible, using Markov chain terminologies in Section 15.1. This can be seen as fol-
lows. An n-use of a quantumchannelwithMarkovian correlated noise given by a CPTP
map Φ(n) : B(ℍ⊗nA ) → B(ℍ⊗nB ) (see (15.5) for the definition of channels with Markov
memory) can be stated as

Φ(n)(ρ(n)A ) =
M
∑

i1 ,i2 ,...,in=1
γi1qi1i2qi2i3 ⋅ ⋅ ⋅ qin−1in (Φi1 ⊗ ⋅ ⋅ ⋅ ⊗Φin )(ρ

(n)
A ), (16.3)

https://doi.org/10.1515/9783110788105-016
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where (i) qij = Pr[Xn+1 = j|Xn = i] denotes the elements of the transition matrix of
a discrete time Markov chain {Xn}+∞n=0 with a finite state space 𝕀 = {1, 2, . . . ,M}; (ii)
γi1 = limn→+∞ Pr[Xn = i1] is the stationary distribution of {Xn}+∞n=0 at i1 ∈ 𝕀 and (iii) for
each i ∈ 𝕀, Φi : 𝒮(ℍA) → 𝒮(ℍB) is amemoryless channel. Casting the channel defined
by (16.2) in this form (16.3) yields qij = δij and γi = pi. Hence, the transition matrix of
the Markov chain, in this case, is the identity matrix. In other words, once a particular
branch i1 ∈ 𝕀 = {1, 2, . . . ,M} has been chosen with the probability γi1 , the successive
inputs are sent through this branch. Transition betweendifferent branches (which cor-
respond to the different states of the Markov chain) is not permitted. In this case, the
Markov chain {Xn}+∞n=0 that governs the switching among the M branches of memory-
less channels Φi, i = 1, 2, . . . ,M is therefore aperiodic but not irreducible. Hence, the
channel Φ defined by (16.1) possess long-termmemory and does not lie in the class of
forgetful channels explored in Section 14.4.

This chapter details developments of product state capacity Clmprod(Φ) and en-
tanglement assisted classical capacity Clmea (Φ) for both infinite-dimensional uncon-
strained and energy constrained long term memory channel Φ. These develop-
ments extend finite-dimensional results due originally to Datta and Dolas [31] and
Datta–Suhov–Dorlas [35], respectively.

It is an important issue to consider infinite-dimensional and yet constrained
quantum communication systems. When applying the protocol of classical and
entanglement-assisted communication to infinite-dimensional quantum channels
one has to impose certain constraints on the input states, in particular, the con-
strained on each branch of the memoryless channels Φi, i = 1, 2, . . . ,M, that constitute
the channel Φ with long-term memory defined by (16.1).

16.2 Classical product state capacity

We consider the scenario in which the sender, Alice, wants to send a sequence classi-
cal messages to the receiver, Bob, through repeated usage of the channel Φ : 𝒮(ℍA) →
𝒮(ℍB) described by (16.1) as follows. For each n ∈ ℕ, Alice will first choose a classical
message λ ∈ Λn = {λ1, λ2, . . . , λNn

} at random, and encode the classical message λ into
the codeword ρ(n)λ,A ∈ 𝒮(ℍ

(n)
A ), where we have assumed that ℍλ,A = ℍA for all λ ∈ Λ.

She then will send the codeword through n-use of the channel Φ that consists of M
memoryless branches Φi. Since one of the memoryless channels Φi will be used with
probability pi for i = 1, 2, . . . ,M. This introduces long-term memory and as a result the
(product-state) capacity of the channel Φ(n) is no longer given by the supremum of
the Holevo quantity such as those given in Theorem 13.2.2. Instead, it was proved in
[32] that the finite-dimensional product-state capacity Clmprod(Φ) (where the superscript
“lm” means “long-term memory” and the subscript “prod” means the input states ρj
are product states instead of entangled ones) is given by
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Clmprop(Φ) = sup
{pi ,ρi}
{min{χ({pi,Φi(ρi)}), i = 1, 2, . . . ,M}},

where χ(⋅) is the Holevo χ function defined in (13.102).
The finite-dimensional product state capacity Clmprod(Φ) for long-term memory

channel Φ is stated below.

Theorem 16.2.1 (Datta and Dorlas [32]). Let Φ : 𝒮(ℍA) → 𝒮(ℍB) be a quantum chan-
nel with long termmemory defined in (16.1), where dim(ℍA) < +∞ and dim(ℍB) < +∞.
Then the product state capacity Clmprod(Φ) ofΦ is given by

Clmprod(Φ) = sup
{pj ,ρj}
{min{χ({pj,Φi(ρj)}), i = 1, 2, . . . ,M}}, (16.4)

where (i) χ({pj,Φi(ρj)}) is the χ-function of {pj,Φi(ρj)} and (ii) the supremum is taken
over all finite ensembles of states ρj ∈ B(ℍA) with probabilities pj.

16.2.1 Infinite-dimensional classical capacity

The above theorem is extended to infinite-dimensional Hilbert spacesℍA andℍB and
is stated as follows.

Theorem 16.2.2 (Infinite-dimensional case). Let Φ : 𝒮(ℍA) → 𝒮(ℍB) be a quan-
tum channel with long term memory defined in (16.1), where ℍA and ℍB are infinite-
dimensional Hilbert spaces. Then the product state capacity Clmprod(Φ) of Φ is given
by

Clmprod(Φ) = sup
{pj ,ρj}
{min{χ({pj,Φi(ρj)}), i = 1, 2, . . . ,M}}, (16.5)

where (i) χ({pj,Φi(ρj)}) is the χ-function of {pj,Φi(ρj)} and (ii) the supremum is taken over
all finite ensembles of states ρj ∈ B(ℍA) with probabilities pj.

The above theoremwill be proved in the following three parts, where construction
of preambles, proofs of direct part and converse of Theorem 16.2.2 are provided in
details.

A. Preambles with long-term memory
As noted earlier, a channel with long-termmemory is the channel consisting of a con-
vex combination of different branches of memoryless channels as originally inves-
tigated by Datta and Dorlas [32]. To distinguish between the different memoryless
branches, Φi, i = 1, 2, . . . ,M, of the quantum channel Φ defined in (16.2), we proceed
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similar to those presented in Section 15.4.1 and add a preamble to the input state en-
coding each message in the set Λn = {λ1, λ2, . . . , λNn

}. This is given by an m-fold ten-
sor product of a suitable state as described below. Let us first sketch the idea behind
adding such a preamble which distinguishes different branches of the channel Φ. The
basic idea is based on the work by Helstrom [65] who showed that two states σ1 and
σ2, occurring with a priori probabilities γ1 and γ2, respectively, can be distinguished,
with an asymptotically vanishing probability of error, if a suitable collective measure-
ment is performed on them-fold tensor products σ⊗m1 and σ⊗m2 , for a sufficiently large
m ∈ ℕ. The relevant projection operators, which we denote by Π+ and Π−, are the
orthogonal projections onto the positive and negative eigenspaces of the difference
operator Am = γ1σ⊗m1 − γ2σ

⊗m
2 .

In the construction of preamble (see Datta and Dorlas [31]), we generalize Hel-
strom’s result to distinguishbetween thedifferent branchesΦi. If thepreamble is given
by a state ω, then by using Helstrom’s result, we can construct a POVM which distin-
guishes between the output states σ⊗mi := (Φi(ω))⊗m corresponding to the different
branches Φi, i = 1, 2, . . . ,M. The outcome of this POVM measurement would in turn
serve to determine which branch of the channel is being used for transmission.

We first note that we may assume that all branches Φi are different. Indeed, oth-
erwise we do not need to distinguish them and can introduce a compound probability
for each set of identical branches. This assumption means that there exist states ωi,j
onℍA for each pair 1 ≤ i < j ≤ M such that Φi(ωi,j) ̸= Φj(ωi,j). Introducing the fidelity
of two states as in (6.1), we then have

F(σ, σ′) = tr[√σ1/2σ′σ1/2], (16.6)

we obtain

F(Φi(ωi,j),Φj(ωi,j))

= tr[√(Φi(ωi,j))
1/2Φj(ωi,j)(Φi(ωi,j))

1/2
]

≤ f < 1 (by Proposition 6.1.1 because Φi(ωi,j) ̸= Φj(ωi,j)) (16.7)

for all pairs (i, j). We now introduce, for any m ∈ ℕ and 1 ≤ i < j ≤ M, the difference
operators

A(m)i,j = pi(Φi(ωi,j))
⊗m
− pj(Φj(ωi,j))

⊗m
. (16.8)

Let Π±i,j be the orthogonal projections onto the eigenspaces of A
(m)
i,j corresponding to

all nonnegative, and all negative eigenvalues, respectively.
Following the approach used in Datta and Dorlas [32], we prove the following se-

ries of lemmas.
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Lemma 16.2.3. Suppose that for a given δ > 0,

󵄨󵄨󵄨󵄨tr[
󵄨󵄨󵄨󵄨A
(m)
i,j
󵄨󵄨󵄨󵄨] − (pi + pj)

󵄨󵄨󵄨󵄨 ≤ δ. (16.9)

Then

󵄨󵄨󵄨󵄨tr[Π
+
i,j(Φi(ωi,j))

⊗m
] − 1󵄨󵄨󵄨󵄨 ≤

δ
2pi

(16.10)

and

󵄨󵄨󵄨󵄨tr[Π
−
i,j(Φj(ωi,j))

⊗m
] − 1󵄨󵄨󵄨󵄨 ≤

δ
2pi
. (16.11)

Proof. Write A = A(m)i,j and Π± = Π±i,j for notational simplicity. We first note that

tr[Π±A] = 1
2
tr[A ± (Π+ − Π−)A]

=
1
2
tr[A] ± tr[|A|] = 1

2
(pi − pj) ±

1
2
tr[|A|],

so that we have by the assumption

󵄨󵄨󵄨󵄨tr[Π
+A] − pi

󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
−
1
2
(pi + pj) +

1
2
tr[A]
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

=
1
2
󵄨󵄨󵄨󵄨tr[|A|] − (pi + pj)

󵄨󵄨󵄨󵄨 ≤
1
2
δ,

and similarly,

󵄨󵄨󵄨󵄨tr[Π
−A] + pj

󵄨󵄨󵄨󵄨 ≤
1
2
δ.

Now, writing σi = (Φi(ωi,j))
⊗m and σj = (Φj(ωi,j))

⊗m, we have obviously, tr[Π−σi] ≥ 0,
and on the other hand,

pi tr[Π
−σi] = tr[Π

−A] + pj tr[Π
−σj] ≤ −pj +

1
2
δ + pj =

1
2
δ.

The first result thus follows from Π+ + Π− = Im and tr[σi] = 1. Similarly,

pj tr[Π
+σj] = − tr[Π

+A] + pi tr[Π
+σi] ≤ −pi +

1
2
δ + pi =

1
2
δ.

This proves the lemma.

To compare the outputs of all the different branches of the channel, we define
projections Π̃i on the tensor product space⨂1≤i<j≤Mℍ

⊗m
B = ℍ

⊗mL
B with L = (M2 ) as

follows:
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Π̃i = ⨂
1≤i1<i2≤M

Γ(i)i1 ,i2 , (16.12)

where

Γ(i)i1 ,i2 =
{{{
{{{
{

Im if i1 ̸= i and i2 ̸= i

Π−i1 ,i if i2 = i

Π+i,i2 if i1 = i.

Notice that it follows from the fact that Π+i,jΠ
−
i,j = 0, that the projections Π̃i are also

disjoint:

Π̃iΠ̃j = 0 if i ̸= j.

Introducing the notation,

ω(mL) =⨂
i1<i2

ω⊗mi1 ,i2 , (16.13)

we now have the following.

Lemma 16.2.4. For all i = 1, . . . ,M,

lim
m→+∞

tr[Π̃iΦ
⊗mL
i (ω

(mL))] = 1. (16.14)

Proof. Notice that for all i < j,

F(piΦi(ωi,j)
⊗m, pjΦj(ωi,j)

⊗m) = √pipjF(Φi(ωi,j),Φj(ωi,j))
m
< fm.

Using the inequalities,

tr[A1] + tr[A2] − 2F(A1,A2) ≤ ‖A1 − A2‖1 ≤ tr[A1] + tr[A2]

for any two positive operators A1 and A2, we find that

󵄨󵄨󵄨󵄨tr[
󵄨󵄨󵄨󵄨A
(m)
i,j
󵄨󵄨󵄨󵄨] − (p1 + p2)

󵄨󵄨󵄨󵄨 ≤ 2f
m,

since

tr[󵄨󵄨󵄨󵄨A
(m)
i,j
󵄨󵄨󵄨󵄨] = ‖piΦi(ωi,j)

⊗m − pjΦj(ωi,j)
⊗m‖1.

Using Lemma 16.2.3, we then have
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1 ≥ tr[Π̃iΦ
⊗mL
i (⨂

i1<i2

ω⊗mi,j )]

=∏
i1≤i

tr[Π−i1 ,i(Φi(ωi1 ,i)
⊗m)]∏

i2≥i
tr[Π+i,i2(Φi(ωi,i2 )

⊗m)]

≥ (1 − f
m

pi
)
M−1
.

This proves the lemma.

We now fixm so large that

tr[Π̃iΦ
⊗mL
i (ω

(mL))] > 1 − δ (16.15)

for all i = 1, 2, . . . ,M.
The product state ω(mL), defined through (16.13) is used as a preamble to the in-

put state encoding each message, and serves to distinguish between the different
branches, Φi, i = 1, 2, . . . ,M, of the channel. If ρ(n)k ∈ B(ℍ

⊗n
A ) is a product state en-

coding the kth classical message in the set Λn, then the kth codeword is given by the
product state

ω(mL) ⊗ ρ(n)k , ∀k = 1, 2, . . . ,Nn. (16.16)

B. Direct part of Theorem 16.2.1
Toprove the direct part of the classical capacityClmprod(Φ) of long-termmemory channel
Φ in (16.4), i. e., the fact that a rate R < Clmprod(Φ) is achievable, we employ below the
quantumanalogueof Feinstein’s fundamental lemma for the class of channels defined
by (16.1).

Consider the n-use of the quantummemory channel Φ(n) : 𝒮(ℍ⊗nA ) → 𝒮(ℍ⊗nB ),

Φ(n)(ρ(n)A ) =
M
∑
i=1

piΦ
⊗n
i (ρ
(n)
A ), ∀ρ

(n)
A ∈ 𝒮(ℍ

⊗n
A ),

that is a convex combinationofMmemoryless channelsΦi, i = 1, 2, . . . ,M, as described
in (16.1). For any ensemble of states ({pi}Mi=1, {ρi}

M
i=1) where ρi ∈ 𝒮(ℍA), define

̂χΦ({pi, ρi}) := min{χi({pi, ρi}), i = 1, 2, . . . ,M}, (16.17)

where χi({pj, ρj}) = χΦi
({pj, ρj}) := χ({pj,Φi(ρj)}), for i = 1, . . . ,M.

Theorem 16.2.5 (Feinstein’s theorem for long-term memory channels). Given ϵ > 0,
there exists n0 ∈ ℕ such that for all n ≥ n0 there exist at least Nn ≥ 2n(C

lm
prod(Φ)−ϵ) product

states ρ(n)1 , . . . , ρ
(n)
Nn
∈ 𝒮(ℍ⊗nA ) and positive operators D

(n)
1 , . . . ,D

(n)
Nn
∈ B(ℍ⊗nB ) such that

∑Nn
i=1 D
(n)
i ≤ In and such that for each k = 1, . . . ,Nn,
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tr[Φ(n)(ρ(n)k )D
(n)
k ] > 1 − ϵ. (16.18)

Here,

Clmprod(Φ) := sup
{pj ,ρj}
{min{χi({pj, ρj}), i = 1, 2, . . . ,M}}, (16.19)

where the supremum is taken over all finite ensemble of states ρj with probability pj.

Remark 16.1. Note that the above theorem implies that a rate R < Clmprod(Φ) is achiev-
able. This can be seen as follows: Given an R < Clmprop(Φ), choose ϵ > 0 such that
R < Clmprop(Φ) − ϵ. Then Theorem 16.2.5 guarantees the existence of codes C(n) of length
n and size

Nn ≥ 2
n(Clmprod(Φ)−ϵ) ≥ 2nR,

with preamble-included codewords given by product states ω(mL)ρ(n)j , and POVM el-
ements {D(n)j }, for which the probability of error for the codes C(n), ℙerr(C(n)) can be
made arbitrarily small, for each j ∈ {1, 2, . . . ,Nn} and n large enough. Hence, the rate R
is achievable.

Proof of Theorem 16.2.5. Since (16.19) holds, for every ϵ > 0 we can choose an ensem-
ble {pj, ρj}

J
j=1 such that

Clmprod(Φ) < χi({pj, ρj}) +
1
4
ϵ, ∀i = 1, 2, . . . ,M. (16.20)

Define σi,j = Φi(ρj), σ
(n)
i, ⃗j
= ⊗nr=1σi,jr , σ̄i = ∑

J
j=1 pjΦi(ρj) = Φi(ρ̄), and σ̄(n)i = σ̄

⊗n
i , where

⃗j = (j1, j2, . . . , jn). Let P̄
(n)
i , i = 1, 2, . . . ,M be the orthogonal projections on the typical

subspaces for the states σ̄(n)i . Then, by Lemma 13.2.4, we have

P̄(n)i (σ̄i) > 1 − δ
2 (16.21)

for n large enough, and

P̄(n)i σ̄(n)i P̄(n)i ≤ 2
−n(H(σ̄i)−

1
ϵ ). (16.22)

By Lemma 13.2.6, there also exist typical subspaces with projections P(n)
i, ⃗j

for which

𝔼(tr[σ(n)
i, ⃗j
P(n)
i, ⃗j
]) > 1 − δ2 (16.23)

for sufficiently large n. Let N = Ñ(n) be the maximal number of product states
ρ̃(n)1 , . . . , ρ̃

(n)
N onℍ⊗nA (each of which is a tensor product of states in the maximizing en-

semble {pj, ρj}
J
j=1) for which there exist positive operators D

(n)
1 , . . . ,D

(n)
N onℍ⊗mLB ⊗ℍ

⊗n
B

such that:
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1. D(n)k = ∑
M
i=1 Π̃i ⊗ D

(n)
k,i and∑

N
k=1 D
(n)
k,i ≤ P̄

(n)
i ;

2. ∑Mi=1 pi tr[Π̃iΦ⊗mLi (ω
(mL))] tr[Φi(ρ̃

(n)
k )D
(n)
k,i ] > 1 − ϵ; and

3. ∑Mi=1 pi tr[Π̃iΦ⊗mLi (ω
(mL))] tr[(Φi(ρ̄))⊗nD

(n)
k,i ] ≤ 2

−n(Clmprod(Φ)−
1
2 ϵ),

for ρ̄ = ∑Jj=1 pjρj. For each i = 1, . . . ,M and ⃗j = (j1, . . . , jn) ∈ J×n, we define, as before

V(n)
i, ⃗j
= (P̄(n)i −

N
∑
k=1

D(n)k,i)
1/2

P̄(n)i P(n)
i, ⃗j
P̄(n)i (P̄

(n)
i −

N
∑
k=1

D(n)k,i)
1/2

(16.24)

Clearly, V(n)
i, ⃗j
≤ P̄(n)i − ∑

N
k=1 D
(n)
k,i . Put

V(n)⃗j =
M
∑
i=1

Π̃i ⊗ V
(n)
i, ⃗j
. (16.25)

This is a candidate for an additional measurement operator, D(n)N+1, for Bob with cor-
responding input state ρ̃(n)N+1 = ρ

(n)
⃗j
= ρj1 ⊗ ρj2 ⊗ ⋅ ⋅ ⋅ ρjn . Clearly, the condition (1) given

above is satisfied and we also have the following.

Lemma 16.2.6. The following inequality holds:

M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))] tr[σ̄(n)i V(n)
i, ⃗j
] ≤ 2−n(C

lm
prod(Φ)−

1
2 ϵ), (16.26)

where σ̄(n)i = (Φi(ρ))⊗n.

Proof. By the definition of the typical subspaces, we have

tr[σ̄(n)V(n)⃗j ] ≤ 2
−n[H(σ̄i)−H̄−

1
2 ϵ] = 2−n[χi−

1
2 ϵ], (16.27)

for n large enough, where χi({pj, ρj}) = χΦi
({pj, ρj}) := χ({pj,Φi(ρj)}), for i = 1, . . . ,M.

Then

M
∑
i=1

pi tr[Π̃
−
i Φ
⊗mL
i (ω

(mL))] tr[σ̄(n)i V(n)
i, ⃗j
]

≤ tr[σ̄(n)i V(n)
i, ⃗j
] ≤

M
∑
i=1

pi2
−n[H(σ̄i)−H̄−

1
2 ϵ]

≤ 2−n[ ̂χ(Φ)−
1
2 ϵ] ≤ 2−n[C

lm
prod(Φ)−

1
2 ϵ], (16.28)

whereweused the fact that tr[Π̃−i Φ
⊗mL
i (ω

(mL))] ≤ 1 and ̂χΦ({pi, ρi}) := mini=1,...,M χi({pi, ρi}).
This proves the lemma.
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By maximality of N, it now follows that the condition (2) above cannot hold, i. e.,

M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))] tr[Φ⊗ni (ρ
(n)
⃗j
)V(n)

i, ⃗j
] ≤ 1 − ϵ (16.29)

for every j, and this yields the following.

Corollary 16.2.7.
M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))] tr[Φ⊗ni (ρ
(n)
j )V
(n)
i, ⃗j
] ≤ 1 − ϵ (16.30)

We also need the following lemma.

Lemma 16.2.8. For all η′ ≥ δ2 + 3δ,

M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))] tr[σ(n)
i, ⃗j
P̄(n)i P(n)

i, ⃗j
P̄(n)i ] ≤ 1 − η

′, (16.31)

if n is large enough.

Proof. Using Corollary 16.2.7 and 16.15, we have

M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))]𝔼(tr[σ(n)
i, ⃗j
P̄(n)i P(n)

i, ⃗j
P̄(n)i ])

≤ (1 − η)(1 − δ), (16.32)

provided η ≥ δ2 + 2δ. Hence, the results follows. This proves the lemma.

Lemma 16.2.9. Assume η′ < 1
3ϵ and write

Q(n)i =
N
∑
k=1

D(n)k,i (16.33)

Then for n large enough,

M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))]𝔼(tr[Φ(n)i (ρ
(n)
⃗j
)Q(n)i ]) ≥ η

′ 2. (16.34)

Proof. Define

R(n)i = P̄
(n) − √P̄(n)i − Q

(n)
i .

By the Corollary 16.2.7,
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1 − ϵ ≥
M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))]𝔼(tr[Φ(n)i (ρ
(n)
⃗j
)V(n)

i, ⃗j
])

=
M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))]𝔼(tr[Φ(n)i (ρ
(n)
⃗j
)Q(n)i ])

−
M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))]

× 𝔼(tr[σ(n)
i, ⃗j
R(n)i P(n)

i, ⃗j
P̄(n)i ] + tr[σ

(n)
i, ⃗j
P̄(n)i P(n)

i, ⃗j
R(n)i ])

+
M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))]𝔼(tr[σ(n)
i, ⃗j
R(n)i P(n)

i, ⃗j
R(n)i ]).

Since the last term is positive, we have by Lemma 16.2.8,

M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))]

× 𝔼(tr[σ(n)
i, ⃗j
R(n)i P(n)

i, ⃗j
P̄(n)i ] + tr[σ

(n)
i, ⃗j
P̄(n)i P(n)

i, ⃗j
R(n)i ]) ≥ ϵ − 2η

′ > 2η′.

On the other hand, using the Cauchy–Schwarz inequality for each term, we have

M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))]

× 𝔼(tr[σ(n)
i, ⃗j
R(n)i P(n)

i, ⃗j
P̄(n)i ] + tr[σ

(n)
i, ⃗j
P̄(n)i P(n)

i, ⃗j
R(n)i ])

≤ 2{
M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))]𝔼(tr[σ(n)
i, ⃗j
(R(n)i )

2
])}

1/2

× {
M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))]𝔼(tr[σ(n)
i, ⃗j
P̄(n)i P(n)

i, ⃗j
P̄(n)i ])}

1/2

≤ 2{
M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))]𝔼(tr[σ(n)
i, ⃗j
(R(n)i )

2
)]}

1/2

.

Thus,

M
∑
i=1

pi tr[Π̃iΦ
⊗mL
i (ω

(mL))]𝔼(tr[σ(n)
i, ⃗j
(R(n)i )

2
]) ≥ η′ 2.

To complete the proof, we remark as before that

Q(n)i ≥ (R
(n)
i )

2
.

This proves the lemma.
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To complete the proof of Theorem 16.2.5, we note as before for large enough n that
Ñ(n) ≥ (η′)22n[C

lm
prod(Φ)−

3
4 ϵ]. We take the following states as codewords:

ρ(mL+n)k = ω(mL) ⊗ ρ̃(n)k , (16.35)

where ω(mL) is the preamble defined by (16.13). Consequently, for sufficiently large n,
we have

NmL+n = Ñ(n) ≥ (η
′)
22n[C

lm
prod(Φ)−

3
4 ϵ] ≥ 2(mL+n)(C

lm
prod(Φ)−ϵ).

To complete the proof, we need to show that the set {D(n)k } satisfies (16.18). But this
follows immediately from condition (2) stated earlier:

tr[Φ(mL+n)(ρ(mL+n)k )D(n)k ]

=
M
∑
i=1

pi tr[Φ
⊗mL+n
i (ω(mL) ⊗ ρ̃(n)k )D

(n)
k ]

=
M
∑
i,j=1

pi tr[Π̃jΦ
⊗mL(ω(mL))] tr[Φ⊗ni (ρ̃

(n)
k )D
(n)
k,j ]

≥
M
∑
i,j=1

pi tr[Π̃iΦ
⊗mL(ω(mL))] tr[Φ⊗ni (ρ̃

(n)
k )D
(n)
k,i ]

≥ 1 − ϵ.

This proves Theorem 16.2.5.

C. Weak converse of Theorem 16.2.1
We first recall Fano’s inequality without proof as follows (see Fano [49]). Suppose the
random variables X and Y represent input and output messages with a joint probabil-
ity p(x, y). Let the event {X ̸= X̃} be the event representing an occurrence of error with
X̃ = f (Y) being an approximate version of X. Let Perr := Pr{X ̸= X̃} be the probability of
error. Then we have the following Fano’s inequality holds:

H(X|Y) ≤ h(Perr) + Perr log(|𝒳 | − 1), (16.36)

where 𝒳 denotes the support of X and

H(X|Y) = −∑
i,j
p(xi, yj) log p(xi|yj) (16.37)

is the conditional entropy and

h2(Perr) = −Perr logPerr − (1 − Perr) log(1 − Perr)

is the corresponding binary entropy.
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Fano’s inequality is often used to find a lower bound on the error probability of
any decoder as well as the lower bounds for minimax risks in density estimation in
information theory.

Going back to providing a proof of weak converse of Theorem 16.2.1, we prove that
it is impossible for Alice to transmit classical messages reliably to Bob through the
long term memory channel Φ defined in (16.1) at a rate R > Clmprod(Φ). This is the weak
converse of Theorem 16.2.1 in the sense that the probability of error does not tend to
zero asymptotically as the length of the code increases, for any code with rate R >
Clmprod(Φ). To prove the weak converse, suppose that Alice encodes messages labeled
by λ ∈ Λn by product states ρ

(n)
λ = ρλ,1 ⊗ ⋅ ⋅ ⋅ ⊗ ρλ,n in 𝒮(ℍ⊗nA ). Let the corresponding

outputs for the ith branch of the channel be denoted by σ(n)λ,i , i. e.,

σ(n)λ,i = Φ
⊗n
i (ρ
(n)
λ ) = σ

i
λ,1 ⊗ ⋅ ⋅ ⋅ ⊗ σ

i
λ,n, σiλ,j = Φi(ρλ,j). (16.38)

We further define

σ̄(n)λ,i =
1
|Λn|
∑
λ∈Λn

σ(n)λ,i (16.39)

and

σ̄i,j =
1
|Λn|
∑
λ∈Λn

σiλ,j. (16.40)

Let Bob’s POVM elements corresponding to the codewords ρ(n)λ be denoted by D(n)λ ,
λ ∈ Λn. Wemay assume that Alice’s messages are produced uniformly at random from
the set Λn. Then Bob’s average probability of error is given by

ℙ̄(n)err := 1 −
1
|Λn|
∑
λ∈Λn

tr[Φ(n)(ρ(n)λ )D
(n)
λ ]. (16.41)

We also define the average error corresponding to the ith branch of the channel

ℙ̄(n)i,err = 1 −
1
|Λn|
∑
λ∈Λn

tr[Φ⊗ni (ρ
(n)
λ )D
(n)
λ ]. (16.42)

So, that

ℙ̄(n)err =
M
∑
i=1

piℙ̄
(n)
i,err. (16.43)

Let X(n) be a random variable with a uniform distribution over the set Λn, characteriz-
ing the classical message sent by Alice to Bob. Let Y (n)i be the random variable corre-
sponding to Bob’s inference of Alice’s message, when the codeword ρ(n)i is transmitted
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through the ith branch, Φ⊗ni of the channel Φ(n). It is defined by the conditional prob-
abilities

Pr[Y (n)i = γ|X
(n) = λ] = tr[Φ⊗ni (ρ

(n)
λ )D
(n)
γ ]. (16.44)

By Fano’s inequality (see (16.36)),

h2(ℙ̄
(n)
i,err) + ℙ̄

(n)
i,err log(|Λn| − 1)

≥ H(X(n)|Y (n)i ) = H(X
(n)) − H(X(n)‖Y (n)i ) (16.45)

Here, h2(⋅) denotes the binary entropy and H(⋅) denotes the Shannon entropy. Using
the Holevo bound and the subadditivity of the von Neumann entropy (see Proposi-
tion 7.2.8), we have

H(X(n)‖Y (n)i ) ≤ H(
1
|Λn|
∑
λ∈Λn

Φ⊗ni (ρ
(n)
λ )) −

1
|Λn|
∑
λ∈Λn

H(Φ⊗ni (ρ
(n)
λ ))

= H( 1
|Λn|
∑
λ∈Λn

σ(n)λ,i ) −
1
|Λn|
∑
λ∈Λn

H(σ(n)λ,i )

≤
n
∑
j=1
[H(σ̄(n)i,j ) −

1
|Λn|
∑
λ∈Λn

H(σiλ,j)]

=
n
∑
j=1

χi({
1
|Λn|
, ρλ,j}

λ∈Λn

)

=
n
∑
j=1

1
|Λn|

H(σiλ,j‖σ̄i,j) (16.46)

The latter expression can be rewritten using Donald’s identity restated below:

∑
j
pjH(ωj‖ρ) = ∑

j
pjH(ωj‖ω̄) + H(ω̄‖ρ), (16.47)

where ω̄ = ∑j pjωj. We apply this with ρ replaced by

σ̄i =
1

n|Λn|

n
∑
j=1
∑
λ∈Λn

σiλ,j (16.48)

and the sum replaced by a double sum over j and λ with states σiλ,j. This yields

1
n|Λn|

n
∑
j=1
∑
λ∈Λn

H(σiλ,j‖σ̄i,j)

=
1

n|Λn|

n
∑
j=1
∑
λ∈Λn

H(σiλ,j‖σ̄i) + H(σ̄i‖σ̄i,j) (16.49)
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But it follows from the convexity of relative entropy that the right-hand side of the
second term equals zero:

0 ≤ H(σ̄i‖σ̄i,j) ≤
1
n

n
∑
j=1

H(σ̄i,j‖σ̄i,j) = 0. (16.50)

Inserting into (16.46), we now have

1
n
H(X(n)‖Y (n)i ) ≤

1
n|Λn|

n
∑
j=1
∑
λ∈Λn

H(σiλ,j‖σ̄i)

= χi({
1

n|Λn|
, ρλ,j}

λ,j
) (16.51)

Fano’s inequality (16.45) now yields

h(ℙ̄(n)i,err) + ℙ̄
(n)
i,err log(|Λn|)

≥ log |Λn| − nχi({
1

n|Λn|
, ρλ,j}

λ,j
). (16.52)

However, since

Clmprod(Φ) ≥ min{χi({
1

n|Λn
, ρλ,j}

λ,j
), i = 1, 2, . . . ,M} (16.53)

and R = 1
n log |Λn| > Clmprod(Φ), there must be at least one branch i such that

ℙ̄(n)i,err ≥ 1 −
Clmprod(Φ) + 1/n

R
> 0. (16.54)

We conclude from (16.43) and (16.54) that

ℙ̄(n)err ≥ (1 −
Clmprod(Φ) + 1/n

R
)min{pi, i = 1, 2, . . . ,M}. (16.55)

This proves the theorem.

16.2.2 Constrained classical capacity in infinite dimensions

Let H be a positive self-adjoint operator on the input systemℍA and consider the lin-
early constrained set𝒜 = 𝒦H(E) ⊂ 𝒮(ℍA) described by

𝒦H(E) := {ρ ∈ 𝒮(ℍA) | tr[ρH] ≤ E}, E ≥ 0. (16.56)
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For arbitrary state ρ ∈ 𝒮(ℍA)with spectral decomposition ρ = ∑i λi|ϕi⟩A⟨ϕi|, we define

tr[ρH] := ∑
i
λi‖√H|ϕi⟩‖

2
ℍA
≤ +∞.

As noted earlier the n-use of a memoryless quantum channel can be written as Φ(n) =
Φ⊗n, where Φ⊗n is the tensor product channel on the Hilbert spaceℍ⊗nA . In this case,
the observable H(n) onℍ⊗nA corresponding to H onℍA can be defined as

H(n) = H ⊗ IA ⊗ ⋅ ⋅ ⋅ ⊗ IA + ⋅ ⋅ ⋅ + IA ⊗ ⋅ ⋅ ⋅ ⊗ IA ⊗H, (16.57)

where IA is the identity operator on the input systemℍA. We want the input state ρ(n)

on the tensor product spaceℍ⊗nA to satisfy the additive constraint

tr[ρ(n)H(n)] ≤ nE. (16.58)

We make the following basic assumption on energy constraint on each branch
Φi;𝒮(ℍA) → 𝒮(ℍB), i = 1, 2, . . . ,M, of memoryless channels.

Assumption 16.1. The following constraint on each of the memoryless channel Φi,
i = 1, 2, . . . ,M, is imposed:

sup
ρ∈𝒦H(E)

H(Φi(ρ)) < +∞, ∀i = 1, 2, . . . ,M, (16.59)

where E is a positive constant and H(⋅) : 𝒮(ℍA) → [0, +∞] is the von Neumann en-
tropy.

Lemma 16.2.10. Let Φ be the channel with long-term memory defined by (16.1). Then
under Assumption 16.1,

sup
ρ(n)∈𝒦(n)

H(n)
(nE)

H(Φ⊗n(ρ(n))) < +∞, (16.60)

where

𝒦(n)H(n) (nE) = {ρ
(n) ∈ 𝒮(ℍ⊗nA ) | tr[ρ

(n)H(n)] ≤ nE}. (16.61)

Proof. Based on Assumption 16.1, we have the following immediately result on the
channel Φ(ρ) = ∑Mi=1 piΦi(ρ),

sup
ρ∈𝒦H(E)

H(Φ(ρ)) < +∞. (16.62)

This is because
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H(Φ(ρ)) = H(
M
∑
i=1

piΦi(ρ)) ≤
M
∑
i=1

piH(Φi(ρ)) < +∞ (16.63)

by the convexity of the von Neumann entropy function H(⋅) (see Theorem 8.1.6). Note
that (13.38) implies similar property of the channel Φ⊗ni ;

sup
ρ(n)∈𝒦(n)

H(n)
(nE)

H(Φ⊗ni (ρ
(n))) < +∞. (16.64)

Indeed, the subadditivity of von Neumann entropy with respect to tensor product

H(Φ⊗ni (ρ
(n))) ≤

n
∑
k=1

H(Φi(ρ
(n)
k )),

where ρ(n)k is the kth partial state of ρ(n). Also, by concavity of the entropy

n
∑
k=1

H(Φi(ρ
(n)
k )) ≤ nH(Φi(ρ̄

(n))),

where ρ̄(n) = 1
n ∑

n
k=1 ρ
(n)
k . The inequality (16.58) can be rewritten as

1
n

n
∑
k=1

tr[ρ(n)k H(n)] = tr[ρ̄(n)H(n)] ≤ E,

which implies that

sup
ρ(n)∈𝒦(n)

H(n)
(nE)

H(Φ⊗ni (ρ
(n))) ≤ n sup

ρ∈𝒦H(E)
H(Φi(ρ)).

Consequently,

sup
ρ(n)∈𝒦(n)

H(n)
(nE)

H(Φ(n)(ρ(n))) = sup
ρ(n)∈𝒦(n)

H(n)
(nE)

H(
M
∑
i=1

piΦ
⊗n
i (ρ
(n)))

= sup
ρ(n)∈𝒦(n)

H(n)
(nE)

M
∑
i=1

piH(Φ
⊗n
i (ρ
(n)))

≤ n sup
ρ(n)∈𝒦(n)

H(n)
(nE)

M
∑
i=1

piH(Φi(ρ))

< +∞. (16.65)

This proves the lemma.

In this subsection, we investigate classical capacity Clmprod(Φ;H,E)with each of Φi,
i = 1, 2, . . . ,M that satisfying Assumption 16.1.
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For infinite-dimensional memoryless channel Φ satisfying the constraint (16.1),
the code, error probability and classical capacity for the channel is defied below.

Definition 16.2.11. Let Φ(n) : 𝒮(ℍ⊗nA ) → 𝒮(ℍ⊗nB ) be the n-use of the channel Φ defined
by (16.1).
1. The triplet C(n) = (p(n), ρ(n),D(n)) is said to be a code of length n and of size Nn,

where (i) p(n) = {p(n)j | j = 1, 2, . . . ,Nn} is a probability distribution, i. e., p
(n)
j > 0 for

all j = 1, 2, . . . ,Nn with ∑
Nn
j=1 p
(n)
j = 1; (ii) ρ

(n) = {ρ(n)j | j = 1, 2, . . . ,Nn} is a collection
of Nn states satisfying (16.58) and (iii) D(n) = {D

(n)
j | j = 1, 2, . . . ,Nn} is a POVM on

ℍ⊗nA that represents the decoding operators used by the receiver, Bob.
2. The average error probability ℙ̄err(C(n)) for the code C(n) is defined by

ℙ̄err(C
(n)) =

1
Nn

Nn

∑
j=1

p(n)j {1 − tr[Φ
(n)(ρ(n)j )D

(n)
j ]}.

Let ℙ̄err(n,Nn) be the average error probability for any code C(n) with length n and
size Nn.

3. The energy constrained classical capacity Clmprop(Φ;H,E) of the channel Φ de-
fined by (16.1) is defined as the least upper bound of the rates R for which
lim infn→+∞ ℙerr(n, 2nR) = 0, i. e.,

Clmprod(Φ;H,E) = inf{R > 0 | lim inf
n→+∞
ℙ̄err(n, 2

nR) = 0}, (16.66)

The following result enables a computation of energy constrained Clmprod(Φ;H,E).
We omit the proof here because it is a special case of entanglement-assisted classical
capacity Clmea (Φ;H,E), which is the center of investigation in the next section.

Theorem 16.2.12. LetHbeanH-operator definedonℍA. Then the constrained classical
capacity Clmprod(Φ;H,E) ofΦ defined by (16.1) satisfies the following equation:

Clmprod(Φ;H,E) = sup
ρ(n)∈𝒦(n)

H(n)
(nE)
{min{χ({p(n),Φi(ρ

(n))}), i = 1, 2, . . . ,M}}, (16.67)

where χ({(p(n),Φi(ρ(n))}) is the χ-quantity at the ensemble {(p(n),Φi(ρ(n)))}defined inDef-
inition 12.1.1.

16.3 Entanglement-assisted classical capacity

Following the protocol for entanglement assisted communication for memoryless
quantum channel introduced in Section 13.4, we follow the approaches used in Datta
and Dorlas [33, 34], Datta–Suhov–Dorlas [35] and Holevo and Shirokov [83] to explore
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the entanglement assisted classical capacity for quantum channel with long term
memory as follows.

LetA′ be a quantum systemwhichmay be different from systemB but is accessible
by both Alice (system A) and Bob (system B). As defined in (16.1), let Φ : 𝒮(ℍA) →
𝒮(ℍA′ ) be a channel with long term memory with

Φ(ρA) =
M
∑
i=1

piΦi(ρA), ∀ρA ∈ 𝒮(ℍA),

where Φi : 𝒮(ℍA) → 𝒮(ℍA′ ), i = 1, 2, . . . ,M is a memoryless channel, and pi > 0 with
∑Mi=1 pi = 1.

Suppose Alice has a set of messages, labeled by the elements of the set Λn =
{λ1, λ2, . . . , λMn

}, which she would like to communicate via the quantum channel (16.1)
to Bob, exploiting this shared entanglement. In the entanglement-assisted channel
as described by Holevo and Shrikov [83], Alice (quantum system A) and Bob (quan-
tum system B) share indefinitely many copies of an entangled (pure) state ωAB. Alice
first makes encodings λ → Eλ

A of a classical signal λ, which was chosen at random
from a finite alphabet Λ with probabilities pλ > 0 (where ∑λ∈Λn

pλ = 1) and then
sends part of this shared state ωλ

AB through the channel Φ to B. Here Eλ
A are encod-

ing channels depending on the signal λ. Thus, B receives states (Φ ⊗ IB)(ωλ
AB), where

ωλ
AB = (E

λ
A ⊗ IB)(ωAB), with probabilities pλ, and B aims to extract maximum informa-

tion about λ by doing measurements on these states. To enable block encoding, this
procedure should be applied to the channel Φ(n). Then signal states ωλ(n)

AB transmitted
through the channel Φ(n) ⊗ I⊗nB have a special form

ωλ(n)
AB = (E

λ(n)
A ⊗ I

(n)
B )(ω

(n)
AB), (16.68)

where ω(n)AB is the pure entangled state for n copies of the system AB and λ 󳨃→ Eλ(n)
A are

encodings of n copies of system A.
For this purpose, she uses encoding (CPTP) maps {Eλ

A}λ∈Λn
acting on B(ℍA). In

order to transmit her classical messages through the quantum channel, Alice encodes
each of her messages in a quantum state in ℍ⊗nAB in the following manner. To each
λ ∈ Λn, she assigns a quantum state (or codeword) where

ωλ(n)
AB := ω

1
λ ⊗ ⋅ ⋅ ⋅ ⊗ ω

n
λ ∈ B(ℍ

⊗n
AB), (16.69)

whereωλ
k = (Ejk ⊗IB)ψ

AB ∈ B(ℍAB), for k = 1, . . . , n. Here, jk ∈ {1, . . . , J} and IB denotes
the identity map inB(ℍB). Note that the codewords are states shared between Alice
and Bob. Alice then sends her part of these shared states to Bob through n subsequent
uses of the quantum channel (16.1). Hence, Bob’s final state corresponding to Alice’s
classical message λ is

σλ(n)AB := (Φ
(n) ⊗ I⊗nB )(ω

λ(n)
AB ).
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In order to infer the message that Alice communicated to him, Bob makes a measure-
ment on the state σλ(n)AB he received, the measurement being described by POVM ele-
ments Dλ(n)

AB , λ ∈ Λn, with D
λ,(n)
AB being a positive operator acting onℍ⊗nAB, such that

∑
λ∈Λn

Dλ(n)
AB ≤ I

⊗n
AB,

and IAB denoting the identity operator acting inℍAB. Defining

D0(n)
AB := I

⊗n
AB − ∑

λ∈Λn

Dλ(n)
AB

yields a resolution of identity inH⊗nAB. Hence, {D
λ(n)
AB }λ∈Λn∪{0} defines a POVM. An output

β ∈ Λn of ameasurement described by this POVM,would lead Bob to conclude that the
codeword was ρβ(n)AB , whereas the output 0 is interpreted as a failure of any inference.
The encoding and decoding operations, employed to achieve reliable transmission of
information by means of this protocol, together define a quantum code C(n) (of length
n and sizeNn), which is given by the tripleC(n) := (Λn, {E

λ(n)
A }, {D

λ(n)
B }), withNn denoting

its size, and {Eλ(n)A } and {D
λ(n)
B }, being the encoding and decoding maps employed.

Assuming equidistribution of messages among Λn = {λ1, λ2, . . . , λMn
}, the average

probability of error for the code C(n) is given by

ℙ̄err(C
(n)) ≡

1
|Λn|
∑
λ∈Λn

(1 − tr[(Φ(n) ⊗ I⊗nB )(ρ
(n)
AB)]) (16.70)

If for a given R > 0, there exists a sequence (Λn)
+∞
n=1 with

R ≤ lim inf
n→+∞

1
n
log(|Λn|),

and a sequence of codes (C(n))+∞n=1 of size |Λn| such that

lim
n→+∞
ℙ̄err(C

(n)) = 0,

then R is said to be an achievable rate. We define the one-shot entanglement-assisted
classical capacity of the long-term memory channel defined by (16.1) as

Clm,(1)ea (Φ) := supωAB
{sup{R | R is achievable}}, (16.71)

where the internal supremum is over the rates achievable under the choice of the
initial shared state ωAB. More generally, Alice and Bob may share indefinitely many
copies of a pure state ωλ,(m)

AB inℍ⊗mAB for some given m > 1. In this case, Alice can per-
form a similar construction using encoding CPTP maps, E(m)A , which act in ℍ⊗mA . In
other words, she usesm-block encoding, and encodes a message λ ∈ Λn by the state
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(ρλ,mAB )
(n)
:= ρ(m)λ,1 ⊗ ⋅ ⋅ ⋅ ⊗ ρ

(m)
λ,n ∈ 𝒮(ℍ

⊗mn
AB ),

where

ρ(m)λ,k = (E
(m)
jk
⊗ I⊗mB )ω

m
AB,

for k = 1, 2, . . . , n and jk ∈ {1, 2, . . . , J}. As before, Bob uses decoding POVM elements
D(n)AB, which are positive operators acting inℍ

⊗mn
AB , with ∑|Λn|

i=1 D
(n)
AB ≤ I

×mn.
The average probability of error for the resulting code C(n) is given by

ℙ̄(m)err,m ≡ ℙ̄err(C
(n))

≡
1
|Λn|
∑
λ∈Λn

(1 − tr[DA,B;n
λ,m (Φ

(mn) ⊗ I⊗mnB )(ρ
AB;n
λ,m )]). (16.72)

This gives rise to them-shot entanglement-assisted classical capacity of the long-term
memory channel defined by (16.1):

Clm,(m)ea (Φ) := sup
ω(m)AB

sup{R | R is achievable}, (16.73)

where the internal supremum is over the rates achievable under the choice of the ini-
tial shared stateω(m)AB . Finally, the full entanglement-assisted classical capacity of Φ is
given by

Clmea (Φ) := lim sup
m→+∞

1
m
Clm,(m)ea (Φ). (16.74)

16.3.1 Unconstrained case

Theorem 16.3.1. Let ℍA and ℍB be two separable complex Hilbert spaces. The en-
tanglement assisted classical capacity of a channel Φ with long-term memory, defined
through (16.74), is given by

Clmea (Φ) = max
ρ∈𝒮(ℍA)
{min{Im(ρ;Φi), i = 1, 2, . . . ,M}} (16.75)

with Im(ρ;Φi) := H(ρ)+H(Φi(ρ))−H(ρ;Φi), whereH(ρ;Φi)denotes the entropy exchange
and is defined as follows:

H(ρ;Φi) := H((Φi ⊗R)ψ
AR), (16.76)

with ψAR being a purification of ρ on a reference system R.

Theorem 16.3.1 will be proved in the following two results.
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(A) Converse of Theorem 16.3.1
In the following, we prove that for any rate R > Clmea (Φ), with Clmea (Φ) given by (16.75),
reliable entanglement-assisted transmission of classical information fromAlice toBob
via the quantum channel Φ is impossible, regardless of the encoding used.

Suppose Alice and Bob share multiple copies of an entangled bipartite pure state
ω(m)AB ∈ 𝒮(ℍ

⊗m
AB ), where m is a given positive integer. Then, given n ∈ ℤ, Alice encodes

her classical messages by applying chosen m-block encoding CPTP maps, n times, to
her part of the shared state (ω(m)AB )

⊗n. Here,we show that the average error probability of
the corresponding code does not tend to zero as n→ +∞, for anym and any choice of
encodingmaps. For notational simplicity, wewill omit the labelm and the superscript
AB in the rest of this section.

Let σ(n)λ (i) := σ
1
λ(i) ⊗ ⋅ ⋅ ⋅ ⊗ σ

n
λ (i) denote Bob’s final state, if the codeword

ρ(n)λ = ρ
1
λ ⊗ ⋅ ⋅ ⋅ ⊗ ρ

n
λ ∈ B(ℍ

⊗mn
AB ), (16.77)

(16.77) corresponding to the message λ is transmitted through the ith branch, Φi, of
the channel Φ. Here, σkλ (i) = (Φi ⊗ IB)ρkλ , for k = 1, 2, . . . , n,

σ̄(n)λ =
M
∑
i=1

piσ
(n)
λ (i); σ̄(n)(i) = 1

|Λn|
∑
λ∈Λn

σ(n)λ (i)

and

σ̄k(i) = 1
|Λn|
∑
λ∈Λn

σkλ (i), ∀k = 1, 2, . . . , n.

Then the average probability of error (16.72) equals

ℙ̄(n)err := 1 −
1
|Λn|
∑
λ∈Λn

tr[σ(n)λ D(n)λ ]. (16.78)

We also define the average probability of error corresponding to the ith branch of the
channel as

ℙ̄(n)i,err := 1 −
1
|Λn|
∑
λ∈Λn

tr[σ(n)λ (i)D
(n)
λ ] so that ℙ̄(n)err =

M
∑
i=1

piℙ̄
(n)
i,err. (16.79)

Let X(n) be a random variable with a uniform distribution over the set Λn, character-
izing the classical message sent by Alice to Bob. Let Y (n) be the random variable cor-
responding to Bob’s inference of Alice’s message, when the codeword is transmitted
through the ith branch of the channel. It is defined by the conditional probabilities

Pr[Y (n) = β|X(n) = α] = tr[Fnβ(Φ
⊗n
i ⊗ I

⊗n
B )(ρ
(n)
α )].
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By Fano’s inequality,

h(ℙ̄(n)i,err) + ℙ̄
(n)
i,err log(|Λn| − 1)

≥ H(X(n)|Y (n)i ) = H(X
(n)) − H(X(n)‖Y (n)i ). (16.80)

Here, h(p) := −p log p − (1 − p) log(1 − p) denotes the binary entropy, H(A) :=
−∑a pa log pa denotes the Shannon entropy of a random variable A with probability
mass function pa, and H(A|B), H(A‖B) denote, respectively, the conditional entropy
and themutual information of two randomvariablesA andB. Using theHolevo bound
and the subadditivity of the von Neumann entropy, we have

H(X(n)‖Y (n)i )

≤ H( 1
|Λn|
∑
λ∈Λn

σ(n)λ (i)) −
1
|Λn|
∑
λ∈Λn

H(σ(n)λ (i))

≤
n
∑
k=1

H(σ̄k(i)) −
1
|Λn|
∑
λ∈Λn

H(σλ,k(i))

=
n
∑
k=1

χ({ 1
|Λn|
, σλ,k(i)}

λ∈Λn

)

=
n
∑
k=1

1
|Λn|
∑
λ∈Λn

H(σ(n)λ,k (i)‖σ̄k(i)) :=
n
∑
k=1

Vk . (16.81)

In the above, the symbol H(ρ‖ω) denotes the quantum relative entropy of states ρ
and ω. The expression Vk can be rewritten using Donald’s identity:

∑
λ∈Λn

pλH(ωλ‖ρ) = ∑
λ∈Λn

pλH(ωλ‖ω̄) + H(ω̄‖ρ),

where ω̄ = ∑λ∈Λn
pλωλ. We apply this with ρ replaced by

σ̄(i) = 1
n|Λn|

n
∑
k=1
∑
λ∈Λn

σλ,k(i),

ωλ replaced by σλ,k(i), pλ by
1
|Λn|

, and consequently, ω̄ replaced by σ̄λ,k(i). Hence,

1
|Λn|
∑
λ∈Λn

H(σλ,k(i)‖σ̄k(i))

=
1
|Λn|
∑
λ∈Λn

H(σλ,k(i)‖σ̄k(i)) − H(σ̄λ,k(i)‖σ̄(i))

≤
1
|Λn|
∑
λ∈Λn

H(σλ,k(i)‖σ̄(i)),
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where we have used the nonnegativity of the quantum relative entropy. Inserting this
into (16.81), we now have

1
n
H(X(n)‖Y (n)i ) ≤

1
n|Λn|

n
∑
k=1
∑
λ∈Λn

H(σλ,k(i)‖σ̄(i))

= χ({ 1
n|Λn|
, σλ,k(i)}

λ,k
).

The inequality (16.80) now yields

h(ℙ̄(n)i,err) + ℙ̄
(n)
i,err log(|Λn|)

≥ log(|Λn|) − nχ({
1

n|Λn|
, σλ,k(i)}

λ,k
)

≥ log(|Λn|) − nIm(ρ;Φi),

where

ρ := ∑
λ,k

pλ,kρ
A
λ,k

with pλ,k :=
1

n|Λn|
for each λ and k, and ρAλ,k = trB[ρλ,k], k = 1, 2, . . . , n.

However, since

Clmea (Φ) ≥ min{Im(ρ;Φi), i = 1, 2, . . . ,M}

and R = 1
n log(|Λn|) > Clmea (Φ), there must be at least one branch i such that

ℙ̄(n)i,err ≥ 1 −
Clmea (Φ) + 1/n

R
. (16.82)

We conclude from (16.79) and (16.82) that

ℙ̄(n)err ≥ (1 −
Clmea (Φ) + 1/n

R
)min{pi, i = 1, 2, . . . ,M}.

Hence, ℙ̄(n)i,err does not tend to zero as n→ +∞, which in turn implies that

Clmea (Φ) ≤ max
ρ
{min{Im(ρ;Φi), i = 1, 2, . . . ,M}}.

This proves the converse of Theorem 16.3.1.
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(B) Direct Part of Theorem 16.3.1
In the following, we prove that Clmea (Φ), defined by

Clmea (Φ) = lim sup
m→+∞

1
m
Clm(m)ea (Φ) (16.83)

satisfies the lower bound

Clmea (Φ) ≥ max
ρ
{min{Im(ρ;Φi), i = 1, 2, . . . ,M}}, (16.84)

where the maximum is taken over all states ρ ∈ 𝒮(ℍA). To prove this, we employ the
following result, which we proved in Theorem 16.2.5, for each of memoryless channel
Φi for i, 2, . . . ,M, which is restated below.

Theproduct state capacityClmprod(Φ)of a channelΦwith long-termmemory is given
by

Clmprod(Φ) = sup
{qj ,ρj}
{min{χ((qj,Φi(ρj)), i = 1, 2, . . . ,M}}, (16.85)

where the supremum is taken over all finite ensembles of states ρj ∈ 𝒮(ℍA), chosen
with probabilities qj.

From the definition of the one-shot entanglement assisted capacity Clm(1)ea (Φ) de-
fined in (16.85), it follows that

Clm(1)ea (Φ) = sup
πi ,Ej ,ωAB

{min{(χ({(πj, (Φi ⊗ IB)ρ
AB
j )}), i = 1, 2, . . . ,M}},

where (i) ωAB is the bipartite entangled pure state, indefinitely many copies of which
are shared by Alice and Bob and (ii) Ej are encoding maps acting on 𝒮(ℍA), as de-
scribed in earlier, i. e., ρABj = (Ej ⊗ IB)ωAB. Moreover, from the definition (16.73) of the
m-shot entanglement assisted capacity it follows that

Clm(m)ea (Φ)
= sup

πm)j ,Ej ,ω
(m)
AB

{min{χ({π(m)j , (Φ
(m)
i ⊗ IB)ρ

AB,m
j }), i = 1, 2, . . . ,M}}. (16.86)

Now, consider a specific encoding ensemble {π(m)j ,E
(m)
j }, where a, b = 1, 2, . . . , q, for

some integer q, and

π(m)a,b =
1
q2
;E(m)a,b =W

(m)
a,b .

Here,W(m)a,b denotes the discrete Weyl–Segal operators for a q-dimensional subspace
ℚm ofℍ⊗mA . Further, consider the codewords to be given by
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ρA,B,ma,b = (W
(m)
a,b ⊗ I

⊗m
B )|ψ

AB
m ⟩⟨ψ

AB
m |

where |ψAB
m ⟩ denotes a maximally entangled state of rank q:

|ψAB
m ⟩ :=

1
√q

q
∑
k=1
|e(m)k ⟩ ⊗ |e

(m)
k ⟩,

where {|e(m)k ⟩}
q
k=1 is an orthonormal system of vectors inℚm. Hence,

Clm(m)ea (Φ) ≥ min{χ({ 1
q2
, (Φ⊗mi ⊗ I

⊗m
B )ρ

AB,m
a,b }), i = 1, 2, . . . ,M} (16.87)

It follows that

χ({ 1
q2
, (Φ⊗mi ⊗ I

⊗m
B )ρ

AB,m
a,b }) = Im(

P(m)

tr[P(m)]
;Φ⊗mi ) (16.88)

where P(m) is the orthoprojection onto ℚm. Further, it can be proved in that if ℚm is
chosen to be the strongly δ-typical subspace for an arbitrary state ρ⊗m ∈ 𝒮(ℍ⊗m), and
P(m),δ is its orthoprojection, then

lim
δ→0

lim
m→+∞

1
m
Im(

Pm,δ

tr[Pm,δ]
;Φ⊗mi ) = Im(ρ;Φi) (16.89)

From (16.87), (16.88), (16.89) and (16.86) of the full entanglement-assisted capacity, it
follows that

Clmea (Φ) ≥ min{Im(ρ;Φi), i = 1, 2, . . . ,M}. (16.90)

16.3.2 Energy constrained case

In this subsection, we assume that all Hilbert spaces are infinite-dimensional and in-
vestigate classical capacity Clmea (Φ;H,E) for the constrained channel Φ with long-term
memory described by (16.1), whereH is anH-operator onℍA. This constraint is deter-
mined by the linear inequality

tr[ρH] ≤ E, E > 0. (16.91)

As mentioned earlier, we again denote the compact subset 𝒦H(E) of 𝒮(ℍA) (see (3.3))
as

𝒦H(E) = {ρ ∈ 𝒮(ℍA) | tr[ρH] ≤ E}.
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For the H-operator H on infinite-dimensional spaceℍA and any state ρ ∈ 𝒮(ℍA),
the energy tr[ρH] (finite or infinite) is defined as supn tr[ρPnHPn], where Pn is the
finite-dimensional spectral projector of H corresponding to the interval [0, n].

We impose the following linear constraint onto the input statesω(n) of the channel
Φ(n),

tr[ω(n)H(n)] ≤ nE, (16.92)

where

H(n) = H ⊗ IA ⊗ ⋅ ⋅ ⋅ ⊗ IA + ⋅ ⋅ ⋅ + IA ⊗ ⋅ ⋅ ⋅ ⊗ IA ⊗H. (16.93)

Constraint (16.92) is equivalent to a similar constraint on input states of the channel
Φ⊗n ⊗ I⊗nB with the constraint operator H(n)AB = H(n) ⊗ I(n)B on the composite Hilbert
spaceℍ⊗nAB, where I

(n)
B is the identity operator onℍ⊗nB . Denote by 𝒫(n)AB the collection of

ensembles π(n) = {p(n)λ ,ω
(n)
λ }, where ω

(n)
λ are states of the form (13.73) satisfying

∑
λ∈Λ

p(n)λ tr[ω(n)λ H(n)AB] ≤ nE.

The classical capacity of the of the long-termmemory channel Φ defined by (16.1) and
under constraint (13.73), denoted by Clmea (Φ;H,E), is given in the following result.

Theorem 16.3.2. Let Φ : 𝒮(ℍA) → 𝒮(ℍA′ ) be a quantum channel, and let H be an
H-operator on ℍA. The entanglement-assisted classical capacity (finite or infinite) of
the channel Φ with long-term memory described by (16.1) and with constraint (13.73) is
given by the expression

Clmea (Φ;H,E) = sup
ρ∈𝒦H(E)
(min{Im(ρ;Φi), i = 1, 2, . . . ,M}) (16.94)

where Im(ρ;Φi) is the mutual information of Φi at the input state as defined in Defini-
tion 11.1.1.

We prove the above theorem via the following three lemmas. The proofs of Lem-
mas 16.3.3 and 16.3.4 are obtained based on necessary modifications of results found
in Holevo and Shirokov [83].

Lemma 16.3.3. Assume that dim(ℍA′ ) < +∞. Let Φ : 𝒮(ℍA) → 𝒮(ℍA′ ) be a channel
with long-term memory described by (16.1), and let H be an H-operator defined onℍA.
The entanglement-assisted classical capacity (finite or infinite) of the channel Φ with
constraint (13.73) is given by the expression

Clmea (Φ;H,E) ≥ sup
ρ∈𝒦H(E)
(min{Im(ρ;Φi), i = 1, 2, . . . ,M}). (16.95)
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Proof. Assuming that dim(ℍA′ ) < +∞, we follow the proof in Holevo and Shrikov [83]
and observe the following:
1. Finite-dimensionality of the systemℍA′ implies finiteness of the output entropy

of the channel Φ on the whole space of input states 𝒮(ℍA). That is,H(Φ(ρ)) < +∞
for all ρ ∈ 𝒮(ℍA);

2. Finiteness of tr[ρH] implies that all the eigenvectors of the state ρ belong to the
domain of the operator√H.

3. Finite-dimensionality of the system ℍA′ shows that for any finite-rank state ρ
the restriction of the channel Φ⊗n to the support of the state ρ⊗n acts as a finite-
dimensional channel for each n;

4. If there are no states ρ satisfying the inequality tr[ρH] < E but there exists an
infinite-rank state ρ0 such that tr[ρ0H] = E, then there is a sequence (ρn)+∞n=1 of
finite-rank states converging to ρ0 such that tr[ρnH] = E for which

lim inf
n→+∞

Im(ρn,Φ) ≥ Im(ρ0,Φ)

by lower semicontinuity of the quantummutual information.

With the observations above the rest of the proof of this lemma, follows similar to the
direct part of that of Theorem 16.3.1. This proves the lemma.

The following result removes the condition that dim(ℍA′ ) < +∞ from the above
lemma.

Lemma 16.3.4. Let Φ : 𝒮(ℍA) → 𝒮(ℍA′ ) be a quantum channel, and let H be an
H-operator on ℍA. The entanglement-assisted classical capacity (finite or infinite) of
the channelΦ with constraint (13.73) is given by the expression

Clmea (Φ;H,E) ≥ sup
ρ∈𝒦H(E)
(min{Im(ρ;Φi), i = 1, 2, . . . ,M}). (16.96)

Proof. We follow the proof provided in Holevo and Shirkov [83] below. Let Φ :
𝒮(ℍA) → 𝒮(ℍA′ ) be an arbitrary channel. We prove that

Clmea (Φ;H,E) ≥ sup
ρ∈𝒦H(E)
(min{Im(ρ;Φi), i = 1, 2, . . . ,M})

as follows.
Let (Pn)+∞n=1 be sequence of finite-dimensional projectors onℍA′ strongly converg-

ing to the unit operator IA′ onℍA′ . The channel Φ is approximated in the strong con-
vergence topology by the sequence (Πn ∘Φ)+∞n=1 with finite-dimensional output, where
Πn(σ) = PnσPn + (tr[σ(IA′ −Pn)])τ for all σ ∈ 𝒮(ℍA′ ) and τ is a given state inℍA′ . Since
the inequality “≥” in (16.95) is proved for a channel with finite-dimensional output
(see Lemma 16.3.3), the chain rule for the entanglement-assisted capacity implies
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Clmea (Φ;H,E) ≥ C
lm
ea (Πn ∘Φ;H,E) ≥ min{Im(ρ;Πn ∘Φi), i = 1, 2, . . . ,M}.

Lower semicontinuity of the functionΦ 󳨃→ Im(ρ;Φ) in the strong convergence topology
and the chain rule for quantummutual information (see Proposition 11.2.3) imply

lim
n→+∞

Im(ρ;Πn ∘Φ) = Im(ρ;Φ) ≤ +∞, ∀ρ.

Hence, the inequality “≥” in (13.92) for the channel Φ follows from the above inequal-
ity. This proves the lemma.

Lemma 16.3.5. For each i = 1, 2, . . . ,M, let Φi : 𝒮(ℍA) → 𝒮(ℍA′ ) be a memoryless
channel, and letH be anH-operator onℍA. The entanglement-assisted classical capac-
ity (finite or infinite) of channel Φ with long-term memory described by (16.1) and with
constraint (13.73) is given by the expression

Clmea (Φ;H,E) ≤ sup
ρ∈𝒦H(E)
(min{Im(ρ;Φi), i = 1, 2, . . . ,M}). (16.97)

Proof. We prove the inequality (16.97). For the ensemble {pλ,ωλ} of encoded states in
𝒮(ℍAA′ ), let (ωλ)A := trA′ [ωλ] = σ ∈ 𝒮(ℍA), where trA′ [⋅ ⋅ ⋅] denotes the partial trace
of [⋅ ⋅ ⋅] taken over ℍA′ . By Lemma 13.4.4 and by the proof of the converse of Theo-
rem 16.3.1, we have the following inequality:

χΦ(n)⊗I⊗nB ({p
(n)
λ ,ω
(n)
λ }) ≤ min{Im(∑

λ
p(n)λ (ω

(n)
λ )A,Φ

⊗n
i ), i = 1, 2, . . . ,M}.

From (13.79), we have

Clmea (Φ;H,E) ≤ lim
n→+∞

1
n

sup
π(n)∈𝒫 (n)AB

min{Im(∑
λ
p(n)λ (ω

(n)
λ )A,Φ

⊗n
i ), i = 1, 2, . . . ,M}

Now

sup
π(n)∈𝒫 (n)AB

(min{Im(∑
λ
p(n)λ (ω

(n)
λ )A,Φ

⊗n
i ), i = 1, 2, . . . ,M})

≤ sup
ρ(n) :tr[ρ(n)H(n)]≤nE

(min{(ρ(n),Φ⊗ni ), i = 1, 2, . . . ,M})

≡ min{ ̄I(n)m (Φi), i = 1, 2, . . . ,M}.

We claim that for each i = 1, 2, . . . ,M the sequence ( ̄I(n)m (Φi))
+∞
n=1 is additive. To show

that, it suffices to prove that

min{ ̄I(n)m (Φi), i = 1, 2, . . . ,M}
≤ nmin{ ̄I(1)m (Φi), i = 1, 2 . . . ,M} (16.98)
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By subadditivity of quantummutual information,

min{Im(ρ
(n),Φ⊗ni ), i = 1, 2, . . . ,M}

≤ ∑
j
min{Im(ρ

(n)
j ,Φi), i = 1, 2, . . .}

where ρ(n)j are partial states, and by concavity,

∑
j
min{Im(ρ

(n)
j ,Φi), i = 1, 2, . . . ,M}

≤ nmin{Im(∑
j
ρ(n)j ,Φi), i = 1, 2, . . . ,M}.

The inequality tr[ρ(n)H(n)] ≤ nE is equivalent to tr[( 1n ∑
n
j=1 ρ
(n)
j )H] ≤ E, hence (16.98)

holds. Thus,

Clmea (Φ;H,E) ≤ sup
ρ∈𝒦H(E)
(min{Im(ρ;Φi), i = 1, 2, . . . ,M}).

This proves the lemma.

Lemmas 16.3.3, 16.3.4 and 16.3.5 together prove that

Clmea (Φ;H,E) = sup
ρ∈𝒦H(E)

Im(ρ;Φ).

Consequently, Theorem 16.3.2 follows. This proves the theorem.

The following corollary for unconstrained channels follows immediately from
Theorem 16.3.2 by the fact that limE→+∞𝒦H(E) = 𝒮(ℍA) in the ‖ ⋅ ‖1-norm.

Corollary 16.3.6. For each i = 1, 2, . . . ,M, let Φi : 𝒮(ℍA) → 𝒮(ℍB) be a memoryless
quantum channel. Then the entanglement-assisted classical capacity (finite or infinite)
of the unconstrained channel Φ with the long-term memory described by (16.1) is given
by the expression

Clmea (Φ) = sup
ρ∈𝒮(ℍA)
(min{Im(ρ;Φi), i = 1, 2, . . . ,M}). (16.99)
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